arxXiv:1302.0522v2 [cs.IT] 4 Jul 2013

Minimum Distance Distribution of Irregular
Generalized LDPC Code Ensembles

lan P. Mulholland and Mark F. Flanagan Enrico Paolini
School of Electrical, Electronic Department of Electrical, Electronic,
& Communications Engineering and Information Engineering “G. Marconi”
University College Dublin University of Bologha
Dublin, Ireland Cesena (FC), ltaly
Email: {mulholland, mark.flanaggi®@ieee.org Email: e.paolini@unibo.it

Abstract—In this paper, the minimum distance distribution the probability of the minimum distance lying below a cettai
of irregular generalized LDPC (GLDPC) code ensembles is fraction of the code’s block length.
investigated. Two classes of GLDPC code ensembles are arsdy;

in one case, the Tanner graph is regular from the variable Il. PRELIMINARIES AND NOTATION
node perspective, and in the other case the Tanner graph is . . .
completely unstructured and irregular. In particular, for the In this work, we will consider two GLDPC code ensembles.

former ensemble class we determine exactly which ensemblesThese ensembles share definitions from the CN perspeative, s
have minimum distance growing linearly with the block lengh  we begin by giving these definitions.

with probability approaching unity with increasing block | ength. We define a GLDPC code ensemble as follows. There are
This work extends previous results concerning LDPC and reglar n. different CN typest € I, — {1, 2. _7nc}_ For each CN

GLDPC codes to the case where a hybrid mixture of check node .
types is used. typet € I. we associate a local code denoted(®y and we

denote byk,, s; andr;, the dimension, length and minimum
|. INTRODUCTION distance of’;, respectively. Fot € I., p; denotes the fraction
Recently, the design and analysis of coding schemes reppéedges connected to CNs of typeThe polynomialp(x) is
senting generalizations of Gallager’s low-density padneck defined byp(z) £ 3 ,; pra® 1.
(LDPC) codes[[1] has gained increasing attention. Thigéste If £ denotes the number of edges in the Tanner graph,
is motivated above all by the potential capability of thiasd the number of CNs of type € I. is then given byEp,/s;.
of codes to offer a better compromise between waterfall al@noting as usuafo1 p(x)dz by [ p, itis easily deduced that
error floor performance than is currently offered by stete-othe number of CNs is given byn = E [ p. Therefore, the

the-art LDPC codes. fraction of CNs of typel € I. is given by
In the Tanner graph of an LDPC code, any degtexheck Dt
node (CN) may be interpreted as a lengtlsingle parity- e sefp @)

check (SPC) code, i.e., as & s — 1) linear block code. The _ . . _
first proposal of a class of linear block codes generalizig%:e parity-check matrix for CN typee . is denoted byH.
LDPC codes may be found inl[2], where it was suggestédi€ weight enumerating function (WEF) for CN types I
to replace each CN of a regular LDPC code with a generig 9iven by
linear block code, to enhance the overall minimum distance. st st
The corresponding coding scheme is known as a regular APy =3 AP =1+ ) APz,
generalized LDPC (GLDPC) code, or Tanner code, and a CN u=0

that is not a SPC code as a generalized CN. More recen léreAEf) > 0 denotes the number of weighteodewords for

irregular GLDPC codes_were considered (see for |r_13_tzﬁi_c)e [ (]:Ns of typet. We assume that the local codes associated with
For such codes, the variable nodes (VNs) may exhibit differe %CNS have minimum distance of at leas{iie., r, > 2 for
- " t —

degrees and the CN set is composed of a mixture of diﬁer%e L)
For ensembles which have a positive fraction of CNs with

linear block codes.
inimum distance, the paramete€’ is defined by

U=r

In this paper, we present results on the minimum distance
distribution of two classes of GLDPC code ensembles. It

is shown that for the considered VN-regular ensembles, the A

; ini i i C=2 E Pl 2
ensembles for which the minimum distance grows linearly - s @)
with the block length with probability approaching unityitiv tire=2

increasing block length) are precisely those which hgoed The number of VNs, which is also equal to the overall block
growth rate behavioras defined in[[4]. For the unstructuredength of the ensemble, is denoted by The two ensembles
irregular GLDPC ensembles, we provide an upper bound differ from the perspectives of VN distribution and Tanner
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graph interconnectivity. We next provide the further deéfamis Tanner graph. Note that whereas Ensemble 1 is VN-regular,

for these two ensembles separately. Ensemble 2 isVN-irregular (i.e., in general, the VNs do not
all have the same degree).

