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Abstract. An s-subset of codewords of a binary code X is said to be (s,£)-bad in X if the
code X contains a subset of other ¢ codewords such that the conjunction of the ¢ codewords is
covered by the disjunctive sum of the s codewords. Otherwise, the s-subset of codewords of X
is said to be (s,#)-good in X. A binary code X is said to be a cover-free (CF) (s,¢)-code if the
code X does not contain (s,#)-bad subsets. In this paper, we introduce a natural probabilistic
generalization of CF (s, ¢)-codes, namely: a binary code is said to be an almost CF (s, ¢)-code
if almost all s-subsets of its codewords are (s, £)-good. We discuss the concept of almost cover-
free (s, ¢)-codes arising in combinatorial group testing problems connected with the nonadaptive
search of defective supersets (complexes). We develop a random coding method based on the
ensemble of binary constant weight codes to obtain lower bounds on the capacity of such codes.
From the main result it is seen that the lower asymptotic bound on the rate for almost CF
(s,£)-codes is essentially greater than the rate for ordinary CF (s, ¢)-codes

Index terms. Nonadaptive group testing, search model of defective supersets, cover-free codes
and designs, almost cover-free codes, capacity, error probability exponent, random coding bounds.

1 Statement of Problem and Results

1.1 Notations and Definitions

In what follows, the symbol £ denotes definitional equalities. For any positive integer n put
[n] = {1,2,...,n}. Let N and t be positive integers, |A| — the size of set A. The standard
symbol |a| ([a]) will be used to denote the largest (least) integer < a (> a). Introduce a binary
N x t matrix X = [|z;(j)|| having N rows @; £ (2;(1),2;(2),...,2;(t)), i € [N], and ¢ columns
z(j) = (ml(j),:ng(j),...,:nN(j)), J € [t]. Any such matrix X is called a binary code of length N
and size t = [2FN | (briefly, (N, R)-code), where a fixed parameter R > 0 is called the rate of

code X [1]. A column x(j) € {0,1}" is called a j-th codeword. The number of 1’s in column
N
z(5), ie., |2(5)] = X xi(4), is called the weight of z(j), j € [t]. A code X is called a constant
i=1
weight binary code of weight w, 1 < w < N, if for any j € [t], the weight |z(j)| = w.
For binary vectors u £ (uq,...,uy) € {0,1}" and v £ (vq,...,vy) € {0,1}", we introduce
the component-wise disjunction (or disjunctive (Boolean) sum) u\/ v and conjunction u \ v:

u\/vé (w1 Vour,...,un Voy), u/\vé (wr Avr,...,un Avn),

where 0VO=0,0v1=1v0=1v1=1,0A0=0A1=1A0=0,and 1A1=1. We say that
u is covered by v (v = u)ifu\/v=v.
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1.2 Almost Cover-Free Codes

Let s and £ be positive integers such that s + ¢ < t and Ps(t) £ {S : S C [t], |S| = s} is the
collection of all s-subsets of the set [t]. Note that the size of the collection Py(t) is |Ps(t)] = (1).
Definition 1. Let X = (x(1),x(2),...,z(t)) be an arbitrary binary code of length N and
size t. A set S € Py(t) is said to be (s, )-bad for the code X if there exists a set £, L C [t]\ S
of size |£] = £ such that
\ z() = A =) (1)
JjES JjeL
Otherwise, the set S € Ps(t) is called an (s,£)-good set for the code X. In other words, a set
S, § € Ps(t), is (s,£)-good for the code X if for any set £, L C [t] \ S of size |L| = ¥, the

conjunction A x(j) is not covered by the disjunction \/ x(k).
jer kes

Let the symbol B(s,?, X) (G(s,¢, X)) denote the collection of all (s,¢)-bad ((s,¥)-good)
sets S, S € Py(t) for the code X and |B(s, ¥, X)| (|G(s, ¥, X)|) is the size of the corresponding
collection. Obviously,

0 < [B(s, £, X)| < (i) 0<|G(s,0,X)| < <Z> IB(s, £, X)| + |G (s, 6, X)| = <z>

Note an evident statement.

Proposition 1. Fors > 2 and ¢ > 1, any (s,{+1)-good ((s,£)-bad) set for a code X is (s,¥)-
good ((s,0+1)-bad) set for the code X, i.e., the injections are true: B(s,¢,X) C B(s, ¢ + 1, X)
and G(s,0+1,X) C G(s,4,X).

Definition 2. Let e, 0 < € < 1, be a fixed parameter. A code X is said to be an almost
cover-free (s, l)-code of error probability € or, briefly, CF' (s, ¥, €)-code if

B, LX) _ S NG
e = eeeniz -9 () o)

Example 1. Consider 5 x 5 code X:

100 11
01110

X=l01101 (3)
01011
00111

Then G(2,2,X) = {{1;2}, {1;3}, {1;4}, {1;5}, {2;3}} and X is an CF (2,2, 3)-code.
From Definition 2 and Proposition 1, it follows
Proposition 2. Any CF (s,{+ 1,¢)-code is an CF (s,/,€)-code.

