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[| Abstract—A method of constructing rate-compatible polar
codes that are capacity-achieving with low-complexity sequential
decoders is presented. The proposed code construction allows for
incremental retransmissions at different rates in order to adapt
to channel conditions. The main idea of the construction exploits
certain common characteristics of polar codes that are optimized
for a sequence of successively degraded channels. The proposed
approach allows for an optimized polar code to be used at
every transmission thereby achieving capacity. Due to the length
limitation of conventional polar codes, the proposed construction
can only support a restricted set of rates that is characterized by
the size of the kernel when conventional polar codes are used. To
overcome this limitation, punctured polar codes which provide
more flexibility on block length by controlling a puncturing
fraction are considered. The existence of capacity-achieving
punctured polar codes for any given puncturing fraction is shown.
Using punctured polar codes as constituent codes, it is shown that
the proposed rate-compatible polar code is capacity-achieving for
an arbitrary sequence of rates and for any class of degraded
channels.

Index Terms—Polar codes, channel capacity, capacity-
achieving codes, rate-compatibility, retransmissions, HARQ-IR.

I. INTRODUCTION

Polar codes, proposed by Arikan [1]], achieve the symmetric
capacity of the binary-input discrete memoryless channels
using a low-complexity successive cancellation (SC) decoder.
The finite-length performance of polar codes can be improved
by deploying list decoder enabling polar codes to approach the
performance of optimal maximum-likelihood (ML) decoder
[2]. Furthermore, a polar code concatenated with a simple
CRC outperforms well-optimized LDPC and Turbo codes even
for short block lengths [2]. Due to their good performance
and low complexity, polar codes are currently considered for
possible use in future wireless communication systems (e.g.
5G cellular systems).

Wireless broadband systems operate in the presence of time-
varying channels and therefore require flexible and adaptive
transmission techniques. For such systems, hybrid automatic
repeat request based on incremental redundancy (HARQ-IR)
schemes are often used, where parity bits are sent in an
incremental fashion depending on the quality of the time-
varying channel. In HARQ-IR scheme, a number of parity
bits chosen according to a rate requirement, are sent by the
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transmitter. IR systems require the use of rate-compatible
codes typically obtained by puncturing. For a code to be rate-
compatible, the set of parity bits of a higher rate code should
be a subset of the set of parity bits of a lower rate code. This
allows the receiver that fails to decode at a particular rate, to
request only additional parity bits from the transmitter. For this
reason, there has been extensive research on the construction
of rate-compatible Turbo codes and LDPC codes [3l], [4], [S],
(6], [71.

Although polar codes can achieve the capacity of symmetric
binary-input channel, their rate-compatible constructions are
not in general capacity-achieving. Puncturing of polar codes
incurs a rate loss and determining puncturing patterns that
result in good performance was considered in [8], [9], [LO],
[11f], [12]. More recently, an efficient algorithm for joint
optimization of puncturing patterns and the set of information
bits of the code was proposed and shown to outperform
LDPC codes [13]. Because in [8]], [10], [L1], [12], [13] an
information set is optimized according to a puncturing pattern,
these methods cannot be used to design a family of rate-
compatible punctured codes as required for HARQ-IR, where
the same information set (generally optimized for the mother
code) should be used for all punctured codes in the family.
In [9]], a heuristic search algorithm was presented to design a
good puncturing pattern for a fixed information set. However,
finding an optimal rate-compatible puncturing pattern with low
complexity is still an open problem.

In this paper, we present a family of rate-compatible polar
codes that are capacity-achieving. The main idea of our
construction exploits certain common characteristics of polar
codes that are optimized for a sequence of successively de-
graded channels. In our approach, we construct a concatenated
polar code that is decoded by a sequence of parallel polar
decoders. We refer to this construction as parallel concate-
nated polar codes. The proposed code construction allows
for incremental retransmissions at different transmission rates
and can therefore be used for HARQ-IR. Furthermore, an
optimized polar code is used at every retransmission thereby
achieving capacity, for any class of degraded channels. In
a work developed independently and in parallel to ours, a
similar idea was introduced by Li et. al. in [14]. Due to the
length limitation of polar codes, our proposed construction
of rate-compatible polar codes can achieve the capacity only
for a sequence of rates that satisfy a certain relationship (as



specified in Theorem [3). In order to support any arbitrary
sequence of rates, we present capacity-achieving punctured
polar codes which can provide more flexibility on block length
by controlling a puncturing fraction. Using such punctured
polar codes, we show that the proposed rate-compatible polar
code is capacity-achieving for an arbitrary sequence of rates.

The paper is organized as follows. Section [[] gives the
definition of rate-compatible codes and preliminaries on polar
codes. In Section we describe the capacity-achieving
punctured code. Section [[V| presents the main capacity result
and the idea of our code design. The precise code construction
and decoding are presented in Section [V] Comparison of the
proposed approach to random puncturing is given in Section
Proofs are given in Section Section concludes
the paper.

II. PRELIMINARIES

In this section, we provide some basic definitions and
background that will be used in the sequel.

A. Rate-Compatible Codes

We start with a definition of rate-compatible codes. To
simplify notation, let [K] £ {1,2,---,K} for any positive
integer K and let a™ = (a1, ..., a,) denote a vector of length
n. Given a fixed number of information bits k, a family of
codes, or code family, C = {C"*,Cy?,--- ,C}X} with respec-
tive block lengths 7; < nig < -+ < nx and corresponding
rates Ry > Ry > .-+ > Rk, where R; = k/n;, is said
to be rate-compatible if there exist a sequence of encoding
functions {&;(-)};e(x], where & : {0,1}* — {0,1}" is the
corresponding encoding function of C; for ¢ € [K]|, and a
sequence of projection operators {7;(-)};c[x—1], Where m; :
{0,1}"™+1 — {0,1}™ simply takes 7; of the ;11 coordinates
of its input as output, such that for each i € [K — 1],

&i(u®) = mi(eiy1(u®)), ¢))

for every possible information block u* € {0, 1}*. We refer to
such a sequence of encoding functions as a sequence of nested
encoding functions. Obviously, any subfamily of C denoted by
C = {CZ”,CZ2,--- ,Cinjlj}, forany 1 < iy <ig,... <i; <
K, is rate compatible if C is rate compatible.

