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Abstract—Conditions are derived on line-of-sight channels to same two orthogonal subcarriers. The received signal in the
ensure the feasibility of interference alignment. The contions  frequency domain at receivers
involve choosing only the spacing between two subcarriersfo
an orthogonal frequency division multiplexing (OFDM) schame. K
The maximal degrees-of-freedom are achieved and even an ugp yi = UjHi,iVisi + Z UIHMVksk + U;rzz- (2)
bound on the sum-rate of interference alignment is approaced k=1 ki

arbitrarily closely. ] ] )
wheresy, is the vector of symbols at transmittewith length

D e {1,2}, Vi is a2 x D precoding matrixH, ; is a2 x 2
channel matrix in the frequency domain between transmitter
Interference alignment (IA) is a promising method becaugeand receiveri, U; is a D x 2 receive filter matrix.UT
it achieves higher throughput in interference limited scéos is the complex conjugate transpose of maftix while u*
than conventional methods such as time- or frequencyidivis is the complex conjugate of scalar The precoding and the
multiplexing or treating interference as noise [1]. The maireceive filter matrices are chosen to sati§V.||» < 1 and
idea of IA is to use precoding at the transmitters to alighU;||r < 1, where|| || denotes the Frobenius normy. is a
interference at each receiver in one subspace. The ortabggroper complex AWGN vector of length and variancer?.
subspace is used for interference-free communication. The first term on the right hand side 61 (2) carries the data of
One commonly measures performance by the sum of tteeceiveri, while the sum represents the interference, and the
rates that the users can transmit reliably. The degrees-afst term is filtered noise. Channels connecting the traesmi

I. INTRODUCTION

freedom (DoF) are defined as and receiver of the same user pair are catledct channels;
the other channels (i.&; , i # k) are calledcrosschannels.
d= i Caum(SNR) (1) For orthogonal subcarriers the channel matriddsare

= lim ,
SNR—oo log(SNR) diagonal. The diagonal entries are denotedzﬁ%l € C, where

where Csuym(SNR) is the sum-rate capacity at the signal té indicates the subcarrier index. V:/l? write
1 ‘ —jzn)
e i

noise ratio SNR. The DoF represent the number of non- hz(‘lk) 0 ’hz(k)
interfering data streams that can be simultaneously triatesm  Hix= 0 oI
over the network. ik

For single antennas IA achieves the maximal DoF asym@here|z| denotes the amplitude afandZx denotes the phase
totically with aninfinite number of subcarriers or time-slotsof 4 in radians. For line-of-sight channels the amplitudes are
[2]. We derive conditions for whiclwo subcarriers make IA equal for all subcarriers, while the phase rotations defmend
feasible for general channels in Sectlod Il and for line-ofhe delayr; ; and the subcarrier frequencig¢s?) and f(2):
sight channels in SectionJV. For line-of-sight (i.e. siegl jamf O,
tap) channels these conditions are fulfilled by choosing the LS|, | [e J ik 0 ] @)

*jéh(.le ’ (3)

0 hgzlz e

subcarrier spacing carefully, while in prior art the sulviesis e—32mf P
are assumed to be fixed when IA is applied. Hence for line-of-
sight channels we achieve the maximal DoF and even achidJee amplitudes are bounded @s h% to avoid degenerate
an upper bound on the sum-rate of IA arbitrarily closely. channel conditions. We assume perfect channel knowledge of
all channel parameters at all nodes.
Il. SYSTEM MODEL i

. FEASIBILITY OF INTERFERENCEALIGNMENT VIA

Consider an interference channel with user pairs, where TWO SUBCARRIERS
each transmitter sends either one or two streams to itsvexcei For single antenna nodes, the DoF are upper-bounded by
Each node is equipped with a single antenna and uses the per user pair[[2]. The precoder and receive filters reduce


http://arxiv.org/abs/1303.5321v1

to vectorsv,, andu; and interference is aligned ifl[3] Note thathg},c) =0 or hf2k) = 0 have zero probability for
WH, i =0, Vik (5) continuous distributions.

ulH; vi| >0, Vi (6) A. 3 User Pairs

The equations{5) mean that the interference lies in the nufheorem 1. Three DoF over two subcarriers are feasible for
space of the receive filter, while the equatiois (6) enstae tfihree user pairs with single antennas if the following cdiodi
the effective channek; = u/H, ;v; (which is interference- holds

free if the first set of equations is fulfilled) has unit ranker B2 (1) 1 2) (1) () 5 (1)
guestion of IA feasibility asks if there is a solution faf Vi %%%%%iﬁ =1. (11)
andvy Vk such that[(b) and6) are fulfilled. hg% hgg, hgg, héi hgi hé%
Suppose that all channel coefficients are chosen indepen- )
dently with a continuous distribution. The condition$ (6% a Proof: [] For three users there are six cross-channels.

