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Abstract

We study thedegrees of freedom (DoR)f cellular networks in which dull duplex (FD) base station (BS)
equipped with multiple transmit and receive antennas comcates with multiple mobile users. We consider two
different scenarios. In the first scenario, we study the easen half duplex (HD) userspartitioned to either the
uplink (UL) set or the downlink (DL) set, simultaneously comnicate with the FD BS. In the second scenario, we
study the case wheRD userssimultaneously communicate UL and DL data with the FD BS.ikéntonventional
HD only systems, inter-user interference (within the cely severely limit the DoF, and must be carefully taken into
account. With the goal of providing theoretical guidelif@sdesigning such FD systems, we completely characterize
the sum DoF of each of the two different FD cellular networlgsdieveloping an achievable scheme and obtaining
a matching upper bound. The key idea of the proposed scheredarefully allocate UL and DL information
streams using interference alignment and beamformingitgoks. By comparing the DoFs of the considered FD
systems with those of the conventional HD systems, we ashatiie DoF gain by enabling FD operation in various
configurations. As a consequence of the result, we show lileaDbF can approach the two-fold gain over the HD
systems when the number of users becomes large enough asreahtp the number of antennas at the BS.

Index Terms

Cellular network, degrees of freedom, full duplex, integfece alignment, multiantenna technique.

. INTRODUCTION

Current cellular communication systems operate in haftfieiki(HD) mode by transmitting and receiving either
at different time slots or over different frequency bandlse Bystem is designed in such a way that the downlink
(DL) and uplink (UL) traffics are structurally separated lipe division duplexing (TDD) or frequency division
duplexing (FDD). The advantage of such design principlenét it avoids the high-powered self-interference that
is generated during simultaneous transmission and recef®ecent results [1]=[6], however, have demonstrated
the feasibility offull-duplex (FD) wireless communication by suppressing or cancellgl§iaterference in the RF
and baseband level. Various practical designs to realifenserference cancellation have been proposed in the
literature, including adding additional antennas [2], iadcauxiliary transmit RF chain§|[3] or auxiliary receive RF
chains [4], using polarization [3],_[4], employing balurraiits [5], and many more. For more details, dee [6], [7]
and the references therein.

By enabling simultaneous transmission and reception, Eibrig expected to double the spectral efficiency of
current HD system$ [7], and is considered as one of the kéytdogies for next generation communication systems.
Evidently, in situations where the base station (BS) anduser simultaneously transmit bidirectionally as shown
in Figure[1(d), enabling FD doubles the overall spectratiefficy. This point-to-point bidirectional communication
example, however, is just one instance of how a FD cellulatesy will function.
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Fig. 1. Full-duplex network configurations.

In some practical cases, the system may have to support H3 ugech do not have FD radio due to extra
hardware burden on mobile devices. In such case, the FD BSiparitaneously communicate with two sets of
users, one receiving DL data from the BS and the other tratisgnilUL data to the BS (Figure 1(b)). In another
configuration shown in Figurg I{c), for instance, when the S many more antennas compared to each user,
the FD BS may wish to simultaneously communicate with mlgtieD users using multi-user multiple-input and
multiple-output (MIMO) techniques. Since the BS is simo#ausly transmitting and receiving, there is potential to
double the overall spectral efficiency compared to the catiweal HD only systems. However, the configurations
shown in Figure$ 1(b) and Ijc) induce a new source of intenfeg that does not arise in HD only networks. In
Figure[I(D), since user 1 is transmitting to the BS while @serreceiving from the BS, the transmission from user
1 causes interference to user 2. Similarly, in Figure]1{@, WL transmission of the users causes interference to
the DL reception to each other. In cases where this type effgrence is strong and proper interference mitigation
technigues are not applied, the gain of having FD radios @asdverely limited even when self-interference is
completely removed.

To manage inter-user interference and fully utilize wisslepectrum with FD operation, in this paper we employ
signal spacdnterference alignmen{lA) schemes optimized for FD networks including the cases-igure 1.
Initially proposed by the seminar works inl [8]=]10], IA is ading technique that efficiently deals with interference
and is known to achieve the optimal DoF for various interiere networks[[11}+-[22]. Especially, it is shown
that IA can be successfully applied to mitigate interfeeeirc various cellular networks, such as two-cell cellular
networks [11], [12] and multiantenna UL-DL cellular netksr[20]. Furthermore, the idea of IA can also be
applied to the (multi-user) bidirectional cellular netkowrith ergodic phase fading [21], in which the achievable
scheme is based on the ergodic IA scheme proposed in [22].

Motivated by the aforementioned previous works relatedApwe propose the optimal transmission schemes
that attain the optimal sum DoFs for two configurations: 1ebutar network with a multiantenna FD BS and HD
users (Figurg¢ I(b)); 2) a cellular network with a multiamtarFD BS and FD users (Figure 1(c)). The key idea
of the proposed schemes is to carefully allocate the UL andrdrmation streams using IA and beamforming
technigques. The UL data is sent to the BS using IA such thatirttex-user interference is confined within a
tolerated number of signal dimensions, while the BS tratsimithe remaining signal dimensions via zero-forcing
beamforming for the DL transmission.

With the proposed schemes, our primary goal is to answerhghét FD operation can still double the overall
spectral efficiency even in the presence of inter-userfitence. We answer this question by providing matching
upper bounds with the proposed achievable schemes, calyptdtaracterising the sum DoFs of the considered
networks. As a consequence of the result, even in the preswhater-user interference, we show that the overall
DoF can approach the two-fold gain over HD only networks wtiennumber of users becomes large as compared
to the number of antennas at the BS. We further provide the @@ of the FD systems by considering various
configurations (see Sections Ill and V1.).