Condition assures that the set of parity bits of a higher
rate code is a subset of the set of parity bits of a lower
rate code and therefore the code can be used for HARQ-IR.
Specifically, during the i-th transmission, the transmitter can
send e;(u*) £ 7+ ,(€;(u¥)) over the channel, for any given
information block u* € {0,1}*, where 73~ : {0,1}%+1 —
{0,1}+1=" denotes the projection operator orthogonal to
7;(-) that takes the other m;,1 — 7; coordinates of u* not
taken by m;(u*) as output, with 7y £ 0 and 73 (uF) = u*
being the identity mapping. We let e; = ;- , o &; and refer
to {e;}ie[k] as a sequence of incremental encoding functions.
By definition, each family of rate-compatible codes has at least
one associated sequence of incremental encoding functions.

It follows immediately that a family of /inear codes C =
{cyr,cy2, - ,CR¥ Y} is rate-compatible if and only if there

exists a sequence of generator matrices {Gi};c[k], each
corresponding to a member in C, such that the columns of
G, is a subset of those of G;;q for every i € [K — 1].
Accordingly, we refer to {G;}ic[x] as a sequence of nested
generating matrices.

Lemma 1: The sets of rates {R;};c|x) and incremental
block lengths {n;};c(x) of any rate-compatible code family
of size K must satisfy the following equivalent conditions:

(a): Ri:%, Vie{2,3,---,K}, and (2)
1+ =2 my
. 1 1 .
(b): n; =Ry <Ry — Ri—l) ny, Vie€{2,3,---,K}. 3
Proof: The proof is is given in Section ]
Let W7 = Wy = > Wk denote a sequence of

successively degraded discrete memoryless channels (DMC)
with a common input alphabet X, respective output alpha-
bets {V;}ic[k]. respective transition probability distributions
{Wi(y|w)}icrx) where € X and y € );, and respective ca-
pacities [(Wy) > I(W2) > ... > I(Wg). A sequence of rate-
compatible code families, C,, = {C;"™,Cy>™, -+ ,CR°™}
for m € N, designed for a monotonically increasing sequence
of information block sizes {k, }men, is said to be capaciry-
achieving with respect to {W;}icx) if, for every m, there
exist a sequence of decoding functions {d; . (-)}ie[x], Where
dim @ Y — {0,1}*", and a corresponding sequence of
nested encoding functions {e; . (+)}ie[x) such that for any
e > 0, we have, for every ¢ € [K],

Rim &k /Rim > I(W;) — €, and 4)
Pr(uf™ # d; (y™ ™)) < e, (5)
for the joint probability distribution given by

plubr yem) = 9 TEm T (e ey (ubn)), where
W (y™|z™) £ [12, Wi(wi|z,), for all sufficiently large m.

In this paper, we focus on binary-input discrete memoryless
channels (B-DMC) with input alphabet X = {0,1} and any
output alphabet ). We denote the transition probabilities of
any B-DMC W by W (y|0) and W (y|1) for all y € ).

B. Polar Codes

Let 2 denote the set of powers of two. For any n € 2N,
let P, £ P? °8(") denote the rate-one generator matrix of
all polar codes with block length n, where P5 is the 2-by-
2 Arikan kernel [1]. As shown in [1]], as n increases, under
successive cancellation (SC) decoding, a fraction of the rows
of P, leads to good bit-channels suitable for carrying infor-
mation bits while the rest forms bad bit-channels whose input
should be frozen to known values, assumed to be zero in this
paper. Thus a polar code of length n is completely determined
by the rate-one generator matrix P,, and the information set
A that specifies the set of good bit-channel locations, with the
rate of the code given by the ratio R = |A|/n. Let C(n, R, A)
denote a polar code of rate R with information set .A. Also let
P! denote its |.A| x n generator matrix formed by only taking



the rows of P, that correspond to .A. The specific orderings
of rows within Py} is unimportant in the following discussion.

Given a finite sequence of channels, {W;};c(k1, a sequence
of polar codes {C(n, R;, A;) }ic(x) of a common block length
n with different rates Ry > Ry > > Ry, each
corresponding to one channel, can be obtained by selecting
a different information set A; for each channel W;. We refer
to a sequence of polar codes {C(n, R;, A;)}icx) having the
same block length n as a sequence of nested polar codes if
their respective information sets are nested, i.e.

A1 2 A2 2 ... 2 Ag. (6)
For given nested information sets A; 2O Ay O --- D Ak, we
define an |A;| X n generator matrix PAAz AR with o
partial ordering of rows according to {A;} as
Px
P-AK—II\-AK
PgLAhAm'“ AK) " (7)
PAI.\AZ
Note that the only difference between P7 and

pAAz AR o that the ordering of rows is more

specifically defined in the latter. For any index set D C [n],
let P%Al’AQ’”' ’AK)(D) denote a submatrix of P;AI’AQ’"" K)
consisting of rows whose indices belong to D.

Given a channel W;, i € [K], we define the information set
for a fixed € as

Ain(€) ={i € n): 2

where W(] ) denotes the j-th bit-channel resulted from a
polar code w1th block length n applied to W;, and Z(W)
denotes the Bhattacharyya parameter of bit-channel W given
by Z(W) = >, cy VW (y[0)W (y|1). The following result
follows directly from [15, Lemma 4.7].

Lemma 2: 15, Lemma 4.7] Given a sequence of suc-
cessively degraded channels W; = W, > > Wk,
{C(n, RinAin(€))}icix) is a sequence of nested polar codes
for any e.

The set of good bit-channels can alternatively be defined in
terms of the symmetric capacity I(W). When clear from the
context, the dependency of R;, A; on e will be omitted.

