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Abstract

This paper proposes a novel technique to prove a one-sh&ibresf achievability results in network information
theory. The technique is not based on covering and packimgbes. In this technique, we use an stochastic encoder
and decoder with a particular structure for coding thatnrdses both the ML and the joint-typicality coders. Although
stochastic encoders and decoders do not usually enhanaapheity region, their use simplifies the analysis. The
Jensen inequality lies at the heart of error analysis, wieichbles us to deal with the expectation of many terms
coming from stochastic encoders and decoders at once. Theigee is illustrated via several examples: point-
to-point channel coding, Gelfand-Pinsker, Broadcast shh(Marton), Berger-Tung, Heegard-Berger/Kaspi, Mugtip
description coding and Joint source-channel coding ove A& MMost of our one-shot results are new. The asymptotic
forms of these expressions is the same as that of classmatgeOur one-shot bounds in conjunction with multi-
dimensional Berry-Essen CLT imply new results in the finilecklength regime. In particular applying the one-shot
result for the memoryless broadcast channel in the asyiomase, we get the entire region of Marton’s inner bound
without any need for time-sharing.

arXiv:1303.0696v1 [cs.IT] 4 Mar 2013

I. INTRODUCTION

Information theory aims to find optimal reliable communiocatrates in networks. The combinatorial structure
of networks makes the problem difficult in general. Howevee @an employ law of large numbers by looking at
asymptotic behavior of networks for large blocklengthst Biis comes at the cost of a long delay. This motivates
looking at the problem in the so called “finite blocklengtlgiree.” The blocklength in this regime is not infinitely
long, but is sufficiently large for certain CLTs to hold. Qriglly studied by Strassenl[1], there has been a recent

surge of works on this topic following the results of Polykigset al [2] (see for instance [3]-[6]).
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In this paper we consideme-shotetwork information theory where single use of the network is allowed. In
this case the probability of error cannot necessarily beedrto zero. Further, well-known techniques such as joint
typicality and time sharing are not applicable here. Givanadmissible probability of error, our goal is to find
a characterization of a set of achievable rates that regmnthe form of the asymptotic results. There has been
some previous work along this direction. Wang and Renhnerdgflve one-shot upper and lower bounds for the
problem of transmission of classical information over asle-quantum channel (see als6 [8]). Recently Verdu has
proposed a one-shot version of the covering and packing Esnand has applied it to a set of classical problems
in information theory|([9].

Our main contribution is a proof technique for deriving tlesults on the one-shot region. The technique uses
elementary tools and is not based on extensions of packingoeering lemmas. It is based on a particular
construction for encoder and decoders that is not ML, buémédes both the ML and jointly typical coders.
Our proposed decoders are stochastic and intuitively attéonpass the received symbol through a certain inverse
conditional distribution. The Jensen’s inequality is cahto the analysis of the error. The technique can be widely
applied to problems of network information theory. To ithade this, we derive new results for the problems of
Gelfand-Pinsker, broadcast channel, joint-source cHaroding over MAC, Berger-Tung, Heegard-Berger/Kaspi
and multiple description coding. The asymptotic forms afsil expressions is the same as that of classical results.
Our one-shot bounds also imply new results in the finite Huyth regime.

The most related previous work is that of Verdu [9]. Wher@3pfoposes a one-shot covering and packing lemmas
to solve network problems, we propose a direct analysis ¢sing of a chain of inequalities. By bypassing the
need for covering and packing lemmas, we can provide bouodgrbblems that were originally solved using
mutual covering and packing lemmas in the asymptotic regifinés is helpful because no one-shot extension of
the mutual covering and packing lemma exists. We discusspiint in more details in Remalk 3.

This paper is organized as follows: In Sectidn Il we providms definitions. This is followed by three sections
that provide application of the technique to different so@s. In Sectiof Ill we consider three problems of multi-
terminal channel coding, namely, point-to-point chan@alfand-Pinsker and broadcast channel (Marton). In Sectio
[VIwe consider three problems of lossy multi-terminal seucoding, i.e. Berger-Tung, Heegard-Berger/Kaspi and
Multiple description coding. Lastly in Sectidnl V we studydnit source-channel coding problem of transmission
correlated sources over a MAC. In each of these problems exéd® a one-shot achievability result. Corresponding
finite blocklength results could be derived from these tssuio illustrate this, we have derived such bounds for

the Gelfand-Pinsker and broadcast channel problems.

II. DEFINITIONS

Definition 1. Given a pmipx y, the conditional information of giveny is defined by

hy(z|ly) = log ———.
() ® Py (@ly)
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Definition 2. For a pmfpx y,z, the conditional information density(z; y|z) is defined by

_ . p(z,y|2)
T vle) = o o i)
and for general r.v’s it is defined by
. L dpx,Y|Z
1p(7;y|2) := log m(% Y, 2).

Whenever the underlying distribution is clear from the eshtwe drop the subscript from 2, (x; y|2).

Definition 3. Let X be a multi-dimensional normal variable with zero mean andacmnce matrixVV. The

complementary multivariate Gaussian cumulative distidou region associated witW is defined by
Q' (V,e) = {x:P(X<x)>1—¢}.

We useM and J to denote size of alphabets of random variablésand .J, respectively, i.eM = |M| and

J=|J|. All the logarithms are in base two throughout this paper.

I1l. M ULTI-TERMINAL CHANNEL CODING PROBLEMS

To illustrate the application of our technique to multirténal channel coding problems, we study the problems

of point-to-point channel, Gelfand-Pinsker and Broadchsinnels (Marton) in this section.

A. Point-to-point channel

We begin our illustration of the one-shot achievability giravith the classical point-to-point channel. Consider a
channel with the lawy| x and an input distributiogx. LetC = {X(1),---, X (M)} be a random codebook where
the elements( (¢) are drawn independently frogx (each codeword (¢) is only a single rv). As usuall (m) is the
codeword used for transmission of the messagé&or the decoding we use an stochastic variation of MAP deagod
Instead of declaring the messagewith maximal posterior probability as in MAP, the decodemdamly draws a
messagen from the conditional pm#,|y-, whereP is the induced pmf by the cod&,;,y (m, y) = Hq(y|X (m))

More specifically,
P Y Pt = 4WIXR) 20X () 1
i ) = S G X () 5, 2 ?

The mutual information term, (y; X (r)) is computed using pmfxgy|x that has nothing to do with the pmf

induced by the code. However the sequenden) itself is random, hence we have useg;y (my) (capital P)
to denote the pmf.
We refer this decoder astochastic likelihood codefSLC), or asstochastic mutual information codeéSMC)H

The second equality shows that the probability of selectingessage is proportional to two to the power of its
1The pmf is random due to the random codebook.

2The reason for introducing two names for apparently the sabject will become clear later. These decoders will not eshme in other
problems.
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mutual information with the received output. So codewordth Wigher mutual information have a higher chance of
being selected as the output of the decoder. This resenttdesidely used joint typicality decoder in the asymptotic

regime.

Theorem 1. Theexpected valuef the probability ofcorrect decodingf SLC (or SMC) for a randomly generated

codebook of siz& is bounded from below by

1
ECP[C] qXY 1+ (M — 1)27%(qu)- (2)
Proof: Observe that the joint distribution of random variablesdeg as,
. 1 .
P]uyM(mv Y, m) = Mq(y|X(m))PM\Y(m|y)a
and the probability of correct decoding can be writterP&] = >, . P,y y,(m,y, m), hence we have:
91 (4 X (m))
EZ A (m)) =5 ey (3)
9ta (B X (1))
=E> qlylX(1)) T 2uwXG) (4)
Yy
214 (y:X (1))
= ZEX(1)]EC|X(1)Q(3/|X(1))W )
)
214 (y:X (1))
> > Exqa(ylX(1 . (6)
; X (1) ( | ( ))EC\X(l) Zm 224 (y;X ()
914 (y3 X (1))
= ZEX 19 y|X(1))2zq(y;X(1)) + (M — 1) (7)
21q<y:z>
= 8
1
=Exy 9)

1+ (M—1)27w(XY)’
where [(5) follows from the rule of iterated expectatidnl, {6llows from the Jensen inequality for the convex
. 1 . .
function f(z) = — on R, and [T) follows from the following equation fon # 1,
X

Ec|x(1)2" (™) = Z q(z)2'W) = Z(J(QTW) =1,

x x

where we use the fact thaf (m) is independent ofX (1) for m # 1 and is drawn fromyx. [ |

B. Gelfand-Pinsker

Consider the problem of transmitting a message over a deggiendent channel with state information available
at the encoder, depicted in Figl 1. Le¢ and gy |x,s be the state’s pmf and the channel transition probability,

respectively.
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Fig. 1. Coding over a state-dependent channel.