A. Previous Works

In [10], Cadambe and Jafar proposed a novel interferenceageanent technique calledterference alignment
(IA), which achieves the optimal sum DoF d} for the K-user interference channel (IC) with time-varying



channel coefficients. In addition, for the case in which &larnel coefficients are constant, Motahari et[all [23],
[24] proposed a different type of IA scheme based on nuntiewretic properties of rational and irrational numbers
and showed that the optimal DoF éf is also achievable. Later, alternative methods of alighinerference in the
finite signal-to-noise regime has been also proposed in [28]-|27]. The concept of IA has been successfully
adapted to various network environments, e.g., see [19]-dfd the references therein.

The DoF of cellular networks has been first studied by Suh aselfér both UL and DL environments, where
inter-cell interference exists [11], [12]. It was showntthi@r two-cell networks havings users in each cell, the
sum DoF of + is achievable for both UL and DL. Thus, multiple users at eeslhare beneficial for improving
the DoF of cellular networks. These models were furtherradee to more general cases in terms of the number of
users and the number of antennas at each BS [28]-[33]. Ini@udldiecently, the DoF of the multiantenna UL-DL
cellular network consisting of DL and UL cells has been stddin [20], [34]. For a cellular network with FD
operation in the absence of self-interference, the DoF efithulti-user) bidirectional case has been studied in [21]
for ergodic phase fading setting.

B. Paper Organization

The rest of this paper is organized as follows. In SectiomwHl, describe the network model and the sum DoF
metric considered in this paper. In Section Ill, we presbatmain results of the paper and intuitively explain how
FD operation can increase the DoF. In Sections IV and V, weigeothe achievability and converse proofs of the
main theorems, respectively. In Section VI, we discuss tiygaicts of self-interference and scheduling on the DoF.
Finally, we conclude in Section VII.

Notations: We will use boldface lowercase letters to denote vectorb lawidface uppercase letters to denote
matrices. Throughout the papét,: n| denotes{1,2,--- ,n}, 0,, denotes the: x 1 all-zero vector, and,, denotes
the n x n identity matrix. For a real value, a* denotesnax(0,a). For a set of vector$a; }, span({a;}) denotes
the vector space spanned by the vectordan}. For a vectorb, b L span({a;}) means thab is orthogonal
with all vectors inspan({a;}). For a set of matrice$A,}, diag(A4,---, A,,) denotes the block diagonal matrix
consisting of{A;}.

I[I. PROBLEM FORMULATION

For a comprehensive understanding of the DoF improvemenhdyrporating FD operation, we consider two
types of network models: the first network model consists single FD BS which simultaneously transmits to a
set of DL users (in HD mode) and receives from a set of UL udar$iD mode); the second model consists of
a single FD BS communicating with a set of FD users. Unleseratise specified, we simply denote BS for FD
BS in the rest of this paper.

A. Network Model

In this subsection, we formally define the network modelstfar two cases mentioned above.

1) FD-BS—HD-user cellular networksthis network model consists of a mixture of a FD BS and HD usEns
HD users are partitioned into two sets, in which one set ofsuaee transmitting to the BS, and the other set of
users are receiving from the BS simultaneously. This aalloktwork is depicted in Figufd 2. We assume that the
FD BS is equipped with\/; transmit antennas antl/s receive antennas. On the user side, we assume that there
are N; DL users andN; UL users, each equipped with a single antenna. Here, eachsuassumed to operate
in HD mode. The BS wishes to send a set of independent mes(sﬁd@s wld }) to the DL users and at the

same time wishes to receive a set of independent mesﬁag@%' - ,W][\';]) from the UL users.
Fori € [1: Ny], the received signal of DL usérat time¢, denoted byyl.‘ﬂ (t) € R, is given by

() = gi(t)xt +Zhw 2t + 29 (t) (1)
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Fig. 2. The(Mi, M2, N1, N2) FD-BS—HD-user cellular network.

and the received signal vector of the BS at timelenoted byy®*! (1) € RMzx1  is given by
N,
) = >0l 1) + 2 ), @
j=1

wherex®sl(t) € RM:*1 is the transmit signal vector of the BS at tlm,efc[ }[ t] € R is the transmit signal of UL
userj at timet, g;(t) € R1*M: s the channel vector from the BS to DL useat timet, h;;(t) € R is the scalar
channel from UL useyj to DL useri at timet, andf(t) € RM:*! is the channel vector from UL usgrto the

BS. The additive noisesi[d] (t) € R andz[*(t) € RM=*1 are assumed to be independent of each other and also
independent over time, and is distributedz&8(t) ~ A/(0,1) andz®l(t) ~ A'(04s,,Tas,).

We assume that channel coefficients are drawn i.i.d. fromnéiramous distribution and vary independently over
time. It is further assumed that global channel state in&tiom (CSI) is available at the BS and each UL and DL
user. The BS and each UL user is assumed to satisfy an aveaagenit power constraint, i.eE, [Hx[bs} O] <P
andE[\xg.”}(t)P] < Pforallje[l:Ny.

In the rest of the paper, we denote this network d3/, Ms, N1, No) FD-BS—HD-user cellular network.

Remark 1:We assume perfect self-interference suppression witlérBt during FD operation. Hence there is
no self-interference for the input—output relations[ih &bd [2). We will discuss how imperfect self-interference
suppression effects the DoF in Section VI-A. O

2) FD-BS—FD-user cellular networksin this model, we consider the case where both the BS and bhs®es
FD capability (depicted in Figuld 3). As before, we assuna¢ tihe BS is equipped with/; transmit antennas and
M, receive antennas. However, unlike the FD-BS—HD-user leglletwork, there is a single set &f FD users,
each equipped with a single transmit and a single receivenaat that simultaneously transmits to and receives
from the BS. The BS wishes to send a set of independent messa@@ W][\‘,ﬂ) to the users and at the same
time wishes to receive a set of independent mess@@fé"g, e [”]) from the same users.