Definition 1: We refer to a family of rate compatible codes
C = {C/",Cy?,--- ,Ci¥} as a family of rate-compatible
polar codes when a (punctured) polar code is used in every
transmission, where a puncturing can be applied to a polar
code for the purpose of length adaption. More precisely, C is a
family of rate-compatible polar codes if there exists a sequence
of incremental encoding functions {e;(-)}iec[x] where each
e;(+) can be implemented by the encoder of a polar code and
possibly with a puncturing.

Relation () is a key property that we will use for construct-
ing rate-compatible polar codes. However, since nested polar
codes have the same block length and varying information
block sizes, they cannot directly be used for HARQ-IR, which

Z(WH)) < e, ®)

in contrast assumes a fixed information block size and allows
varying block lengths to achieve different rates with a given
error probability tolerance. To obtain a family of (capacity-
achieving) rate-compatible codes, we need to construct multi-
ple sequences of nested polar codes as described later.

ITI. PUNCTURED POLAR CODES

Polar codes with arbitrary lengths can be obtained by
puncturing. A polar code of length n is punctured by removing
a set of s columns from its generator matrix, which has the
effect of reducing the codeword length from n to n — s. We
let & = s/n denote a puncturing fraction. It is assumed that
the receiver knows the locations of the punctured bits, and the
decoder estimates both the punctured and transmitted symbols
during decoding. The punctured polar code can be encoded
and decoded in a similar way as the conventional polar codes.
Formally, a punctured polar code of post-puncturing block
length n is characterized by its “mother” (unpunctured) polar
code of block length n, € 2N and a puncturing pattern
p™ = (p1,p2,** ,Pn,) € {0,1}™ with p; = 0 indicating
that the ith coded bit is punctured and thus not transmitted.
For a given p™«, let mpn., : Y™ — Y™ be a projection
operator that copies n = wg(p™) coordinates of its input
as its output based on the puncturing pattern specified by
p"™, where wy(p™) denotes the number of ones in p™v,
ie. y* = mpnu(y™) containing the coordinates of y™*
corresponding to the locations of ones in p™“. The notion of
bit-channels in conventional polar codes can be extended to
punctured polar codes in a straightforward manner as follows.
For a given (unpunctured) polar code of block length n,, € 2%
and puncturing pattern p™, we define the transition probability
of the i-th bit channel of the corresponding punctured polar
code as

W(z) (yn7 ui—l, Ty, |uz)

o =Dy

Wi e, ()

H W (yjlz;),

J€[nu]

Wy [u™ Py, ), ()

where
Wn u 'n u

(10)

and where w;nlu (S) £ {y™ € Y™ : mpnu (y™*) € S} denotes
the inverse image of myn. (-). Based on @I), the information set
of a punctured polar code can be defined in a similar manner
as in ().

Let C(n, R, A, p™) denote a punctured polar code of (post-
puncturing) block length n, rate R, information set A, and a
puncturing pattern p™+. Similarly, one can let P, ,». denote
the matrix obtained by removing the columns of P, accord-
ing to the locations of zeros in the puncturing pattern p™
and for any nested information sets A; O Ay O -+ O Ag,
one can define Pg{‘;}nu? “A%) in the same manner as in
.. However, in most cases of our discussion below, there
is only one puncturing pattern for each block length n, and
therefore we will omit p™+ and use same notations and similar



terminologies for both punctured and unpunctured polar codes
whenever it is clear from context.

In the proposed scheme that will be explained in Section [V}
any good punctured (or shortened) polar code can be used for
length flexibility and it is left for a future work to design a
good punctured polar code for short block lengths. In order
to show that the proposed rate-compatible polar codes achieve
the capacity, we will use a capacity-achieving punctured polar
code for any desired puncturing fraction, whose existence is
shown in the following theorem.

Theorem 1: Consider any B-DMC W with I(W) > 0.
For any fixed R < I(W), 8 < 3, and puncturing fraction
a € (0,1), there exists a sequence of punctured polar codes,
each with respective block length n = [(1 — «)2™]| and
associated information sets A,, C [2™], m € N, such that
|An| > [2™(1 — a)|R=nR and

Pojm <0272y =002, (11)

for all j € A,, and for all m € N, where P, ;,, denote
the error probability of j-th polarized bit channel of the m-th
punctured polar code.

Proof: The proof is given in Section [ |

IV. MAIN RESULTS

We state two theorems that are the main results of this paper.

Theorem 2: For any sequence of successively degraded
channels Wy = Wy > ... = Wk, there exists a sequence of
rate-compatible polar code families that is capacity-achieving.

Proof: The proof is given in Section [ |

In case puncturing is not used, the constraint on a polar code
block length n = 2!, I € N reduces the set of rates that can be
supported by the proposed coding scheme. In particular, we
have the following:

Theorem 3: For any sequence of successively degraded
channels W7 = Wy = > Wy with corresponding
symmetric capacities I(W1) > I(Ws) > ... > I(Wg) > 0,
there exists a sequence of rate-compatible (non-punctured)
polar code families that is capacity-achieving if and only if,
for each i € {2,..., K},

1wy = 7

=——g (12)
1+ 525

for some ¢; € Z.
Proof: The proof is given in Section [ |
In the next section, we explain our main idea for the
construction of a family of rate-compatible polar codes and
also provide a simple example for K = 3. A general code
construction will be explained in Section

A. Main Idea

Before stating the precise construction, we first describe our
idea on how to design the family of rate-compatible polar
codes that are capacity-achieving.

To transmit k information bits over K channels W; >
Wy = ... = Wk atrates Ry > ... > Rg, we generate

Polar Encoder

Divider C(n1, Ry, ASY)
Polar Encoder

C(na, Ra, AY)
Polar Encoder

C(ns, R3, »A:(f))

Fig. 1.

Encoder structure of rate-compatible polar codes for K = 3.

