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Abstract—Integral functionals based on convex normal inte-
grands are minimized over convex constraint sets. Generalized
minimizers exist under a boundedness condition. Sequences of the
minimization problems are studied when the constraint sets are
nested. The corresponding sequences of generalized minimizers
are related to the minimization over limit convex sets. Martingale
theorems and moment problems are discussed.

I. INTRODUCTION

Let (Z, Z, 1) be a o-finite measure space. For real Z-mea-
surable functions g on Z, let

Hs: g [, B(z,9(2)) n(dz).

The functional Hp is based on an integrand § on Z x R with
values in (—oo, +00]. Assumptions on (3, summarized at the
beginning of Section II, include strict convexity in the second
coordinate, finiteness of §(z,t) for ¢ > 0 and 5(z,t) = +o0
for t < 0. Thus, Hjg is finite only when g is nonnegative, p-a.e.

This work generalizes and strengthens existing results on
minimization of the integral functional Hg over convex sets C
of functions g for which infc Hg £ infyec Hg(g) is finite. If a
minimizer g in C exists, Hz(g) = inf¢ Hg, then it is unique, u-
a.e., by strict convexity. Otherwise, the minimizing sequences
gn in C, Hg(gn) — infc Hg, are of interest. The minimization
of Hg over C has a generalized minimizer if all minimizing se-
quences have a common limit, denoted here by gc. Theorem 1
implies existence of e when a single minimizing sequence is
bounded. Corollary 1 presents equivalent assumptions.

For a sequence C,, of convex sets of functions g let

(P, J};] = infc, Hg, n > 1.

Assuming monotonicity, either C,, 2 Cp, 41 or C,, C Cp41, let
Coo denote the intersection or union of the sets C,,, respectively.
The goal is to relate the problems (P,) to

(Px) J5h = infe, Hg.

Theorems 2 and 3, formulated in Section III, deal with the limit
behavior of the sequence ¢, of generalized minimizers in the
problems ( P,,). Under some conditions the convergence to the
generalized minimizer §c_ in (Py) is established in Bregman
distance based on [.

In Section IV, the results are applied to extend martingale
theorems. Discussion of moment problems is presented in
Section V. Proofs are postponed to Appendix.
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II. PRELIMINARIES AND ASSUMPTIONS

It is assumed throughout that 8 is a normal integrand [7,
Chapter 14] such that 3(z, ), z € Z, belongs to the class I" of
functions v on R that are finite and strictly convex for ¢ > 0
and equal to +oo for ¢ < 0. The integrand is autonomous
when «y € I" exists such that §(z,-) =~ for all z € Z.

A function ~ is asymptotically nonlinear if either the limit
7' (+00) of 4/(t) when t 1+ +oo is infinite or the increasing
function ¢ — t+/(4+00) — ~(¢) is unbounded. The integrand
B is asymptotically nonlinear if §(z,-) has the property for
p-aa. z € 4.

From now on, all functions f, g, h on Z are assumed to be
nonnegative and Z-measurable. Equalities between them are
considered p-a.e. If neither the positive nor the negative part
of the function z — 3(z, g(2)) is u-integrable, the integral of
this function over Z is +oo by convention.

The Bregman distance of g and h, based on 3, is given by

Bs(g.h) £ [, As(z,9(2), h(z)) u(dz)

where Ag is a nonnegative integrand on Z x R? such that
Ag(z,s,t) for z € Z and s,t > 0 is equal to

7(8) - W(t) - ,y;gn(sft) (t) [S - t]
and s - (+00) otherwise. Here, ~ abbreviates §(z, ), sgn(r)
denotes + if r > 0 and — if » < 0, and 7; are the one-sided
derivatives. The Bregman distance is nonnegative and vanishes
if and only if g = h. For more technical details see [5].

A sequence of functions g,, on Z converges locally in the
measure |1 to a function h, in symbols g,, ~~ h, if it converges
in measure on each set C' of finite p-measure, thus

w(CNA{lgn —h|>e}) =0,

Either of the convergences Bg(gn,h) — 0 or Bg(h,g,) — 0
implies g, ~» h [5, Corollary 2.14].