fulfilled with probability 1 if the precoder and receive filtersAccording to Lemmel 11 six equations of typél (7) must be
satisfy [B). Hence we need to examine the feasibilityof ¢5) Satisfied. We write these equations in the foAx = b as

show that the maximal DoF are achievable. follows:

The question of feasibility is tackled, e.g., in [2]-[5]. [2] it [ (u@\] T. o
is shown that the maximal DoF are asymptotically achievable In Mo Jr+2n19)—In R
with 1A for time-varying channels by increasing the numberr - (@) 1(2)

. ’ . "1 00010 u ; .-
of symbol extensions (i.e. the number of subcarriers or time In ugm Jr(+2n1 3 —In ;ﬁlﬁ
slots). We show that for interesting channel conditions $A i 100001 W) ) hgg
feasible withtwo subcarriers. For this we use Lemiia 1 to[0 1 0 0 0 1| [n{Jioe || [Jm(+2n2,9 —In{ ;55
write the |IA equation set[{5) as the sum of logarithms of o\ |~ >4 |- 12)

010100 NE (142 1 hs*]
the channel, precoder, and receive filter coefficient fomsti nl oo Jr(l42n2,1) —In{ 75
) . ... /001100 V1 2,1
With Lemmall we prove Theoreld 1 which states feasibility o . h)
conditions on the channel coefficients for the 3 user paiss.ca _0 0101 0_ In NO) jr(+2n3,1)—In Q)
In the following subsection we examirf€ user pairs. T~ @ @)
I ) P Rank(A)=5 In( 25 Jjm(l+2ng39)—In hfl’f

Lemma 1. For single antenna nodes and two orthogonal L\ /1 L ha2/ ]

subcarriers the IA condition(g) are Since the rank ofA is 5, which is less than the number of

W2 e h@k) equations, a solution exists if and only if the rank of the
In{ =7 | +In | = jr (142n;)—In| — (7) augmented matrixA |b) is equal to the rank oA (or b is in

(1) ) . . N .
Ui Yk hi i the column space or image df). This condition is fulfilled
for all i # k, wheren, , € Z can be any integer. for

Proof: We write [B) as the equation set n3) % h)
In (—i) —1In (—i) +In (—i)
ugl)*hg}lzvél) + u§2)*h§?,3U£2) =0, Vi#k. (8) hisa 1,3 hs 3
o . NS 3] 3%

There exist trivial solutions of{8): =2 ) (22 ) — 22 = jorn,  (13)
« u; =0 or v; =0, which bhoth violate[(b); héli héli hglg

. ugl) :v,(f) =0 or vgl) :u,(f) =0, which, when examining
the equation seVi + k, lead to the invalid solutions WNET€n =112 —nis+n23 —no1+n31 —nz2 €2 M
w, = 0 Vi or vj, = 0 Vk. Theoren{]l can be expressed as two equations: One for the

Other trivial solutions Withuz(-l) =0 or v,(cl) =0 do not exist, subcarrier amplitudes

; (1) (2) 0
since we havé:; | # 0 andh; ) # 0 (recalllthat‘hiyk‘? 0). ’h@’ ’hglg,‘ ‘h%’ ’hglfl ‘h:ﬁ‘ ’hglgl
Hence allu; andwv;, are non-zero for nontrivial solutions. Ol @ ool ol el = 1 (14)
Manipulating [8) we obtain ‘h1,2‘ ‘h1,3‘ ‘h2,3‘ ‘h2,1‘ ‘h3,1‘ ‘h3,2‘
(2)xp,(2) ,(2)
u; ik Uk 1 . .
=1 (9) The proof can also be obtained by examining the subspacemegpa
O NCMEO) by the channel matrix and the precoding vector as is done irtidbe
¢ kR IV-D of [2]. For interference to align one must have sf#h avs) =
and therefore spar(H, 3v3) and spa(H; sv3) = spar{Hz,1v1) and spaHs,1v1) =

2%, (2) (2) spar{Hs 2v2). From this one obtains sp@w) = spar{(Tvi), where

u,; hl VL i T = (H1,3)71 Hs 3 (H271)71 Hy (Hgyg)il Hj3 1. Due to the diagonal
In O @ | =T (1+2n;%) (10) structure of the channel matrices, is also diagonal. UnlesT is a (scaled)

U hi_kvk identity matrix the precodev; must be an eigenvector of all channel matrices,