For i € [1, N, the received signal of usérat timet is given by

yz(t) = gz [bs Z hzy w] + Zz( ) (3)

J=1,j#i
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Fig. 3. The(Mi, M2, N) FD-BS—FD-user cellular network.

and the received signal vector of the BS at timis given by
N
yPI(E) = £t (1) + 2 (1) (4)
j=1

As before, we assume that self-interference at the BS ardwessar is completely suppressed, which is reflected in
the input—output relations il(3) and (4). The rest of theiagstions are the same as those of thé , My, Ny, N»)
FD-BS—HD-user cellular network.

In the rest of the paper, we denote this network 49/, M, N) FD-BS—FD-user cellular network.

B. Degrees of Freedom

For each network model, we define a set of lengthlock codes and its achievable DoF.
1) FD-BS—HD-user cellular networkd:et WZ.[‘ﬂ and W}”} be chosen uniformly at random frof : 2"R£]] and

[1: 277" respectively, wheré € [1: Ny] andj € [1: Ny]. Then a(2*® ... onfx, onR ... onBR,. 5y code
consists of the following set of encoding and decoding fiomst
« Encoding:Fort € [1 : n], the encoding function of the BS at tintds given by

xlI(t) = g (W, WLy (1), -y - 1)),
Fort € [1: n], the encoding function of UL user at timet is given by
25(t) = (W),

wherej € [1: No).
« Decoding:Upon receivingy!®!(1) to y*!(n), the decoding function of the BS is given by

Wj[u} = (¥l ), - yPI(n), l[‘ﬂ,... ,W][\‘,il]) for j € [1: Ny).
Upon receivingy;(1) to y;(n), the decoding function of DL useris given by
wherei € [1: Ny].



A rate tuple(R[l‘ﬂ, e ,RE@,R[{‘}, e ,R%]z) is said to beachievablefor the FD-BS—HD-user cellular network
if there exists a sequence @ ... (RN, onRY ,Z”sz;n) codes such thapr(W'¥ # W) — 0 and
Pr(W}”} # Wj[“]) — 0 asn increases for alf € [1: N;] andj € [1 : Ny]. Then the achievable DoF tuple is given
by

2

%logP".'7%10gP7 %logP’”' ’ %logP

(®)

] R ] Rl
—00

We further denote the maximum achievable sum DoF of the FBHEBuser cellular network by 5, i.e.,

N>
Sl ey allt, (6)

where D denotes the DoF region of the FD-BS—HD-user cellular ndtwor

2) FD-BS—FD-user cellular networksSimilar to the FD-BS—HD-user cellular network, we can defineachiev-
able DoF tuple of the FD-BS—FD-user cellular network. Thg B#éference is that each user also operates in FD
mode for this second model. Specifically, the encoding foncbf useri at time¢ € [1 : n] is given byxi(t? =
cpt(Wi[u},yi(l), .-+, y;(t — 1)) and the decoding function of useéiis given byWi[d] = ;i (y; (1), - ,yi(n),Wi”]),
wherei € [1 : N]. Then the definition of an achievable DoF tumléd], e ,dgf,],d[l“], e ,dE\“,]) is the same as that
of the FD-BS—HD-user cellular network. Similarly, we demdhe maximum achievable sum DoF of the FD-BS—
FD-user cellular network byls; ».

dsn1 = max
’ d d u u
(d[1]7 7d5\7]-1 7d[1]7 7d5V]2)€D

I11. MAIN RESULTS

In this section, we state the main results of this paper. Waptetely characterize the sum DoFs of both the
(M, My, N1, Ny) FD-BS—HD-user cellular network and thié/;, Ms, N) FD-BS—FD-user cellular network.
Theorem 1:For the (M, My, N1, No) FD-BS—HD-user cellular network,

No(Ny — M N1 (Ny — M.
dy 1 = min < M; + Ms, max(Ny, No), max M1+M,M2+M . @)
’ Ny No
Proof: The achievability proof is given in SectignllV and the commseeproof is given in Sectidn]V. [ |

We demonstrate the utility of Theoreh 1 by the following exden

Example 1 (Symmetric FD-BS—HD-user cellular networkS@insider the M, M, N, N) FD-BS—HD-user cellu-
lar network, i.e.,M; = My = M andN; = N, = N. For this symmetric caséy, ; = min(2M/, N') from Theorem
(. On the other hand, if the BS operates in HD mode, we canyesesl that the sum DoF is limited byin(M, N).
By comparing the sum DoFs, we can see that there is a two-faildl loy operating the BS in FD mode when we
have enough number of users in the network, N> 2M. Figure[4 plotsds; ; with respect toV whenM = 5.
As shown in the figure, FD operation at the BS improves the swi &N increases and eventually the sum DoF
is doubled compared to HD BS for large enoulyh O

For the FD-BS—-FD-user cellular network, we have the foltayvtheorem.

Theorem 2:For the (M, My, N) FD-BS—FD-user cellular network,

d272 = min(M1 + M, N) (8)

Proof: From the network model and the DoF definition in Sectioh Ily @thievable sum DoF in the
(My, My, N, N) FD-BS—HD-user cellular network is also achievable for thé , M>, N) FD-BS—FD-user cellular
network. In particular, the encoding functions at the BS taee same for both network models, and the BS also
receives the same signal as shown[ih (1) and (3). Comparangsér encoders, we can see that the user encoding
function for the FD-BS—FD-user cellular network is more gexh than the encoding function for the FD-BS—HD-
user cellular network. Furthermore, we can easily see Heatdceived signall4) is “better” than the received signal
for the FD-BS—-HD-user cellular networkl(3), in that it hasdenterference (self-interference is suppressed for the
FD user case). Hence, from Theoré€in 1, the sum Domf(M; + M,, N) is achievable for thé My, My, N)
FD-BS—FD-user cellular network, which coincides with » in (8). The converse proof is given in Sectioh \i