1) One-shot achievability:

Definition 4. An M-code for state-dependent channel consists of a (possinhastic) encodep : [1 : M| xS — X,

and a (possibly stochastic) decodér: Y — [1 : M].

Theorem 2. Given anyqys and functionz(u, s), there is anM-code for a single use of the channel whose
probability of correct decoding is bounded from below by

1
1+ J-12wU:9))(1 4 MJ2-1(UsY))’

whereJ > 0 is an arbitrary integer and(u, s, z,y) = q(s)q(uls)1[z = z(u, s)]q(y|z, s). Moreover, loosening this

Eusy ( (10)

bound gives the following upper bound on the error prob&pitif the code,
Pllogd — 14 (U;S) <~ , or
14(U;Y) —logMJ < ~] +3x 277, (11)
where~ is any positive number.

Remark 1. If we apply the above result ta copies of a memoryless state dependent channel, we redower t
asymptotic Gelfand-Pinsker result. In this derivation finst term in the denominator ofI0d), 1 + J~'24(U:9)
corresponds to a covering lemma in the asymptotic caseewhé second tern + MJ2~U:Y) corresponds to a
packing lemma. Observe that the first term is proportional td whereas the second term is proportionalNul.

Thus the above formula combines covering and packing lenatasce.

Remark 2. If we further loosen the first term of ef1) using the union bound, we get Verdu’s bound on this
problem [9] except for the terrd x 277, This residual term is not of significance in the finite blecdthn-letter
regime where we chooseof the order oflog(n) (see Theoremnl 3); the main contribution comes from the pritibab
terms. In a concurrent work [10], Watanabe et.al., prove apression similar to eq1) using a different method
based on channel simulation. They also applied their apghaa the problem of source coding with a helper and
to the Wyner-Ziv problem. It is not clear whether their apgub is applicable to the scenarios such as broadcast
channel, multiple description coding, etc that is solvedthie asymptotic case using the multivariate covering

lemma, since no extension of channel simulation (basedewtitk of Cuff[11]) is known for multiuser scenarios.
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Nonetheless, our technique bypasses the need for eithextans®n of covering lemma to multivariate covering,

or a multi-terminal extension of the channel simulationutesSee also RemafKk 3.

Proof:
Let C = {U(m, j)}"

is introducing redundancy but since it will be decoded atrgeeiver we can view it as a dummy message.

m—1,,—1 b€ arandom codebook whose elements are drawn indepenéremiy;;;. Here .J
Encoding: Instead of using conventional random covering, we use an 8MiCh acts as follows. Givem and

s, the SMC chooses an indexwith the probability
Penc(jlm,) = o
23 21 (8;U(m,5))
Then the encoder transmitU(m, j), s) through the channel. Observe that the above SMC resembleita j
typical encoder of the asymptotic regime. Givenand s, the higher the information betwedn(m, j) ands, the
more likely we choose it at the encoder.

Decoding: In contrast to the point-to-point problem, computing theoeprobability of SLC is challenging. An
SLC uses the inducelty;, sy by the code. Instead, we use an SMC with the following ruledfecoding. Observing
y, decoder uses the following SMC to find both the messagend the dummy message

9tq(y:U (112,7))
> 20U D)

PDec(maﬂy) =

Analysis: We declare an error ifii, j) # (m, j). Observe that the joint distribution of random variablestdes

as,

. ~ “ 1 . . ~ ~
Pyrsy i (m, g, s,y,m, j) = Mq(S)PEnc(JIm,S)q(le(m,J),S)PDec(m,le),

where ¢(y|U(m,j),s) = ay|x.s(ylz(U(m,j),s),s). The probability of correct decoding iP[C] =
>om sy Parssy i (M, 8,y,m, j); hence we have:

9u(s;U(m,j)) 2(y;U(m,5))

EPICI=E Y ~g(s) e —q(y|U(m. j), 5) — (12)
1sUm i Z( ;U(m., ))
ey M Z 2(s;U(m,3)) Zm,]2 Yy J
9u(s;U(1,1)) 9u(y;U(1,1))
- EZJ‘J Z 91(s;U (1 J)) a(ylU(1, 1)’5)25%3 2(y;U (m,7)) (13)
Jq(s)Qz(s;U(l,l)) 21(y;U(1,1))
>3'E . U(1,1),s — 14
= Z U1 <ECU(1 1 27 2u(s;U(1,7)) q(yl (L1) )]EC|U(1,1) Zm.j 2U(m4)) (9
als )21(5 ;U(1,1)) 9u(y;U(1,1))
>3 B <2<— AR = 15)
J 9u(y;u)
= 16
uzs:u A5 Y) T T3 3w M (16)
_E 1 (17)
U 11 1T (1 + MJ2- (T
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where [IB) is due to symmetry, the main s{@&gd) follows from Jensen inequality for the two-valued cexfunction
fz1,22) = ﬁ onR?, (I5) follows from the fact that/ (s, j) is independent ot/ (1, 1) for (i, j) # (1,1) and
generated according tg;, and [16) follows from the fact thdt (1, 1) is generated according ig;.

Deriving the loosened boun@I):

E 1 SR 1{log) —+(U;S) >, «(U;Y) —logMJ > ~} (18)
USY (14 37 12:U8)) (1 + MJ2—+T)) = ~U5Y (1 + J=124T:8)) (1 + MJ2-UY))
1
> mP[logJ—z(U;S)E’y, W(U;Y) —logMJ >~]  (19)
1

PlE] <1 TETEIE Pllogd —+(U;S) >, +«(U;Y) —logMJ > 4] (20)

=Pllogd —«(U;S) <=, or y(U;Y) —logMJ < 7]

1
F— — . > . _ >
+ (1 i 2'y)2> Pllogd —+(U;S) >, «(U;Y) —logMJ > ~] (21)
1

<Pllogd —«(U;S) <7, oro(U;Y) —logMJ < ~] + <1 - m) (22)
< Pllogd —4(U;S) <n, orsy(U;Y) —logMJ < ~] +3 x277. (23)
|

2) Second Order achievability of Gelfand-Pinsker channel:

Theorem 3. Given a memoryless state-dependent cha@yigly| x,s) with state known non-causally at the encoder,

for any (qu s, z(u, s)), the following rate is(n, €)-achievable:

1 logn
R=IU;Y)-I(U;S)— —=Rp—0 24
(UsY) - 108) - = - 0 (<) (21)
where
Rp= _ min R, (25)
R:3R, s.t. [R,R*R]Tegfl(VGp,E)
and
W(U; 9)
VGPZCOV . (26)
(U Y)

Proof: We apply [I1) ton use of the channel. Assume that- (v™) =[], qu(u;), so (U™, S™,Y™) are
i.i.d.. Substitutingy = %logn in (1) implies:

PIE] <P llogd—4(U™ 8™ < 1logn, or 1(U™Y"™) —logMJ < 1logn + —3 . (27)
2 2 vn
Givene > 0, finding a code such that for sonee< ¢
1 1 3
€ =P (10gJ (U™ 8™) < 2logn7 or y(U™Y™) —logMJ < 21ogn) + NG (28)
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Y —~
My, Mo X dy v, X

Fig. 2. Coding over a broadcast channel.

implies thate is an upper bound o®[£]. Equivalently, we would like to find a code such that

1 1
1—6’—%:P<10gJ—z(U";Sn)>§10gn, 2(U”;Y”)—10gMJ>§logn). (29)

LetlogJ = nI(U;S) +/nR+ % logn andlogM = n(I(U;Y) — I(U; S)) — v/nR —log n. The random variables

y(U™;8™) and«(U™; Y™) are sum of i.i.d. random variabels. Applying multi-dimersl Berry-Essen CLT [20] to
(29) implies the following equivalent form:
, 1
1—¢€ — O(—) = PG

NG ) ; (30)

whereG = [G; G»]" is a multidimensional normal r.v. with zero mean abevG = Vgp. Using the definition of

R
R—R

Gy
Go

Q~1(V, €) and smoothness of distribution of normal r.v., we get

[R,RE—RT € Q '(Vep,e') + O (10\}55”) . (31)

Taking the limit of ¢’ 1 ¢, we see that for any arbitrafy?, R — R in Q~'(Vgp,€), we can achieve?[£] < e.

