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ON MULTI-RATE SEQUENTIAL DATA TRANSMISSION

CHEUK TING LI

ABSTRACT. In this report, we investigate the data transmission model in which
a sequence of data is broadcasted to a number of receivers. The receivers,
which have different channel capacities, wish to decode the data sequentially
at different rates. Our results are applicable to a wide range of scenarios.
For instance, it can be employed in the broadcast streaming of a video clip
through the internet, so that receivers with different bandwidths can play the
video at different speed. Receivers with greater bandwidths can provide a
smooth playback, while receivers with smaller bandwidths can play the video
at a slower speed, or with short pauses or rebuffering.

1. INTRODUCTION

Consider the scenario in which a long video clip has to be transmitted to a
number of receivers having different packet loss ratios. One approach is to divide the
video data into blocks of K packets, encode each block into L > K encoding packets,
and then transmit the blocks to the receiver sequentially. Using random linear
projections or any capacity-achieving erasure code, the receiver can decode the block
if about K out of L packets are received. This method, which we call a blockwise
code, can only cater for the need of the receiver with packet loss probability less
than 1 — K/L.

To suit the need of different receivers, we can perform time multiplexing on two
blockwise codes at different rates. Cosider Blockwise code 1 and Blockwise code
2, which use random linear projections to encode each block of K packets into
L and Lo packets respectively (L1 < Lg). Denote the i-th packet generated using
Blockwise code k by Py, ;. We transmit the packets of the two codes in an interleaved
manner (in the sequence P11, P21, P12, P22, Pi3,...). Receiver 1, which uses only
the packets generated using Blockwise code 1, can decode a block using K out of
the L, packets encoded from the block, and therefore can tolerate a packet loss
probability 1 — K/Ly. As Blockwise code 1 transmits a block of K packet per Ly
channel uses, taking interleaving into account, Receiver 1 can decode at a rate of
K /(2L;) packets per channel use. Receiver 2 uses packets generated by both codes.
It can decode a block using K out of the Ly + Lo packets encoded from the block,
and allows a higher packet loss probability 1 — K/(L; + Ly). However, to use the
packets generated by both codes, Receiver 2 has to wait for the slower Blockwise
code 2, which transmits a block of K packet per Lo channel uses. Receiver 2 can
decode at a rate K/(2Ls).

In the scenario, the receivers with different channel conditions wish to decode the
same sequence of data. Each receiver will decode the data sequentially at a roughly
constant rate which depends on the channel condition. We call these settings as
multi-rate sequential data transmission. It can be viewed as multilevel diversity
coding [I] with an additional sequential decoding constraint. In the following sec-
tions, we will discuss various cases of the problem. The case of one transmitter is
described in Section [3] The main contribution lies in Section [6] concerning multi-
ple transmitters, in which multi-rate sequential data transmission has apparently
dissimilar behavior compared to its non-sequential counterpart.
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FIGURE 1.1. Encoding process of blockwise and multiplexed codes

2. FORMULATION OF MULTI-RATE SEQUENTIAL DATA TRANSMISSION

We consider the transmission of a sequence of data through an erasure channel.
To simplify the setting, we assume that one bit is sent at a time through the erasure
channel. Assume the sender is going to transmit a sequence of bits My, Mo, ....
We assume M; "% Bern(1/2). The sender will encode it into a sequence of bits
X1, X5, ... and transmit them through an erasure channel. The symbols arrive
at the receiver as Y7,Ys, ..., where some of them may be erased (denoted by e,
Y; € {0,1,e}). Based on these symbols, the receiver tries to decode M7, Mo, ....

Definition 1 (MRS code). A multi-rate sequential code (MRS code) is specified
by a pair of encoding and decoding functions. The encoding function is a function
mapping the message {M;} to the encoding symbols {X;}. There is a random
variable ) supported in @ which is known by both the sender and the receiver,
and independent of the message and the channel erasure, to allow random coding
scheme. The encoding function is a function
Enc: Qx{0,1}" xN — {0,1}
Note that this definition allows the encoder to look at all blocks.
The decoding function maps the received symbols {Y;}, where some of them may

be erased, to the recovered blocks {Ml} Let Y = [U,eni0,1,e}™ be the space of
received symbols. The decoding function is a function

Dec: 9xYxN — {0,1}
(QY!'i) — M,
We use the notation Y2 = (Yg, Ya11, ..., Y3). For simplicity, we write X; (Q, {M;})) =
Enc (Q,{M;},j), and M; (Q,Y;") = Dec (Q, Y7, ).

The MRS code does not admit a fixed rate like other block codes. Instead its
rate depends on the channel capacity.

Definition 2 (admissible pair). A rate-capacity pair (r,¢) is called e-admissible by
a code if there exist Ny such that when X; — Y is an erasure channel with capacity
¢ (i.e. erasure channel with erasure probability 1 — c),

P{Mm#ﬂm (Q,YlN)} <e€ forany N > Ny and m < N(r —e).

In other words, any receiver with channel capacity ¢ can decode the first N (r—¢)

bits MlN (=) with bit error probability less than e when the first N symbols Y
are received, for sufficiently large N.
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FIGURE 2.1. Rate-capacity functions of blockwise and multiplexed
blockwise code

It is clear that if (¢, r) is e-admissible, then all pairs in {(¢/,7")|¢’ > ¢,7’ < r} are
e-admissible. Therefore we can use a function to characterize the rate of a code.
We call r : [0,1] — [0,00) a rate-capacity function if it is monotonically increasing,
right continuous, and there exists an 7 > 0 such that r(c) = 0 for ¢ <.

Definition 3 (rate of MRS code). A rate-capacity function r(c) is called e-admissible
by a code if all of the pairs (¢,7(c)) are e-admissible by the code.

The rate-capacity functions of the blockwise code and the multiplexed blockwise
code described in the introduction can be given by Figure 2.1}

Definition 4 (achievable rate-capacity functions). A rate-capacity function r(c) is
achievable if for any € > 0, there exist a code where r(c) is e—admissible by that
code.

3. SUPERPOSITION CODING FOR SINGLE TRANSMITTER

In this section, we will present the design of superposition multi-rate sequen-
tial codes, and prove their optimality by giving the set of achievable rate-capacity
functions explicitly.