Actually, we have the similar property of monotonicity for CF (s,¢,¢)-codes for the case
when the parameter ¢ is fixed.

Proposition 3. Let s > 2 and ¢ > 1. If X is an arbitrary CF (s,{,€)-code of size t and
length N, then there exists an CF (s — 1,£,¢)-code X' of size t — 1 and length N.



Proof of Proposition 3. Let B(s,(,X,i) = {S:i€S € B(s,£,X)} denote the col-
lection of all (s, /)-bad sets S for the code X, containing the element i € [¢t]. Note that the
cardinalities |B(s, ¢, X,1)|, 0 < |B(s, ¢, X,i)| < (ij), i € [t], satisfy the equality:

S

t
ST IB(s X0 = B3] < 5 () e
=1

where the last inequality follows from (2). This means that there exists j € [t], such that

1 t t—1
N < - = .
IB(s, ¢, X,7)] < ;5 <s> € <8_1> €

Then one can check that the code X’ obtained from X by deleting the column x(j) is an CF
(s — 1,4, €)-code of size t — 1 and length N. O

For the particular case e = 0, the concept of CF (s, ¢, €)-code can be considered as a natural
probabilistic generalization of the combinatorial concept of cover-free (s, f)-code that is defined
in [3]-[4] as the incidence matriz of a family of finite sets in which no intersection of £ sets is
covered by the union of s others. For the case £ = 1, cover-free codes and their applications
were introduced in [6]. For ¢ > 2, cover-free (s,/)-codes along with their applications to key
distribution patterns were firstly suggested in [5].

Let t(N, s,¢) be the maximal size of cover-free (s, f)-codes of length N and let N(¢,s,£) be
the minimal length of cover-free (s, ¢)-codes of size t. Then the number
logy t(N, s, 0) —  logyt

R(s,0) 2 Tm 82/WV50 o

—_— 4
N—oo N t—oo N(t,s,0) @

is called [4] the rate of cover-free (s,¢)-codes. In the recent papers [8, 9], one can find a detailed
survey of the best known lower and upper bounds on the rate R(s,¢).

Using the conventional information-theoretic terminology accepted in the probabilistic coding
theory [1]-[2], introduce

Definition 3. Let R, R > 0, be a fixed parameter. Taking into account inequality (2)
define the error for CF (s, £, €)-codes:

(s LRN)E min  BELOIL Py (5)
X :t=[2RN] )

where the minimum is taken over all (N, R)-codes X. The function

— =1 N
E(s,(,R) £ [m Ogae(;ﬂ,R, ),
— 00

R >0, (6)

is said to be the error exponent for CF (s, ¢, €)-codes, the number
C(s,0) Zsup{R: E(s,¢,R) > 0} (7)

is said to be the capacity for almost CF (s, {)-codes and rate R(s, () defined by (4) is said to be
zero-error capacity for almost CF (s, £)-codes.

For the particular case ¢ = 1, Definitions 1-3 were suggested in our paper [11], in which
we introduce the concept of almost disjunctive list-decoding codes. The best presently known



constructions of such codes were proposed in [7]. Bounds on the rate for these constructions
were computed in the recent paper [13].

Definitions 1-3 and Proposition 1-3 lead to

Theorem 1. (Monotonicity properties.)  The following inequalities hold true
R(s+1,0) < R(s,¥) < R(s,0—1), C(s+1,0) <C(s,0) <C(s,l—1),

E(s+1,/,R) <E(s,/,R) <E(s,/—1,R) s>1, (>2, R>0. (8)

1.3 Almost Cover-Free Designs

By P, (¢, t) denote the collection of supersets p, p 2 (Py, Pa, ..., Ps), P, C Pi(t), i € [s], where
each p consists of s disjoint sets P C [t] of size |P| = ¢, i.e.:

9)

A P; C [t], PZ:£7
Ps(l,t) £ p= (P, Ps,....Py), ) | |. o -
P,NPj=wofori#j,i,j€[s],

Obviously, the collection P, (¢,t) has the cardinality

Byt )] = 1,(2) <(S jﬂ) e) <2j>. (10)

For a superset p € 753(5,75) and a code X, introduce the binary vector r(p, X) € {0,1}" as
follows:

r(p, X) £ \/ A\ (i), r(p.X)2 (ri,r2,....7n). (11)

PepjeP

One can see that the i-th component of r(p, X) can be written in the form:

(12)

1, if there exists P € p such that z;(j) =1 for all j € P,
T =
0, otherwise.

Definition 4. Let X = (z(1),x(2),...,x(t)) be an arbitrary binary code of length N and
size t. A superset p, p € Ps(ﬁ, t), is said to be an (s, £)-bad superset for the code X, if there exists
another superset p’ € Py(£,t), p # p/, such that r(p, X) = r(p’, X). Otherwise, the superset p is
said to be (s, £)-good superset for the code X.