This completes the proof. ]

C. Broadcast channel

Consider the problem of transmission of private messagesabroadcast channel depicted in Eig. 2. &€t x
be the channel transition probability.

1) One-shot achievability:

Definition 5. An (Mg, My, M3)-code for broadcast channel consists of a (possibly sta@)asncodery : [1 :
Mo] x [1: My] x [1 : Mg] — X, and two (possibly stochastic) decoders: Vi — [1: Mg] x [1: Mg], k= 1,2.

Theorem 4. Given anyqy, v, v, and functionz(ug, u1,uz), there is an(Mg, M1, M2)-code for a single use of the

channel whose probability of correct decoding is boundedhfibelow by

2 —1
E[ (1 + (J1J2)—121(U1;U2|U0)) H(l 4 MkaQ—Z(UMYMUo) 4 MOJkMk2—l(Uon§Yk)) ’
k=1
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whereJ,, J; > 0 are arbitrary integers. Moreover, loosening this boundegivthe following upper bound on error

probability of the code,
P[longJg—z(Ul;U2|Uo) <7, or
W(Uy; Y1|Up) —logM1J; < v or +(UpUy; Y1) —log MgMyJy < 7y or
1(Us; Ya|Up) — logMals < v ,or 1(UplUs; Ya) — logMoMads < 4] +17 x 277, (32)

where~ is any positive number.

Corollary 1. Given anyqy, v, and functionz(uy, ug), there is an(My, M3)-code for a single use of the channel

whose probability of correct decoding is bounded from belgw
2 —1

]E[ (14 o) 120 ) TT (14 M2 @) |
k=1
whereJ;, Jo > 0 are arbitrary integers. Moreover, loosening this boundegivthe following upper bound on error

probability of the code,
P[lOngJg —o(U;Uz) <7y, or
(U3 Y1) —logM1J; <~ , or
1(Us; Ya) —logMaJy < 7] +7x 277, (33)

where~ is any positive number.

Remark 3. Verdu derives a one-shot bound for the same probleni_lin [9].ddeves the bound by proposing
a one-shot covering and packing lemma. However to get adoesise boundary of Marton’s inner bound one
needs a mutual covering lemma (since time sharing is notilpess one-shot and not useful in finite block length
regime). For this reason Verdu’s result seems to be wealar turs. Our technique allows us to bypass the need

for developing a one-shot version of the mutual coveringriam

Proof: For simplicity we prove the one-shot version of Marton witotauxiliaries (we will put the full proof
in the next version of this draft). We only show the lower bdum probability of correct decoding. Derivation of
the loosened bound is similar to that of Gelfand-Pinsker thd omitted.

Random codebook generatiobet C = C; xCo = {U1(m1, j1) bm-24 , —y x {Ua(ma, j2) bm223 . _; be arandom
product codebook, in which the codeboaksandC, are generated independently and the elements of the cokleboo
Ci,k = 1,2 are drawn independently fromy;, . Thus the codebook is generated accordingdqs, = qu,qu, #
qu,uv,- Here J1, Jo are introducing redundancy but since it will be decoded atréteiver we can view these as
dummy messages.

Encoding: Instead of using conventional mutual covering, we use an SM{ch acts as follows. Givem, mo,

the SMC chooses indices, j» with the probability
91q(Ur(m1,41);Uz2(mz2,j2))
Z~ - 91q(Ur(m1,j1);U2(m2,52))

J1,J2

Penc(j1, jo|ma, ma) = (34)
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Then the encoder transmitgU; (m1, j1), U2(me, j2)) through the channel. Observe that we generate codewords
according tory, y, but compute the informationg usingqu,v,. This resembles the Marton coding scheme where
we generatd/]* andU3 independently but choose the jointly typical ones for traission.
Decoding: We again use an SMC for decoding. Observing decoderk uses the following SMC to find both
the messagen;, and the dummy messagg:
9ta (Y Uk (1))
th;k 214 (Y3 Uk (M i)

Analysis: Observe that the joint distribution of random variablegdag as,

PDeck (mka ikly) =

. . N 1 )
P(mi.2, j1:2, Y1:2, M1:2, J1:2) = WPEnc(]1:2|m1:2)
1My

2

q(y1:2|U1(ma, j1), Ua(ma, j2)) H Poec, (1, Jk| Yk,
k=1

where q(y1.2|U1(ma, j1), Ua(ma, j2)) is equal to qy, . x (y1:2|x(Ui(my, j1), Uz(ma, j2))). We make an error
if either of the decoders fail. The probability of correctcdding can be bounded from below W{C] >
Zml:zyjmyyl P(ml;g,jl;g,yl,yg,Ml;g = M1, 1o = Jji:2) , hence skipping similar symmetry arguments we
have:

1q(U1(1,1);U2(1,1)) 2t (k3 Uk (1,1))

2
>E J1J2 = . = Q(y1|Ul(151)7U2(171)) (35)
ylzﬂ;z 231732 91q(U1(1,31);U2(1,2)) kl;[l kaﬁk 94 (Yr Uk (Mg, k)
Jq J52ta(U1(1,1);U2(1,1))
> Z Eva0) — 1q(U1(1,71):U2(1,72))
yi.ge Ecjva(1,1) 23, 3, 20V (L0213
2 .
924 (yx;Uk(1,1))
- C\Ulz(l 1 ka 7qu(Jklk( koJk))
1 Jy20a(Ur(1,1):U2(1,1)) 2 9% (U (1,1))
> E Uio(1,1 37
UZ; Ur:2(1,1) <zzq<ul<1 D:i0(LD) 1 J, ], W |Ur2(1, ))kl;[l 20Uk (L) M,y (37)
JiJo 2 9tq(Yr;uk) 38
= u17;hy2 Q(Ul,u2,y1)2z u1 uz _|_J J2 1;[ yk,uk) + Mka ( )
1
=E, > (39)
(1+ (UaJ) 120 T (1 + Midy2 (0]

where [3b) is due to symmetry, the main st@8@) follows from Jensen inequality for the three-valueaax
function f(z1,x2,x3) = on Ri. The expectation in{36) is ovdr;.5(1,1) of the codebook generation
L1T2X3

distributed according tey,y,. Equation [(3I7) follows from the following equations:

EC‘UIQ(l_l)glq(Ul(171);U2(1,32)) - Z q(u2)2lq(U1(l,l);u2)

U2
=Y q(ualU(1,1)) =1, ja # 1, (40)
U2
By, (1,2 0I0000) =1 5y 221, (41)
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EC\U1:2(1,1)2ZQ(U1(1’31);[]2(1’52)) =1, 1 #£1js #1, (42)

where in [40) we use the fact thé (1, j») is independent ofU; (1, 1), Ux(1, 1)) for j» # 1 and generated according
to qu,. (41) and[(4R) follows similarly. Finally and (B8) followsdm the fact thatU; (1,1), Ux(1, 1)) is generated

according to product distributiory, v, = qu,qu,- [ |

Remark 4. Unlike the Gelfand-Pinsker problem, the SMC encoder usg¢d3scannot be written in the form of a

SLC encoder. The SLC encoder has the following form:

Q(Ul(mlajl)a UQ(mQan))
> 5 5o Ui (ma, j1), Uz(ma, j2))
We use SMC instead of SLC, because the analysis of SLC igrahial).