Definition 5 (superposition MRS code). A superposition MRS code is character-
ized by the block size K and the parameter g : [0,00) — [0, 00) which is bounded,
monotonically decreasing and left continuous with fooo g(a)da = 1. The message
{M;} is divided into blocks of K bits, B; = M(iili1)K+1' In the encoding process
of the code, we first sample a sequence of non-negative random variables A1, Ao, ...
i.i.d. according to the cumulative distribution function

FA(Oé)

| steri ~ (e
(3.1) _ —/Oaxdg(x).

Note that Fl4(a) is increasing as g(«) is decreasing. The sequence is known by
both the sender and the receiver (we may let Q = (A, As,...)). At time instance 4,
the sender generate an encoding symbol X; from the block By;. 4,k using random
linear projections and transmit it to the receiver.

Note that we employ a random coding scheme. Random linear projections allow
us to decode a block of K bits using K + o(K) encoding bits with an arbitrarily
small error probability. The superposition MRS code is essentially performing time
multiplex on blockwise codes at different rates.
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The parameter g(«) roughly corresponds to the proportion of the encoding sym-
bols dedicated to satisfying the need of the receivers which wish to decode at rate
a. When we send encoding symbols encoded at rate v (i.e. A; = ), a receiver
which decodes at rate o <« can use a portion of a/v of the encoding symbols. The
parameter g(«) describes the proportion of the symbols which can be used, divided
by the proportion needed (which is «), given by

which can be verified using (3.1)):

1 / * o

— —dFa(y
a 7 ™

(67

Il
T~
|
S
.
2

- -/ " dg() = gla).

The blockwise code and the multiplexed blockwise code described in the intro-
duction are examples of superposition MRS codes. For the blockwise code, the
parameter is taken to be

(@) L/K  when a < K/L
o) =
0 when o > K/L.

For the multiplexed blockwise code, the parameter is taken to be

Li+Lo K
' when a < 3L,
— Ly K K
gla) = 2 when 57— <a < 57
0 when a > %

The choice of the parameter is closely related to the rate-capacity function we
would like to achieve. The following theorem describes the relationship between
the two functions.

Theorem 6. For a fized €, the rate-capacity function r(c) is e-admissible by the
superposition MRS code with block size K and parameter g(«) for all sufficiently
large K, if there exists £ > 0 satisfying

c-g(r(c)) > 14 for all ¢ > 0 with r(c) > 0.

Proof. Fix € > 0. Let r(c) be a rate-capacity function, and let g(a)) be a bounded
and monotonically decreasing function (let g(a) < ¢ for all @« > 0). Assume
the condition ¢ - g (r(c)) > 1 + £ is satisfied for some & > 0. We take K >
max (4/€, 32-((+1)/(e€)). We now consider the superposition MRS code with
block size K and parameter g(a).

Fix any channel capacity ¢ with r(¢) > 0. Let oy = r(¢), and g = r(c) — €. At
time instance 7, the sender generate an encoding symbol from the block Br;. 4,/ k7
(note that B; = M(ifil)KH). Let Fa(o) = [ g(z)da — ag(e). The probability
that B; is chosen is

(ne (S22 ) (2) - (2)

Let n > %, and j < #2¢ 4+ 1. We will study whether the block B; can be
decoded using Y7* with error probability less than e when the channel capacity is c.

If so, then le""J can be decoded using Y;* with bit error probability less than e
whenever n > %, and thus the rate-capacity pair (aq, ¢) is e—admissible. Let S be
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the random variable representing the number of times B; is chosen in the encoding
of X;, and X is not erased, for ¢ = 1,...,n. Its expected value is given by

- Kj K(G-1)
E[S] = ec- E F - F )
2 ‘ =1 < 4 < { ) 4 < i
Note that F4 is monotonically increasing and not greater than 1 (and therefore

Fu (%) is monotonically decreasing with respect to x), we have

(%) = o[ ()2
> n</0 FA<g>dw)—1’

Therefore
s = ] (5 (82) 5 () )
([ () (5 )
where

[ Ea (&)t = Fate) - [ eama (%)

= FA(oz)+oz/oo

(03
o0

= FA(a)+a/ %-—xdg(x)

1

dg(z)

«

1
(@) + ag(a)

= /Oa g(z)dz.

Hence, as g(z) is monotonically decreasing,

Fa(a) —
Fala

Kj/n K(j-1)/n
E[S] > en- / g(x)dx—/ g(x)dz | —1
0 0
Kj/n
= cn- / g(z)dz — 1
K(G-1)/n
K
> cK-g (J) —1
n
> CK-g(Oé()+K) —1
n
> K glag+e)—1
= c¢K-g(ag)—1
> K(1+¢ -1
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On the other hand,

S (5) = o([n(8)4)

and

Let

p; :c<FA <Ij7) -

The variance of S can be given by

!
7~
2
.
~.
I
=
~
~—

n

Var[S] = Z(Pi—P?)

i=1

IN
(]
3

IN
Q
S

(O (e () - () o)
(] ) ()
= n- </0Kj/n ga(z)dx — /OK(jl)/n gg(m)dx> +1

= n/ ga(z)dx + 1

K(j—1)/n
KC+1,

os <VK-\/(+1.

As a result, for K large enough, S is close to E[S] with high probability. Cheby-
shev’s inequality gives

IN

IN

P{S<K(1+§)—1—\/ﬁ VC“} <¢/2,

€/2
where
kg1 YA
1 NS
= K<1+§—K— qu)
> K(1+¢/2)

by the assumption K > max (4/€, 32 (( +1)/(€€)). When random linear projec-
tions are used, for a fixed probability of error €/2, the number of symbols needed
to decode a block of K bits is K + o(K), which is smaller than K (14 ¢£/2) for
sufficiently large K. Therefore the rate function r(c) is e-admissable by the super-
position MRS code with parameter g(«) for K large enough. O
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The following theorem gives the achievable region for the rate-capacity function,
which coincides with the region attained by superposition MRS code.