—

<o~ |

leading to interference not being aligned. Setfi@gs a scaled identity matrix
wheren, ;, € Z. B leads to[(I0).



and one for the subcarrier phase rotations According to [I8) line-of-sight channels may create condi-
tions where |A is feasible by choosing the sub-carrier Sgaci
(2 &) (2) 1 2 1)
— Lhip+ Lhip+ Lhis — Lhi3 — Lhy s+ Zhy Af = f@ — £ carefully. This means that the precoding
+ 4h<2) 4}&{ - 4}1&?{ + 4h(1) + 4h(2) 4}1&}% and receive filter vectors can be chosen such ffat (5) holds.
(15) The required spacing depends only on the delays of the cross
channels and the non-zero integerwhich can be chosen

B. K User Pairs freely. Hence we can identify a minimal sub-carrier spacing

For K user pairs there arkE (K — 1) cross-channels and we o
hence haves (K — 1) equations of type{7). We collect them Afmin=1/(113 = T2+ 721 — T3+ 732 —131) (20)
into an equation systemAx = b, where A is of dimension for which IA is feasible. Any multiple ofA fin, €xcepto,
K(K —1) x 2K, but has ranRK — 1. creates feasibility again.

The augmented matriA|b) again must have the same o the special case
rank asA for a solution to exist. Transforming\. to row-
echelon form by using Gaussian elimination results in a new Ti3—Ti2+T1—Te3+T32—731 =0 (22)
matrix A’ where the last

= 27n.

IA is directly feasible and the subcarrier spacing can beseho
K(K—-1)— (2K -1)=K? -3K +1 (16) arbitrarily. For continuously and independently disttiml
delays the probability of this event is zero and is not treate
further.
Note that we are not limited to using two subcarriers. Since
the feasibility depends solely on the spacing, subcarrdér p

h§2k) FD + forserand f 2 + fogser is feasible if pairf (D) and f2) is.
Z a; Jm (14 2n;%) —In

rows are zero. We apply the same transformation® tto
obtainb’. The lastk? — 3K + 1 entries ofb’ must be zero,
and are of the form

h(l) (17) Even different user pairs, which require differefffn, can
bk be scheduled in one OFDM frame. It might not be possible
where a[ul; € {~1,0,1} are the weights of thev-th row. O use all subcarriers with IA in which case the remaining

Hence we obtaink? — 3K + 1 equations of type similar to Subcarriers are used as usual.
(I3) which must be fulfilled for feasibility of IA.

Vi, k

A. Effective Channel Amplitudes
IV. SPECIAL CASE 3 USERPAIRS AND LINE-OF-SIGHT

If is fulfilled, the ratios of the precoding and receive
CHANNELS (€8) P g

filter coefficients are obtained from the system of linearasequ
We examine IA for the special case of line-of-sight channelions [12). SinceA is rank-deficient there is one independent
and K = 3. We show that the feasibility condition of thevariable inx, which we choose without loss of generality to
channel can be fulfilled by choosing the subcarrier spacnb@m( (2)*/u(1)*)_ The remaining variables are determined
carefully. We also derive the amplitudes of the effectivgg
channels and show that for increasing bandwidth an upper
bound on the sum-rate of the presented scheme can be reached (2) : ui?”
1 = 377(1+2n172+2Af7‘1 2) — ) (22)

(2
-1
arbitrary closely. Uél) g
Corollary 1. For line-of-sight channels the condition of The- ng) g

orem[1 simplifies to In| =55 | = jm(+2n13+24f 71,5 — mox (23)
U3 Uy
@ fW) (1 3—Ty 04T —Tos+T30—731) =n (18 (2)% e

(1O =10) nariatma—reatma=ra) =n (19 (22— ) = jm(l+2n,5+2A f 709 ~In ?(’—) (24)
wheren € Z \ {0}. Uz Uz
(2) (2

Proof: For single tap channels the subcarrier amplitudes 1y, <“?1)*> (14203 54+ 2A f 735 _1n< % ) (25)
satisfy ’h(l ‘ = ‘ 2)’ and hence only the phase rotation u vy
o _ 0 (2) u?

difference remains. Insertingh; ; = 27 f\"7; ), gives n (% — (L2001 +2A fro0) — ? . (26)
U1 Uy

_or (f<2> _ f<1>) T+ 27 (f<2> _ f<1>) i3
—9r (f(2) — f(l)) To3 + 27 (f(2) — f(l)) o1 (19)
—27 (f(Q) — f(l)) T3,1 + 2w (f@) — f(l)) T3,0 = 27N,