Let the symbol B(s, £, X) (G(s,?, X)) denote the collection of all (s,)-bad ((s,£)-good)
supersets p, p € Ps(ﬁ,t), for the code X and |B(S,€,X)| (|(§(s,€,X)|) is the size of the corre-
sponding collection. Obviously,

0 é |B(87£7X)| S |758(€7t)|7 0 S |G(87£7X)| é |758(£7t)|7 |B(87€7X)| + |G(87£7X)| = |758(€7t)|
Definition 5. Let ¢, 0 < e < 1, be a fixed parameter. A code X is said to be an almost
cover-free (s,{)-design of error probability e or, briefly, CF (s, ¥, €)-design if

B(s.£.X)] _

Po(0,1)] =[G, 6X)] 2 (1= o) [Ps(61)] (13)



Example 2. For the code X described in (3), the collection of (2,2)-bad supersets

B(s, 0, X) = {({1;2},{4;5}), ({1;3},{4;5}), ({L;4},{2;3}), ({1;5},{2;3})}.

It follows that X is an CF (2,2, %)-design.

Definition 6. Let R, R > 0, be a fixed parameter. Taking into account inequality (13)
define the error for CF (s, /, €)-designs:

&(s,0,R,N)2 min B L p g, (14)
Xat=[288] || Py(6,1)]

where the minimum is taken over all (N, R)-codes X. The function

E(S,&R) A E _IOgQE(SvngvN)

T ~ . R>0, (15)

is said to be the error exponent for CF (s, ¥, €)-designs, the number
C(s,0) 2 sup{R : E(s,(,R) > 0}
is said to be the capacity for almost CF (s, ¢)-designs.

For the particular case ¢ = 1, Definitions 4-6 were already introduced in [12] to describe
the model called planning screening experiments. In [12], it was proved that the capacity of
almost CF (s, 1)-designs C’(s, 1) = 1/s. One can see that Definitions 4-6 represent a natural
generalization of almost CF (s, 1)-designs. We conjecture that for any s > 2 and ¢ > 2, the
capacity C(s,0) = 1/(s?).

In Section 2, we establish

Theorem 2. (Upper Bounds on Capacities C(s,¢) and C(s,f))  The following inequalities
hold true

C(s,0) < C(s,0) <1/(sl), E(s,l,R) < E(s,{,R) s>1, £>1, R>0. (16)

However, in spite of the greater capacity, using of CF (s, ¢, €)-designs for the superset identifi-
cation problem p € ]58(6, t) is practically unacceptable, since it requires much greater complexity,
which is evidently equal to the complexity of exhaustive search [Py(¢,t)| ~ t¢. It will be shown
in Section 1.5 that CF (s,/,€)-codes are efficient CF (s, ¢, €)-designs and for such codes the al-
gorithm of identification supersets p € 753(5, t), is essentially faster than the trivial one, and its
complexity is proportional to t.

1.4 Lower Bounds on R(s, /), C(s,{)

The best presently known upper and lower bounds on the rate R(s, ¢) of cover-free (s, £)-codes
were presented in [8, 9]. If £ > 1 is fixed and s — oo, then these bounds have the following
asymptotic form:

0+ 1)1 log, s

R(s.) < CEIT 1080 (4 o) a7)
¢+ 1) log, s

R(s,0) > ( ez+)1 ngl (1+o(1)). (18)



In the present paper, we suggest a modification of the random coding method developed
in [8] and [11], which permits us to obtain a lower bound on the capacity C(s, ). Let

if >0
[z]t & * %a;_ " and h(a) & —alogya — (1 —a)logy(l —a), 0 <a <1,
0 ifxz<0,

denote the positive part function and the binary entropy function. In Section 3, we prove

Theorem 3. (Random coding lower bound C(s,¢)). The following two claims hold true.
Claim 1. For ¢ > 2 the capacity C(s,l) for almost cover-free codes satisfies inequality

1 .
C(Sv E) > Q(Sv E) = Z onga}élD(g’ Qa Q)v (19)

where the function D(¢,Q,q) is defined in the parametric form

D(£,Q,q) £ (1 - Q) logy z — (1 — §)logy[1 — (1 — 2)"]+ (20)

e <(1 — @Dy <M - q) (1- z>f> logy[1 — 2] + ¢h(Q),

z z

and parameters z and § are uniquely determined by the following equations

1-2)1-(1-2"-1-qge(1~-2)
1—(1—2) '

Q= ¢=1-01-0@)" (21)

Claim 2. For a fized parameter £ > 2 and s — oo, the lower asymptotic bound on C(s,{) is:

log,e (1
7 — (1+0(1)). (22)

C(s,t) >

1.5 Boolean Model for Nonadaptive Search of Supersets

Denote by Py (¢, t) the following collection of supersets p, p 2 (Py, Ps, ..., P), P; C [t], i € [K],
k < s, where each superset p is composed of not more than s subsets P C [t] of size |P| < ¢, i.e.:

(23)

PiCt7 PZ§€7
Ps(gat)é p:(P17P27"'7P/€) ZkSS, [] || . .
Py & Pjfori+#j,1,j € [k],

For a superset p € Ps(¢,t) and a code X, the vector r(p, X) is defined in the same way as in (11).