K (punctured) polar codes C(ni,Ri,AEi)), where n; is the
block length of the ¢-th transmission and is chosen such that
k k

Ri=——=—,

dj—any T

A

where n; = Z;=1 n; is the effective block length after 7 trans-
missions. In addition, for each block length n;, ¢ =1,... K,
we construct a sequence of nested (punctured) polar codes
{C(ns, R;, Ag»l)) K, with rates {R;, ..., Rg} such tha

13)

AV = n;R;, (14)
for j € [K]. Exact choice of information sets .A;O is described
later in Section [Vl We let

i—1
02 | J1) (15)
j=1

where Z( = [k] and 7, is the index set of information
bits that are used to convert the polar code in each of
the previous transmissions from rate R;_; (that cannot be
supported by the channel) to corresponding codes of rate
R;, namely, Il(i )1 contains the indices of information bits

corresponding to Al@l \Agj ). At transmission i, we then use

the code C(n;, R;, AE")) to transmit some part of information
bits indexed by I@ as shown in Fig. This is possible
because Z() and Al(»l) are of the same size, that is:

i—1 1—1 1—1
2O = IA = AP E D g = k= R
Jj=1 j=1 j=1

=k — = niRi (:b) |.A£Z)|7

Byl
7223*1 e (16)

> j=1"

where ¢ £ n;(R; — Rij1) for each i € [K — 1], and (a)
and (b) follow by .

Code C(n;, R;, A;") is the code of the highest rate in the
sequence of common block length n,;. Each such sequence
satisfies the property (6) which will be exploited in decoding.
In particular, suppose that m retransmissions, where m € [K],
are needed and hence rate I(W,,) is the highest rate that can
be supported by the channel. The decoder starts by decoding

IFor the ease of exposition, it is assume that every n; is sufficiently large
such that n; R; is an integer. Note that using floor function to make every
n; R; an integer does not change the main results of this paper.



decoded outputs

Polar Decoder
C(nz.liz.A(:)) >

Receiver

frozen bits
Polar Decoder -
T 7] o, Rey AYY) i
Fig. 2. Sequential decoder of rate-compatible polar codes for rate Ra.
decoded outputs
Polar Decoder ==
o, o Ay [ L]
frozenbits [ | i
Polar Decoder
C(?L;.R‘J,AY))
frozen bits
Polar Decoder
C(ny, Rs. A(U) > m
Fig. 3. Sequential decoder of rate-compatible polar codes for rate R3.

the information bits of the polar code C(nm,Rm,Agﬁn )). It
then uses some of these decoded bits as frozen bits in the
polar code C(n,—1, Rim—1, Al )) thereby, due to property

m—1

, turning this code into a polar code C(n,—1, Ry, A(m 1))
in the same sequence (i.e., of the same block length n,,,—1) but
of lower rate R,, which is supported by the channel. Hence,
the information bits of this obtained code can be decoded. It
then repeats this sequential decoding over m stages as shown
in Figs. [2] and [3] where in each stage, it decodes additional
information bits using a polar code of rate R,,. As we show
later in Theorem [2] the chosen transmit rates R; as defined in
(13) will approach the corresponding channel capacity I(W;),
as n; increases for all : = 1,2, ... K.

B. Example

To explain the main idea in more detail we show an example
for K = 3. In this case, we wish to construct a family of rate-
compatible polar codes that supports rates R; > Ry > Rs.

We start by constructing a sequence of nested (punctured)
polar codes of block length n;. By Theorem [I} we can
determine a sufficiently large n; and associated information
sets denoted by Ag»l), j =1,2,3 of size |A§1)\ > n1R; to
ensure a tolerable probability of error for each bit-channel
in .Ag»l) for all j = 1,2,3 when the information sets are
applied to channels W3, Wy and W3, respectively. By Lemma
, such information sets satisfy the nested property as Agl
Agl) D) Aél). For convenience, we only use subsets of these
information sets if necessary such that |A§1)\ = n R, for all
j = 1,2,3. The nested subset pro erty can be preserved by
first determining .A(l such that |.A \ = n1R3, then selectmg
additional bit-channels from A(l) \A3 to form a new A2
such that |Aé1) | = n1 Ra, and so forth to form a new Agl) such
that \A§1)| = n1R;. As aresult, each code with information set
Ag»l) enables us to decode n1 R; information bits, and we will
use these three information sets (i.e., polar codes) to support
rates R; > Ry > Rj3 for the chosen block length n;.

ny =k/Ry
T o] @ [ =
— A
A
AWM
ng
b
72) — Ifl) Fa )
2
—AP—
fia =ny +n2 =k/Rs
PN | 7@ — 70 | A 72 5 | 9

Fig. 4. Code construction for Ra2. F;, ¢ = 1,2 denotes frozen bits. a)
Polar codes of rate R; sent in the first transmission with information bits in
M = Igl) U Iél) U Iél); b) Polar code of rate Ro sent in the second

transmission with information bits in Z(2) = 152) @] Iég); 1c) Resulting
concatenated codeword sent over two transmissions.

In the first transmission, we use the first (punctured) polar
code C(nl,Rl,Agl)) to transmit k = \A§1)| information
bits at rate Ry = k/ni. Recall that Z) = {1,2,... k}.
To identify the information bits to be transmitted in the
subsequent transmlssmns we ;;artltlon the index set Z() of
size k into (1) = I(l such that I(l) Iél),
and Z, (D contain the 1nd1ces of information bits that will be
transmltted through the bit channels in .A(l) \A(l) A(l) \A(l)

and A3 respectively (see Fig. |4)). It follows that
7] = 1A - |A§”| = mRi —mRy
TV = A" = |ASY| = na Ry —na Ry

V| = AV | = mi Ry,

Sets I{l) and 12(1) consist of information bits that need
to be frozen in respective codes C(ni, Ri, Ai”) and
C(n1, Ra, Agl)) in order to reduce their rates to R and R3, re-
spectively, if subsequent transmissions are needed. Intuitively,
we expect that the information bits in I](-l) are assigned to
better polarized bit channels as j increase.