A. Ensemble 1

Ensemble 1 is an extension of the definition given[ih [5] !ll. MINIMUM DISTANCE RESULTS FORENSEMBLE 1
and in [6], [4] for regular GLDPC codes to the hybrid CN In [6], [7], a lower bound on the minimum distance of a reg-
case (a related class of codes was also considered in [8Jar GLDPC code was found (generalizing the corresponding
The overall parity-check matrix of the code is a formed byesult for LDPC codes in_[1]). Following a similar approach
vertically concatenating > 2 block rowsH,, ¢ =1,2,...,q. vyields the following theorem in the case of Ensemble 1.
The first block rowH; is a block-diagonal matrix, whose
diagonal elements consist ofim/q matricesH; for each Theorem 1. Let d,,;, be the minimum distance of a GLDPC
t € I.. These are the parity-check matrices of the constituesdde picked randomly with uniform probability from Ensem-
codes associated with the. CN types. Each of these parity-ble 1 described above. Then
check matrices is repeatedm/q times along the diagonal. .
The resulting matrixHy, which forms the first of the block Pr(dmin < a™N) =0 as N — oo ®)

rows of the parity-check matrix for the GLDPC code, is giveheren* is the smallest solution in the intervé), 1) to the

by equationG/(«) = 0,
0o . .0 0 G(a) = (1 — q)h(a) — galogf(a)
: H, b +a(fp) Y wlog AV (a)) . (6)
tel.
Hl = . . . . .
and the invertible functioffi is given by
: : H,. : dA(f)(z)
o 0 --- 0 =(/p) Z’Yt A(t . (7)
0 o --- e 0 ﬁnc tel,

The otherq — 1 block rows Hs,...,H, are formed by Here hi(a) = —alog(a) — (1 — ajlog(l — a) denotes the

performing random column permutatioi, I, . .., IT, on binary entropy function in nats. Furthermore, for> 2, such
H,. Stacking the block-rows on top of one another results o’ always exists, while fog = 2 such ano™ exists if and
H, the parity-check matrix of the GLDPC code. only if &' < 1, whereC' is given by(@).

The ensemble is defined according to a uniform probability  Proof: Let Py (d) denote the probability that a lengf¥i-
distribution on all permutationBl,, for every/ = 2,3,...,q vectorc which satisfiescH;” = 0 (i.e., which satisfies the
(together with independence of these permutations). Nate tparity checks in the first block rodd;) has Hamming weight
the Tanner graph for this ensemblevbl-regular i.e., all VNs 4. The generating function for this sequence is
have the same degree The design rater for the irregular
GLDPC codes in Ensemble 1 is given by ¢(1) Zpl H [@(t) (Z)]'yf,m/q

qu(lzptkt>. 3) | tel,

tel where (") (z) = A®(z)/2* is the moment generating func-
tion of the Hamming weight of a codeword .