We demonstrate the utility of Theoreh 2 by the following exden
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Example 2 (Symmetric FD-BS—FD-user cellular networkS@insider the(M, M, N) FD-BS—-FD-user cellular
network, i.e.,M; = My = M. For this symmetric casely » = min(2M, N) from TheoreniR, which coincides
with the sum DoF of the symmetric FD-BS—HD-user cellularwwek in Example[l. Again, if both the BS and
the users are limited to operate in HD mode, then the sum Ddified by min(M, V). O

To be fair, the(M, M, N) FD-BS—FD-user cellular network in Examgleé 2 has been cemsilin [21] under
the ergodic fading setting assuming that the phase of eaahneh coefficient in{h;;(t)}; jeji:n),i»; IS drawn
independently from a uniform phase distribution. For thése; it has been shown in_|21, Theorem 1] that the
achievable DoF tuple satisfies:

N
3" dY < min(M, N)
=1

N
Z dg-u] < min(M, N)
j=1
N ’ N
S dY 3" dM < min2am, N), 9)
i=1 j=1
where [9) characterises the sum DoF. This resulf’in [21] isegd in that it provides a general achievableF
region, while our result in Theorerm] 2 generalizes then DoFresult in [21] by considering arbitrary number of
transmit and receive antennas at the BS, and also extendy id.d. generic channel setting including the ergodic
fading setting.
In Sectior V], we discuss in detail regarding the DoF improeat by enabling FD operation, and also the effect
of imperfect self-interference suppression.

IV. ACHIEVABILITY

In this section, we prove that the sum DdfE; in Theorenil is achievable. To better illustrate the maiights
of the coding scheme, we first consider the achievablity aforbml for the casé/; = 1 in Section[IV-A. The
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Fig. 5. Transmit beamforming for th@\/,, M>, 1, No) FD-BS—HD-user cellular network wheh/z < Na.

main component of the scheme utilizes IA via transmit beamiiog with a finite symbol extension. For general
N7, interference from multiple UL users should be simultarsdpaligned at multiple DL users, which requires
asymptotic 1A, i.e., an arbitrarily large symbol extensidn Section[ IV-B, we introduce transmit beamforming
adopting such asymptotic IA for the general network confgon.

A. The CaseV; =1
For the (M, M, 1, No) FD-BS—HD-user cellular network,

{N2 if My > No,
ds =

10
My + —N21Q2M2 if My < Na (10)

from Theoren(JL. For the proof on hol _{10) can be evaluated f{@nfor the caseN; = 1, we refer to the
proof in Lemma[lL. In the following, we show thdt. ; in (I0) is achievable by considering two casgs, > N,
and M, < N,. For the first casell, > N,, we can easily achievéy, ; = N, by simply utilizing only the UL
transmission, i.e., the BS receives from tNe UL users with/, receive antennas. Now consider the second case
where M, < N,, which we explain with the help of Figufé 7.

For this case, communication takes place via transmit bexanifig over a block ofV; time slots, i.e. N, symbol
extension. Denote

Gy = diag(gi(1), - g1(No)) € RV=X N,
ﬁlj = dlag(hlj(1)7 e 7h1j(N2)) S RN2><N27
F; = diag(fj(1), - ,f;(No)) € RM2N2x o, (11)
wherej € [1 : No|. The BS sendsV, — M, information symbols to the DL user via the; N x 1 beamforming

vectors{vf}}ke[lzNz_Mﬂ. On the other hand, UL usere [1 : N3] sends)M; information symbols to the BS via
the N, x 1 beamforming vector@% e ] -
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We first construct{\‘rLd]}ke[l:NZ_Mz] as a set ofV, — M5 linearly independent random vectors. Next, we construct

linearly independen{\‘rﬁ] Yre:an] jeqi:n,) Such that for eacl € [1 : My, all the N, information symbols that are

indexed withk € [1 : M,] are aligned at the DL user, i.e., satisfying the 1A conditﬂmﬁ[lﬂ =...= I_{1N2\7%]2k

for all k& € [1 : M,]. Specifically, we first construc{\‘/g‘}j}ke[wﬂ as a set ofM; linearly independent random
vectors. Then, for a givel{ivgﬂ}ke[l:%], we constructvgf,‘j = (f{lj)—lﬂnv[l‘}f] forall k € [1: Ms],j € [2: Ny.

By such construction, the resultir{g*rg.‘}j Yreli:Ms),jel1:n,) @re linearly independent almost surely.

We now move on to the decoding step at the DL user. Due to thd@ou® IA procedure of the UL users, the
number of dimensions occupied by the inter-user interiggesignals is given by/s. Furthermore, the DL signals
sent by the BS occupW, — M, dimensions and are linearly independent of the inter-ustarference signals
almost surely. Hence, the DL user is able to decode its im@ridformation symbols achieving one DoF each.
Next, consider decoding at the BS. Sin{:@%}ke[l;M2]J€[1:N2] are linearly independen{FjVj[.L,‘j}ke[l:Mﬂ,je[l:Nﬂ
are also linearly independent almost surely. Hence, the B8ble to decode thd/, N, information symbols.
Finally, from the fact that a total oV, — M, + M> N> information symbols are communicated oveés time slots,
ds;1 = My + 2222 is achievable for the caskl, < Ny.

B. General Case

Following the intuition in the previous subsection, with, e would like to confine the interference signals
transmitted from multiple UL users into a preserved sigoakpace at each DL user, leaving the rest of subspace for
the intended signals sent from the BS. For genéfglthis requires arbitrarily large number of symbol extensio
[10].