PEEC (31, jo|mu, ma) =
2) Second Order achievability of broadcast channel:

Theorem 5. Given a memoryless broadcast change] v, x, for any (qu,v,,z(u1,u2)), the pair (R, Rz) is

(n, €)-achievable, if there exist&R;, R,) such that

Ry + Ry
—Ri— Ry | €Elgc+ %Q_l(vsc, e)+0 (loin> (43)
—Ry — Ry
where
Isc = Evyv,vivalec,  Vec = Cov(Igc), (44)
in which
1(Uy; Uz)
Isc = | —(Uis11) |- (45)
—1(Us; Y2)
Proof: The proof used(33) in a way similar to the proof of Theofédm 8 hence is omitted. ]

IV. MULTI-TERMINAL LOSSY SOURCE CODING PROBLEMS

To illustrate the application of our technique to multienal lossy source coding problems, we study the
problems of Berger-Tung, Heegard-Berger/Kaspi and Migltgescription in this section. Throughout this section
we uses for source ands for its reconstruction. Sincé is created from a set of rv's available at the decoder,
we follow El Gamal and Kim'’s notatiori [12] to also useas a function of the rv’'s available at the decoder. For

instance if the decoder has ¥, we use a decoding functioi{y).
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Fig. 3. Distributed lossy compression system

A. Berger-Tung

Consider the problem of distributed lossy compressionaegiin Fig[B. Letgs, s, be the joint distribution of
the sources andy(sk, $;), k = 1,2, be two distortion measures. We will use thmbability of excess distortion

as the criterion for measuring the reliability of the system

Definition 6. An (M1, Ms)-code for distributed lossy compression consists of (pssitochastic) encodergy, :
Sk — [1: Mg],k = 1,2, and (possibly stochastic) decoder: [1 : M1] x [1 : Ma] — §1 X §2. Given a pair of

distortion levels(D4, D2), the probability of excess distortion is defined by,
P[€; D1, Da) := P[d1(S1,51) > D1 V da(Ss,S5) > Dol.
Also, we define the probability afo-excess distortioby
P[C; Dy, Da] := P[d(S1,51) < D1, da(Sa,Ss) < Da.
We prove a one-shot version of the result of Berger-Tung, [[d3]] for this problem.

Theorem 6. Given any pmfyy, s, qu,|s, and functionsiy, (u, uz), k = 1,2, there is an(My, My)-code for a single
use of the sources whose probability md-excess distortiois bounded from below by

1{d1 (Slagl(UhUQ)) < D11d2 (527§2(U17U2)) < D2}

(14 J7 128000 (1 + J5 1 20052:02)) (14 (JoM3 ! + JiMT 4 J1Ja (Mg M) —1)2-2(Un:l2))
(46)

where J,, > My, k = 1,2 are arbitrary integers. Moreover, loosening this boundegivthe following upper bound

P[C, Dl,DQ] Z E

on the probability of excess distortion of the code,

P[d1 (S1,51(U1,Uz)) > Dy, 0r dy (S2,52(U1,Uz)) > Dg,or

N
12 <ﬂ+15><2—7. (47)

logJ1 —o(S1;Ur) < ,0r logly —(Sa;Uz) < y,0r o(Up;Uz) — log MM
112
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Remark 5. The term1+J,;12l(Sk;Uk), k = 1,2 corresponds to a covering ¢f, with Uy in the asymptotic regime.
The alphabet size df}, is J,. We use a random binning &f;, mapping it from a set of sizf, to a set of sizéV;.
This explains the inequality, > My, for & = 1,2. The term(1 + (JoM5 ' + Ji My ! + J1Jo (M Mg) ~1)27(Unil2)

corresponds to a mutual packing lemma in the asymptotiawegi

Proof: We only prove the lower bound on probability of no-excessadi®n. Derivation of the loosened bound
is similar to that of Gelfand-Pinsker and is thus omitted.

Random codebook generatiohet C = C; x C; = {U1(j1) ji:l X {Ug(jg)}jjzl be a random product codebook,
in which the codebook§; andC, are generated independently and the elements of the cokléhob = 1,2 are
drawn independently fromy, . Thus the codebook is generated accordingitqs, = qu, qu, # qu, v, -

Random binning:Let By : [1 : Jg] — [1 : Mg],k = 1,2 be two independent random mappings (binning), in
which B, maps each element ¢f : J;] uniformly and independently to the sit: My].

Encoding: Encoderk = 1,2 uses an SMC followed by a random binning to obtain the index First given

sk, the SMC chooses an indgx with the probability
914 (813U (jk))
PEnck (jk|5k) = W
Then the encoder transmits;, = By (jx) to the decoder.
Decoding: We use a modified SMC for decoding w.r.t. a receiving indi¢es ,ms). Observing(mi,ms),
decoder uses the following modified SMC to find both gheand j» and thus(Uy, Us):

21q(U1(31);U2(32))]_{Bl (51) = ml,B2(52) =ma}
S 2wV 1{B,(j1) = my, Ba(ja) = ma}

Ji,j2

Poec(J1, jalmi, ma) =

Remark: Observe that the above SMC resembles a joint-typical dedodehe mutual packing lemma in the
asymptotic regime. It can be considered as a dual of the SM©dan of equation{43) that corresponded to a
mutual covering lemma in the asymptotic regime.

Given m; and ms, the decoder chooses among the paiis(j1), U2(j2)) assigned to the biimy, ms). The
higher the information betweeli; (j;) and Uz(j2), the more likely we choose it at the decoder. Finally, decode
computess, (U (71), Ua(j2)) as the estimate af}.

Analysis: Observe that the joint distribution of random variablegdeg as,

2
P(s1:2,m12, jr:2, 1:2) = 4(51, 52) [ [ Penes, (klsx)1{B1(j1) = ma, Ba(j2) = ma} Poec(j1, jolm1, ma).
k=1

We consider two error events:
1) The decoder fails to recover the correct p@ir, j2), i.€. (J1, j2) # (j1, jo).
2) One of the distortions corresponding to the pdifi,j2) exceeds the designated levels, i.e.
di. (s, 8k(U1(j1), U2(j2))) > Dy, for somek € {1,2}.
The probability of correct decoding can be bounded from Wwely
PIC] > Z P(s1:2,m1.2, j1:2, 1 = ju, J2 = j2)

81:2,M1:2,J1:2
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x 1{d1 (s1,31(U1(j1), U2(j2))) < D1,d2 (s2,52(U1(51), U2(j2))) < D2},

hence skipping similar symmetry arguments we have:
21(51;U1(1)) 21(52?U2(1))

v 2oy W =Dy B =

2:(U(1:U2(0)1 (B (1) = 1, Bo(1) = 1)
325, g, 2101002201 By (j1) = 1, Ba(j2) = 1}
x 1 {dl (81, §1(U1(1), Uz(l))) < Dl, do (327 §2(U1(1)7 U2(1))) < D2} (48)
< Jy20(sn:U1 (1) Jy2(s23U2(1))

EC\U1:2(1) 251 91(s13U1(j1)) EC\U1:2(1) 252 91(s2;U2(j2))

EP[O]Z EC,B Z M1M2J1J2q(51,52)

51,52

X

> MM, Z q(s1,52)Ey, 5 (1),B1a(1)

81,82
y 2:(U(sU2(0)1 (B (1) = 1, Ba(1) = 1)
ECvB‘ljlﬁ(l)vBlﬁ(l) 23132 2 <'jl);U2<'j2>>1{Bl (Jl) =1, BQ(j‘Z) = 1}

X l{dl (51,§1(U1(1),U2(1))) S D1,d2 (52,§2(U1(1),U2(1))) S DQ}) (49)

9u(s1;U1(1)) 91(s2;U2(1))
1 + J1—121(51;U1(1)) 1 + J2_12Z(52§U2(1))

Y

MM, Z q(s1,52)Ey, 5 (1),B1a(1) (

81,82
y 2201 (By (1) = 1, Bo(1) = 1)
201U 1(By (1) = 1, Ba(1) = 1) + JoM5 ' 1(B1(1) = 1) + Jy;M 1 1(B2(1) = 1) + J1J2(M;Mg) 1

x 1{d1 (s1,81(U1(1),U2(1))) < D1,d2 (s2, 32(U1(1), Uz(1))) < D2}> (50)

1 1
1+J1—121(51;u1) 1+J2—121(52;u2)

. Wdi (51,81 (w1, u9)) < Di,do (52, 82(u1, us)) < Do}
L+ (JoMy !+ JiMT 4 J1Jp (Mg M) 12— (wu2)
) 1{d; (S1,51(U1,U2)) < Dy,d2 (S2,52(U1,Uz)) < Do} (52)
4S1:2U1:2 (1+J1—12z(S1;U1))(1+J2—121(S2;U2)) (1+ (J2M2_1 +J1M1_1 +J1J2(M1M2)—1)2—1(U1;U2))

where [48) is due to symmetry, the main st@8) follows from Jensen inequality for the three-valuedvex

= Y qls1,52)q(uals1)g(uzlss)

§1,82,U1,U2

(51)

function f(x1,x2,x3) = on Ri. The expectation in[(49) is ovdr;.»(1,1) of the codebook generation

distributed according t@ii?xéquation [(BD) follows from separating the caggs= 1,72 # 1), (j1 # 1,j2 = 1),
(j1 # 1,52 # 1) and (j; = 1,52 = 1). This is discussed below. Lastly, equatién](52) followsnfrthe facts
that random codebook and random binning are independentlarid), U2(1)) is generated according to product
distributionry, v, = qu, qu,-

Derivation of equation(&0): In the following we consider each of the four case mentionsava separately.

o Case 1,(j1 = 1,72 # 1):

]EcyB‘U1:2(1)7Bl:2(1)21(U1(1)9U2(32))1{Bl(1) =1,By(ju) =1} = Zq(U2)21(U1(1)9“2)1{Bl(1) =1}My!