A set of functions H on Z is bounded locally in the measure

w if for each set C' € Z with finite p(C') to every € > 0 there
exists K such that

suppey M(CN{h>K}) <e.

A set of functions G or H is 3-bounded or reversely 3-bounded
if there exist functions g, h such that, respectively,

if v/, (¢) is finite,

€>0.

supg Bs(-,h) < +o0o or supy Bg(g, ) < +00.



III. MAIN RESULTS

The following assertion extends [3, Theorem 1(c)] that is
confined to autonomous integrands. There, an assumption of
boundedness was missing, though implicitly used in a proof,
see also [5, Example 10.5].

Theorem 1. Let C be a convex set of functions on Z with finite
infe Hg. If a minimizing sequence g, € C is bounded locally
in measure then there exists a unique function §¢ such that

(D Hp(g) > infe Hs + Bg(g,c) »

Remark 1. If the finite infimum in (1) is attained, the function
gc from Theorem 1 equals the minimizer and

Hs(g) = Hs(gc) + Bp(g, gc)

Otherwise, g¢ is the generalized minimizer in the sense that
Bs(gn, gc) — 0 for every minimizing sequence g, in C.

gecC.

gecC.

The assumption of boundedness has equivalent reformulations.

Corollary 1. Assuming infc Hg is finite, the following asser-
tions are equivalent.
(i) A minimizing sequence is bounded locally in measure.
(ii) Every minimizing sequence is eventually [3-bounded.
(iii) The generalized minimizer exists.
(iv) The level sets of Hg intersected with C are [3-bounded.

Let C,, be a sequence of convex sets of nonnegative func-
tions and ( P,) the corresponding minimization problems with
values J[ﬁ"]. When nonincreasing/nondecreasing, in symbols
Cn, \/C,, /, the intersection/union C,, gives rise to the problem
(Pso). Correspondingly, the sequence of values Jg” is nonde-
creasing/nondecreasing and upper/lower bounded by J[[;O].

Theorem 2. Let C,\ be a sequence of convex sets such that
J[ﬁ"] is finite. Let Hg have a minimizing sequence in C; that
is bounded locally in measure. If the sequence Jg‘] has a
finite limit then there exists a unique function hs such that
B,B(homgcn) — 0 and

) Hslg) > lim J5" 4 Bs(g,hec), 9 € Coo-

If the finite limit of Jg'] equals J/[3°°] then heo = ge.. .

Remark 2. In Theorem 2, let the infima in the problems (P,)
be attained. By Remark 1, g¢, are the unique minimizers. If
the sequence J[ﬁ"] is bounded then a unique function h exists
such that ge, converges in the sense Bg(hoo, Gc, ) — 0 and

(3)  Hslg) > lim Hs(ge,) + Bp(g,hoc) s 9 € Coo.

By Lemma 4 in Appendix, ¢, ~ hoo. Hence, along a subse-
quence Jc, — hoo, p-a.e. Often Hg is lower semicontinuous,
liminf,, o Hg(gn) = Hs(g) whenever g, — g, u-a.e. Then,

[o0] > 1 ~ >
Jg7 = lim Hs(ge,) = Hp(hoo) -

If hoo € Co then the inequalities are tight by (3), hoo = gc_,
is the minimizer in the problem (P..), Bg(gc.., gc,) — 0 and
Hs(ge..) = Ha(de..)-

Example 1. Let i be the measure on R? expressible as sum
of the probability measure (pm) sitting in the point (0, 1), the
pm sitting in (0,2) and the pm on (0, +00)? with the density
(1, x2) — e~ 172, see [4, Example 1]. The functional H,,
is based on the autonomous integrand : ¢ — ¢Int.

Given s > 1, the functional H, is minimized over

Cr=U{G(e,5): 0<e < 1}

where G(ay, as) for (a1, as) € R? denotes the set of nonneg-
ative functions g that satisfy the three moment constraints

fRz (1, 21, 22) g(21, 22) p(d21, dz2) = (1, a1, a2) .