In the second transmission, we transmit the information bits
indexed by Ifl) using a new (punctured) polar code of length
no. We choose o such that 7ia £ ny + ng = k/Ry to ensure
that, after the second transmission, the effective rate equals
Rs. As before, by Theorem [T} we can determine a sequence
of nested polar codes with information sets denoted by AEQ)
of size |Aj )| = ngR; for j = 2,3, and A2 D A32). Then,
7% = Il(l) that contains the information bits to be sent in
the second transmission. We then use (punctured) polar code
C(ng,RQ,AgQ)) to transmit such information bits, which is
possible since

2] = |Z{V] = n1 By — Ry
Tle (2)
—k— 1T Ry = AP,
i, el | Ay~ |

As before, for subsequent transmission, we partition Z' 3 into



(
— A
g =mny+ng+n3=k/Rs
Mo | z<‘2>:Z{”| Fi | szuz;”l F | Y |1§2‘| F3 | b)
Fig. 5. Code construction for R3. a) Polar code of rate R3 sent in the

third transmission with information bits in Z(3) = Iéw UI§2>; b) Resulting

concatenated codeword sent over three transmissions.

7™ = 7 U Z{? such that Z{* and Z§* contain respective
indices of information bits that are transmitted through the bit
channels in AS \ AS” and ASY. Then,

AP — [ASY] = na Ry — noRy

|A§2)‘ = TLQRg.

[z =
771 =

Finally, for the third transmission, we choose block length ns
such that i3 = ny + ny + n3 = k/R3 to attain an effective
overall rate of Rg after the third transmission. We encode
the information bits indexed by 1) = Iél) U 12(2) using a
(punctured) polar code with an information set A§3) of size
ngR3, which is possible since which is possible since

IZ®| = |ZV) + [Z57| = (n1 + na)Ro — (n1 +n2)Rs

g (n1 + na)k — naRs =
ny + N9 —+ ns

For Ry and R3, the encoding procedure and the resulting
codeword are respectively shown in Fig. ] and Fig. 5} Note
that the obtained codeword of length k/R3 is not a codeword
of a polar code. Nonetheless, the decoding procedure will
assure that we decode a codeword from a polar code at
each rate R;,% = 1,...,3 thereby achieving capacity of the
corresponding channel W,.

In particular, decoder for C(ng,Rg,.A:(;’)) is first used to
decode Rsng information bits indexed by Z3). Decoded
information bits indexed by 12(2) are then used as frozen
bits in the code C(ng,Rg,Ag)) in order to produce polar
code C(n2, Rs, A:(f)) thereby enabling decoding of Rsno
information bits indexed by Ig(,Q). We have so far decoded the
information bits indexed by Z) UIél). To decode the rest of
information bits, we need to convert code of length n; and rate
R, that was used for the first transmission, into a code of rate
R3. We do so by considering decoded information bits indexed
by 7 UI2(1) as frozen bits in polar code C(n1, Ra, Agl)) to
produce the polar code C(nq, Rs, Agl)) with R3n, information
bits indexed by I?(,l) that can be decoded. Therefore, we have
now decoded all information bits.

V. GENERAL CODE CONSTRUCTION

In this section, we describe a general method of constructing
rate compatible (punctured) polar codes through concatenation
of generating matrices of multiple polar codes with (possibly)
different block lengths. We refer to the construction process

A,

as parallel concatenation and to the resulting class of codes as
parallel concatenated polar (PCP) codes.

A. Parallel Concatenated Polar (PCP) Codes

We first provide a formal definition of the proposed PCP
code:

Definition 2: Given an information block size k and a
set of subblock lengths {n;};c(x], a K-level PCP code
of overall block length nx and rate Ry is characterized
by a collection of K sequences of nested polar codes
{C(ni, R;, A§Z))}j2i,ie[K] and a collection of K bit mappings,
hD ;AP = [k] (defined below) for i € [K], with the
following conditions:

(c.l) Ri=k/>_ n;foralliec K],

2 AP Agfl > 2 AY for each i € [K],

©3) AV =nR; forall j >iand i€ [K].

Here, (c.1) is required for any rate-compatible code as given
in Lemma [I} and (c.2) and (c.3) are additional conditions
required for the construction of the rate-compatible polar code.

Note that a total of K (K +1)/2 (punctured) polar codes,
covering different information-set sizes |.A | for all j > ¢
and i € [K], is involved in a K-level PCP ¢ode. The k x Ri
generator matrix of a K-level PCP code is fully determined by
({C(ni, Ry, Ay)}jzi,ie[K]v {hD},c(x]) and is a concatenation
of submatrices of {P,,, };c(x) in the form

Gk =[S1S2...5«], (17)

where S; is a k£ X n; matrix whose non-zero rows come
from the rows of P,,, and are indexed by the set Z(?) =

h® (HA(Z H) More precisely, the m-th row of the matrix

.A( i) _A() . .A
517 ), which is a row-permuted submatrix of

P,, 2 is placed at the h(*)(m)-th row of S;, for every m €
[|A ], while all other (k—n;R;) rows of S; are zero, where
|A£l | = n;R;. The matrix S; defines the 7i-th level” of the
PCP code.

A key feature of a PCP code is that it is sequen-
tially decodable level-by-level if the bit-mapping funct1ons
{h)(-)};e(x) are properly related in accordance with {A }
We define their proper relationships in a recursive manner

in the following. Suppose that we are given the matrices

(A(J),.A(J)l, .. A(Ié)
{P,,7 77" }]e[K as defined in (7) and that we have

already determined the submatrices {S;};_; of Gk up to

the ¢-th level for some ¢ > 1. Also suppose that we know

the corresponding bit mapping h) : [n;R;] — [k] that

specifies the non-zero rows of S; that contains the rows of
(A(7) A(J) yoee _A(J)) . .

