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Abstract—The three-node multiterminal lossy source coding
problem is investigated. We derive an inner bound to the general
rate-distortion region of this problem which appears to be the
natural extension of the seminal work by Kaspi [1] on the
interactive two-terminal source coding problem. It is shown
that this —rather involved- inner bound contains several rate-
distortion regions of some relevant source coding settings. In
this way, besides the non-trivial extension of the interactive two
terminal problem, our results can be seen as a generalization
and hence unification of several previous works in the field.

I. INTRODUCTION

Efficient distributed data compression enormous relevance
as larger. Data compression may be the only way to guarantee
acceptable levels of performance, e.g., anomaly detection,
when energy and link bandwidth are severely limited as in
many real world sensor networks. The distributed data col-
lected by different nodes in a network can be highly correlated
and this correlation can be exploited at the application layer,
e.g., for target localization and tracking or anomaly detection.
In such cases cooperative joint data-compression can achieve
a better overall rate-distortion tradeoff that can independent
compression at each node. Interaction among nodes may
take place via distributed/successive refinement source coding,
where nodes exchange —interactively— data among themselves
over a given number of communication rounds.

The value of interaction for source coding problems was
first recognized by Kaspi in his seminal work [1], where
the interactive two-terminal lossy source coding problem was
introduced and solved under the assumption of a finite number
of communication rounds. Although several extensions to this
problem exists (e.g. see [2]-[4] and references therein), to the
best of our knowledge, a proper generalization of this setting
to interactive multiterminal (> 2) lossy source coding has not
be studied yet.

In this paper, we consider the three-terminal interactive
lossy source coding problem presented in Fig. 1. We have a
network composed of 3 nodes which can interact through rate-
limited —error free— links. Each node measures the realization
of a discrete memoryless source (DMS) and is required to
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Figure 1: Three-terminal interactive source coding network.

reconstruct the sources from the other terminals with a fidelity
criterion. Nodes are allowed to interact by interchanging
information over a finite number of communication rounds.
After the information exchange phase is over, the nodes try to
reconstruct the realization of the sources at the other nodes
using all decoded descriptions. We first derive a general
achievable region by assuming a finite number of rounds.
Then, we show that this inner bound to the rate-distortion
region allows us to recover several previous inner bounds and
rate-distortion regions of some well-known interactive —as well
non-interactive— lossy source coding problems. We summarize
the notation. Boldface letters =™ and upper-case letters X are
used to denote vectors and random vectors of n components,
respectively. All alphabets are assumed to be finite. Entropy
is denoted by H(:) and mutual information by I(:;-). Let
X, Y and V be three random variables on some alphabets
with probability distribution p. If p(z|yv) = p(z]y) for each
x,y, v, then they form a Markov chain, which is denoted by
X =Y = V. The set of strong typical sequences is denoted
by T&]E. We simply denote these sets as 7. when clear from
the context. The cardinal of set A is denoted by |.A]|.

II. PROBLEM STATEMENT AND MAIN RESULT
A. Problem definition
Assume three DMS’s with alphabets and pmfs given by
(X1 x X x X3, px, x,x;,) Consider arbitrary distortion mea-
sures: d; : X; x X; — Rsg, i€ M = {1,2,3} where {X;}
are finite reconstruction alphabets. We consider the problem



of characterizing the rate-distortion region of the interactive
source coding setting described in Fig. 1. In this setting,
through K rounds of information exchange between the nodes
each one of them will attempt to recover a lossy description
of the sources that the others nodes observe, e.g., node 1
must reconstruct —while satisfying distortion constraints— the
realization of the sources X3 and X3 observed by nodes 2
and 3. Indeed, this setting can be seen as a generalization of
the well-known Kaspi’s problem.