Definition 7. [4] A binary N X ¢t matrix X is called a cover-free (s, )-design or, briefly,
CF (s,0)-design if for any p’,p” € Ps(¢,t), p' # p”, the vector r(p’, X) # r(p”, X).

Let us first remind the well-known application of CF (s,1)-designs which is called the
boolean search model for sets [6]. Suppose a set of ¢ samples is given. We identify it with the
set [t]. Assume we know that some of them are positive. The number of positive samples is
bounded above by the given integer s. Our aim is to detect the whole set of positive samples
which is referred to as positive set P C [t]. We use group tests, i.e., take a subset (group) G C [t]
and check whether G contains at least one positive sample (i.e., GN P # &) or not.

In the present paper we consider a generalization of this model which is called the boolean
search model for supersets [4]. Assume that a positive superset p € Pg({,t) is fixed instead



of positive set. Our aim is to detect it using a number of group tests, where each test checks
whether a testing group G contains at least one set P € p or not. One can see that for £ = 1 each
set P € p is composed of exactly one sample and the model coincides with the boolean search
model for sets. Now assume that we use N tests. They can be encoded by a code X = ||z;(j)].
A column (codeword) x(j) corresponds to the j-th sample; a row x; corresponds to the i-th

test. We put x;(j) £ 1 iff the j-th sample is included into the i-th testing group; otherwise we

put z;(j) = 0. Then it is easy to see that the outcomes (12) of all N tests form the binary vector
r(p, X) (11), where p € Ps(¢,t) is the (unknown) positive superset. Thus, the code X should be
designed in such a way that we should be able to detect a superset p given the vector r(p, X).
Obviously, it is possible if and only if X is an CF (s, f)-design (see Definition 7). Note that
we deal with the nonadaptive search model in which we are not allowed to use the outcomes of
the previous tests to form the future ones. The given boolean search model for supersets (also
called the search model for complexes) when all tests are performed simultaneously arises from

the needs of molecular biology. It was firstly suggested in [10].

In addition, one can easily understand the necessity of the additional condition in (23): no
set P C [t] which is an element of a superset p € Pg(¢,t), can be included into another set
P’ € p. Indeed, if this holds, then we can consider another superset p € Ps(¢,t) having the form
p = p\{P’}. Evidently, for any binary N x ¢ matrix X, the outcomes r(p, X) and r(p, X) are
identical. Thus, we cannot distinguish these supersets. In [4], we established

Proposition 4. [4] 1) Any cover-free (s, ¢)-code is an cover-free (s, £)-design. 2) Any cover-
free (s, ¢)-design is an cover-free (s — 1,¢)-code and an cover-free (s,¢ — 1)-code.

Let X be an arbitrary binary N x ¢ matrix and p™) & Ps(£,t) be an unknown superset.
Any fixed set P’ C [t], |P'| < ¢, is called acceptable for the known vector r) £ p(p() X) if
the conjunction A (j) is covered by r& ie.,

jeP’
plkn) r(p(un),X) — \/ /\ xz(j) = /\ z(j).

Peplun) jEP jep!

An acceptable set P’ is called a minimal acceptable set if no subset P” C P’ is acceptable. In
the boolean search model for supersets, an effective decoding algorithm is based on the following
evident

Proposition 5. [4] If X is an cover-free (s,/)-code, then any superset p € Py(¢,t) is
composed of all minimal acceptable sets for the vector r(p, X'). This means that one can uniquely
decode p™ on the base of known vector r&® = r(p(‘m),X ), and the decoding complexity is
proportional to (i) 44 (z), which does not depend on s. When t — oo and /£ is fixed, then
this complexity ~ t¢/¢!.

Note that in the general case of cover-free (s, ¢)-design and the trivial decoding algorithm,
we need to check all possible supersets p € Ps(¢,t), i.e., calculate the vector r = r(p, X) for all
possible supersets p and compare this vector with the known result r®. If s and ¢ are fixed
and t — oo, then the number of such comparisons (decoding complexity) is proportional to

t st
Pult,)] = <(§)> ~ S (24)

Thus, CF (s,¢)-codes form a class of CF (s, ¢)-designs for which the decoding algorithm
based on Proposition 5 is strongly better than the trivial one.



Let ¢ > 1 be fixed and s — oo. Taking into account (18) we conclude that for sufficiently
large t the use of CF (s,{)-codes gives the bounds:

logys (£ + 1)1
gL T 9pl—1

logy s (£+ 1)1
S AN

(140(1)) > logyt/N > (14 0(1)).