U2

=My qua| U (1)1{By(1) = 1} = My '1{By (1) = 1} (53)

where in [EB) we use the following facts:
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"7/}2 *’ §2, D2

Y

Fig. 4. Lossy source coding when side information is absent.

1) U,(j2) is independent ofU; (1), Ux(1)) for j, # 1 and generated according 4@, .
2) The random binning and random codebook are independenBafy.) has a uniform distribution over
[1 . MQ]

o Case 2,(j1 # 1,42 = 1): This is similar to the previous case and gives us
Ee 501(1),12(0) 2" 02O LB, (i) = 1, By(1) = 1} = My '1{By(1) = 1} (54)

o Case 3:(j1 # 1,72 # 1): In this casel; (j1), Uz (j2) are independent off;.o(1), B1.2(1), and are generated

according togy, qu, -

Ee,58/0:.2(1),B1s (12" T2 0D B (1) = 1, Ba(ja) = 1} = > qlu)q(uz)2'™ ) (MMg) ™!

Ul,u2

= (MiM2) ™" Y~ q(ur, up) = (MiMy) ™1 (55)

Ui, u2

o Case 4:(j; =1,j2 = 1):
EC,B|U1:2(1),BM(1)2Z(U1(1);U2(1))1{Bl(1) =1,By(1) =1} = 21(U1(1);U2(1))1{Bl(1) =1,By(1) =1}. (56)

B. Heegard-Berger/Kaspi

Consider the problem of lossy source coding when side indtion may be absent, depicted in Fig. 4. lget
be the distribution of the source add(s, $x), k = 1,2, be two distortion measures. We will use thebability of

excess distortioms the criterion for measuring the reliability of the system

Definition 7. An M-code for distributed lossy compression consists of (bdsstochastic) encodes : S — [1 : M],
and (possibly stochastic) decodefs : [1 : M] — §1 andyg : [1: M] x Y — §2. Given a pair of distortion levels
(D1, D2), the probability of excess distortion is defined by,

P[€;Dy,Ds] := P[d1(S,51) > Dy V da(S,S,) > Dy).
Also, we define the probability afo-excess distortioby

P[C; Dy, Dy] := P[d1(S, S1) < D1, da(S, S5) < D).
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Remark 6. SettingD; = oo, this problem reduces to the Wyner-Ziv problem. A one-sbé&ilt for the Wyner-Ziv

problem has been concurrently obtained by![10].
We prove a one-shot version of the result of Heegard-Befgspi [15], [16] for this problem.

Theorem 7. Given anyqyy 175 and functionss; (w), 52 (w, v, y), there is anM-code for a single use of the source
whose probability ofno-excess distortiors bounded from below by

S < 3 <
P[C, Dl7 DQ] 2 E }l{dl (S7 Sl(W)) —= D17d2 (S, SQ(Wa Ua Y))__l D2} ,
(1+ Ml u(S;W) (M1J2)7121(S?W7U)) (1_|_J2|\/|2 271(Y;U|W))

where My, My, J, are integers such thatl = M;M, and J, > M,. Moreover, loosening this bound gives the

(57)

following upper bound on the probability of excess distortdf the code,
P [dl (S, §1(W)) > Dl,or do (S, §2(W, U, Y)) > DQ, or

logM; —2(S; W) < v,0r logMyJy —o(S; WU) < vy,0r o(Y;U|W) —logJaMy ' < | +5x277. (58)

Proof: We only prove the lower bound on probability of no-excessadi®n. Derivation of the loosened bound
is similar to that of Gelfand-Pinsker and is thus omitted.

Random codebook generation:

e C1 = {W(m1)}M_, is a random codebook whose elements are drawn independienty;y .

m1:1

o For eachm; € [1 : My, let Co(mq) = {U(ml,jg)}jj:l be a random codebook whose elements are
drawn independently fromgy ([ (m1)). Moreover the codebooks,(m;),m; € [1 : M;] are generated
independently.

o Let C be the set of all codewords.

Random binning:Let B : [1 : Jo] — [1 : My] be a random mapping (binning), wheemaps each element of
[1: Jo] uniformly and independently to the sit: Ms].
Encoding: Encoder uses an SMC followed by a random binning to obtairp#ie(m,,ms). First givens, the

SMC chooses a paiim;, j2) with the probability
91q(s;W(m1),U(m1,j2))

Zml 7 91q(s;W (111),U (1 ,j2))

PEnc(mlaj2|S) -

Then the encoder computes, = B(j2) and sendsn = (m1,m2) to the decoders.

Decoding: Decoder 1 output$; (W (m.)) as the estimate of. Decoder 2 uses a modified SMC for decoding
w.r.t. a received indexmy, m2). Observing(m, ms), decoder 2 uses the following modified SMC to fijgdand
thus (W (mq),U(ma, j2)):

9ta(y;U(ma a.?z)lw(ml))l(B(j’Q) = my)
P 2ta(yiU(m1.j2)[W(mi) 1(B(j5) = ma)

Observe that the above SMC resembles a joint-typical deaddkee asymptotic regime. Finally, decoder 2 computes

PDec(j2|m17m2) =

39 (W (m1),U(m1,J2),y) as the estimate of.
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Analysis: Observe that the joint distribution of random variablegdag as,

P(s,y,m1:2, j2, j2) = (5, y) Penc(ma, j2|8)1{B(j2) = m2} Ppec(j2|m1, m2).
We consider two error events:
1) Decoder 2 fails to recover the correet i.e. jo # jo.
2) The distortion of decoder 1, or that of decoder 2 corredpanto j» exceeds the designated levels, i.e.
dl(S7 §1(W(m1)))) > Dy ord, (S, §2(W(m1), U(ml,jg),y)) > Ds.
The probability of correct decoding can be bounded from wedy
PIC] > Z P(s,y,m1.2, j2, Jo = ja)
$,Y,m1:2,J2

x 1{d1 (s,31(W(m1))) < D1,d2 (s,32(W(m1),U(m1,2),y)) < D2},

hence skipping similar symmetry arguments we have:
21(S;W(1),U(1,1)) 21(y,U(1,1)|W(1))1(B(1) _ )
EP[C]> E¢. M;MsJaq(s,y — —1(B(1) =1 - = —
[C] C’B; 1M2Jaq( )Zml,jg S W ) U 52) (B(1) )232 2T (L) W1 (B(js) = 1)
x 1 {dl (S’ ‘§1(W(1))) < D17d2 (Sv §2(W(1)a U(lv 1)a y)) < DQ} (59)

< M Jo20(s:W (1),U(1,1)

>Ma Y (s, 9)Ewyuan,80)

- 9u(s;W (111),U (1 ,52))
$,Y

Ec‘w(l).U(l.l) Zml J2
2w UADIWAN(B(1) = 1)

Ec BIW(1),0(1,1),B(1) 2, 2@V L2IWAN(B(js) = 1)
x 1{d1 (s,81(W(1))) < D1,d2(s,52(W(1),U(1, ) (60)
M Jp20 (W (1,0(1,1))
> |\/|2;Q(S,y)Ew(l)yU(l,l),B(l) (Mng T 1,2 GWD) ¢ 2usWm,U0D)
QU ALDIW N (B(1) = 1)
X
2:(y:UADIWM)L(B(1) = 1) + J2M51
x1 {dl (S’ ‘§1(W(1))) < D17d2 (Sa ‘§2(W(1)7 U(la 1)7y)) < D2}> (61)
= % atsapatwds) 1 !
= R uq »Y)q\w, 1+ My 1205w) 4 (MyJy)—120sww) * 1 4 JoMy T2—u(miulw)
x 1{d; (s,31(w)) < D1,d2 (s, 32(w,u,y)) < D2}> (62)

-F 1{dl (Saél(W)) S D17d2 (S7§2(Wa U,Y)) S D2} (63)
(1 4+ MT24SW) 4 (M Jp) = 124SWD)) (1 + Jo My P22 (YVsUIW))

where [59) is due to symmetry, the main s{@&d) follows from Jensen inequality for the two-valued cexv

function f(z1,z2) = —— onR2. Equation[(6l) follows from computing the denominator terifhis is discussed
T1X9
below. Lastly, equatiori {62) follows from the facts thatdam codebook and random binning are independent and

(W(1),U(1,1)) is generated according gy .
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Fig. 5. Multiple description coding.