For this purpose, a recently developed IA techniqué in [2@]ttie multiantenna UL-DL cellular network can be
applied for the(M;, M5, N1, No) FD-BS—HD-user cellular network. To show how the schemé @j f&s into our
problem, we begin with a brief overview of their network mbda [20], the authors consider a UL-DL cellular
network (Figurd_B), where two cells co-exist (each cell istssof one BS and a set of users). In one cell, a BS
with M; antennas transmits to a setdf DL users, while in the other cell a set of UL users transmit 8Sawith
M, antennas. Thus, the network models the case when it canwdetesith cell in DL or UL phase separately. The
structural similarity with our FD-BS—HD-user cellular ma&trk is apparent, and the key difference between them
is that there is no inter-cell interference between the DL&@ UL BS (since in the FD-BS—HD-user cellular
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Fig. 7. Conceptual illustration of transmit beamforming fioe (M, M2, N1, N2) FD-BS—HD-user cellular network, where for convenience
we assume\; > Az in the figure.

network, UL and DL is performed with a single FD BS). Accomliy) the transmit signal vector of the DL BS in
the UL-DL model (Figurél6) can also be used as the transmiasigector of the FD BS in the FD-BS—HD-user
cellular network (Figuré]2), and the transmit signal of eatth user in the UL-DL model (Figur€l6) can also
be used by each UL user in the FD-BS—HD-user cellular netwliture[2). Therefore, the IA scheme stated in
[20, Section IV-E] is applicable to theM;, My, N1, N;) FD-BS—HD-user cellular network. However, due to the
self-interference suppression capability in the FD BS c#se performanceresulting from this scheme will be
different for the two networks, and our contribution for asfability lies in the analysis of the sum DoF of the
scheme for the FD-BS—HD-user cellular network.

For completeness and better understanding, we briefly suizeniaow the 1A scheme in_[20, Section IV-E] can
be adapted to theM, My, N1, No) FD-BS—HD-user cellular network. We then give the analys$igsoachievable
sum DoF.

1) DL interference nulling and UL interference alignmem@ommunication takes place over a blockftime
slots, i.e.,T symbol extension. Denote

G;
f{

diag (g1 (i), - - - gi(T)) € RTMT
diag(hij(1), -+, hij(T)) € RT*T,
= diag(f;(1), -~ , (7)) € R, (12)
fori e [1:Ny]Jandj € |1 : Ng]. Each information symbol is transmitted through a lergthime-extended

beamforming vector. Figurd 7 is a conceptual illustration this transmit beamforming. We refer to [20, Section
IV-E] for the detailed construction of beamforming vect@sippose thak;, A; € (0,1] ander — 0 asT increases.
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Fig. 8. FeasiblgA1, A2) region and the extreme points attaining the maximum sum DoF.

Fori € [1 : Ny], the BS sends\,7'(1 — er) information symbols to DL user using the set ofl" time-extended
beamforming vector$v£§i]}ke[1 T (1—ep))- Similarly, UL userj sends\,7'(1 — ep) information symbols to the BS
using the set ofl” time-extended beamforming vecto{r\sﬂﬁ}k6 [ T(1—ep)» Wherej € [1: Nol.

As seen in Figurgl7, the set of beamforming vectors tranethftbm each UL user is set to align its interference

at each DL user. More specifically, by applying asymptoticfoi {ij} 1N ke[1anT(1—ep)) WE Can guarantee

that span ({Hljv]k JE[1-Na] ke [1AT(1—cz)] occupies at mosky T’ dlmenS|onaI subspace ifi dimensional signal
space for alk € [1: N;| almost surely in the limit of larg€", whereer — 0 asT increases, see also [20, Lemma
2]. Then the set of beamforming vectors transmitted from Bl$eis set to null out its interference at each DL
user. More specifically{\‘rl[i] Hie[l: N ke[A T (1—ep)] IS SEL 1O satisf)(}ivj[.‘}'j 1 span ({Giv{.?j,}k,e[lm(l_wn) for

all i,5 € [1 : Ny] satisfyingi # j andk € [1 : MT(1 — ep)], i.e., zero-forcing is performed usint/; transmit
antennas. In order to apply such DL interference nulling,

MlT - /\1T(1 - ET)(Nl - 1) 2 >\1T(1 - ET) (13)

should be satisfied. Again, as seen in Fidure 7, for reliableoding at each DL user achieving one DoF for each
information symbol,

)\1T(1 — ET) + T <T (14)
should be satisfied. Similarly, for reliable decoding at Bf¢ achieving one DoF for each information symbol,
NoXoT(1 —er) < MoT (15)

should be satisfied. Therefore, the proposed scheme is@bidiver (N1 A1 + NoXo)T'(1—er) information symbols
overT time slots under the constrainks [13) fo](15). Finally, fritva fact thaie; — 0 asT increases, its achievable
sum DoF is represented by the following optimization praile
N N 16
e {N1A1 + NaAa} (16)

Ny <M,
NaAa<M>
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2) Achievable sum DoFin the following, we prove that the sum DoF attained by sajv{fi6) is given asiy. ;
stated in Theorerhl1. The linear program [n](16) is dividea ifite cases depending on the feasible region of
(A1, A2) as depicted in Figurk] 8. Obviously, one of the corner poimsich are marked as points in Figuré 8,
provides the maximum sum DoF. Hence, the maximum sum Dokhattdrom [16) is given by

max(Ny, No) if My > Ny, My > No,

max ( Ny, My + 220—0h) if My < Ni, M > Na,

max Nl,M2+w if My > Ny, My < No, 17)
max (M + YA gy W) if M, < Ny, My < No, My Ny + MyN; > Ny No,

| My + My if My < Ny, My < No, My Ny + MaNy < NiNo.