P, s for all § € [i], with A1) (+) simply defined

as h(l)(m) = m for m € [k]. We now define h(*1)(-) in terms

of {h(m)(~)}mE . To simplify notation, we define Q(H_l 20
and for each j € [ ],

(18)

=1

ng-&—l) _



Now we partition the domain of 2(**1)(.), namely [n;1 R; 1]
into disjoint sets as

O j(i+1)
.] )

j=1

Mit1Rit1] = (19)

where
jj(i+1) A {Q(ZH +1 Q 2+1) ,Q z+1 (j)} :

is a set of consecutive integers for all j € [¢{]. We can now
define an bit mapping K+ @ [n; 1 Ry 1] — Z0HD C [k] for
Si+1 in a piece-wise fashion as

i+1

J ’"L
E q; ,

I=jm

h(i“)(m) = pUm) [y — Q“Qlﬁ—n]m R;.

for m € [n;y1R;11], where j,, denotes the index of the
interval I(v:rl) that contains integer m. Note that the image
V) A& h(i“)(Jj(iH)) on the set j (1) is the index set of
information bits that needs to be decoded and subsequently
frozen, in order to convert the polar code C(n;, Ri,AE—j )) of
rate R; to the polar code C(n;, Rit1, Al(i_)l) for all j € [i] and
i € [K —1] within the respective nested polar code sequences.
With this definition of {A(")(-)};c(x, it can be easily shown
that a K-level PCP code can be decoded sequentially from the
polar code at level K back to level 1.

A K-level PCP code ({C(n;, R;, Ay) }izisielk) {h(i)}ie[K])
clearly induces a family of rate-compatible linear codes

C = {C*,C32,--+ ,C} with each member C[ having
block length 7; £ > el s rate R;, and a generator matrix
G; = [S1 Sy S;], since {G;};c[x) forms a sequence of

nested generating matrices, i.e. G; C G;41 forall i € [K —1].
The K-level PCP code with generator matrix Gy may be
viewed as the “mother” code of the lowest rate in the rate
compatible family.

B. Sequential Decoding

To decode the constructed parallel concatenated polar code
we use sequential decoder shown in Algorithm 1. In the

Algorithm 1 Decoding algorithm

1: procedure DECODER(y"¥ ) Input: received vector y™x

2 Decode nx Ry bits ZU5) using C(ng, RK,A(K))

3: fori=K-1,...,1do .

4 Use Uj:l Ijm as frozen bits in C(n;, R;, AZ(-U) to
get C(ni, Ry, A(I?)

5: Decode n; Ry bits I%) using C(n,, RK,A%))

6: end for _

7 return () = JX 7{ 5 Output: decoded bits 7!

8: end procedure

decoding given by Algorithm 1, information bits are decoded
by K polar decoders sequentially and we use the fact that
ZW fori=1,...,K are related by . The number of bit

decisions made by the sequential decoder is independent of
the number of decoding stages K and it equals the number of
information bits k. The sequential decoder approach is optimal
in the sense that it achieves the capacity as all block lengths
approach infinity.

VI. SIMULATION RESULTS: FINITE LENGTH

Performance comparison of the proposed scheme with ran-
dom puncturing is shown in Fig. [6] In Fig. [6] the mother code
in our scheme has rate R = 3/4 and the codes for lower
rates R = 1/2 and R = 1/3 are obtained using parallel
concatenated polar codes as described in previous sections (see
Table |I| for specific polar code descriptions). Since n3 is not of
the form of powers of two, a punctured polar code was used
for that block length where the locations of punctured bits
are uniformly distributed and the information set is optimized
by taking puncturing into account. In contrast, for random
puncturing approach, the information set is optimized for the
mother code with rate R = 1/3 and higher rates R = 1/2
and R = 3/4 are obtained by random puncturing. As a
mother code, we used a polar code with block length 512 and
information bits 171. We observe that our scheme significantly
outperforms random puncturing at rate R = 3/4 where a large
number of bits need to be punctured in the latter scheme.
At rate R = 1/3, random puncturing outperforms parallel
concatenated polar codes. This may be due to the use of
suboptimal sequential decoder where an error probability is
computed as 1 — P({all component decoders have no error}).
Namely, in the sequential decoder, it is assumed that retrans-
mitted information bits are decoded based only on current re-
ception. However, reception from the previous retransmissions
still contain useful information, and thus finite-block length
performance can be improved by employing a soft decoder;
each component code receives a soft information from other
component codes and exploits it as a priori information as
performed in Turbo code [16]. The study of an enhanced
decoder is left for a future work.

TABLE I
CODE CONSTRUCTIONS
Ri1=3/4| Ro=1/2 | R3=1/3
n1 = 256 k=192 k=128 k=285
no = 128 k=164 k=42
ns = 195 k =65
VII. PROOFS

In this section, we provide the proofs of our main theorems.

A. Proof of Lemmal[I]

Proof: Since a rate-compatible code family is designed
for a fixed number of information bits, we have, from the
definition of the effective rate after each transmission,

k=n1Ry =n;R; = R; an (20)

j=1
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Fig. 6. Performance of the proposed scheme vs. puncturing.

for all ¢ € {2,3,---, K}. Condition (a) in the statement of
the lemma follows immediately from (20). Condition (b) can
be readily verified by substituting Condition (a) into the right
side of Condition (b). Finally, by summing Condition (b) for
consecutive values of index i, can be obtained, which
in turn implies Condition (a). Conditions (a) and (b) are thus
equivalent. ]

B. Proof of Theorem

We first prove the following Proposition |1| and then apply it
with a slightly larger target puncturing fraction o’ = «/(1—¢),

_ 11—« _ 1-a’' I(W)/R—-1 .
€ = TR/ UW)-R) — o ) > 0, and a slightly
higher target rate R’ = R(1 + %) = (I(W)+R)/2 <

I(W). We obtain m* € N such that for each m > m*, we
have a punctured polar code with block length n = |(1 —
(1 —e)a)2™| = [(1 — «)2™], an information set |A,,| >
2"(1—a )R =2"(1—-(1—€)d')R=2"(1—-a)R > nR,
and

Prjm < Cle,a) (2*2”‘3) : Q1)
for all j € A, and for some constant C(e, ). By sim-
ply picking a large enough constant C(e,a’) such that
C(e,a’)272" ? > 1, the desired result follows for all
m € N.

Proposition 1: Consider any B-DMC W with I(W) > 0.
For any fixed R < I(W), 8 < 3,0 < e < 1,and 0 <
a < 1, there exists a sequence of punctured polar codes, each
with block length n = |(1 — (1 — €))2™]| and associated
information set A,,, C [2™], for all integer m > m*(e, a),
such that |A,,| > 2™(1 — a)R and

Pym<0 (27" ) =0 (27),

for all j € A,,.