The minimum of H., over G(e, s), € > 0, is attained uniquely
at the function f; s: (21,22) — V1710522 =A(01,93) \where

9 9
A: (91,92) = In[e? 4272 4+ Lo L]

191,192 <1,

is the log-Laplace transform of p and (97,4%) is the unique
solution of VA(97,95) = (e, s). Thus,

1 1
)2 1-0;

_ _[es o, 20; 11
*5[6 e+ 1—19;]
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* A 142
For fixed s > s* = Tre >

the second equation and ¥/5 /' 1 imply

1 1

oy A=o5? (e+e?)(s—s*) and ¥ — —oc0.

By the first equation, ¥je — 0 and € — 0. Hence, when \.0
the functions f. s converge to zero on (0, +00)?, to =

m at
(0,1) and to lj-e at (0,2). Further,

ming . s Hy = 97 + 955 — A(97,93) = s —1—In(1 +e).

This minimum is actually A*(e, s) where A* is the conjugate
of A. By calculus, for s > s*

A*(e,s) < sup [1915 + 1995 — In [eﬁQ + 202 4 ﬁe’%]}
v1,92<1
=s—1+ sup [1916—111 [1+6+ 1_1191]}

9, <1
=s—1—In(14e) — 24/e/(14€) + O(e) .

The sets C,, intersect to C, = G(0, ). For s < 2 this family
contains the single function fj , that equals 2—s at (0,1), s—1
at (0,2), and 0 otherwise. Hence,

Jg’o] =(s—1)In(s—1) + (2—s)In(2—s), 1<s<2.

If s > 2 then G(0,5) is empty, thus J5* = f-o00.
For s > s* it follows that the infimum in Jg” is attained and

lim,, oo Jg"] =s—1-In(l1+4e¢)< ng’] .

Thus, the limit is finite but smaller than Jg"’], which is even
infinite for s > 2. When n is sufficiently large the minimizer
gc,, in the problem (P,) is equal to the minimizer fy;, , of
H, over G(1/n,s), using the upper bound on A*. Theorem 2
applies. The function h, = fo s+ is different from gco, = fos
for s* < s < 2, while g is not defined for s > 2.



Theorem 3. Let 8 be asymptotically nonlinear and C,,/ be a
sequence of convex sets such that Jb"] is finite. Let Hg have a
minimizing sequence in Cy, that is bounded locally in measure,
n = 1. If the sequence JEL] has a finite limit then the limit
equals Jg"’], the minimizing sequences in Cs, are [B-bounded
and Bﬁ(gcn,gcw) — 0.

Example 2. Let ;1 be the Lebesgue measure on [0,1]. The
functional H,, is based on «y: ¢ — ¢Int and is minimized over

an{g>0:f01gdu:1,g(t):2tfort<%}.

1

The minimizer exists, ge, (t) =1+ %, t> -, and

S5t = [ 2tIn(2t) dt + (1 - 25)In(1+ 1) 0.

n

By Theorem 3, J}f] =0 and gc =1 is the generalized mini-
mizer in the problem ( P,,), which has however no minimizer
because ¢ is not in Coo = Un>1 Cy. Instead, go is a
minimizer when minimizing over all functions integrating to 1.

IV. MARTINGALE THEOREMS

In this section Theorems 2 and 3 are related to convergence
of conditional expectations in Bregman distances.*

A function f has the covering property w.r.t. a sub-g-algebra
Y of Z (and p) if Z is the union of at most countably many
sets Y € Y with fY f du finite. By Radon-Nikodym theorem,
there exists a V-measurable function fjy = f|y , that satisfies
Jy fiydp= [, fdpfor Y € Y. It is nonnegative and unique.
If f >0 then fjy > 0.

Let sub-o-algebras ), of Z be nested as V,, C V41, in
symbols ), /, and generate ). A martingale theorem asserts
that if f has the covering property w.r.t. }; then fjy, — fiy_,
p-a.e. In a backward martingale theorem, sub-c-algebras are
nested as )V, 2 V,41 and intersect to V.

Let Dy ; denote the set of nonnegative functions g that
satisfy [, gdp = [, fdpforY € Y. The minimization of the
functionals Hg over the convex set C = Dy ¢ is not considered
here in full generality but only for integrands

3 (zj)Hh(z)w(ﬁ), z€Z,teR,

where v € I" and h is a positive function on Z. If h = 1 then
the integrand is autonomous, which can be arranged replacing
w by v with dv = hdyu and g by gh, see [5, Appendix C].