The following lemma then shows th&at {17) is representedsasin Theorendll, which completes the achievability
proof of Theoreni 1.
Lemma 1:The sum DoF in[(1l7) is represented as

No(Ny — M Ni(No — M.
min {Ml + My, max(Ny, N3), max <M1 + M, My + M) } . (18)
Ny Ny
Proof: For notational simplicity, denote
No(Ny — M) M; (N1 — Na)
1+ N 2+ N ;
Ny (No — M. Msy(Ny — N
=y ol 2 M)y MBI = N (19)
Ny Ny

Then denoteis = min {M; + My, max(N1, N2), max(ay, az)}. In the following, we show that for each of the five
cases in[(17)q3 is represented as in the corresponding DoF expressidnjn (17

e Case | Ml > Ny, My > Ng): Obviously,Ml + My > maX(Nl,Ng). For Ny > Ny, max(al,ag) > ay >
Ny + W = Ni. For N1 < Ny, max(aj,az) > az > Ny + W = Ns. Hencemax(ay,as) >
maX(Nl,Ng) In conclusionas = max(Ny, Ny) for Case |.

o Case Il (M7 < Ny, M5 > Ns): First consider the case wheré, > Ns. Then My + My > My + Ny >
My + 200D ) Also max(Ny, Na) = Ny = Ny 4 2l >y, 4 MMM _ ) since
as < Ny + Mﬁ = Ny, max(a,az) = a1. Henceas = a;. Next consider the case wherg, < Ns.
Then M; + My > Ny andmax(Ny, N2) = Na. Also max(aj,az) > az > Nj + M(NN;Z_NI) = Ns. Hence
ag = Ns. Finally, from the relation that; > N, for N3 > Ny anda; < Ny for Ny < Ny, as = max(Na, aq)
for Case Il.

o Case lll (M; > Ny, My < Ny): From the symmetric relation with Case Hz = max(Ny,aq) for Case Il
o Case IV M; < Ny, My < No, M{Ny + MsN7 > NyNs): The conditionM; Ny + MyNy > N1 Ny, means

that M >WandM >w HenceM1+M2_M+M2—a2 and M + My >

My + w = aq, which showM; + My > max(al,ag). For Ny > Ny, Ny = Ny + W
No + Ml(NNillm) a; and Ny > ay. Similarly, Ny > as and Ny > a; for Ny < No. Hencemax (N7, N2)
max(ai,az). In conclusionas = max(ay,as) for Case IV.

¢ CaseV Ml < Ny, My < Ny, M{Ny + MsN; < NlNQ): For N1 > No, NQ(Ml + Mg) < M{Ny + MyN; <
N1 Ny and thenM; + My < Ny. Similarly, M+ My < Ny for Ny < Ns. Hencemax(Ny, Ny) > My + M. The
conditionM; N, + Mo Ny < Ny N, means thatV, > 224 and N, > N1M2 . Thena; = M1+N2(N]\1,71_Ml) >

My + FMe MM — My + My anday = Mo + 7N1(N2 Ma) > M + Nz]‘fv}z Rl — My + Ms. Hence
max(ay,az) > My + M,. In conclusionas = M; + Mo for Case V.

In conclusion,as is represented as the corresponding sum Dol ih (17) for a&ldases, which completes the
proof. |

>
>
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Fig. 9. Two-user MIMO Z-IC with output feedback for encodiagd message side information for decoding.

V. CONVERSE

In this section, we prove the converse of Theoréins 1[&nd 2alRbe encoding and decoding functions of the
FD BS and each FD user in Section 1I-B. The key observatiohas the received signals available for encoding
the DL messages at the FD BS and the DL messages availabledoditig the UL messages at the FD BS cannot
increase the sum DoF. Similarly, the received signals abbilfor encoding its UL message at each FD user and
its UL message available for decoding its DL message at eBchder cannot increase the sum DoF.

A. Converse of Theorep 1

To prove the converse of Theorér 1, we introduce the two-MBBIO Z-IC with output feedback for encoding
and message side information for decoding depicted in Ei§urThe received signal vectors of receivers 1 and 2
at timet are respectively given by

yvi(t) =Huixi(t) + Hiaxa(t) + 21 (1),
yg(t) :H22X2 (t) + Zg(t), (20)

where H;; € RV>Mi Hy, € RV XN and Hyy, € RM2%N2 denote the channel matrices from transmitter 1
to receiver 1, from transmitter 2 to receiver 1, and from graitter 2 to receiver 2, respectively. The rest of the
assumptions are the same as those of the FD-BS—HD-usdacel&iwork in Sectiob I[-All. Obviously, the capacity
of the two-user MIMO Z-IC is an outer bound on the capacitytef tM,, My, N1, No) FD-BS—HD-user cellular
network, since it corresponds to the FD-BS—HD-user calloktwork with full cooperation among the DL users
and among the UL users.

Lemma 2: Consider the two-user MIMO Z-IC with output feedback for eding and message side information
for decoding in Figur€l9. Then the DoF region is given by thiea$eall DoF pairs ¢, d>) satisfying

di § min(Mi,Ni), 1= 1,2 (21)
di +do < max(Nl, Ny). (22)

Proof: The achievability immediately follows from that in [17, Térem 1], which corresponds to the two-user
MIMO Z-IC without output feedback for encoding and messade information for decoding. Next, we show the
converse. Obviouslyl; < min(Mj, N;) and alsods < min(Ms, N2) since side information ofy; at receiver 2
cannot increase the DoF more thaim (M,, N2), which gives[(2ll). Now substitut®d; antennas withnax(Ny, N»)
antennas at receiver 1. Assume that both receivers areal@edveri’; andWW, respectively with arbitrarily small
probabilities of error. Then, after subtractirg from y; (x; is obtained from re-encodinid’, ), receiver 1 constructs
yi = Hi,xo + 2z, whereH}, € R™x(V1,N2)xNz - Gince receiver 2 recoveids from yo = Hayoxo + 22, Where
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Hy, € RM=XN: receiver 1 can also recovBr, from y’ from the fact thatnin(No, max(Ny, No)) > min(Nay, Mo).
As a result, receiver 1 is able to decode b@ith and W, with max(N;, N3) antennas. Because output feedback
cannot increase the sum DoF of the MIMO multiple-access mla(MAC), d; + dy < max(Ny, Na2), which
provides [(2R). In conclusion, Lemni& 2 holds. [ |
Since the sum DoF of théM;, My, N1, No) FD-BS—HD-user cellular network is upper bounded by the sum
DoF of the two-user MIMO Z-ICds,; < min(M; + Ms, max(Ny, N2)) from Lemma2, which is yet not enough
to show the converse. In a more refined way of applying Lemae?prove the converse of Theorém 1 in the
following.
Denoted[g] =N dl[d} and d[zu} = Z;.szl dg”]. First consider the case wheig > N,. For this case, choose a
subset of DL users idl¥l € [1 : V] satisfyingcard(AlY) = N,. Then, by applying Lemm@l 2 only for the DL
users inAl4 (and for the entire UL users), we have