Proof: We fix «, 3, €, and R. For the proof, we show
the existence of a sequence of capacity-achieving punctured
polar codes using a random puncturing argument. For a given

(22)

target puncturing fraction « and block length n,,, an effective
puncturing fraction «,, is computed as
Ny — (1= (1 —€)a)n,|

Qp, = N 5

(23)

where notice that the effective puncturing fraction depends on
the block length n,,. Since a,, < (1 —€)a + n%, there exist
€ < e and n,(¢’') such that

an, < (1—€)a, (24)

for all n, > ny(¢).

Let P(ny, oy, ) denote a set of possible puncturing patterns
in {0,1}™ with (exact) puncturing fraction ,,. Random
puncturing implies that a puncturing pattern p™* is chosen
from p™ € P(ny,an,) with probability f(p™). Then, a
random puncturing is defined by specifying a puncturing set
P (N, v, ) and a puncturing distribution f(p™). In the proof,
we will design a specific puncturing set P(n,, a,, ) and define
distribution f(p™). We let P, j ,, denote the average bit error
probability of j-th polarized bit channel followed by random
puncturing, where the average is performed with respect to
puncturing distribution f(p™*). We will show that there exist
an information set A,,, a puncturing set P(n,, oy, ), and a
puncturing distribution f(p™), such that

Pojm <0(272), (25)
for all j € A,,. Therefore, there exists at least one puncturing
pattern p™ € P(ny, ay,) that satisfies [22).

First, we find an information set for a punctured polar code
as follows. Given the target puncturing fraction o, we form
the cascade channel of binary erasure channel with erasure
probability « (denoted by BEC(«v)) and W, which is denoted
by W(«). Obviously, the resulting channel W («) is B-DMC.
From [[I, Theorem 2], for W(«) and fixed R < I(W) (.e.,
R = (1 — )R < I(W(a))), there exists a sequences of
A, C [2™] such that

|Am| > 2R =2™(1 — )R
Z(WP(a)) <02

(26)
27)

for all i € A,,. We use the stronger result on the rate
polarization from [17]] that Z(W,(LZ) () < 0(2*2%). Notice
that this information set will be used for the punctured polar
code.

Next, we show that there exist a puncturing set P(n,, ay,, )
and a puncturing distribution f(p™) such that P, ;,, <
O(2’2mﬁ) forall j € A,,. Let y and y™* denote the channel
outputs of W (c) and W, respectively. Recall that Z(W. (c))
denotes the upper bound on the error probability of polarized
channel j (of the cascade channel), defined by

by

P EQn, o

P(&) & P(&j pru ) P(P™), (28)

where &£; . denotes a conditional error event of SC decoder
for the given erasure pattern p™* (induced by BEC(«)) and



Q,, o denotes the set of all possible erasure patterns induced
by BEC(«).

Define the empirical probability mass function (pmf) of p™
as

m(x|p™) = Hi:pi =} for z € {0,1},
Ny

where “0” represents an erasure. Let X1, X, ... be a sequence
of independent and identically distributed random variables
X; ~ P(z; =0) = a. For X ~ f(z) and fixed ¢’ € (0,1),
define the set of ¢'-typical n-sequences p™ as

T (@) = {p : |m(alp™) — f(z)] < € f(z),

for all 2 € {0,1}. Clearly, we have that 7" (a) C Q. o
Further, by the Law of Large Numbers, there exists n/,(€')
such that P(T\")(a)) > 1 — ¢ for all n, > nl,(¢'). We let
27" (€% = max{n, ('), n’,(¢')}. From now on, it is assumed
that n,, > max{n,(¢'),n,,(¢)}. In @28), by replacing Qy,,,
by 7;(,"“)(04), we obtain that

Ppm)
PENE Y PE
prueT™ (o)
1
<o PE), (29)
where we chose § > 0 such that Zp”ue’r(”“)(a) % =1.

Notice that such § always exists since P(T;"“)(a)) >1-—¢.
Notice that, for any p™» € 7;5"“)(04), we have that |7(0[p™)—
al < da and o, < (1 — €)a since n, > ny(e). For
any p"v € 73"“)((1) define a mapping ¢ : tgn“)(a) -
P (N, v, ) such that p™» = £(p™+) is obtained by removing
erasures in p™ until 7(0p") = «,,, and the positions of
erasures removed are chosen with natural ordering. Using this,

define
Z P(p™)

P(Z/jn ) é / N
u _ 6
R

(30)

Clearly, Zﬁnueg (T(,"“)(a)) P(p™) = 1. Then, we show that

P(E]) = > P(&jpnu ) P(P™)
pruee(TS (@)
P(p™)
SR SR OSSR
(o)
(a) Plpm)
= Z Z P(gﬁp"")m
prueg (T4 (a)) PR ) =R

where (a) is due to the fact that P(E; sn. ) < P(E; pnu ) for any

pme € E71({p™+}), i.e., deleting erasures does not increase an
error. From (29) and (31), we obtain that
1
P(§]) < 7= P(&)- (32)

We are now ready to define our random puncturing with
puncturing fraction a,, by choosing

Py an,) = € (T () (33)

fp™) =P@p™), (34

where P(p"+) is defined in (30). From (32), we can show

that, for all n, > max{n,(¢),n](¢)} (equivalently, m >
m* (e, ),

_ 1 . m
Pojm = P(&]) € = P(E) < ZW(@)F) <0 (272")

STz
for all j € A,, where A,, is defined over the cascade channel
W («). Therefore, there exists at least one puncturing pattern
p" € P(ny, an, ) that satisfies (22). This completes the proof.

]

C. Proof of Theorem
For given degraded channels W; = Wy > .= WK,iwe
consider a family of rate-compatible polar code (Ci",...CE~)

with respective block lengths 7 < ... < ng and correspond-
ing rates Ry > ... > R given by (I3).