Definition 1 (K-step interactive source code): A  K-step
interactive source code (n, {fL,fL , la}lf; . 0125 913, 921,
923, 931, g32) for the network model in Fig. 1 is defined by a
sequence [ € [1 : K] of encoder mappings:

X ( Ty X Ty X X Tp X T t) — Ty

X (T4 ) Tpy %o x TL x T — T
fxd Xg X (Tay X Ty %00 X Tgy X Tgy) — Ty

with message sets: jj/i = {1,2, . ,I:lci}, Iglci € Z>o, and

reconstruction mappings:

Gij - Xln X ® (jzlm X

meM, m#i

X TEY— Xr i £

The distortion is defined as the average of the per-letter
distortion d; (2", y") = L 3" di(Tm, Ym) -

Definition 2 (Achlevabzllty and rate-distortion region):
The tuple of rates and distortions (Rp,Rp, R3) and
D £ (D12,D13,D21,D23,D31,D32), respectively, are
(K,D)-achievable if Ve > 0 exists a K-step interactive
source code with rates satisfying:

1 K
=3 log|| 7| < Ri+e ieM
{Cy

and whose corresponding mean distortions verify:

E [di(XﬁX}Z)} <Dji+e i,jEM, i#],
where X7 = g;; (X2, hy (X7, X3, X3)) i # j € M with
® (Jilm X X jxifn) :

meM, m#i

The rate-distortion region R (D) is the set of all (Rl, Rs, R3,
K ,D)-achievable tuples. Similarly, the D-achievable region
R(D) is given by R(D) = co (Ux_; R¥ (D)), where co (-)
denotes the closure of the convex hull.

he (X7, X5, X3) =

Remark 1: Using a time-sharing argument it is easy to show
that R (D) is closed and convex VK € Z>.

Remark 2: R¥ (D) depends on the node ordering in the
encoding procedure. Above we defined the encoding functions
{rt fL., ls}lf; assuming that in each round node 1 acts
first, followed by node 2, and finally by node 3, and the process
begins again from node 1. For simplicity and without loss of
generality, we will assume the canonical ordering (1 — 2 —
3). However, there are 3! = 6 different orderings that may lead
to different rate-distortion regions.

B. Inner bound to the rate-distortion region

We present an achievable rate-region where each node at a
given round [ will generate descriptions destined to the other
nodes based on the realization of its own source, the past
descriptions generated by him and the descriptions generated
at the other nodes and recovered by him up to the present
round. In order to precisely describe the complex rate-region,
we need to introduce some definitions. For a set M, let
C (M) =2M\ {M, D} be the set of all subsets of M minus
M and the empty set. Denote the auxiliary random variables:

Uiss,, SEC(M),i%S,lZl,...,K. (D
Auxiliary random variables {U;_,s,;} will be used to denote
the descriptions in node ¢ and at round [ and intended to a set
of nodes S € C (M) with i ¢ S'. Similarly, {U;_2,} will
be used to denote the descriptions in node 1 at round [/ and
destined only to node 2. Let us also define variables:

Wiy = Common information shared by the three nodes
available at node ¢ at round [ before encoding

Vis,1,;q) = Private information shared by nodes in S € C (M)
available at node ¢ € S, at round [, before encoding
As an example of the above definitions, we may have:

W :{UIHZS k» U513k, Us12 k}ic;ll

Wio, =W,y U U231, Wizg = Wy U Uz13,
Vi, ={U1 52,k U2—>1,k}k:1 s Ve = Vg, YU U2,
Vs, 11={U153.k, U3a1,k}i§_:11 » Vs, = Vs U Ui—sy
Vi23,1,21={U2-3.k5 Usaz,k}ic;ll s V23,,3] = V231,21 U Ua—3.

Theorem 1 (Inner bound): Let R¥ (D) be the set of tuples:

1
Ry >Z 1%23 glz + R1%3) 2)
1 1 !
RQZZ (Rélliﬂ + Réll + Rgls) &)
!
R3>Z 3—>12 3l>1 + R:(al2) “4)

1 !
"‘Réis + R1»2 + Réll) o)
K
R+ R3ZZ (Rgllzs + R;(slaiz + Rgliz + R;(sl;? (6)
1=2

1 1
(R1a23 + Rgl2 + R143 + Réll
K
Ré%lZ + Ré%)Q) (7)

+R1a3 + R?Hl)

K
Ryo+R3 > Z R(l) st R(l) L2t R(l) 1t Rggl
=1

+Rza3 + Réllz) ®)

lUl_)Qg, ; is to be used to generate the descriptions in node 1 and round [
and destined to be transmitted to nodes 2 and 3.