Derivation of equation(6l). Deriving this equation involves computing two denominaiemms. To compute
Ec,8/w(1),0(1,1),5(1) 23, 2V LWL (B(jy) = 1) for any j, # 1 we have:

Ec giw (1),01,1),812" WO L(B(j2) = 1) = Y g(ulW (1))2: @0 H2IWOIM, L

u

= Mgl ZQ(U|W(1)’ y) = Mglv (64)

u

where we have used similar argument used in the prodf df (53).
To computeEe|w (1),0(1,1) Yo, 5, 2u(s:W (m1),U(m1.32)) we consider the following three cases separately:
o Case 1,y = 1,5 #1):
(8 i 2(8; u qu,’LLS 2(8;
Eew (o2 GV OUE) 2 3 gl @)W 0 = 3 (q(ilgle))' ) _giswan, (g5)

u

where we have used the fact that(1,j,),7> # 1 is independent ofi¥(1),U(1,1) and drawn from

quw ([W(1)).
o Case 2,7 # 1:

]EC|W(1)7U(171)QZ(S?W("hl)aU("hh}Z)) =1, (66)

where we have used the fact tHatin,, j2), 71 # 1 is independent of¥ (1), U(1,1) and drawn fromgy .
o Case 3, =1,j5 = 1):

EC‘W(l),U(Ll)zl(s;W(l),U(l,l) _ 21(5;W(1),U(1,1) ] (67)

C. Multiple Description

Consider the problem of multiple description coding deguicin Fig.[5. Letgs be the distribution of the source
and di(s,5k), k = 0,1,2 be three distortion measures. We will use fvebability of excess distortioms the

criterion for measuring the reliability of the system.
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Definition 8. An (M, Ms)-code for the multiple description coding consists of (fagsstochastic) encodep :
S [1: My] x [1: My], and (possibly stochastic) decodefs : [1 : My] x [1 : My] — Sp, ;¢ [1: My] — §; and
Yo i [1: Mg] — §2. Given a tuple of distortion leveld®,, D1, D2), the probability of excess distortion is defined
by,

P[€; Do, D1, Da] == Pldo(S, o) > Do V di(S,5) > D1 V da(S,S2) > Da.

Also, we define the probability afo-excess distortioby

P[C; Do, D1, Ds] := Pldo(S, §0) < Do, d; (S, §1) < Dy, da(S, §2) < Ds].

We prove a one-shot version of an equivalent charactesizaif Zhang-Berger inner bound [17], 18] for this

problem.

Theorem 8. Given anyqy,u,v,|s and functionssg(uo, u1, uz2), 31(uo,u1) and sz (ug, uz), there is an(My, My)-
code for a single use of the source whose probabilitynofexcess distortiois bounded from below by

1 {do (S, 30(Uo, U1,Uz)) < Do, d1 (S, 51(Up,Ur)) < D1,dz (S, 32(Uo, Uz)) < Do}
Jal2z(S;U0) + MI12Z(S;U0U1) + M;l?z(S;UoUg) + JO(MlM2)—121(5;U0U1U2)+1(U1;U2|U0)’
(68)

whereJ, is a common divisor oM; and My. Moreover, loosening this bound gives the following uppauri on

P[C7 D07 D17 D2] 2 E
1+

the probability of excess distortion of the code,
P [do (S, §0(U0, Ui, UQ)) > Do,Or dq (S, $1 (UQ, Ul)) > D1, or do (S, §2(U0, UQ)) > DQ,OI‘

logJo —(S;Up) < v,0r logM; —o(S;UpUy) < 7y,0or logMg —1(S;UpUsz) < 7, 0r

M, M
log ~22 — 4(8; UUrUz) — o(Us; Ul Ub) < 7} FAx2. (69)
0

Proof: We only prove the lower bound on probability of no-excessodi®on. Derivation of the loosened bound
is similar to that of Gelfand-Pinsker and thus omitted. 8id¢ is a common divisor oM; and M,, there exists
positive integerd; andJ,; such thatM; = JgJ; and My = JgJs.

Random codebook generation:

o Cop= {Uo(jo)}j-;’:l is a random codebook whose elements are drawn independientiyy, .

o For eachjo € [1 : Jo], let Cia(jo) = Ci(jo) x Ca(jo) = {U1(j1)}7' =y x {U2(j2)}32—; be a random
product codebook, in which the codebodksj,) andCs(jo) are generated independently and the elements
of the codeboolCy(jo),k = 1,2 are drawn independently fromy;, v, (.|Uo(jo)). Moreover the codebooks
C12(j0), jo € [1 : Jo] are generated independently.

« Let C be the set of all codewords.

Encoding: Encoder uses an SMC for three r.v.s to obtain the tugleji,j2). Given s, the SMC chooses a

tuple (jo, j1, j2) with the probability
9ta(s:U0(40),U1(jo,51),U2(Jo:52)) +24 (U1 (Jo,51):U2 (j0.52) [Uo (1))

230 5 2t4(5:U0(§o),U1(Jo,J1):Uz (Jo,j2)) +14 (U1 (Jo,J1);U2 (Jo.J2) U0 (Go))

Penc(Jo, j1, J2ls) =

Then the encoder sends; = (jo, j1) andms = (jo, j2) to the decoders.
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Decoding: Observing (mi, m2) = (jo, Jj1,Jj2), decoder 0 computedy (U (jo), U1(jo, j1), U2(jo, j2)) as the
estimate ofS. Observingm; = (jo, jx), decoderk = 1,2 computessy(Uy(jo), Uk (jo, jr)) as the estimate of
S.

Analysis: Observe that the joint distribution of random variablegdag as,
P(Suj07j17j2) = q(S)PEnC(j07j17j2|S)'
The probability of no-excess distortion can be bounded flbamtow by
PICI= D Ps,Jos d1s 52)Xs,Uo(Go).Us s ) U (o i)
$,Y,m1:2,j2
where

Xs,uo,ui,us 2= 1 {do (S, 80(uo, ur,uz)) > Do, dy (S, 81(uo,u1)) > Di1,da (S, 32(ug, u2)) > Da}.