Theorem 7. A rate-capacity function r(c) is achievable if and only if

!
/ —dr(c) <1
o €

Proof of achievability. Assume r(c) is a rate-capacity function satisfying fol %dr(c) <
1. We can find > 0 such that r(c) = 0 for ¢ < n. Let g(o) = 1/r71(«), where
r~1(a) = inf{c|r(c) > a}. Then g(a) is monotonically decreasing and bounded
above by 1/7. It is implied by fol Ldr(c) < 1that [;° g(a)da < 1. Asr=(r(c)) < ¢,
we also have c¢- g (r(c)) > 1 for all ¢ > 0 with r(c) > O

Fix € > 0. Note that fooo g(a+¢/2)da < 1. We can define a function go(«) by

g2(@) = (1 +&) - gla +¢€/2),

where £ > 0 such that [ g2(a)da = 1. We know gs is bounded above by (1+&) /7.
Define a new rate-capacity function ro(¢) = max(r(c) —€/2,0). We have, for any ¢
with r2(c) > 0,
c-g2(r2(c)) =c- (1+&)g(r(c)) 21 4&.
Consider the superposition MRS code with parameter ga(«). By Theorem @

the rate-capacity function ro(c) is €/2-admissible by the code for sufficiently large
block size, which implies that r(c) is e-admissible by the code. O

Proof of converse. The proof employs a similar idea as in [2]. As r(c) is a rate-
capacity function, we can find n > 0 such that r(c) = 0 for ¢ < n. For any e > 0,
consider a code where 7(c) is e-admissible. The message {M;} are encoded into
binary symbols {X;}, and sent through an erasure channel with capacity ¢ (we call
it Channel ¢) to give {Y,;} for all ¢ > 0. Assume we have the following for any c,

max P{Mm;ﬁﬂ (Q, 61)}<6 for any n > Np.
m<n(r(c)—¢)

Let N > Ngy. Let E.; be the indicator of the events of erasure in Chan-
nel ¢ (E.; = 1 means that Y.; = e). Note that whether the message can be
decoded at the receiver with Channel ¢ depends only on the marginal distribu-
tion of {E.;, X;, M;,Q} and is conditional independent of E.,; for co # ¢
given {E.;, Xi, M;,Q}, .y Therefore, we may modify the joint distribution of
{Ec’i}cE(O,l],ieN without affecting the result as long as the distributions of {E. ;, X;, M;, Q}
are preserved. From now on, we assume the channels are cascaded, i.e. whenever
cp < c1 <1, the Markov chain X; — Y¢, ; — Y, ; holds, and

E. ;i w.p. c/c
Ecg,i:{ c1,t p O/ 1

1eN?

€N

1 w.p. 1—cpfer.
Let

(3.2) ra(c) = max(r(c) — ¢, 0)
Define

(33) Fle) = 5 - HYIQ M) BY,)
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The common random variable @ will be omitted for simplicity. Consider Channel
¢p and Channel ¢; where /2 < ¢y < ¢1 < 1. Let kg = |Nra(co)], and k; =
[ Nra(c1)]. Note that

H(Y;Jy,l M{claEé\f,l)
k k k k
(3~4) = H(Ycllv,laMk;H‘MlanéY,l) - H(Mkol+1‘Mlané\1,,1)’

where, due to the assumption that M; are i.i.d. uniform in {0,1},

H(Mkl

ho M B 1) = H(M)

A kot1) = k1 — ko = N(ra(c1) —ra(co)) — 1.

As Mfl can be decoded using YCZIV 1 with bit error probability less than e, by
Fano’s inequality,

HYN

cy,10

! k
My | MY, BT )
= HEY | M>,E] )

cy,l
+H(MIZ:€01+1|Y011V,17M1]€0’EN )
HYY (M, EY )

IN

cy,l
cy,l

k1
+ Z H(Mi|Yc]1v,17M1k07E(]:\1[,1)
i=ko+1
HYY M7 EN 1) + (k1 — ko) - H(e)

H(Y M, EY ) + (N(ra(er) = ra(co)) +1) - He)
H(Y M, EY ) + (N(ra(er) = ra(co))) - He) + 2.

cy,1

IAIA

IN

Let E! ik Bern(1 — ¢p/¢1) with

Eco i = EChi lf El/ =0
' 1 it Bl =1.

‘We can obtain
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H(Y M, EJ 1)

co,1

N
k 71—
= ZH(YCO7i|M107}/;0,11’Eé\(][,1)
=1
N
> H(Y,, ;|MFo yi-1 EN
- Z ( 0071| 1 »%¢q,l0 co,l)
=1

H(Yeo il MY°, Y0 1 By i)

c1,17

I
M-

s
I
—

H(Yeo il MY°, VS Bey.iy )

-

c1,10
i=1
N
(iii) ¢ .
= Z = H (Yoo Mfo’}/gl 115E007i’E1{ =0)
im1 N4 ,
N
= Z <Zl ) H(YChi‘M{COaYcili,llaEChisz( = 0))
i=1
N
ST (L By, MY B )
e C1,? 1 9> %¢q,10HC12
i=1
© ([ ko yri—l N
2 Z E'H(Ycl,i‘Ml v)/cl,l’Ecl,l)
1=1
Co

= 'H(Yt-:jlv.,1|MlkoﬂEN )’

Cl,l

)
=

where (i) is due to H (Y, [V [ EN 1) =0, (ii) is due to (EL 1, EN ) AL Y, 5| (M,

co,l c1,10
(iii) is obtained by conditioning on E} and by Y., , = e when E! = 1, (iv) is
due to E! 1L (Y, s, M Y"1 E. ), and (v) is due to H(E' }|y/~!) = 0 and

! co,l c1,11%¢q,1
BN i AL Yo a| (M, Y.
Hence by (3.4),
HYN M EX )
c
< i CH(Y N M, EN ) + (N(ra(er) — ra(co))) - H(e) + 2
— (N(ra2(c1) —r2(c0)) — 1),
After replacing the terms by f(c) using (3.3)),
1 f(co) = fler) + 72 fleo) = fler) + 2
— (ra(e1) = ra(co)) < e < =

c1 1—Hf(e) - 1— Hfe)

Yi—l

Cl,l

)’
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Due to the monotonicity of ro(c),

< % (r2(c1) — ra(co)) — (1 - 1) (r2(e1) —r2(co))

(r2(e1) — r2(co))

i
_ fleo) = fle) + x5
- 1— Hie)

Let m = {\/NJ, and ¢g = ¢ < ¢} < ... < ¢, = c1 such that r2(c) is continuous

We can always find such ¢; as a monotonic function has at most countable
discontinuities. Note that for i =0,...,m — 1,

1 1 2 1 1 4
) <—({———)=
Ci ci-‘,—l m Co C1 mn

as /2 < ¢p < ¢1. Then we have

C1 1
—d
/EU dra(c)

) ) YR (11 ) ,
< 5 (MR () et i
_ 4 6m
< f CO)l _fgzz) Nn erin(?”Q(Cl)*?”z(Co))
fleo) = fler) + 52 4
= —ae W
Note that
fl&) = o HONIQ MO B
1
< 1.