Then, the rate-distortion region satisfies:

co| |J R*D)|<rR¥MD),

peP (D)

9

where

R§1L23>max{I(X1; Ui—23,1| XsWh pp)
—I(X3; Ua13,0Wiop), I (X13 Ur23.0| XoWp ) } (10)
RY

2 o1g>max{I(Xo; Us—134| X1 W2 )
—I(X1;Us5120 Wiz ), 1(X2; Uz13,0| XsWiayg) } (1)

Réllﬂz >maX{I(X3; Us_12, |X2W[3}l])

—I(X2; Ur23: Wi a41))s L (X33 Us 5120/ XaWs ) b (12)
R§Z23+R§Z13 > I(X1 X2; Urso3,Ua 5130/ XsWa ) (13)
RY, 4R, 1o > I(XoX3;Usy131Us 19, XiWpy) (14

R;(gl;i%-ﬁ-Rgllgg > I(X1X3; Ur23,Uz 5120 1| X2 W30 (15)

RTYST(X35Us 011 | XoWp,gVizs,i—1,3V]i2,.1))
XoWh qViesi—1,3V2,.17) (16)

—I(Usz—2,1-1;Ur523,U1 52,1

REZQ >1(X1; U2, Xo W2, Vizs .2 Va2, 1)) (I7)
R, +RYS) > I(Xy; Ui, XoWp2 ) Vies,.21Vi2,0,1))
+1(X3; Us 0,011 XoWn ) Vies,i-1,3 Vi2,1,1])
—I(Us 2,015 U523, XoWni ) Vigs)i—1,3V2,0,1)  (18)

R >I(X0; U sy | X3sWi2,1Vi23,1,21V13,0.1])
XsWi g Vies 2 Vis,1y) (19)

—I(U13,0; Us—13,Ua— 3,

RéZ3>I(X2; Uz—3,1| X3Wi3.1Vi23,1,21V113,1,3]) (20)
R +RY. > I(Xy; Ui—3,| XaWi2,gVi23,1,2V13,,1))
+1(Xa; Ugy3.1| X3 Wi3 ) Vi23,1,2) V13,1,3))
—I(U153,0; Uas130| XaWia ) Vizs 2 Vinsey) - (21

Rglll >1(Xo; Uzs1,1| XaWis ) Vinz,,2Vns,,3))
—1(Uz—1,03 Us 512Uz 51| XaWis ) Vi 2 Vins,,g)  (22)

Rélll >1(X3;Us51,| XaWpn e V241, Vis,s) (23)
R521+R§ll>l > 1(Xo; U1 | Xi Wiz ) V2,21 V]13,.3))
(X33 Us 1,0 | XioWhiey V21,1 Vis,,3)
—I(Ua—1,05 Us512,| XaWis ) V2,21 Vins,,3)) (24)

and P(D, K) denote the set of all joint probability measures
satisfying the following Markov chains for every [ € [1 : K|:

1) U231 (XaWpi ) o (X2 X3Vi2,0 Vs, Vies,2)

2) Uiszg o (XiWpeVi21)) & (X2 X3V, V)23,,2)

3) Urszg o (XaWpe Vi) o (X2 X3Vi2,1,21 V23,02

4) Uz13,1 o (XoaWpa ) o (X1 X3Vji2,1,9Viis,,3 Vi3,

5) Uzs1g o (XaW3 ) Vi2,,2) & (X1 X3Vi3,1,3V)23,1,2)
[

)
)
)
)
)
6) Uz—31e (XaWiznVi2s,1,2) & (X1 X3V)12,141,1)V13,0,3])

7) Uss12,6-(XsWizg))o-(X1 X2 V241,11 V30,3 Vi23.,3])
8) Us—1,ro(XaWin 1411V as,1,3)) (X1 X2 Vj12,41,11Vi23,1,3))
9) Us—2,10-XaWi,141V23,1,3)0X1XV12,141,1V13,141,1)

such that there exist mappings:

Gii (X1, Vi, k1,0 Wi k1)) = Xji (25)

with E [di(X,»,Xj,-)] < Dj; for each i,j € M and i # j.

III. CASES OF SPECIAL INTEREST AND RELATED WORK

Several inner bounds and rate-distortion regions on multiter-
minal source coding problems can be derived by specializing
the inner bound (9). Below we summarize only a few of them
for lack of space.