As described in Section [V-A] this code is fully character-
ized by a collection of K sequences of nested (punctured)
polar codes {C(n;, R;, A(‘l))}jzi,ie[l{] which satisfy the three
conditions in Definition [2] as

(cl) R;= k/nl for all i € [K%

(c.2) A()DA DAK for each ¢ € [K],

©3) A% = anJ for all j > i and i € [K].

Note that the number of information bits equals |Ag1) |.

Fix R, i = 1,..., K, such that I(W;) > R; > I(W;) — ¢
for any € > 0. We ﬁrst explain how to choose block lengths
{ni}icix) and information sets {A }J>H€[k] in order to
construct the above polar codes. We choose ny = (l—aq)2™
for some o1 € [0,1) and m; € N. Furthermore, we choose,
for i = 2,..., K lengths of the form n; = (1 — «;)2™ where

€[0,1) and m; € N as

1 1
= Rl (RZ — Ri_1> niy.

Notice that there exist m] and oy such that all n; is an integer
for all ¢+ = 2,..., K, since each R; is a rational number.
Assuming that m; > mj, the n; can be expressed in the
form of n; = (1 — a;)2™ %% for some non-negative integer
lij,ie, m;=mq+1; forallt=2,..., K.

From Theorem [1] for fixed nZ and channels {W;}i=i.. .k
there exist information sets {A } =i

(35)

.k such that

.....

AV = Ry, (36)

and an error probability Pem, 1s bounded by O(2-2""")
for any fixed 5 < % and [ € A . Since m1 < m; for all
i > 2, the error probability is bounded by 0(2’27”1[3) for
all punctured polar codes that used in sequential decoders.
Therefore, there exists a sufficiently large mi > mJ such that

for all m; > ml, the error probability condition in ' holds.



Finally, we show that our choices of {n;};c(x) and
{Ag‘l)}jzi,ie[K] satisfy the three conditions that are required
to hold by our code construction. From [15) Lemma 4.7], it
follows that A" D A521 > ... 2 A% for each i € [K]. The
condition (c.3) immediately holds from @]) We then show
that the condition (c.1) is satisfied since for all i € [K], we
have that

(a) k
n; = —n —, 37
Z J R; 1= R;
where (a) follows by and by telescoping sum. This
completes the proof.

D. Proof of Theorem

We first prove the sufficiency of (12). Fix ¢; € Z for i =
., K. Then, it is assumed that

I(W;
1wy = —0)__
1+ 525
for ¢ = ., K. The proof follows from the proof of
Theorem |2 with the additional constraints that, due to the
length limitation of polar codes, n; should have the form of

powers of two for all i € [K].
Fix R; such that I(W;) > Ry > I(W;) — € for any € > 0.

(38)

Then, we choose R;, i = 2,..., K, such that
R
Ri=——r. (39)
14+ 2"
Using (38) and (39), we have that
Ry — I(W;
0> Ry — I(W;) = 17(” > e, (40)
L+ 3,20

fori =2,..., K. We first choose n; = 2™! for some m; € N.
Then, the choices of {Ri}ie[K] in guarantees that, for
i = 2,...,K, n; has the form of powers of two since by

plugging into (35), we have:

The rest of proof exactly follows the proof of Theorem [2]

Next we prove the necessity of (IZ). From the definition of
the effective rates in that any rate-compatible code family
must satisfy, we have

R
Ri= ——— (41)
1 + Z] 2 n1

for all ¢ € [K] by substituting k£ = ny R;. If the code family
is a family rate-compatible polar codes, a polar code can be
used in each transmission, and thus we must have that for each
j e [K],

A 17
ni

(42)

for some I; € Z due to the length limitation of polar codes.
Since the set 22 £ {2! : | € Z} is not dense in R, it

is not hard to see that those capacities {I(W;)};c(x] Who
can be approached by the rates {R;};c(x] that satisfy
and (@2) must satisfy (I2). To show this rigorously, suppose
{I(Wi)}iex] cannot be expressed in the form of (12). Define

I(Wh)
L+ 375 20
Since {I(W;)}icik) are all dlstmct and are strictly positive,

there must exist a shell S(y) £ {z € R: 47! < |z| < 7} for
some sufficiently large v > 0 such that

*

— inf max |[(W;) — 43)
{1, €2} e (x) i€[K] (W2)

I(W:
€ = inf max |I(W;) — %
{l;€ZnS(V)}jeix) t€[K] 1+ 2222 2L

a I W
W min max |I[(W;) — %
{l;€2nS(M} e 1€[K] 143 2

®
>0

where (a) follows since ZNS(7) is a finite (nonempty) set, and
(b) follows from the assumption that (I2) cannot be satisfied.
Now if there exists a sequence of capacity-achieving rate-
compatible polar codes, then there must exist a set of rates

{Ri}ic(k) that satisfies , , and

mas [1(177) - Ri|<%.

(44)
1€[K]

It follows that there exists I; € Z for each ¢ € [K] such that

max |I[(W;) — 1'(71/:/1)
i€[K] 1+Zj:2 2L
ie[K] 1—|—ZJ o 2l
< max |[I(W;) — R;| + rnax |Ry — I(Wh)|
1€[K]
() e € N
5 + 5 =€ (45)

which contradicts (@3), where (c) follows from (@I)) and (@2),
and (d) follows from (@4).

VIII. CONCLUSION

A method of constructing rate-compatible polar codes that
are capacity-achieving with low-complexity sequential de-
coders is presented. The proposed code construction allows
for incremental retransmissions at different transmission rates
in order to adapt to channel conditions. The main idea of the
construction exploits common characteristics of polar codes
optimized for a sequence of degraded channels. Due to the
length limitation of polar codes, the proposed construction
cannot support an arbitrary sequence of rates, and we char-
acterize the rates that can be supported. We then present
capacity-achieving punctured polar codes that provide more
flexibility on block length by controlling a puncturing fraction.
We finally show that by using such punctured polar codes, the
proposed rate-compatible polar code is capacity-achieving for



an arbitrary sequence of rates and for any class of degraded
channels. The proposed approach uses an optimized polar code
to produce the proper amount of incremental redundancy at
every HARQ transmission thereby achieving capacity.
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