Thus we have, for any /2 < ¢y < ¢ < 1,

€ 1+82 4
—dry(c) < —"1 + —r(1).
/CO c 1—H(e) mn
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Therefore we can obtain an inequality on r(c) using (3.2) by
C1 1 C1 1
2d 2d _
| e = [ Laee-9

0

611
< / fdrz(c)+g

Co c 77

1+?\Tm 4 €
< —0 4 " 1)+ —.
< 1—H(e)+mnr()+n

The inequality holds for arbitrarily large N and arbitrarily small e. We can

conclude that
1 L |
/ —dr(c) :/ —dr(c) < 1.
o € n/2 C

Remark. It is shown in the theorem that the achievable region of MRS codes co-
incides with that of priority encoding transmission or multilevel diversity coding.
When there are more than one transmitters, the MRS codes no longer admit the
same region as priority encoding transmission or multilevel diversity coding in gen-
eral.

O

4. THE MULTIPLE TRANSMITTER SETTING

In this section, we will discuss the case where there are d transmitters which
cooperate to send the same sequence of data {M;}, but they may or may not be
transmitting the same sequence of encoding symbols. There are multiple receivers
that wish to decode {M;} sequentially at different rates. A receiver has an erasure
channel connected to each of the d transmitters, and the channels may have different
capacities. The central question of this section is that, given a set of receivers with
different capacities and different rate requirements, is it possible to design a code
which can satisfy the need of all receivers?

We call the transmitters as Transmitter k, where £ = 1,...,d. We denote the
symbol sent by Transmitter k at time n by X, € {0,1}. For a receiver with
a channel from Transmitter k with capacity ¢, denote the symbol received from
Transmitter k£ by Yy ., € {0,1,e}, and the indicator of erasure Ey ., € {0,1}
(Egen = 1 indicates an erasure). The definition of a multi-transmitter multi-rate
sequential code is similar to that in the single transmitter case, and will be omitted.

For a vector of channel capacities ¢ € [0,1]¢, where ¢ is the capacity of the
channel to Transmitter k, we write

Xn = (Xl,na "'aXd,YL)7
Yc,n = (YrLcl,'ru ~-~7Yd,cd,n)7
Ec,n - (El,cl,na ceey Ed,cd,n) .

We use the notation ch,a = (Ye,a Ye,at1s -, Ye,p). From now on, we refer to the
receiver with channel capacities ¢ as Receiver c¢. We write the sum of capacities in

c by (c) =%, e

Definition 8 (admissible pair). A rate-capacity pair (r,c) is called e-admissible
by a code if Receiver ¢ can decode the first N(r — €) bits MlN(T*E) with bit error
probability less than € when the first N symbols Yc]ﬂ are received, for sufficiently

large N. More precisely, there exist Ny such that
[P{Mm # My, (Q7Yc1,v1)} < e for any N > No,m < N(r —¢).
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We use a function to characterize the rate of a code. We call  : [0, 1]¢ — [0, 00)
a rate-capacity function if it is monotonically increasing and right continuous along
each of the d dimensions, and there exist an 1 > 0 such that r(c) = 0 for X(c) <.

Definition 9 (rate of MRS code). A rate-capacity function r(c) is called e-admissible
by a code if all of the pairs (c,r(c)) are e-admissible by the code.

Definition 10 (achievable rate-capacity functions). A rate-capacity function r(c)
is achievable if for any € > 0, there exist a code where r(c) is e—admissible by that
code.

The superposition MRS code for multiple transmitters is similar to that for single
transmitter.

Definition 11 (superposition MRS code). A superposition MRS code is char-
acterized by the block size K and the parameter g : [0,00) — [0,00)% which is
bounded, monotonically decreasing and left continuous along each dimension with
Jo° gr(@)do =1 for k =1,...,d (write gi(a) for the k-th entry of g()). Transmit-
ter k generates encoding symbols using the single transmitter superposition MRS
code with block size K and parameter g («).

We say that a rate-capacity function is achievable by superposition MRS code if
it is e—admissible by a superposition MRS code for arbitrarily small e. We give the
necessary and sufficient condition on the achievability by superposition MRS code.

Theorem 12. The rate-capacity function r(c) is achievable by superposition MRS
code if and only if there exists a function g : [0,00) — [0,00)? which is bounded,
monotonically decreasing and left continuous along each of the d dimensions satis-
fying

/ gr(a)da =1 fork=1,...,d, and
0

c-g(r(c)) > 1 for any c € [0,1] with r(c) > 0.

Proof. The “if” part is similar to the proof of achievability in Theorem [7} Fix any
€ > 0. Let > 0 such that r(c) = 0 for £(c) < . Define ¢ : [0, 00) — [0,00)¢ by

gr(a) = (1 +&) - grla+€/2),

where &, > 0 such that fooo grp(a)da = 1. Define a new rate-capacity function
ro(c) = max(r(c) — ¢/2,0). We have, for any ¢ with ra(c) > 0,

c g (r2(c)) = - (1+&)g (r2(c)) 2 1+

Consider the multiple transmitter superposition MRS code with parameter g(«).
Applying Theorem |§| on each dimension, the rate-capacity function ro(c) is €/2-
admissible by the code for sufficiently large block size, which implies that r(c) is
e-admissible by the code.