Skipping similar symmetry arguments we have:

21(5;U0(1),U1(1,1),U2(1,1))+1(U1(1,1);U2(1,1)|U0(1))

E P[C] > E¢ Z JoJiJd2q(s) Xs,Uo(1),U1(1,1),Ux(1,1)

>os s 9(5;U0(30),U1 (Go,1),U2 (Go,j2))++(U1 (Jo,51):U2 (Jo,52) |Uo (Jo))

Jo,J1,J2
> Zq(s)E JoJ1J22: (U001, U2 (L)) U MWL DT M)y gy 313 1703 4y (70)
- . Uo:2(1,1,1) EC\Uo(l).Ul(1.1).0’2(1.1) Z;U G 21(5;U0(J0),U1 (Jo,J1), Uz (Jo,J2))+1(U1 (Jo,j1);U2 (Jo,d2) Uo (Go))

> ZQ(S)EUO;Q(1,1,1)J0J1J221(S;U0(1)’U1(1’1)’U2(1’1))+1(U1(171);U2(1’1)|U0(1))X5,U0(1),U1(1,1),U2(1,1)

S

% (JOJ1J2+J1J221(5;U0(1)) +J22Z(S;Uo(l),U1(l,1)) +J121(5;U0(1),U2(1,1))

+2Z(S;Uo(1),U1(1,1),U2(1,1))+1(U1(1,1);U2(1,1)|U0(1)))_1 (71)
= Z q(S,UO,Ul,Ug) 1 Xsyuo,ur,u /7'))
1+ JO_ 21(s;u0) + (JOJI)—IQZ(s;uOul) + (J0J2)—121(s;u0u2) + (JOJlJz)—l2z(s;u0u1u2)+z(u1;uz}u;)

S,up,U1,uU2
1 {do (S, 30(Uo, U1, U2)) > Do, d1 (S, 51(Uo, Ur)) > D1,d2 (S, 52(Uo, Uz)) > D2}
1 + Jal2l(S;U0) + M;lQZ(S;UoUl) + M;lQZ(S;UoUg) + JO(MlMz)—l2Z(S;U0U1U2)+1(U1;U2|U())

(73)

where the main stefi/d) follows from Jensen inequality for the two-valued cexunction f(z) = é onR,.
Equation [(71L) follows from separating the cases ..... Thidiscussed below. Lastly, equatién](72) follows from the
facts that(Uo(1), U1 (1,1),Uz(1,1)) is generated according @, qu, |v,qu, v, -

Derivation of equation(Z1): In the following we consider each of the three case mentiaisale separately.

But first observe that
2z(s;uo,u1,u2)+z(u1;u2|uo) — q(u07u17u2) )
q(uo)g(u1luo)gq(uzluo)

. Case 1y # 1:

ECIUO(I) U (1)U (1 1)21(S;U0(30)=U1(50-,51)7U2(50-,52))+1(U1(30731)%U2(30732)|U0(50))

= > a(uo)g(urfug)g(uslug)2:vornua)tiluuzin)

Up,uU1,uU2
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=1, (74)

where we have used the fact thai/y(jo),Ui(jo,71),U2(jo,J2)),50 # 1 is independent of
(Uo(1),U1(1,1),Ux(1,1)) and drawn fromgy, qu, v, 90, v, -
e Case 2jo=1andj; #1,j, #1:

EC|U0(1) U (L) 0 (1 1)21(5;U0(1)=U1(1=51)=U2(1=52))+1(U1(1-,51);U2(1732)|U0(1))

= Z q(ul|UO(1))q(uQ|UO(1))21(5;U0(1);U1;u2)+l(u1%u2|U0(1))
Ul,uU2
_ Z q(Uo(1),u1,uz|s)
q(Uo(1))

- 21(8?U0(1)), (75)

Ul,u2

where we have used the fact that givei(1), (Ui(1,71),U2(1,72)),51 # 1,72 # 1 is independent of
(U1(1,1),U2(1,1)) and drawn fromygy, o7, (-|Uo(1))qu, v, (-|Uo(1)).
« Case 3,y = j; = 1 andj, # 1: Similarly we have,
EC|U0(1).U1(1.1) a1 1)21(5;U0(1),U1(1,1),U2(1,32))+1(U1(1,1);U2(1,32)|U0(1))
_ 21(5;U0(1),U1(1,1)) (76)
« Case 4y = jo = 1 andj; # 1: Similarly we have,
EC|U0(1).U1(1.1) 01 1)2Z(S;U0(1)=U1(1=51)=U2(1=1))+Z(U1(1731);U2(1-,1)|U0(1))
_ 21(S;U0(1),U2(1,1)) (77)
o Case 51(50151732) = (11 17 1)
EC|U0(1).U1(1.1) 01 1)2Z(S;U0(1)=U1(1-,1)7U2(171))+1(U1(171);U2(171)\U0(1))

— 9(5;U0(1),U1(1,1),U2(1,1))+2(U1 (1,1);U2(1,1)|Uo (1)) (78)
Applying (74)-(77) to [(7D) yields[{71). n

V. JOINT SOURCECHANNEL CODING

To illustrate the application of our technique to joint steichannel coding problems, we study the problem of

joint source-channel coding over MAC in this section.

A. Joint source-channel coding over MAC

Consider the problem of transmission of correlated souiSesS-) over a MAC depicted in Fid.16. Lety | x, x,
be channel transition probability. We prove a one-shotigarsf the result of Cover-El Gamal-Salehi [19] for this

problem.
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X
s —{
Y ~ ~

Fig. 6. Joint source-channel coding over MAC.

Definition 9. An code for lossless transmission of correlated source avBtAC consists of (possibly stochastic)

encoderspy, : Sk — X, k = 1,2, and (possibly stochastic) decodgr: Y — S; x Ss.

Theorem 9. Let K be the common part ofS; and Ss. Given any qg(si,se,t,z1,z2) =
q(s1,82)q(t)q(x1|s1,t)q(z2|s2,t), there is a code for a single use of the channel whose probahilf

correct decoding is bounded from below by

IE (1 _|_ 2h(51‘Sg)—Z(Y;XﬂXQ,SQ,T) + 2h(S2|S1)—l(Y;X2‘X17S1,T) _|_ 2h(Sl,S2|K)—Z(Y;X1,X2‘K,T) _|_ 2}7,(51,52)—1(}/;){17){2)) -1 )

Moreover, loosening this bound gives the following uppeusritbon error probability of the code,
Pl(Y; X1|X2,82,T) — h(S1]S2) <~ , or
(Y; Xa| X1, 51,T) — h(S2]51) <v, or
WY X1, Xo|K, T) — h(S1,S52|K) <~v, or
1Y X1, X2) = h(S1,82) <] +4x277, (79)
where~ is any positive number.
Remark 7. Second order analysis of the above bound can be obtainedimiasmanner as the Gelfand-Pinsker

rate region. We will include it in the next version of this firdts equations resemble the four constraints given by

[L9]. It subsumes the result of [6] whose region includes @dulitional constraints.

Proof: We only prove the lower bound on probability of correct déngd Derivation of the loosened bound
is similar to that of Gelfand-Pinsker and is thus omitted.
Codebook generationtWe employ a one-shot version of the codebook used_in [19].
« For eachk € K, draw a symboll’(k) from pmf¢(t),
o For eachs;, draw a symbolX; (s1) from q(z1]s1, T(k(s1))),
« For eachs,, draw a symbolX;(s2) from q(z2|s2, T'(k(s2))).

Encoding: Given s;, transmitterj sendsX;(s;).
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Decoding: In contrast to Gelfand-Pinsker and broadcast channel, weausSLC for decoding. Observing
decoder uses the SLEs, g,y (81, 52]y) to find an estimate ofs;, s2). The SLC can be formulated as follows:
q(81, 82)q(y| X1 (51), Xo(32))
515, (81, 82)q(y[ X1(51), X2(52))
(31, §2)22q(y;X1(§1)»X2(5‘2))
Zg1,§2 q(51, 52)22q(y;X1(51)»X2(§2)) ’

Analysis: Observe that the joint distribution of random variablegdeg as,

Pslsg\Y(§17§2|y) = Z

P(s1, 52,1, 81, 82) = q(s1, 52)q(y| X1(s1), X2(52)) Ps, 55y (51, 32]).