1) Distributed source coding with side information [5],
[6]: Consider the distributed source coding problem where
two nodes encode separately sources X; and X, to rates
(R1, R2) and a decoder by using side information X3 must
reconstruct both sources with average distortion less than D,
and Dy, respectively. By considering only one round/way
information exchange from nodes 1 and 2 (the encoders) to
node 3 (the decoder), the results in [5], [6] can be recovered
as a special case of the inner bound (9). Specifically, we
set: Uiso31 = Uss13g = Usi2) = Uisog = U1 =
Uss1,0 =Usoy =3, Viand U3 = Usy3; = @, VI > 1.
In this case, the above Markov chains imply: U; 31 & X1 —
e (X2X3Uz3,1) and Uz_y31 o Xy o (X1 X3U153,1) and
thus the rate-distortion region (9) reduces to the results in [6]

R >I(X1;U1531|1X3U253,1), Ra > 1(X93Us—3,1| X3U153,1)
Ri+ Ry > I(X1X9;U1531U25311X3) -

2) Source coding with side information at 2-decoders [7],
[8]: Consider the setting where one encoder X; transmits
descriptions to two decoders with different side informations
(X2, X3) and distortion requirements Dy and D3. Again we
consider only one way/round information exchange from node
1 (the encoder) to nodes 2 and 3 (the decoders). In this
case, we set: Uz .13 Uss120 = Uss1y = Uzyyy =
Us21 = Usyzy = I, VI and Uio3; = Ujoz; =
Uis21 = Uiz = 2, VI > 1. The above Markov chains
imply (U1_>2371U1_>271U1_>371) - X; o (X2X3) and thus
the rate-distortion region (9) reduces to the results in [7], [8]

Ry>max {I(X1;Ur59311X2), I(X1; Ur523.1|X3)}
+I(X1; U521 | XoUr503.1) + I( X3 Uros 1| XsUr503.1).

3) Two terminal interactive source coding [1]: Our inner
bound (9) is basically the generalization of the two termi-
nal problem to the three-terminal setting. Assume only two
encoders-decoders X; and X5 which must reconstruct the
other terminal source 3 with distortion constraints [ and
D5, and after K rounds of information exchange. Let us
set: Uis231 = Uss13) = Ussi2y = Urnzy = Uz =
Ussy = Us9; = &, VI and X3 = &. The Markov chains
become U2 —— (X1Vji2,,1]) —o— X2 and U1 ——



(X2Vp12,,2)) & Xa for [ € [1: K] and thus the rate-distortion
region (9) to the results in [1]

Ry > I(X1; Vg, k+1.1)1X2), Ro > I(Xo; Vg, k41,11 X1)-

4) Two terminal interactive source coding with a helper
[2]: Consider now two encoders/decoders, namely Xs and
X3, that must reconstruct the other terminal source with
distortion constraints Dy and D3, respectively, using K com-
munication rounds. Assume also that another encoder X,
provides both nodes (2,3) with a common description before
beginning the information exchange and then remains silent.
Such common description can be exploited as coded side
information. Let us set: Us13; = Us—12; = Uiss; =
Uisoy = Uissy = Uy = Usoay = 9, VI and
Ui—23,; = @, VI > 1. The Markov chains reduce to:

Ur—a31 = X1 - (X2 X3)
Uz—31 o (XoUi 231 V23,1,2]) == (X1X3) ,
Uz 2,1 o= (X3U15231V)23,1,3) - (X1X2) .

The rate-distortion region (9) reduces to

Ry>max {I(X1;U1592311X2), I(X1;Ur152311X3) }
Ry>1(X2; Vs, k41,21 X3U1523,1)
R3>1(X3; Vias, k41,21 X2U15231),

This region contains the region in [2]. As in that paper it is
further assumed (in order to have a converse result) that X; -e-
X3 -e- Xy, the value of R; satisfies Ry > I(X1; Ui—23,1]|X2).
Obviously, with the same extra Markov chain we obtain the
same limiting value for R;.

IV. PROOF OF THE INNER BOUND IN THEOREM 1
A. Main idea behind the proof

We first provide the basic idea of the random coding scheme
that achieves the rate-region in Theorem 1 for the case of K
communication rounds.