For the “only if” part, let ¢ > 0 and consider a superposition MRS code with
block size K and parameter g(«) in which r(c) is e-admissible. Consider the receiver
with capacities ¢ which decode at rate r(c) — e. Using similar arguments as in @
fixing any block with sufficiently large index, the expected number of times when
a received symbol from Transmitter k is encoded from the block can be given by
ek K - g (r(c) —€). As at least K received symbols is required to decode the block,
we have

¢ g(r(c)— ) = 3 cxgy (r(e) — ) > 1.

k
As g(«) is left continuous, the proof can be completed by taking € — 0. O
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5. GENERAL NON-OPTIMALITY OF SUPERPOSITION CODES

We have shown in Section [3] that superposition codes are optimal for single
transmitter. However, in the multiple transmitter setting, the superposition MRS
codes are not optimal in general. We will provide a counter example.

Example 13. Consider the two transmitter case. Given the block size K and
0 < r < 2/3, the code is constructed by the following process. For Transmitter k
(k = 1,2), at time ¢, we generate X ; by taking a random linear combination of

the bits in the blocks Mé~(¢/(4K)1—2+k7 MQ.W(U{)]_l_k, and Mi~[i/(4K)]+1—k7 where
M = MK
i (i—1)K+1"

Consider Transmitter 1, which generates 4K encoding bits from the three blocks
Mé{z‘/(ﬂ(ﬂ—p Mi~fi/(4K)1—2’ and MLW(M()], with a total of 3K bits. Hence, a
receiver which can only receive from Transmitter 1 with channel capacity 3/4 can
decode the three blocks. When [i/(4K)] = n, the blocks M4, _,, M}, _o, and M},
can be decoded, which covers all the blocks. The rate-capacity pair (%, (%, O)) is
admissible. Similar for (1, (0, 2)).

Consider a receiver which receives from Transmitter 1 and 2, each with chan-
nel capacity 1/2. Tt receives 2K bits encoding the three blocks Mé-ﬁ J(AK)] =1

M i/ (4K)]—27 Mi-[i/(le)]’ and also 2Kd 1;its encoding the three blocks Mé_W(M)],

M i rarcy1—s30 Miipary—1- When n = [i/(4K)] = 1, the 4K bits encoding the
blocks M; to M, are sufficient to decode the blocks. When n > 2, assume the
blocks M/, for m < 4n — 4 are already decoded, then there are 2K bits encoding
the two blocks M}, _, and M}, (M}, _; is already decoded) which are sufficient to
decode the blocks, and 2K bits encoding the two blocks M}, 5 and Mj, _; which
are sufficient to decode the blocks.The rate-capacity pair (1, (%, %)) is admissible.

However, the rate-capacity pairs (%, (%,O)) and (1, (%, %)) cannot be simulta-
neously achieved by superposition MRS code. If it can be achieved by superpo-
sition MRS code, by Theorem [I2] there is a monotonically decreasing function
g : [0,00) — [0,00)? satisfying [;~ g1(a)da = [ g2(a)da = 1 and 3g1(3) > 1,
%gl(l) + %gg(l) > 1. As g1(1),92(1) < 1, we have g1(1) = g2(1) = 1, and
g1(a) = ga(@) = 1 when « < 1, which contradicts with 2¢;(3) > 1.

In the following sections, we will study some special cases in which superposition
codes are optimal.

6. SOME USEFUL TOOLS

We will present some tools which are used to find the admissible region in certain
special cases.
For the sake of simplicity, we write

Na
TR (YY) = HEYNPaY EYL Q). and
N N Na
TN = 1 JE Ly BY Q).

We use the infinity sign “co” in J]?,OQ(YC{\Q) as the encoding symbols X; are en-
coded from M7{* and @, and Y. ; can be determined by X; and Ec;. As a result,

H(YCJ,V1|MfO? Eé\,ll’ Q) = Ov
and therefore
J]%oa (YCJ,Vi) = H(Yc],vl |‘Z\41LN(1J ’ Eé\,flu Q)
Na
= I(Mf]?lajjtl;yc],vl‘MlL J’EéYl’Q)'
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(Note that the support of M{® is uncountable. The above equations only serve as
the intuition behind the definition.)

The quantity J]]\\,fg (Yclyl) roughly corresponds to the amount of information in

the first N encoding symbols dedicated to encode the interval of data M LL]]\\,,(S JJ 41

Furthermore, we define

oo U (T e ple)y . —a

JO‘ (YC’T) = T/O oz\_e“”J(Yc,l )'6 dx7

Tae?) = g [ IS0 e
0

By observing H(YN|EL,) < NX(c), we know the limits are finite as

1 (T e Lo
T /0 JaLémJ (Yc,i ) e “dx

1 T
< T -/0 X(c) |e®] - e Fdx
< (o),
and thus
(6.1) To(Ye,T) < E(e).
Similarly, by considering th::j (Ycﬁ”) < (B — a)|e*], we can obtain
8
(6.2) Jo(Ye,T) < B — au.

If (¢, r) is e-admissible, then whenever r > 8 > « > 0, M&ﬁéﬁ:” can be decoded

using Yc{vl for sufficiently large N. By Fano’s inequality (note that the case where
B — e < « is obvious),

1 (T e .
lim inf — - / Joledivlely emmay
T 0 ’

T—o0 aler]

> hTHi)ioréf% . /0 (B—a—¢€)(l—H(e)) "] - e “dx
= (B—a—e(1-H()),

and therefore

(6.3) liTrri)ioréfji(Yc, T)> (B —a—e)(1—H(e)).

Also it is clear that for v < a < 3,
—B —a —6
(6.4) J,(Ye,T) = J,(Ye, T) + J o (Ye, T)
The following lemma can be readily observed.

Lemma 14. For c = cy + co, ¢q,co > 0, we have

To (Yer, T) < To(Ye, T) < Ta(Yer, T) + Tox (Yey, T).

Proof. As the quantities depend only on the marginal distributions of { E. ;, X;, M;, Q},
{Ee,,i, Xi, M;,Q} and {E, ;, X;, M;,Q}, but not the joint distribution between
E.; and E., ; and so on. For the purpose of analysis, we assume the non-erasure
positions of Receiver ¢; do not overlap with those of Receiver c¢o, and erasure hap-
pens in Receiver c if an only if erasure happens in both Receiver ¢; and Receiver
cy. Then Y has the same information as (Y2, Y ). We can deduce from
I(X;2) <I(X,Y;2) <I(X;Z)+ H(Y) that

N N N
INZOYN ) < INAYD) < NPV ) I (YA ).