B. Ensemble 2 Since Py (d) > 0 Vd, we can write (for any: > 0)
This second ensemble we consider is a generalization of
the unstructured irregular LDPC ensemble analyzed in [9], (t)
. . . Pi(d) < 1 —dl . 8
and is also a special case of the unstructured irregularlgoub b ; 7 logly 08% ®)

generalized LDPC ensemble analyzed [inl [10], [4]. Hake N

denotes the fraction of edges connected to VNs of dedree Next, letF () denote the probability that a lengfki-vector
Az) 2 ngﬂ )\dwd 1 We denote as usug)' A(z)dz by [ A. block row H; of H. An upper bound on this probability is
The node-perspectiveN degree distribution is defined as readily deduced froni{8) as

~ Ad om >, kive/q
Ad = =7~ (4) Fi(d)< ———exp < ¢ log[e® (2)] — dlog z)
ag B 2
Here )\, is the fraction of VNs having degreé N\~
The ensemble is defined according to a uniform probability = (d> exp ( Z 1 10g[A®) (2)] — dlog Z) :
distribution on all permutations connecting theedges of the tele



Any vector which satisfies alj of the block-rows ofH is a

valid codeword for the GLDPC code, and satisfaction of tr T Gilbert-Varshamov Bound
different block rows are independent events. Thus, an upj I O (63,57) Hamming Code
bound on F(d), the probability that a lengtt¥ vector of 08 ~ O (31,26) Hamming Code
weight d is a codeword of the GLDPC code, is given by orl W (15,11) Hamming Code
F(d) = [Fl (d)]q ’;0,6
N\ ¢ S o5t
< (d) exp [ m Z v log[A® (2)] — qdlog z | . gmi
tel.
The expected number of codewords of weighfor a code =
chosen uniformly at random from Ensemble 1, is thus o2
N 0.1
m)= () r@ O S i SO O
d 0 0.05 0.1 0.15 0.2 0.2*5 0.3 0.35 0.4 0.45 0.5
N —(g-1) “
< ( ) exp (m Y yilog[A") ()] - gdlog =
d tel. Fig. 1. Ratios of minimum distance to block length for irreguGLDPC

. . . codes, plotted against the design réteof the ensemble.
For any value ofd, the tightest bound is obtained when

is chosen to minimize the exponent; this lead< (o) = «,

wheref is given by [T), and where we let = d/N. ratio of this ensemble]J4, Section Il]. From the analysis of
We use this result to bound the probability of the eveme functionG () previously conducted i [10], we know that
dmin < do. Using Markov's inequality, G(a) < 0for 0 < a < o* if and only if eitherq > 2 or g = 2
do andC < 1. [ ]
Pr(diin < do) < ZM(d) It is interesting to note that, while the ensemble considlere
d=1 (g-1) in this latter result is also VN-regular, and the ensemble
< dy max {(N) ! definitions match from the CN side, they are in fact slightly
T 1<d<do d different ensembles. However, the above result showsltleat t

ne respective weight distribution behaviors are tightly cected.
X exp <m2% log[A®) (2)] — qdlog z) } .

=1 Example 1. In this example, the ensemble relative minimum

Using the relation[[T1] distancea* for some irregular GLDPC code ensembles of
ensemble type 1 are evaluated using Thedreém 1, and plotted
N - N Nh d against the design rate of the ensemble (as giverl by (3)) —
d) =\ 8d(N —d) exp N these results are plotted in Figurke 1. Here we use Hamming
) . o (63,57), (31,26) and(15,11) codes as the local codes at the
and again using the substitutien= d/N, leads to CNs. Note that for Hamming codes of length we have
in < <
Prllon <) < g NG o) O oo L (14
St
whereG(«) is given by [8), and we have used the fact that the se1)/2 st1)/2
total number of edges in the Tanner graphfis= m/ [ p = (14 2) D21 — )t/ ) :
Ng. Here In each case, two of the three code types are uggd=
o(N) = log [do (8Na(1 — a))%} _ {1,2}), with v, being varied between 0 and 1 - this results
in the blue curves joining pairs of points corresponding to
Note thato(N)/N — 0 as N — cc. regular GLDPC code ensembles. Note that while mixing CN

ayp, it suffices to show thafi(a) < 0 for 0 < a < ap; in this  bound, the threshold of the ensemble will be optimized for
case, the bound if](9) guarantees a decreaskrff,,;, < some mixture of CN types.