Assume that all codebooks are randomly generated and re-
vealed to all the nodes before the information exchange begins
and consider the encoding ordering given by 1 — 2 — 3 so
that we begin at round [ = 1 in node 1. From the observation
of the source X{', node 1 generates a set of descriptions
for each of the other nodes in the networks. Then, node 2
tries to recover the descriptions destined to it (using X3 as
side information) and generates its own descriptions, based on
source X' and the recovered descriptions from node 1. The
same process goes on until node 3, which tries to recover the
descriptions generated by node 1 and node 2 destined to it
—using X3 as side information—, and then generates its own
descriptions destined to nodes 1 and 2. Finally, node 1 tries to
recover all the descriptions destined to it generated by nodes
2 and 3. After this, round [ = 1 is over, and round [ = 2
begins with node 1 generating new descriptions using X7,
its encoding history (from previous round) and the recovered
descriptions from the other nodes. The process continues in
a similar manner until we reach round ! = K where node 3

recovers the descriptions from the other nodes and generates
its own ones. Node 1 recovers the last descriptions destined
to it from nodes 2 and 3 but does not generate new ones. The
same holds for node 2 who only recovers the descriptions
generated by node 3 and thus terminating the information
exchange procedure. At termination each node recovers an
estimate of the other sources by using all decoded descriptions
available from K rounds.

B. Sketch of the proof

1) Codebook generation: Consider the round [ € [1 : K]
(1

in node 1. Generate 2771’2 independent and identically

distributed n-length codewords U, 53 ; (1231, My, ,,) ac-

cording to the product probability measure:

H Pr <u1—>23,l7i<m1~>237l7 mw[l,”)|w[1,l],z‘(mw[1,”)) .
i=1

. )
Index them with mi_03; € |1 2nfti523] and let
myy,, , denote the indices of the descriptions Wﬁ j pre-

viously generated. Distribute them uniformly over on R, 2
bins denoted by Bi 23 (p1-23.1, mwy, ), and index them
with p103; € 1 : 2”R5223]. Also generate on Ry,
and 2"f1-3¢ independent and identically distributed n-
length codewords U, ;(mi—20, Mwy, 1, My, , ), and
index them with mj_93; € |1 2"1%522] and
UlnA—)g,l(ml_>37l7mW[2,L]’mV[lSTZ,l]) with mi3; € [1

(O} . o
2nf153] according to the product probability measures:
n

H Pr (u1—>2,l,i(m1—>2,la W5 115 W2, 1) ) |w[2,l]7i(mW[2,l] )7

izl v[127l71]7i(mv[12,l,1])) ’

H Pr (u1—>3,l,i(ml—>2,l7 mW[g,l] ) mV[lgyl,l] ) |w[2,l],i(mW[2,l] )7
e
! U[13,171]7i(mv[13,z,1]>) .
I . .

These codewords are distributed uniformly on 2"fi-2 bins
denoted by Blﬁgyl (}?})HthW[Q‘I],mv&l)ll’l]), indexed with
pisey € [1 : 27Fio2] and on 2"Fios bins denoted by
Bi31 (P1osa s mwg, s My, ) indexed with pryz; € [1:

0 . o .
2n1ti53], respectively. The descriptions in nodes 2 and 3 are
generated by following a similar procedure.

2) Encoding  technique: Consider node 1 at
round ! € [1 : K]|. Encoder 1 first looks for
a  codeword  ul ,53,(mi1231,7Mwn,,) such  that
(.%‘?, w[nLl] (mW[l,z] )u?—>23,l(m1—>237l7 mw[l,l] )) is  typical

and where 7y, , is the estimated index of W"[1,[] at
node 1 (notice that some components in this codeword
are generated at node 1 and are perfectly known). If more
than one codeword satisfied this condition, then we choose
the one with the smallest index. Otherwise, if no such
codeword exists, we choose an arbitrary index and declare
an error. With the chosen index mi_23;, we determine
the index pi23; of the bin By o3, (p123i, owy, )
to which m;j_03,; belongs. Similarly, Encoder 1
looks for codewords ugl_>27l(mH2,l,mwlwmv[mu),



u?éw(ml_)g’l,mwlzy”,mv[lg“]) such that they are jointly
typical  with (2}, wfy (o ). vk (mVuz,z,l])) and

27, Wiy (Mg, 1) Vg 10y (v, ) ), Tespectively.  The
encoding procedure continues by finally determining p;_o;
and p;_,3; in a similar manner. Node 1 then transmits to node
2 and 3 the determined indices (p1—23,1, 12,1, P1—3,1)- The
encoding in nodes 2 and 3 follows along the same lines.