0171
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The result follows. O
As the message is transmitted in a sequential manner, the received symbols YC]}]l
should contain more information about the older messages (the M; with smaller 7)
than newer messages, and therefore the average information (3 — a)~! -ji(Yc, T)

should increase when « decrease. This property is proved in the following lemma.

Lemma 15. Let 0 < v < a < . We have

. I =8 L s
. - . > 0.
hTHi}oréf <ﬂ—v S, (Ye,T) 5o Ja(Yc,T)> >0
Proof. Consider
el = el s e
2 I 0+ 5 (0 — e

After integrating the second term, we get, for any xg,

zo-+Hog(8/a) -
/ JoE (V1 do
xo

zo+log(B/a) %0 )
Z / J’ye’” (Y; 1 )d.’l?

zo+log(B/a) ° zo+log(B/ ) -
_ / I8 (Y do — / I (YL ydae

ae®
Zo

zo—log(a/v)+log(B/cx) =) zo+log(B/a) 670
_ / o T2 oo (YA Y — / I (VA )
zo—log(a/vy zo
zo+log(By/a?) ° wo+log(B/ ) -
- / T e / T2 (VA )
zo—log(a/vy o

Le¥0 zo+log(B/a) le®
= / ae“‘ (Yc i )dx - / ngw (Yc,i )dir
zo—log(a/7v) xo+log(By/a?)

Zo

- [ (e - [ T (Y
0~ log(a/v

zo—log(a/7)
_ / TP (YL ) da
o—log(a/7)

> / J0 (VS da
zo—log(a /)

> / JfLL;JJ(YLe J)dm—alogg.
zo—log(ar/7) v

As a result,
To
/ Tolee] (Ve )da
xo—log(B/ )
o e e o ae® e’ B
> / JfLLe” (YL J) / Jiee (thﬁlJ)—alog—
wo—log(8/a) zo—log(B/a) @
zo zo—log(B/a) .
> / JAE +/ JAE Y ) da ~alog?
zo—log(8/) zo—log(B/7) v
o - -
(6.5) > Joledyle J)—alogé.
aler] el
zo—log(B8/7) v
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Fix any T > 0. For each term in (6.5)), multiply it with e~ and integrate it
from 0 to T, we get

T xo -
/ e / T dwdag
0 zo—log(B/ )

/T min(T,z+log(8/))
B 0

/ e=m0 P (v dgd

T pzt+log(B/a) "

< / / —fOJ“eJ(YCEjJ)dedx
0

vle*]

vle*]
And also
T xo
[l 7 e s,
0 zo—log(8/7)
T pmin(T,z+log(B/7)) z
_ /O / —zojgt:zj(YCL’elJ)dxodx
T—log(B/v) rax+log(B/v) a1 le®]
> A / _wOJaLsTj (ch )dx()dif
T log(8/7) z
_ (1 ) ’foLLSIJJ(YCLﬁJ)dx
Y\ [T e Blet) Lt gl b
> 1— 2L / e JoLe Yce da:—(l—) B — a)log —.
( 5)0 aler] e ) 5) ey

Therefore, by (6.5)),

o\ [T o sler) yler)
(1-5) [ el e

T . T
> <1 - g) / *IJELL; (YCL’e1 J)dx - (1 - g) B—a) logg - e " alog gdxo
0 0
T
= < — ;) /0 ’EJ(fLLfIJJ(YcL’el J)d:v - (1 - g) (B —a) logg —(1-eT) alogg
T
y o=z g8l ]y le”] B—a)(B—7) B
Z (1 — ﬂ) /(; Jg\_ezj (Yc,l )dm — (5 + O[) . log ;

Multiply 8/ (T - (8 — a)(8 — 7)) to both sides, we can obtain
11 /T e g2l (ke

— = TI0 dx

By T Jy ¢ teriler’)

L1 T sle) yle”) - ( 5 ) :
L x - —. " ).l Z.
7ot ) TR e - 1 (1 =) e

Note that the second term vanishes when T — oo. The result follows. O

We now proceed to prove an inequality on achievable rate-capacity functions.

Lemma 16. If a rate-capacity function r(c) is achievable, then for any ¢ = ¢ +
Ca + ...+ ¢y, where ¢, > 0 and r(c) > r(cy) for k=1,...,n, we have
Z E(cx) —r(ck) > 1.

2« "v(e) — r(e)
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Proof. Without loss of generality, assume 7(c1) < ... < r(c,) < r(c). Let ¢ = 0.
Consider a code in which r(c) is e—admissible. Fix any k € {1,...,n}. By (6.1), for
any T > 0,

Ty (Yer, T) < B(cp).
By (6.4),
500 —r(ex)
Jr(ck)(YCva) = JO(Ck’ )_JO (Yo, T)
—7(ck)
< Bler) —Jo (Yo, ).

Invoking Lemma [T4] we obtain

—r(c) —r(e)
J:(ck)(YC1+-»-+Ck—17T) > Jr(c;C ( c1+.. +CmT) - Jr(ck)(YCva)

—7r(c) —r(ck)
> Jr(zk)(}/cri--u-i-cva) E(Ck) + JO ° (Yck’T)
It can be deduced using Lemma [T5] that

Lo 1 —r(c)
1 f —J Yc CL 7T
1m in <7‘(C) 7 (cr1) T'(Ck-fl)( 1 Heter 1 1)

T—o0

1 —r(c)
——J, Y, T > 0
T(C) — T‘(Ck) 7(ck)( cit..+Cr_1> )) = ’

and therefore

- 1 —r(c)
1%1£f<WJr<ck1><Ycl+...+ch>
1 —r(c)

—r(ck)
> Jo 7 (Yer, T
J7'(ck)()/;1+--<+ck7T)+ ( ) 0 ( k )> > 0,

r(c) —r(cx) r(c) —r(cx)

Summing through £k =1,...,n

L. 1 r(c)
lim inf (r(c)—r(())JT(O) (Yoo, T)

T—o0

—r(ck)
1 —r(c J Y., T
Tl (Y, T) + §j e >> =

H©) —r(en) e ~r(er)

and thus

n —r(ck)
k

7‘(0) —r(ck)

1 —r(c)
——— Ye, T > 0,
70— (o) e )> '

Using (6.3]), we have

lim inf o) (Yo, , T) > (r(ck) —€) (1 — H(e))

—00

and

(cl>(Yc, T) > (r(c) —r(cn) —€) (1 — H(e)).

liTrgiOIéf Jr(c
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Hence,

E(exr) — (r(ek) —€) (1 — H(e))
> r(c) —r(ck)
_(r(c) —r(cn) —€) (1 — H(e)) 0
r(c) —r(cn) '
Let ¢ — 0. We obtained the desired result as

n

k=1

$h Ble —rlen) | |

2 v(e) —rlen)

O

We will discuss some cases in which superposition coding is provably optimal in
the next section.