In virtue of Theorem 3, the capacity for CF (s,,¢€)-codes C(s,¥) can be interpreted as the
theoretical tightest upper bound on the information rate log, t/N with error probability e — 0.
Therefore, the bound (22) means that for ¢ > 2, s — oo and sufficiently large ¢, using of CF
(8,4, €)-codes guarantees the inequality:

logye (1
logy t/N 2 —%— - — (1 +0(1)).

2 Proof of Theorem 2.

For any superset p € ]55(6,15), p={P,Ps,...,Ps}, define a set T(p) of its projections
T(p) = {S e Ps(t): S={ai,ag,...,as}, a; €P;, P,Ep,ic [s]}
One can see |T'(p)| = ¢°. Observe that if all sets S € T'(p) are (s, ¥£)-good for the code X, then
the superset p is also a (s, ¢)-good superset for the code X.

Assume that a code X is an CF (s, ¢, €)-code. It means that the number (2) of bad (s, £)-sets
doesn’t exceed € - (i) Given a bad (s,?)-set B € Ps(t) for the code X, one can check that

the number of p € P,(¢,t) such that B € T(p) is at most (s(t[_sl)) ((sf(f)&l_)l)) (2(;__11)). This

implies that the number of bad (s, £)-supersets is at most € - (z) (s(t[_sl)) ((sf(f)&l_)l)) e (2(5__11)) or
05| P, (£,t)|, where |Py(£, t)] is computed in (10). Therefore, the code X is also an CF (s, £, e-£%)-
design. In other words, we proved the relations C(s,f) < C(s,?) and E(s,¢,R) < E(s,{, R).
Now, fix R > 0 and € > 0 and suppose that the code X is an CF (s,/,¢)-design of
length N and size t £ L2RN J Observe that for any two various good (see Def. 4) supersets

p, p € G(s,¢,X), p#p, two binary vectors r(p, X) and r(p, X) defined by (11) are distinct,
ie., r(p,X) #r(p,X). Thus, from the definition (13) of CF (s, ¢, €)-design, it follows

-0 mi-0-0-3()(, ) () 2 e e

Comparing left and right-hand sides of inequality (25) leads to the lower asymptotic bound

—1
(s, 6. R,N) > 12V <l,<t€> ( ( “1) €> (25» =19 NGER-DRo] N o,
S\ S S —

This inequality means that the condition R < 1/(sf) is necessary for E(s,/, R) > 0. Tt follows
C(s, 0) < L. O

3 Proof of Theorem 3

Proof of Claim 1. For an arbitrary code X, the number |B(s, ¢, X)| of (s,¢)-bad sets in
the code X can be represented in the form:
1 if the set S € B(s, ¢, X),

. (26)
0 otherwise.

B(s,,X)[ 2 Y w(X,S), w<X7S>é{

SePs(t)



Let @, 0 < @ < 1,and R, 0 < R < 1, be fixed parameters. Define the ensemble {N,t,Q} of
binary (N x t)-matrices X = (z(1),z(2),...z(t)), where columns x (i), i € [t], t £ [2FV], are
chosen independently and equiprobably from the set consisting of (LQJ\][V J) columns of the fixed

weight |QN]. Fix two subsets S, L C [t] such that |[S| =s, |£| =¢ and SN L = &. From (26)
it follows that for {NV, ¢, @}, the expectation |B(s, ¢, X)| of the number |B(s, ¢, X)| is

IB(s,4,X)| = |Ps(t)| Pr{S € B(s,¢,X)}.
Therefore, the expectation of the error probability for almost cover-free (s, £)-codes is
EM(s,0,R,Q) 2 |Ps(t)] ' B(s, 4, X)| = Pr{S € B(s,4, X)}, (27)

where the code size t = |2V |. The evident random coding upper bound on the error probabil-

ity (5) for cover-free (s, {)-codes is formulated as the following inequality:

A . ‘B(37€7‘()‘ (N)
2 — 7 A< fi 1. 2
e(s,{,R,N) X:gianNJ { RG] < EW(s,0,R,Q) forany 0 < @ < (28)

The expectation £ (s, ¢, R, Q) defined by (27) can be represented as follows

min{N, s|QN|}
EM(s,,R,Q) = ) Pr{SeB(s,e,X)/ \/ (i)

=k}%M@QMg

k=|QN]| ieS
min{N,s\_QNJ} s N
< Z ( Q. k) - mln{ < ’ >77£ )(&Qak)} ) (29)

k=|QN|

where we apply the total probability formula and the standard union bound for the conditional

probability
Pr {U Ci /C’} < min {1; ZPr{C’i/C’}} ,

and introduce the notations

MMQMAH{VﬂD>AMﬁ/

€S JjeL
M@@@ém{

Let k = [¢N| and the functions

\/ =(i)

1€S

= } (30)

- k:} ., |QN] <k <min{N,s|QN]}. (31)

and

\/ =)

i€S

~log, [7? (€, Q, k:)]