After some manipulations one obtaiis](18). Choosing 0
violates the assumption of orthogonal sub-carriers, sthie
meansf(? = (1), []

From [22)4(26) one obtains, farc {1,2
(1 1)‘ ‘ (2)%

vﬂ . @7)

Together with||v;|| <1 and|ju;||r < 1 one obtains

2
)‘ < ‘vgl)‘ \J1- ‘Uﬂ <1/2.  (28)




For all else held fixed thé-th amplitude is largest if where each elememg” of the sequence is i.i.d. and takes on
the values{0,1,2,...9} with equal probability.
W] _|,@] _ |, @)= 2= _ oL .
’Ui ’ = ‘Ui ‘ —‘Uz— u | =1/v2 (29) We wish to show thafin € {Z : 0 <n < N} with N — oo
which we use when obtaining the amplitudes. such thatn; mod 1) Vi is arbitrarily close to some number
The amplitude of the first direct channel is

u € (0,1). We do this by looking for strings of decimal places
of A\; which are equal for all and which are, when shifted to
the first decimal places, close enough to the desired number
1. We then choose to shift the resulting sequence to the first
decimal places.

We chooseR € Z such thatl0~ < ¢, where0 < e < 1.

‘}_Ll |:‘UIH171V1

1 i (1) 1 2 _ (2) 2
e ) )

h — 7127 A fr1 1+1n| u(lz)* u§1)* In| ng) Ugl) . ) .
(i)| ;’ll 1+e™’ frat ( / )+ ( / ) Our goal is to find an such, that the random variablad,. =
, {Agw] Viw=rr+1,...r+R— 1} fulfill the condition
@| 1-,1| ‘17€j27r(Af(—n,1+'rz,1—Tz,3+7'1,3)+n2,1—n2,3+n1,3)
2 (7] [r+1] [r+R-1] (1,,02] (R] ;
AN Y =pHpE oo et Vi (35)
(g|h1,1| [sin(mnA fminAT1)| (30)

where u[*! is the w-th position of the decimal expansion of
whereAr; = —7y1 + 751 — 72,3+ 71,3. For (a) we used (29). , The probability that the variablest,. fulfill the conditions
For (b) we inserted (26), into which we insertédl(24) dnd (2335 for a givenr is positive. There are infinite independent
For (c) we used\f = nAfmin, |1 —¢/’| = 2[sin(0/2)] and  realizations of the setM,., hence3r such that the sei\,

|sin(6 + 70)| = |sin(6)] for I € Z. . ) fulfills conditions [3%). We complete the proof by choosing
The amplitudes of the second and third direct channgls_ 1o and; = 1/2. -

follow similarly and are Lemmal2 ensures that by increasing the bandwidth and

‘}_12|:|h272| ISIn(TA frinATs) | olptimitzintglg1 the choi(l;e ofﬁdf ?tﬁAfmm Wetcgn g:.t arbitrarily

- . close to the upper bound of the presented scheme.

s |=|hs 5] [Sn (A frinATs)| (31) PP P

C. Connection to Time Based Interference Alignment

whereAr, = —To2 + T3 — T1,3 + T1,2 and Ars = —T3,3 +

Ts9 — TLo + T13. Time based IA aligns interference by transmitting only in
Examining the effective channel amplitudes, we observe trf2Ye€ry other time slot and by (possibly) using different efts

the amplitude of the-th channel is bounded by Interference is aligned when at the receivers the intemfare
~ arrives in the same time slot, while the useful signals aritiv
0 < |hi| < |hail - (32) a different time slot. Analyses of time based IA can be found

in [4], [6] or [[7] for example.

We show that time based IA is a special case of subcarrier
IA. Choosing a precoder;, in the frequency domain translates
to the time domain signal

ll 1] [v’(“l)]s (o + o) 5n (36)
L1 [ (o1 = o) s
——

2 Fi
<Stog, (141, 33 _ N _
Hsum < ; 082 < N o? ) (33) whereFT is the IDFT matrix. Since for time based IA nothing
is transmitted in the second time slot, we ha{(,]é —U,Ef) =0.

Thus ln(v,(f)/v,(:)) = 0, Vk follows. In a similar way we

For a given channel one can influence only the integef
the argument of the sine function, as the and theA fnin
are fixed.