7. ON-OFF MULTICAST NETWORKS

In this section, we consider networks in which there are d transmitters and
2% — 1 receivers, each having a different set of transmitters to which it is connected.
Transmitter k& broadcasts the same information to the receivers it is connected to
at rate wy. Each receiver has to decode the information at a different rate. There is
no erasure in the network. We would like to formulate the criteria on the decoding
rates of the receivers in which sequential data transmission is possible.

We first convert the problem into the multi-transmitter MRS setting. Without
loss of generality, we assume w, < 1 for k = 1,...,d. We may replace a connec-
tion with rate w by an erasure channel with capacity w. Note that the decoding
requirement does not depend on the joint distribution of erasure events of differ-
ent receivers. Therefore, the problem can be translated to d-transmitter MRS. We
confine our study to the capacity vectors ¢ € {0,w;1} x ... x {0,wq}.

Source

Transmitters

Receivers

FIGURE 7.1. A three-transmitter on-off multicast network

7.1. Non-optimality of superposition coding in general. We can construct
a network in which superposition coding is not optimal, using a similar idea as in

Example

Example 17. The network contains 3 transmitters and 3 receivers, where Trans-
mitter 1 and 2 broadcast at rate 1, and Transmitter 3 broadcast at rate 2. Receiver
1 is connected to Transmitter 1 and 2. Receiver 2 is connected to Transmitter 1
and 3. Receiver 3 is connected to Transmitter 2 and 3. Non-superposition code
can achieve the decoding rate 3/2 for Receiver 1, and 3 for Receiver 2 and 3, which
are not achievable using superposition codes. Please refer to Subsection for the
proof of achievability and further discussions.
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Source .
1 2
Transmitters o e‘e
Receivers o e e
3/2 3 3

FIGURE 7.2. The network in which superposition codes are not optimal

Although superposition coding is not optimal for networks with 3 transmitters
in general, it is optimal for networks with 2 transmitters, which will be shown in
the following example.

7.2. One-or-all on-off multicast network.

Example 18 (One-or-all on-off multicast network). There are d transmitters and
d + 1 receivers (numbered 0,...,d), where Transmitter k broadcasts the same infor-
mation to Receiver 0 and k at rate of wy, bit/s for k = 1,...,d. Receiver k has to
decode the data at rate rj bit/s for k = 0, ...,d. We would like to characterize the
achievable region of {r;} in terms of {wy}. Figure shows the network when
d=2.

Source .

Wy W3z

Transmitters o e

Receivers 0' @

o r r

FIGURE 7.3. The two-transmitter one-or-all on-off multicast network

The following theorem shows that superposition coding is optimal.

Theorem 19. Superposition coding is optimal in the one-or-all on-off multicast
network, which has an achievable region

r9 > 0,0 <7, <wy fork=1,....d,

d
. W — Tk
either ro < max(wy) or g — = >1.
k=1 10T Tk

Proof. The case where 79 < max(wy) is trivial. We assume 9 > wy for all k.
Without loss of generality, assume r1 < ... < rg, then we have r; < ... < ry < wg <
To-

Among the inequalities in the proposed achievable region, ry < wy is obvious,

and 22:1 Th—"k > 1 is due to Lemma ﬁ The converse follows.
0Tk
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‘We now show superposition MRS code can achieve the region. Assume 2221 % >
1. Consider the parameter

L when a < rg

Wi
gr(a) = % when r, < a < rg
0 when o > rg.
Note that
W — Tk 1

wi(ro — ) ~ Wk
due to 19 > wy. Therefore g(«) is monotonically decreasing along each dimension.
It can be easily checked that [~ gi(c)da = 1. It is left to check c - g(r(c)) > 1.

1

wy, - g (k) = wi - — = 1,
Wk
d
> wi - gi(ro)
k=1
d
Wk — Tk
s
2" o — )
= Y BTy
1 70— Tk
By Theorem the region is achievable by superposition MRS code. U

Remark. The achievable region in the MRS setting is different from that in multi-
level diversity coding, which admits the larger region

d d
790 >0,0<r, <wgfork=1,..,d, rg +Zrk - k{qaxd(rk) < Zwk.
k=1 T k=1

7.3. Non-superposition codes. In Example we presented a network in which
superposition codes are non-optimal. Even though non-superposition codes are
used, the tools described in Section [6] may still be used. We are going to prove the
achievable region of a generalized version of Example [I7]

Example 20. There are 3 transmitters and 3 receivers numbered 1,2,3. Receiver
1 receives from Transmitter 1 and 2, and wish to decode at ry. Receiver 2 receives
from Transmitter 1 and 3, and wish to decode at r5 > r1. Receiver 3 receives from
Transmitter 2 and 3, and wish to decode at r3 = rs.