D(t,Q,q) = lim_ ~ (32)
and
. —logy [PV (5,Quk)
A(s,Q,q) = lim (33)

N—oo N



denote the exponents of the logarithmic asymptotic behavior for the probability of events (30)
and (31) for the ensemble {N, ¢, Q} respectively. Define ¢ = 1 — (1 — Q).
In Appendix we will prove

Lemma 1. The function A(s,Q,q) of the parameter q, Q@ < q < min{l,sQ}, defined
by (33) can be represented in the parametric form

A(s,Q,q) = (1 —q)logy(1 — ) + qlog, [1Q_yy] + 5Q logy ! ; Y1 sh(Q), (34)
_ol=v
_Ql—y’ 0<y<1. (35)

In addition, the function A(s,Q,q) is U-conver, monotonically decreases in the interval (Q,1—
(1 — Q)®), monotonically increases in the interval (1 — (1 — Q)®, min{1,sQ}) and its unique
minimal value which is equal to 0 is attained at ¢ =G =1 — (1 — Q) i.e.,

min A(s,Q,q9) = A(s,Q,¢) =0, 0<Q<1.

Q<g<min{1,5Q}

Lemma 2. For ¢ > 2, the value of the function D(¢,Q,q) defined by (32) at point ¢ = § is
equal to
D(t.Q,4) = (1 - Q) logy z — (1 — ) logy[L — (1 - 2)]+

e <(1_TQ)(1 _ - <(1_—Q) - c}) (1- z)5> log,[1 — 2] + (h(Q),

z
where z is uniquely determined by the following equation

1-2)1-(1-2)"—(1-q¢=1- z)e.

@= 1—(1-2)f

The inequality (29) and the random coding bound (28) imply that the error probability
exponent (15) satisfies the inequality

A
E(s,/,R) > E(s,{,R) = Omgggl E(s,¢,R,Q), (36)
E(s,0,R,Q) & mi A(s,Q,q) + D, Q,q) — ¢ R|TV. 37
(s ) Q<q<milr{1{17sQ}{ (3 q) [ ( q) ] } ( )

Lemma 1 states that A(s,@,q) > 0 if ¢ # ¢. In particular, the condition ¢ # ¢ implies
E(s,4,R,Q) > 0. Therefore, if /R < D({,Q,q) then E(s,¢,R,Q) > 0, what, in turn, means
(see (7) and (36)) that

1
At ~ A a4 . s
C(s,0) > C(s,0) = 7 Orgngng(K,Q,q), where § =1 — (1 — Q)°.

Thus, the lower bound (19) is established. O

Proof of Claim 2. Let ¢ > 2 be fixed and s — oo. Substituting z = s/(s+¢) in (19)-(21)
yields

(1= -(1=-2H-(1-@=(1—-2)*" ¢ (et
@= 1—(1—2)*f Ts+l S +O<sfﬁ>7
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G=1-(1-Q) =1-¢77t0() :1—e—f+o<§>
and
C(s.0) 2 7 max D(Q.d) = 7 gnax DILQ(:), () = 7D(EQUs/(5+0),d(s/(5 + 1),
where

D(£,Q,4) £ (1 - Q)L logy 2 — (1 — §)logy[1 — (1 - 2)]+
+4 <(1;7Q)(1 —z) — <M — (j) (1-— z)z> logy[1 — 2] + £h(Q).

z

Therefore, one can write

s et 1 s ¢
> (2 4= _ S N B _
Cls:f) = <8—|—€ + st +0 <sf+1>> logy [s—l—ﬁ} < +0 < ) logy [1 <s—|—£>

1 /¢ Y4 ) Y4
(10 (7)) it [ ] - (o (1) () e |
¢ et 1 V4 et
(o () lon - S o ()| -
s (et 1 s et
(o) Jom |+ S0 ()| =

T llogye 0 log, s
T o4l T AN

This completes the proof of Claim 2. O

+

L

3—1—6]
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4 Appendix

Proof of Lemma 1. Lets>20<Q <1, Q < ¢ < min{l, sQ} be fixed parameters. Assume
also k £ |¢N| and N — oco. With the help of the type (see [2], [8]) terminology:

{n(a)}7 aé (CLl,CLQ,...,CLS) € {071}87 Oén(a) SN; Zn(a) =
the probability of event (31) in the ensemble {N,¢,Q} can be written as follows:

V500 = ((gn) ZH S loV) SEsuin(VsloN]L 69

(39)

and in the right-hand side of (38), the sum is taken over all types {n(a)} provided that

n(0) =N — k, Z n(a) = [QN]| for any i € [s]. (39)
a:a;=1
For every type {n(a)} we will consider the corresponding distribution 7 : 7(a) = %, Vac

{0,1}*. Applying the Stirling approximation, we obtain the following logarithmic asymptotic
behavior of a term in the sum (38):
N! N \°
( J> = NF(1,Q,q)(1 4+ o(1)), where

% T LN
F(r,Q.q) =) 7(a)logy 7(a) + sH(Q). (40)
Thus, one can reduce the calculation of A(s, @, q) defined by (33) to the search of the minimum:
Als: Q)= _min  F(7,Q.9) = F(7,Q.9), (41)
{r: Va 0<7(a) <1}, (42)
Y or@) =1, 71(0)=1-g¢ Y r@)=Q Viels, (43)
a aza;=1

where the restrictions (56) are induced by the definition of type and the properties (39).