3) Decoding technique: Consider round [ € [1 : K'+1] and
node 2. The indices (p1—23,,P3—12,1—1,P1-2,0, P3—2,1—1)
are the ones relevant to node 2. Knowing this set of
indices, node 2 aims to recover the exact values of
(m1-23,0, M3-512,1—1, M12,1,M3—27—1). This is done
through successive decoding where first, the common
information indices are recovered by looking for the
unique tuple of codewords uy o5, (M1-23.1, MW, )
uy 19, 1(M3—231-1,Mwy,,_,,) which are jointly typical
with (a:g‘,w&l_l] (mw[&lfl])), and also belongs to the
bins given by pi_23; and p3_i12;—1, and where Tﬁw[aylil]
is composed of indices of common information recovered
and generated at node 2 at the previous rounds. If there
are more than one pair of codewords, or none that satisfies
this, we choose a predefined one and declare an error. After
this, node 2 can recover the private information indices
by looking at codewords ugl_,Q)l(mHgyl,mwm,mv[lzm)
and  ug o, 1 (M3-21-1,MWy s My, ,)  Which  are
jointly typical with (xg',wf’il] (MW, 0)s V12,01 (Ta,0)s
Ulha_14 (mv[23’171,3])) and are in the bins given by p1_2
and p3_,2;—1. If there are more than one pair of codewords,
or none that satisfies this, we choose a predefined one and
declare an error.

4) Lossy reconstructions: After all rounds are accom-
plished, each node needs to estimate the source. For instance,
node 1 reconstruct the source of node 2 by using:

T124 = 912 (@16, V12, K+1,1)i> W[, K+1]3) » (26)

for « = 1,2,...,n and similarly, for the source of node 3.
Reconstruction at nodes 2 and 3 is done in the same way.

5) Error and distortion analysis: For lack of space we only
provide a brief discussion. Denote with an upper case letter
the true indices generated at the nodes, i.e. M;_,23 ;. Consider
the event G; with [ € [1: K + 1]

( {Lv Xga X?:Lv Wﬁ,l] (MW[u] )a VﬁQ,l,l] (MV[12,1,1] )7

VﬁS,l,l] (MV[13,1,1] )’ V[g3,l,2] (MV[zs,z,s] )) 67;77 €>0,

The key is to prove that P(Gxy1) — 1 with n — oco. If
this is the case it is straightforward to show that the average
distortions satisfy the required fidelity constraints. Let & the
event that during round [ and in any node there is at least one
error at the encoding and that at the decoding at least one of
true indices are not recovered. It is not hard to see that

P (GK-H) < i]P’ (55 N Gl) +P (51) .

=1

27)

When n — oo it is clear that P (Gl) — 0. Similarly, using
standard arguments, it can be shown that P(&NG) —
0,vl € [1 : K]. From the resulting rate equations we then
need to eliminate the terms R! ¢ with S € C (M), i ¢ S and
[ € [1: K]. This is accomplished through a Fourier-Motzkin
elimination procedure [9]. In this manner the rates in equations
(10)-(24) are obtained.

Remark 3: It is worth mentioning here that we constrained
our scheme to use successive decoding, i.e., by recovering
first common and then private descriptions. Although the best
would be to allow joint decoding, only successive decoding
makes possible our derivation of a closed-form rate-region.

Remark 4: The idea behind our derivation of the achievable
region can be extended to any number M (> 3) of nodes
in the network. This can be accomplished by generating a
greater number of superimposed coding layers. First a layer
of codes that generates descriptions intended to be decoded
by all nodes. The next layer corresponding to all subsets of
size M — 1, etc, until we reach the final layer composed by
codes that generate private descriptions for each of nodes.
Again, succesive decoding is used at the nodes to recover the
descriptions in these layers destined to them.

V. SUMMARY AND DISCUSSION

We introduced the interactive three-terminal source coding
problem and derived an inner bound to the rate-distortion
region. Several previous results for interactive —as well non-
interactive— lossy source coding problems were shown to be
special case of this inner bound. Although not included (for
lack of space) in this short ISIT submission format, an outer
bound has also been derived which shows to be tight in several
novel cases of interest [10].
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