Source

Transmitters

Receivers

FIGURE 7.4. The network specified in Example

The achievable region is given by the following theorem.
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Theorem 21. The achievable region in Example[20] can be given by

wy+we > rp
w1 +ws > o
we +wz = T2
T2 —T1
w1 + wg + ws - Z T9.
T2

Proof of converse. The first three inequalities clearly hold. For the last inequality,
consider a code in which the rate requirements are e—admissible. Receiver 1 can

decode at rate r1. By (6.3)),
o' (Yiw,wa,0) = (11— €) (1 = H(e)) .
Invoking (6.1]) and Lemma we can obtain
J6" (Yiw, 0,0)) + w2 I6 Y ,00) + To (Y0,02,0))
l(r)1 (Yr(wl,wg,O))
(7.1) (r1—e€)(1—H(e)).
Receiver 2 can decode at rate ro. By (6.3)),
Lt Y 0ws)) = (r2 =71 —€) (1 = H(e)).
Invoking Lemma we can obtain
j:f(y(wl,o,o)) + L33 (Y(0,0,ws))

(\VAR VARV

Z l:? (if(wl,o,we,))
> (ro—r1—e€)(1—H(e)).
By Lemma [15| and (6.1]),

T2

ws Z lgz ()/(0,0,W3)) Z ro — T : l:i (}/(0,0,’wg))?

and therefore

(7.2) 7:(5/(101,0,0)) + 7’2;7’1 cw3 > (rg—ry —€) (1 —H(e)).
By and ,
wy 2 780(3/(11;1,0,0))
(7.3) > I (Yw00) + 7:(5/(%,0,0))-
Adding , and ,
wy + we + 7“2;;“1 cws > (ro — 2¢) (1 — H(e)).
The proof can be completed by taking ¢ — 0. O

Proof of achievability. We will describe a coding scheme which can achieve the
proposed region. When 71 = 75, we may use all the transmitters to transmit at
rate 7. When w3z > 7o, then we can use Transmitter 3 alone to transmit the
message at rate ry, and Transmitter 1 together with Transmitter 2 to transmit at
rate 1. Therefore we assume 71 < ro and wsz < ro.

The code is specified by the block size K, the super-block size L > K, and
the parameter . Divide the message {Mi}izl,Q,... into blocks of K bits B; =
M(lfi DE+1- Further divide each block B; into two sub-blocks B;; and By ;, where
By,; contains the first vK bits of the block, where 7 is taken to be ws/ro in this
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case, and By ; contains the rest of the bits. Group the sub-blocks into super-blocks
by

Sabi = (Bby(i=1)ra-L/K+15 - B ior, 1/ i)
for a,b € {1,2}. Assume r1-L/K and ro- L/ K are integers. Each super-block S, 1 ;
contains r, - yL bits, and each super-block S, 2; contains r, - (1 — )L bits.

Transmitter 3
Transmitters 1,2 Sz15

23[S..S..S..S .S .IS..S\S

1117112 7113 7014 115 T s 1T 18 S1.1.9§,1,1o§_1,11‘19_1,1z

13| Soo1 | Saz2 | Saba | Saoa N Spas | Sias
—_— —
I I

FIGURE 7.5. The super-blocks when v = 2/3 and ry = 21

At time 4, Transmitter 1 encodes the super-blocks Sy 1 i 1) and S 3 i/1) using
random linear projection (concatenate the bits in the super-blocks and transmit a
random projection of the resultant vector). Transmitter 2 uses the same encoding
scheme as Transmitter 1. Transmitter 3 encodes the super-block Sy 1 /1 using
random linear projection.

To see why Receiver 2 can decode at rate ry, assume that at time jL, the super-
blocks S2.1,, and Sy o i, are already decoded for k =1, ..., j. During the time interval
JL+1,...,(j + 1)L, Receiver 2 will receive w3 L bits from Transmitter 3, and w; L
bits from Transmitter 1. For a bit encoded by Transmitter 1 at time i, as the
super-block Sy /77 is already decoded (for j large enough), it can be treated
as a random linear projection of S ;. Therefore all together we have wzL
projections of So 1 j4+1, and wi L projections of S22 j4+1. By definition of v,

wsL = royL.
From the assumption wy + wsg > ra,
wL > (ro—ws)L
= ro(l—~)L.

Therefore both Sy 1 ;41 and Sz ;41 can be decoded at time (j + 1)K /rp. By
induction, Receiver 2 can decode at rate ro. (Note that we may assume the first
few blocks are decoded, as we may allocate any extra amount of time to transmit
them without affecting the asymptotic behavior of the code). Similar result holds
for Receiver 3.

For Receiver 1, consider the time interval jL+1, ..., (j+1)L. In this time interval,
Receiver 2 receives wi L bits from Transmitter 1, and wo L bits from Transmitter 2.
All together there are (wy 4+ w2)L projections of S 1 ;41 and S22 ;1. The number
of bits in 571,41 and S22 ;11 is given by

riws

ri-yL+ry-(1—7)L = (r +r2—w3)-L
2

To —T1
= 9 —wWs - - L
T2
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which is smaller than (w; + ws)L by the assumption w; + ws + ws - 7'2;2“ > 7ro.

Therefore Receiver 1 is able to decode at rate ry. O

Remark. Superposition codes can achieve a smaller region given by

w,+we > T

w) w3 > o
wo +ws > T
T2 —T1
w1+w2—|—2w3~ 2 27"2—’]"1.
T2

8. CONCLUSION AND DISCUSSIONS

In this report, we have investigated the achievable regions and coding schemes for
multi-rate data transmission. We have shown that superposition codes are optimal
for the single transmitter setting. However, in the multiple transmitter setting,
there are some non-superposition codes which outperform superposition codes.

Our results can be applied in various scenarios which requires the messages to
be decoded sequentially, for example, the broadcast streaming of video. The multi-
rate sequential data transmission setting can also be applied on messages divided
into several levels of importance. For example, in the transmission of an interlaced
image file, the data corresponding to the low-resolution part is transmitted before
the data corresponding to the high-resolution part. A sequential code can ensure
that, even when the receiver has variable channel condition, the low-resolution
part is decoded first, and therefore the receiver can display the image with lower
resolution before all data are received. If the connection might be stopped at any
time, using a sequential code can ensure the received message forms a continuous
segment from the beginning instead of fragmented data as in Fountain codes. In
the example of image transmission, if the connection is lost in the middle of the
transmission, the receiver can still decode a low-resolution version of the image.

In Example we have studied a particular 3-transmitter network. Further in-
vestigation on the general 3-transmitter network, and the next step, N-transmitter
networks, may be carried out in the future. Ultimately, we may consider general
networks of interconnected nodes instead of only two layers of nodes (transmitters
and receivers). Another direction is to find a method to construct non-superposition
codes according to the network connections and decoding rate requirements. Ex-
ample presents the construction of a non-superposition code using a sub-block
structure. It is left for future studies to find out whether this construction method
give the optimal code in more general settings.
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