ST df +dl < N (23)
1€ Al
By summing [(2B) over all possibld!¥ satisfyingcard(Al4) = N,, we have
Nod® + Nydl < Ny, (24)
Therefore,

d
dsq < max {d[ I+ d[“]}. (25)
; o by Y
dy' <min(M;,Ny)
d¥ <min(Ms,N>)
Nod ¥+ N, dY <N, N,

Now consider the case whePé < N,. For this case, choose a subset of UL userslifi ¢ [1: N, satisfying
card(AlY)) = N;. Then applying Lemmal2 for all possiblé/ satisfyingcard(A“) = N, and summing them
provides the same upper bound [inl(24). As a redulf, (25) adédsHor Ny < Ns.

By solving the linear prograni (25) in a similar manner as ict®a [V, we have

max (N, Na) if My > Ny, My > No,
max ( Ny, My + 228010 if My < Ny, My > N,
ds, < ¢ max ( Ny, Ma + Nl(Nﬁ;igMz) if My > N1, My < No, (26)
max M1+WN]§7:JVM,M2+WN]37;W> if M, < Ny, My < Ny, My Na + MyN; > Ny N,
My + My if My < Ny, My < Ny, MiNy + MaNy < NiNs.
Note that the upper bound ih(26) is exactly the same as_in {Wrefore, from LemmA] 1,
dx,1 < min {Ml + My, max(Ny, N2), max (Ml + MNITI_]\M, My + N1(N2T2—J\42)> } , (27)

which completes the converse proof of Theofdm 1.

B. Converse of Theorehh 2

In this subsection, we prove the converse of Thedrém 2. Wesfirsw thatds, » < M; + M, in Section[V-B1
and then show thaty, » < N in Section[(V-B2. Combining the above two bounds, we have tesrdd bound
ds, 2 < min(M; + M, N), which completes the converse proof.

1) MIMO two-way network upper boundy allowing full cooperation among th& users in thg My, Ms, N)
FD-BS-FD-user cellular network, we obtain a MIMO two-waytwerk depicted in Figure10. Clearly, the consid-
ered MIMO two-way network provides an upper bounddiy,. Therefore, from the result in [85], we have

d272 < min(Ml,N) + min(Mg,N)
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2) Four-node X network upper bounde now proveds, o < N by using the result of four-node X networks
in [13]. In order to apply the result in [13], we convert thegimal (M, My, N) FD-BS—FD-user cellular network
into the corresponding four-node X network as follows:

o Step 1: We first transform the(M;, Mo, N) FD-BS—FD-user cellular network into the equivalent twd-ce
cellular network consisting of one DL cell and one UL cell a#gd in FigureIll. Specifically, the FD BS is
decomposed into the B&nd the B$ and FD uset is decomposed into userand user i, wherei € [1: N].
There exists output feedback from the ,B® the BS and from useri to usey i for all i € [1 : N], which
can be used as side information for encoding. In addit(dm][d] e ,W}S]) is available at the BSand WZ.[”}
is available at useri for all i € [1 : N], which can be used as side information for decoding. We refer
the encoding and decoding functions in Secfion 1l-B2. Thanctel coefficients from the BSo the BS and
from usef i to usey i are set to zeros due to perfect self-interference suppressithe original network.
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Fig. 12. Step 2: Cooperation between BSs and users.

The validity of this transformation is also proved by [13,nu@a 1].

o Step 2: As shown in Figuré12, we allow full cooperation among udeand user 1, among BS, usef 2 to
usef N — 1, among B$, usef 2 to usey N — 1, and among userN and user N, each of which is called
Nodes 1,2,3, and 4 respectively. Because of such coopeytie set of(Wz[d}, e ,W][\‘,ﬂ_l, W2[“], e ,W][\}’]_l)
is priorly known at Node 3 as side information, so that Nodes Zable to attain those messages without
communication. Hence, we delete those messages in the figiimeut loss of generality. In the end, Node 1
wishes to sendel[“] and estimater[d}, Node 2 wishes to sen(dii/’l[d}, W][\‘,ﬂ) with the help of output feedback
from Node 3, i.e., the set of all output signals received by components consisting of Node 3, Node 3
wishes to estimatéWl[“],Wz[V“]) with the help of message side informati()Wl[d],W][S]), and Node 4 wishes
to sendW}ﬁ] and estimaté/VJ[S]E Since the network in Figure 12 assumes cooperation betweae sodes
and allow more information for encoding and decoding, itvyies an outer bound on the DoF region of the
network in Figurd_11.

o Step 3: We now focus on an upper bound @lﬁ] + dgdv}. We first eliminate all the messages excéﬁf“}
and W}S], which does not decreasd” + dg‘\j,] [8]. Then we provideM; + N — 1 receive antennas at Node
2 and My + N — 1 transmit antennas at Node 3 and allow FD operation at all iodbich creates more
links illustrated as dashed links in Figure 13. We furthesuase that output feedback from Nodes 3 and 4
is available at Nodes 1 and 2. Obviously, adding more antahdome nodes, allowing FD operation, and
providing more output feedback for encoding do not decrelé“é& dgf,].