To find the minimum (54) and the extremal distribution {7} we use the method of Lagrange
multipliers. The Lagrangian is

A2 " r(a)logy T(a) + sh(Q) + Ao (T(0) + g — 1) +

N +Z)\ (Z 7(a) Q) + A1 (Zf(a)—1>.

a:a;=1 a

Therefore, the necessary conditions for the extremal distribution {7} are

S0 — loga7(0)+ logae-+ Ao + st =0
a?&) = logy 7(a) +logy e + Asy1 + D7 aiAi =0 for any a # 0.

12



It turns out that the matrix of second derivatives of the Lagrangian is diagonal and positive
definite in the region (55), and the function F'(7, Q) defined by (40) is strictly U-convex in the
region (55). The Karush-Kuhn-Tacker theorem states that each solution 7 € (55) satisfying
system (44) and constraints (56) gives a local minimum of F(7,Q). Thus, if there exists a
solution of the system (44) and (56) in the region (55), then it is unique and gives a minimum
in the minimization problem (54) - (56).

Note that the symmetry of problem yields the equality v £ A\j = Ag = --- = \,. Let
u 2 logy e + Agy1 and w = \g. One can rewrite (56) and (44) as follows:

1) logy7(a) +u+v>.;_;a; =0 forany a# 0,
2) logy 7(0) +u+w =0,
3)#(0) =14, (45)
1) SCat@) =1,

(5) D aa—17(@) =Q forany i€ [s].
Let y = T Jé,u. The first equation of the system (45) means that
1
7(a) = iy (1 —y) X%y 2% for any a # 0. (46)

Substituting (46) into the equation 5) allows us to obtain

1 IR P 1—y
Z Quys(l_y)zajys Za] = Quys’

a:a;=1

and therefore the solution u is determined by the equality

u = logy [1Q_yé’y] . (47)

Substituting (46), (47) and the third equation of (45) into the equation 4) of the system (45)

we have QU 5)
_ A _ -y
q= Z 7(a) = 1oy
a#0
i.e. the equation (35). Thus, the conditions (56) and (44) have the unique solution 7 in the
region (55):
H0)=1-q,  #(a)= 21— Ty Y foranyaso, (48)
)
where the parameters ¢ and y are related by the equation (35). To get the exact formula (34),
the substitution of (48) into (40) is sufficient.

Let us prove the properties of the function (34). Note that the function ¢(y) = Qll—ng’
(35) monotonically increases in the interval y € (0,1) and correspondingly takes the values
Q@ and s@ at the ends of the interval. That is why one can consider the function (34) as
the function F(s,Q,y) £ A(s,Q,q(y)) of the parameter y in the interval y € (0,%1), where
q(y1) = min{1, sQ}. The derivative of the function F(s,Q,y) equals

Qy*

1-Q—-y+Quy] (49)

F'(s,Q,y) = q'(y)log,

13



Thus, F(s,Q,y) decreases in the interval y € (0,1 — @), increases in the interval y € (1 —Q,y1),
is U-convex, attains the minimal value 0 at yo =1 — Q and ¢(yo) =1 — (1 — Q)". O

|

Let ¢, Q < ¢ < min{1,sQ}, be fixed and k £ [gN|, |QN]| < k < s|QN]. In terms of types
(see [2], [8]):

Proof of Lemma 2. Now, compute the conditional probability

PIV(,Q. k) 2 Pr{\/w(z‘) = A m(j)/ \/ =(i)

€S jeL 1€S

{n(a)}, a2 (ay,as,...,a,) €{0,1}, 0<n(a) <N, Z n(a) = N, (50)

ac{0,1}*
one can rewrite the probability in the following form
k —¢
(N) N! (n(l)) ( N )
P, Q k) = : (51)
1 (%;) [T n(@)!(,N)\lQN]
ac{0,1}*

where the summation is taken over all choices of types {n(a)} provided that

> n(a)=[QN] forany i€ [£. (52)

a:a;=1

Applying the Stirling formula calculate the logarithmic behaviour of a term in (51)

k —L
N (o) ( N _ 9 NF(rQa)(1+o(1)
J )

log
2 ae{lgl}en(a)! (né\;)) LQN
where 1
Frn@ o2 Y r@)logyr(a)—q-h (%) L (1)) + £ Q). (53)
ac{0,1}*

Here the probability distribution {7T(a)} is determined as

n(a)

T(a) 2 == for any a € {0,1}".
N
Since we are interested in
. o lon [AMEQ)]
( 7Q7 Q) - Ninoo - N )

we might estimate the following minimum

D((,Q,q) = Te(rg%i){l(%)F(T,Q,Q) = F(7,Q,9), (54)
{7’: Va:(al,...,ag)e{o,l}z O<T(a)<1}, (55)
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ZT(a) =1, Z T(a) =Q for any i € [/, (56)

a ara;=1
where the restrictions (56) are induced by properties (50) and (50).