The probability of correct decoding can be bounded from\uddg P[C] > 251,52,y P(s1,82,9,81 = 81,82 = s2),

hence we have:

q(s1, 52)20 X1 (51):Xa (s2)

EP[C] =E Z Q(81782)Q(y|(X1(81)7XQ(SQ))Z] . q(51, 52)2¢:X1(51),X2(52)) (80)
51,82,y s
_ q(sh52)21(%)(1(51)7){2(52))
N 122 oo sl ), Kale) 251,52 q(51, 52)21(74;X1(§1)7X2(§2)) (81)

(51,52)&Supp
q(s1, 52)21 W X1(51),:Xa(s2))

> Z Q(Sla82)ET(k),X1(51),X2(52)q(y|(X1(81)7XQ(SQ)) )22(y:X1(§1).X2(§2)) (82)

S Eem(k), X1 (51),Xa (s2) 25,5, 4(51, 52
(s1,52)ESupp

whereSupp is the support set of the pnaf, s,, that is,Supp = {(s1, s2) : ¢s,5, (51, $2) # 0}. By T'(k) we mean

T(k(s1)) = T(k(s2)), and the main stefB2) follows from the Jensen inequality for the convex fimetf (x) = 1
— X

onRR,. To evaluate[(82), we first find an upper bound on the denomiri&d do this, we first split the denominator

into five terms as follows,

Ee|T(k) X, (1), Xa(s2) D 4(51,82)2: X1 E0X02D — N (51 50)Beimry x, (51,5 () 2"V 1 A2 (52)
+ Z q(§17 EZ)ECIT(k)7X1 (51),X2(s2)21(y;X1(51)7X2(§2))

(51,52) ESupp:
S1#s1,52#s2,k(51)=k(52)=k

4 Z Q(glaSZ)EC|T(k),X1(51),X2(52)21(y;X1(51)’X2(52))

§1:(51,52)ESupp:
S1#s1

4 Z Q(SlaEZ)EC|T(k),X1(51),X2(52)21(y;X1(51)1X2(§2))

59:(s1,52)ESupp:
82782

+ q(81782)2Z(y;X1(51)7X2(82))' (83)

We find upper bounds on each term pf1(83) separately.
o Case 1k # k(= k(s1) = k(s2)), wherek = k(5;) = k(52),

/T (k), X (51), Xa (522 VX EDX262) =N g (t)q(an |51, 1)g(wa|52, )2 172 (84)
t,ml,mg
T1,T
- Z q(t,$1,$2|§1,§2)w (85)
L a(y)
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B Dt 4t T1, T2, Y51, 82)

(86)
a(y)
_ q(y|31, 32) (87)
aly)
where [8#) and [(85) follows from the fact thatT(k), X;(51),X2(52)) is independent of
(T'(k), X1(s1), X2(s2)) and is drawn fromqrqx,|s,7(.|51,.)ax;15,7(-[52,-) = qrx,x5)5:,5.(-151,52).
Using [87) we obtain the following upper bound on the firstiteaf (83):
X1 (5 5 51, 8o,
Z 4(51, 52)Ecim(k), X (51), Xa (52 2V 1A < Z 251, 52,9) 1( § )
(51,§k2¢)i5upp= (51,52)ESupp any
=1. (88)
e Case 2:5; 7£ S1, S2 }é S92, bUtIg = k(Sl) = k(SQ) =k,
|7 (k), X1 (s1), Xa (s) 2V ED X2 ) = N (|51, T (k) ) (o] 52, T () 2051 72) (89)
T1,T2
Ty,
= 3" (o, mals, 5, Tk LUZLT2) (90)
= q(y)
_ Zm17m2 Q('rlv'rQa y|§15 527T(k)) (91)
a(y)
_ Q(y|817 52, T(k)), (92)
q(y)

where [89) and [(90) follows from the fact that givefi(k), (Xi1(51),X2(S2)) is independent of

(X1(s1), X2(s2)) and is drawn fromyx, |5, 7(.[51, T(k))ax,| 5,7 (|52, T(K)) = ax, x5151,8:,7 (|51, 52, T'(k)).
Using [92) we obtain the following upper bound on the secamthtof [83):

X (3 s o S1,52, T(k
Z q(§1752)EC‘TU€).’X1(51)7X2(S2)21(y7X1(51)7X2(52)) < Z q(81782|T(k))w(93)
(51,52)€Supp: (51,52)€Supp: ©
S17#s1,52#s2,k(51)=k k(51)=k
- (51, 32, y|T'(k))
(51,52)€ESupp: Q(y)
k(s1)=k
_ q(k,y|T(k)) (94)
qly)
k,T(k .
_ q(k)Q(y| & )( )) — q(k)2z(y,k,T(k)) (95)
q\y

where [98) is due to the fact thatis independent ofS;, .S2) and [94) follows from the definition of common
part, andq(k) = Z (§1k,(§2))ES;pp: q(§17 52).
51)= _
o Case 351 # s1, 82 = s9, hencek = k(s2) = k,

EC\T(k),Xl(sl),Xg(52)2Z(y;X1(§1)7X2(52)) — Zq(:Z?1|§1,T(k))QZ(y;zl’X2(s2)) (96)
1
r1, Xo(s
= 3 51,2, T(R), Xa(sp)) LT X202 g7)
p a(y)
_ 20, 4@, yls1, 52, T(k), Xa(s2)) (98)
a(y)
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_ a0l . T(H), Xa(s2)) ©9)
q(y)
where [96) and(97) follows from the fact that giveéfi(k), X2(sz2)), X1(51) is independent of(;(s1) and is
drawn fromgx, |s,7(.[51, T'(k)) = qx, x,s:,9,7(-|51, 52, T'(k), X2(s2)). Using [99) we obtain the following

upper bound on the third term df (83):

Do a(51,52)  Eoprih) i (s1) Xa(sn 2 @ ) X202)

§1:(51,52)€Supp

S1#s1
S Y alealsifss Ty L2 T Ralo2) (100)
51:(51,82)ESupp q(y)
< Y alsalsulsa T(R), Xa(se) DE 2 TR, Xols2)) gy
51:(51,82)ESupp q(y)
q(51,y]s2, T(k), Xa2(s2))
_ q(SQ)q(mSQ’T;(ky))’ Xa(s2)) _ g(59) 2152 () Xa(s2) (103)

where [I0D) is due to the fact th@tis independent ofS;, S2) in the pmfq that we started with (this should
be confused with the pmf induced by the code), dnd](101) allfrom the Markov chairb; — S>T — Xo.

o Case 4:5, # s9, 51 = s1, hencek = k(s;) = k, Using symmetry between Case 3 and Case 4, we have the
following bound on the fourth term of (83):

Z Q(Sla 52)EC|T(k),X1 (51)1X2(S2)21(y§X1(51),X2(§2)) < q(sl)2l(y;817T(k)7X1(51))' (104)

§1:(s1,82)€ESupp
So#s2

In summary, we have the following upper bound on the denotoinat (82):
EC\T(k),Xl(sl),Xg(SQ) Z Q(El, 52)21(9;)(1(51)-)(2(52)) <1+ q(k)QZ(%k-,T(k)) + q(52)21(y;52-,T(k)-,X2(S2))
81,52

+ q(sl)Ql(y;SlyT(k)yxl(51)) + Q(Sl, 82)21(9§X1(51)=X2(52))' (105)

Substituting this in[(82) gives:
C](Sl7 52)21(%)(1(51)7)(2(52)) R
Ee|T(k), X1 (1), Xa (s2) Do, .5, A(51, 82)2: X1 (51).Xa(52)) =

(q(slu 5) 127U X1 (1), X2 (s2))

4 g(s1, solk) 2R TN =y X (1), Xa(52))

F q(s1]s2) 120552 T(R), X (52)) =i X1 (51), Xa (s2)
q(sa]s1) 120w TOR) X (51) =y Xa (1), Xa (52)) 1)_1
= (2l Xalo) oo
4+ oh(s1,82(k)—o(y: X1 (1), X2 (52) |k, T (K))

+ gh(sils2)—e(y; X1 (s1)|s2,T(k), X2 (s2))

March 5, 2013 DRAFT



26

L gh(salsn) 1y Xa(s2) |1, T(), X (s1)) 1)‘1 , (106)

Using this and the fact tha(T'(k), X1(s1), X2(s2)) is drawn from grgx,|s,7(-[51,-)qx,5.7(52,.) =

QTXng\Sl,Sg(-|317 82), we have:

EP[C]> > > q(s1,s2)a(t)a(za]st, )g(wslss, t)q(ylar, w2) (2}1(81’52)_1(””1’”)

51,82,y t, 21,22

+ 9h(s1,s2|k) —a(y;z1,02|k,t) + 9h(sils2)—u(y;z1|s2,t,72) + gh(s2ls1)—1(y;z2|s1,t,71) + 1)_1

— EqSIS2TX1X2Y1Y2 (1 _|_ 2h(51|52)7Z(Y;X1‘XQ.,SQ,T) _|_ 2}1(52‘51)71(Y;X2|X1,Sl,T)
1 Qh(S1,82|K)—a(Y: X1 Xa| K.T) 2}1(51,52)71(1/;)(1,)(2)) ! . @o7)
This concludes the proof. ]
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