As a result, the converted network in Figliré 13 provides greupound ord[lu] +d£‘\j,] achievable by the original
(My, M>, N) FD-BS—FD-user cellular network. Note that the convertetivork in Figure_1B corresponds to the
four-node X network studied in [13] except the fact thﬁﬁ] is provided to Node 3 through a genie. As stated in [13,
Section V], providing this side information does not ingse the sum DoF and, therefore, we hd%Jr df,} <1

The full cooperation assumption implies that both outpetfiack and message side information are available at Nodesl %.
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Fig. 13. Step 3: Eliminate all the messages exdé’é‘f] and W,[\‘,ﬂ and create more links and output feedback.

from the result in[[18]. In the same manner, we can establish

d" 4+ d9 < (29)
for i,7 € [1: N] with ¢ # j. By summing [(2P) for alki, j € [1 : N] with i # j, we finally have
N N
dea=Y d+ Y dY < N. (30)
=1 i=1

VI. DISCUSSIONS
In this section, we briefly discuss about the impacts of seéfrference and UL and DL scheduling on DoF.

A. Impacts of Self-Interference on DoF

Throughout the paper, we assumed that there is no selféné@ice within the BS during FD operation. However,
in a practical FD BS, the amount of residual self-interfeeermay not be negligible due to insufficient self-
interference suppression or imperfect self-interferecagcellation from the priorly known message information at
the receiver side [7]. In this subsection, we will discuss itihhpacts of such self-interference on the sum DoF. Note
that when there exists self-interference within the BS @f (th/;, M5, N1, No) FD-BS—HD-user cellular network,
the sum DoF is given by

- {N1N2 + min(M;, Ny)(Ny — No)¥ + min(Ma, Na)(Ny — Np)*

max(Ny, Na) ’
M1—I—N2,M2—|—Nl,maX(Ml,Mg),maX(Nl,Ng)} (31)
from the result of[[20], by interpreting inter-BS interfe in [20] as self-interference within the BS. Obviously,
if we restrict for the BS to operate either UL or DL only, thdretsum DoF is given by
max (min (M, Ny ), min(Ma, Na)). (32)

To see the effect of self-interference on the sum DoF, letarsider the case whe®/; = 16, My = &, and
Ny = 2N; as an example. We plot the sum DoFs as a function of the nunfbietad usersN = N; + N in
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Figure[14. For comparison, we also plot the sum DoF of the FB-D-user cellular network when the number of
FD users is given byW. As shown in the figure, the FD-BS—HD-user cellular netwarlable to achieve the same
sum DoF attained by the FD-BS—FD-user cellular network wieis large enough. However, FD capability at the
user side is beneficial to improve the sum DoF for smallinterestingly, even when there exists self-interference
FD operation at the BS alone can increase the sum DoF in arceegime. However, the sum DoF collapses to
that of the HD-BS—HD-user cellular network whéhis large enough. Note that similar tendencies can be obderve
for general(M;, My, N1, No). Therefore, from these observations, self-interferenggpsession or cancellation is
of crucial importance for fully utilising the potential oftFnetworks.

B. Effects of Scheduling on DoF

In this subsection, we discuss the effects of HD user sciregloh the sum DoF. Suppose that there exist total
N HD users and we are able to coordinate the operational modaaif of these users, i.e., dividing them i@

DL users andV, UL users, whereV,; + N, = N. Obviously, the sum DoF varies with the valueséf and N,
from TheorentL.

As an example, consider again the case whdie= 16 and M, = 8. First, we fix the total number of userg
(= N1+ N>) as 50 and plot the sum DoF of the FD-BS—HD-user cellular agtwith and without self-interference
suppression as a function 8f; in Figure[I%. For comparison, we also plot the sum DoFs of fDeBS—FD-user
cellular network and the HD-BS—HD-user cellular networls depicted in Figure_15, except the FD-BS—FD-user
cellular network, the achievable sum DoFs vary wiNh, and we can maximize the sum DoF of each network by
optimally choosing/V; and N,.

Now, we plot the sum DoFs as a function of the number of totarsd’ in Figure[16. Here, for eachvV, we
chooseN; and N, to achieve the optimal sum DoFs. As seen in Fidure 16, where tiseno self-interference,
the optimal sum DoF of the FD-BS—HD-user cellular networlprapches to that of the FD-BS—FD-user cellular
network and reaches the same sum DoF wieis large enough. However, when there exists self-intenfezethe
optimal sum DoFs of the FD-BS—HD-user cellular network amel HHD-BS—HD-user cellular network are the same
for any N. This statement is also true for genebtd| and M5 since the optimal scheduling for the FD-BS—HD-user
cellular network with self-interference is to operate alD sers as either UL or DL, which can be easily verified
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from (31). Therefore, for the case in which the optimal schied is allowed, FD operation at the BS is not required
in terms of DoF if there exists self-interference.
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VIlI. CONCLUSION

In this paper, we have studied the sum DoFs of cellular nédswaith a multiantenna FD BS and HD mobile users
and with a multiantenna FD BS and FD mobile users. For our roaittribution, we have completely characterized
the sum DoFs of these networks. To be specific, for achigvglihe key idea was to fully utilize the intended
signal dimensions by minimizing the inter-user interfe@rmimensions via IA for the UL transmission and by
minimizing the intra-cell interference dimensions via trantenna nulling for the DL transmission. For converse,
we have provided a matching upper bound that shows the djitinad the proposed scheme. As a consequence
of the result, we have shown that even when inter-user aremte exists, FD operation at the BS can double the
sum DoF over the HD only networks when the number of usersrhesdarge enough as compared to the number
of antennas at the BS, for both the FD-BS—HD-user cellulawvok and the FD-BS—FD-user cellular network.

Our work can be extended to several interesting directi@fjsExtending to multi-cell scenarios in which inter-
cell interference exists; (2) Extending to the case in whiabbile users have multiple antennas; (3) Extending to
the cases in which channel state information at transmi{€6IT) is not available or delayed.
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