To find the minimum we apply the standard Lagrange method, i.e., consider the Lagrangian

A2 Z T(a)logyT(a) —q - h (%) +h(1(1))+ £ h(Q)+

ac{0,1}¢
)4
ﬂm(i}@—g+§)w<§:ﬂwﬁa.®ﬂ
a i=1 ara;=1

Therefore, the necessary conditions for the extremal distribution {7} are
%&) =log,7(a) +logye+po+ > pi=0 foranya#1,
ia;=1

_OA - a 1-7(1) (58)
ooy = logy 7(1) + logy e +i§0ui + log, |:q—f—(1)] =0.

The matrix of second derivatives of the Lagrangian is obvious to be diagonal. Thus, this matrix
is positive definite in the region (55) and the function F(7,Q,q) defined by (53) is strictly
U-convex in the region (53). The Karush-Kuhn-Tacker theorem states that each solution {7}
satisfying system (58) and constraints (56) gives a local minimum of F(7,Q,q). Thus, if there
exists a solution of the system (58) and (56) in the region (55), then it is unique and gives a
minimum in the minimization problem (54)-(56).

Note that the symmetry of problem yields the equality u £ pu; = ps = --- = pp. Let
i = logy e + pp. One can rewrite (58) as

it g @i+ logs[7(a)] = 0 fora # 1; (59)
[+ pl +logy[7(1)] + logy [;:;g” =0;

The first equations of (59) lead to

—p
7(a) = —r HP(ai) fora# 1,
where we introduce the Bernoulli distribution

Y 1 —0-

(a) 2 2= 1 fora=0;
A 2T H .
1-2= 15— for a = 1;

In particular, it follows

uzlogz[lizl (60)

Since (56) the sum of all probabilities equals 1 we get
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The relation (56) of constant weight leads to

o -2

27 C=1\ op k1 2+ ¢ 2~ #
Q:7Z<k>z (1—z)++1——<1—(1—z)):1—zé—_1.

~
k=0

This gives the connection between ji and parameters ) and z
i = —logy [ (1- Q)= . (62)
Finally, substituting (60)-(62) to the second equation of (59) yields
_ a1 z =@
log, [(1 Q)z } + (log, [1 — z} + log, [1 — (1 (1—-=2) ) +
1-Q) ! (1-Q) ! _
—|—log2[ - (1—(1—z)) ~log g+ ~— <1—(1—z))—1 =0

It can be written in the equivalent form

log, [(1 ~{- Z)Z)

z—(l—Q)(l_(l_Z)Z) =
+ log, [(q_1)2+(1_Q)(1—(1—z)Z)] =0

(1—2)
This equation determines @ as a function of parameters z, ¢, s and /¢

1-2)(1-0-2)"—(1-qz1-2)"
1—(1—2)* '

Q= (63)

Notice that for fixed parameters ¢, s and ¢ there is a bijection between @ € [0, 1] and z € [0, 1].
From (62) and (63) it follows that

2—ﬂ: 1-Q 1-—q(1-2)"

2 2 1-(1-2)t (64)
Let us substitute g = ¢=1— (1 — Q)*. Thus
7(1) = 4(1 - 2) (65)
Remind (54) that
F(7,Q.4)= Y _ #(a)logy(a)—g-h (ﬂq )> +h(7(1)) + - h(Q). (66)

Let us rewrite the first sum of (66) applying (64):

-1 i
> tatosyr(a) = Y (1) 20 -9 o | 2R - 95 4 (1) g (1) =

i) 2t



-1 _;
+ Z <€> i—;(l — z)izz_i log, [(1 — z)l] +7(1)logy7(1) =
i=0

1

— 4 —zé
_ (1 41— z)f) log, [%} + (1= Q)¢ logy 2+
T (-2 - (0= 2 ool — 2]+ (1) gy 7(2).

Taking into account (65) the second term of (66) is
(71 T(1 . —7(1
can () = r(aytog, |2 (g = () o, | T

= 04(1 — 2)"logy[l — 2] + (1 — (1 — 2)") logy[1 — (1 — 2)f].
The third term of (66) is

W7 (1)) = —=7(1)logy 7(1) — (1 — 7(1))logy [l — 7(1)].

Finally, the last term of (66) is ¢h(Q). Therefore, the value D(¢,Q,q) = F(7,Q,G) can be

written as

z

Dt Q) = (1~ Q) thogy =+ £ (B La-0) - (E22 - g) -9 togala - 21-

—(1 = §)logy[1 — (1 — 2)] + £h(Q).

Thus, we complete the proof of Lemma 2. O
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