apN) to zero with increasingV. Next, note thatG(a) is

identical to the growth rate of the weight distribution afired IV. MINIMUM DISTANCE RESULTS FORENSEMBLE 2

at the beginning of 4, Section Il1] in the context of the GLOP  In this section, we analyze the minimum distance distribu-
ensemble considered therein (to see this connection @kplic tion of Ensemble 2. We will assume throughout this section
see in particular Definition 4.1 and Theorem 4.2[ih [4]). Alscthat the GLDPC ensemble under consideration has at least one
the smallest positive valug* which solvesG(a) = 0 exactly CN type with minimum distance equal @ In this context,
matches the value of theritical exponent codeword weightwe will derive an upper bound oPr(d,i, < o*N) — note by

To prove thar(dmin < agN) — 0 asN — oo for a given types tends to bring us further from the Gilbert-Varshamov



contrast that for Ensemble 1, TheorEin 1 represents a relatdtere the exponent satisfies

but_ stron_ger result, as it defines precisely the condltlamdze_u is + i3+ jo + ja) _ 2(iz + jo) + 3iz + s
which this value tends to zero &6 — oco. The results of this K= 5 < 5
section rely on the following basic Lemma. <
Y
Lemma 1. For any positive integey, and we conclude that < j, with strict inequality unless; =
ja = 0.
. W] | _ (EC/2) Sincem’ terms dominate all terms* with x < j, the
ngnoo Coef 11 [A (w)} i 4! (10) limiting expression for[(1l1) agv — oo involves only those
tel.

product terms inP(x) for whichr; = 2. Therefore, in general
where Coef [f(z),2'] denotes the coefficient of® in the we obtain

Taylor expansion off (x) (as in [12]), and the paramete€’ e
is given by(@). Jim_Coef 11 [A(t) (:p)} ] = ( > %mA(t)>
tele tn—2
Proof: The proof is notationally cumbersome, so we 1 m J (@)
present it for the example where = 2, with A1) (z) = == [ LI 40 = 2
14 Asz® + Azz® and A®) (z) = 1 4 Box® + By, Then I L= St fp J:
[ |
_ 2 3 m 2 4 m

P(z) = (1 + A22” + A3z”)"™(1 + Baa® + Bya™)"*™. Next we use this result to generaliZe [12, Lemma 9] as
The multinomial theorem then gives follows.

P(z) = Z (’71771) (72771) Theorem 2. For GLDPC code Ensemble 2, we have

iotiz<yim 7:2 ig j2 j4 . )\/(O)C
J2+ja<yzm ‘ 4 ( : J\;E)noo Pr(dmin = 1) =1-—exp *T > 0.
i i J2 R4 ,.2(i2+72)+3i34+4754
x Ay Ay By By'w ! . Proof: We restrict ourselves to considering only degree-2
The coefficient ofz?/ in P(z) is then given by variable nodes (this may be justified in a manner similar to
that described in the proof cf [12, lemma 9]). Recall that¢he
j yim\ [ y2m are \on of these VNs.
Coef | P 4] = 2 . .
ocf [P(), %] , z; ; (i2 z‘g) (j2 j4) From LemmdTl in the special cage= 1, we have
12,13,72,]4
2(i2+j2)+3iz+4j4=2j
Y ) yem EC
x A2 Al B2 Bt . Jim Coef | [T [A<t> (x)} | ==
(11) tel.

Let A; denote the event that VNuv;} is a codeword (of

Consider first the sum of all terms wheire= j, = 0. This is Hamming weightl) of the GLDPC code:

51 = Z (W;m) (’72.771) A% B A; ={{v;} is a codeword}
inta=j N 2 /2 ={{vi} € C},
J
_ Z (717") ( 2m )AzzBJ iz ThenPr(dmin = 1) may be written as a union of such events,
520 J—t which may then be expanded using the inclusion-exclusion
rinciple:
As N — oo we have P P
) Pr(dmin = 1) =Pr (UzAz)
i2 —12 '
Sy — Z Vlm) (ng) ) Ayl = Y PrA) - Y Pr(4y,Ay) 4 (13)
i2=0 ' J ‘2 J: 1§i1§X2n 1Si1,i2§i2n
A )iz B, i—iz The general term in this alternating sum is the sum, evaluate
Il Z (y11mA2)"™ (v2mBy) over all setsVs = {v;,,v;,,...,v;,} of j degree2 VNs, of
1 =0 the probability that all VNs in the sef, individually form
:ﬁ(ylmAg + yomBy)’ (12) codewords (of Hamming weight), i.e.,

Z Pr ({vil} {vi, }, {vz]} S C)

Note that this term i€ (m/) as N — oo. In general, the o o
1<i1 <ia < <ij<A2n

(2, j2,13,j4) term is j
o S . - ) ym o
@((,ylm)m-‘rzs (’ygm)h‘”“) _ @(m12+13+32+J4) _ ()\271) {Coeff {Htelc [A (x)] T } }
. = )
B G(mn) J (222~~~2)




In the fraction above, the denominator is the number of ways the fraction above, the denominator is the number of ways
of choosing;j pairs of edges in the Tanner graph, while thef choosing2; edges in the Tanner graph, while the numerator
numerator counts the number of these such that each paiunts the number of these such that placing 1s on these edges
individually satisfies the CN constraints (i.e., when 1s am@nd 0s on the other edges, satisfies all of the CN constraints.
placed on this pair of edges, and zeros on the other edges)Taking the limit asNV — oo and invoking Lemm@&]1, we obtain

the limit asN — oo we obtain (invoking LemmAal1)

> Pr ({vi,},{vi} ..., {vi,} € C)

1<i1 <ip <+ <ij Sizn

N E) -
() ey
B2

lim
N —o00

where we have made use of the fact that
~ Ao FE "(0)E
)\Qn = —2 = )\ (0) .
2 2
Substituting this result intd (13) and using the Taylor sgbf
the exponential function yields the result of the Theorem.

(14)

This result shows that codes from Ensemble 2 (assuming the

N(0)E J EC1I
=17 (29)!
lim Pr(Se(C)—{ 2 } [2.} 2))
N—oo ) ]' ]' E2J
S,|S|=3

-(5) (559)

where we have again usdd {14). Therefore,

Pr(dmin < @"N) < i (27> <AS¥)] '

=1 N

(16)

The generating function for the central binomial coeffitiisn
given by [13]

— (27\ ,; 1
;(])x == (17)

existence of CN types of minimum distan2ehave a nonzero Finally, inserting [(1V) into[(1l6) we arrive at the statemeht

probability of having minimum distance equal toNote that the theorem.

such codes can be removed by ensemble expurgation.

Next we prove an upper bound on the probability of the
minimum distance for a GLDPC code, which generalizes [121]
Lemma 22]. 2]
Theorem 3. For GLDPC code Ensemble 2, (3]

1
1-=XN(0)C
Proof: We denote byy andC the set of lengthV binary
vectors and the set of codewords, respectively. Considartev
{S € C}, whereS € V. The probability thatl,,;, < a*N for
a code is equal to the probability that for all possiSlevith
|S| < a*N, at leastone of them is a member @, which in
turn is equal to the probability of the union of evedi$ € C}
where|S| < a*N, i.e.,

Pr(dmin < a*N) < —1.

(4]

(6]
(7]

(8]

Pr(dmn <o*N)=Pr | |J {SecC}|.
S,|S|<a*N (0]
Using the union bound,
[10]
Pri |J {Sec} < > Pr(SeQ
S,|S|<a*N S,|S|<a*N
o N [11]
=Y | Y Pr(S€Q)|. (15) g

J=1 [5,I8|=j

Since all of the summands in the innermost summatiof ih (12}
are equal, we have

S\ Coef [Tiep, [AD ()] 2%
(e ol

(25)

Y Pr(SeC)=

S.I5|=
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