B. Upper Bound

The sum-rate of the proposed scheme for a three user pair Xelt]
system with line-of-sight channels is upper bounded by X[t +1]

Since the sum-rate is different for different choicespfone
can optimize the choice dk f = nA fnin within the available
bandwidth to obtain the optimal sum-rate. obtain In (/" /u{"*) = 0, Vi. This means that the right-

Lemma 2. For continuously and independently distributed dg?and side in[(12) must ble = 0, which automatically fulfills
lays the upper bound on the sum-rate of the presented schef®@ and hence(11) anf {18). Fram= 0 it follows that

is achieved arbitrarily closely for increasing bandwidth. h('Qk)
Proof: The minimal sub-carrier spacing depends only on gu(l+ 2ni) = In (h(',lk)> = —J2rAfrig,  ViFk (37)

the delays and the delays are continuously and indepegdentl . N . .
distributed. Hence also the products= A fminA7; are con- from where we obtain the conditions on the subcarrier sjacin
ti_nuously distributed. They are even inde_pendently djstgid, Af = 1+ 20,4
sincer; ; appears only iAr;. We can write\; mod 1 with -

its infinitely long decimal expansion as

, Yi#k. (38)
27’1'7]g
For K = 3 there are six fractions that must be equal

Ai mod 1= O.AEI]AEQ}A?] ce (34) to each other and which determinkf. The denominators



of the fractions are real numbers while the numerators apacing. For IA we plot three curves. The curve labéfedF
integers. Since the delays are i.i.d., equality of thesetifras is the average sum-rate with the current subcarrier spadisg
is approached only by choosing larger integer numeratoexpected, we observe peaks at multiples\gfi,. Note that
This means that feasibility is achieved only asymptotjcalfor small deviations from the optimah fni, there are small
for increasingA f, which translates to decreasing slot lengtheductions in sum-rate. A subcarrier spacing between multi
in the time domain. This is precisely what Theorem 1 iples of A fmin leads to leakage interference, which prevents
[4] states. But we are able to determine subcarrier spaciragshieving the maximal DoF. But for finite SNR we achieve
which achieve feasibilityexactlyfor K = 3. This shows that a good performance when the direct channel's amplitude is
restricting the choice of the precoder, as time based IA doéarge. The curve labeledlax 1A ZF is obtained in two steps:
prohibits achieving the DoF exactly. For each channel realization the maximal sum-rate withén th
bandwidth equal to the x-axis’ value is determined. In thet ne
step we take the average and obtain the curve labbdbedIA
Consider a 3 user pair line-of-sight channel, where thg= A steep increase of this curve can be observed around
transmitter-receiver distancels; are continuously and inde- A fmin due to the feasibility of IA. With increasing bandwidth
pendently distributed. The delays are related to the dis&nthe curve labeledlax IA ZF approaches the curve labelbsl

V. SIMULATION RESULTS

by Upper Boundwhich is the average of the upper bourids (33).
=2 39
Ti,k - di,k ( ) 20

wherec is the speed of wave propagation, which we sett |
the speed of light = 3- 108 m/s. The channel amplitudes are meemmmmm T
obtained from the distances as -7 —%— TDMA

im ¥ / —6— Interference as Noise

|hi k| = < ) (40) ~ P IA ZF
di ’ - — — MaxIAZF

15! -—— IA Upper Bound

; A aN Fay A £\ /}\

where we choose the path-loss exponent 3.76.

The distances of the direct channels are distributed as
[150m, 250m], and the distances of the cross channel$ asc
[250m, 350m|, i # k. The direct channels thus have the larges
amplitudes and we do not have too small distances (for whic
treating interference as noise works best). We average o\
10* channel realizations. 10

As benchmark schemes we consider (1) treatirtgrference
as Noiseand (ll) an orthogonal access scheme, where we u 0 1 2 3
TDMA. For treatingInterference as Noiseeach transmitter /A fmin
tra.nsmlts tW.O streams fo.r every channel _use and at the E|eg- 1. Average sum-rate for randomly distributed distanaehered; ;
ceivers the interference is treated as noise. FOrtB®IA  [150m, 250m] andd, ;, € [250m,350m], i # k and~ = 3.76 and the
scheme, each transmitter transmits only in ev€rth slot, but average received SNR from the direct channel30dB.
with K times the power. Since only one pair communicates per
slot, the receiver can receive two streams without interfee.

To obtain the precoder and receive filter for 1A, we use the VI. CONCLUSIONS
pseudo-inverse oA to obtain a solution (or a least-squares \We derived conditions for feasibility of IA via two orthogo-
solution, if 1A is infeasible) for the system of linear eqio@is nal subcarriers. For line-of-sight channels these camtitcan
(I2). Since we are interested mainly in the DoF, we consideé fulfilled by carefully choosing the subcarrier spacing.
only interference-zero-forcing approaches. Other appres,

e.g. MaxSINR or MMSE, will be examined in future work. ACKNOWLEDGMENT
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