It is further assumed that v is differentiable, nonnegative and
v(1) = 0. Then, Hz(g) becomes the y-divergence D. (g, h) of
a function g from A

Hs(g) = [, hy($) dp = Dy(g.h).

Lemma 1. If f > 0 and h > 0 have the covering property w.r.t.
a sub-c-algebra Y of Z and | then

mingGDy,f D’Y(gv h) = D’Y(f\yv hDi) .

If finite, the minimum is attained at g = fy h/hyy.

*Proofs of the assertions presented here are not included. They are available
for reviewer’s purposes at http:/staff.utia.cas.cz/matus/

When the minimum in Lemma 1 is finite, Theorem 1 for
Hs = D,(-,h) and C = Dy ; features the minimizer gp,, ,
equal to fiyh/hjy. Ineq. (1) is tight

D, (g,h) = Dy(fiy, hyy) + Bs(g, fiyh/hyy),

In fact, if the right hand side is finite the Bregman distance is

Fo [ () = (55) = ) o = 3] e

hiy
The third term can be omitted since gy = f|. For the au-
tonomous integrand, h =1, gpyv ;= f‘ y and (1) takes the form

Hy(9) = Hy(fiy) + B,(9, fiy)

Lemma 2. If sub-o-algebras Y, /', generate V., and f >0
and h >0 have the covering property w.r.t. Y then

Dy (fiyns Myn) 7 Dy(flye s iy ) -

Theorem 2 restricted to the autonomous integrands applies
to sequences of sets of the type Dy ;. Lemmas 1 and 2 are
invoked in the proof.

g€Dy;y.

g€Dyy.

Corollary 2. Under the assumptions of Lemma 2 with h = 1,
if Hy(fiy..) is finite then B (fiy_, fiy,) — 0.

The choice y: t — tlnt —t + 1 gives the convergence of
relative entropies in Lemma 2, see [6, Theorem 2], while the
assertion of Corollary 2 seems to be new.

A consequence of Theorem 3 is analogous to Corollary 2.

Corollary 3. Let v be asymptotically nonlinear. If Yy,
intersect t0 Voo, f =0 and h >0 have the covering property
w.rt. Yoo, and Dy (f|y,, hyy,) is finite then

Dy (fiyns My ) NDy (Flyms iy ) s
and ifH,y(f‘yl) is finite then B,y(f‘yn,fwoo) — 0.

Choosing v: ¢t — tlnt —t + 1 the convergence of relative
entropies follows, see [6, Theorem 3].

V. DISCUSSION

The minimization of integral functionals studied in this con-
tribution includes a number of special situations that appeared
before. The relations to literature are discussed at length in [5,
Section 11]. The focus here is on sequences of generalized
minimizers for entropy-like functionals, which is of novelty
even for the autonomous integrands. The generalization mat-
ters, see the simple situation in Example 2.

To make Theorem 2 operational, conditions for the conver-
gence Ji' — J5' < + oo are desirable. By Remark 2, it is
sufficient to have 3 > 0, making Hg lower semicontinuous,
and ho € C. An alternative is to assume that p is finite, and
[ bounded below. Likewise, for Theorem 3 boundedness of
Jg‘] should be under control. For more general sequences of
convex sets, see [2], [8].

In moment problems, C is the set of functions g satisfying

‘[Z@jgd[t:aj, jil,...,d,



where ¢;: Z — R are given moment functions and a; € R
are prescribed moments. Feasibility is resolved by the concept
of conic core [5]. If infc Hg is finite then the boundedness
condition from Theorem 1 is equivalent to the modified dual
constraint qualification. The generalized minimizer can be ex-
plicitly described avoiding primary constraint qualification [5].

A well-understood special limiting situation is when p is
finite, H, is based on vy € I" with y(t)/t — +o0,

Cn:{geLl(M)i fz%gdu:aj, j:1,.‘.,n}

where @; € Loo(1), and Coo = (1,5, Cn contains a function g
with H,(g) finite. Then, H, is bounded below, C,, are weakly
closed, H., has weakly compact level sets and is strongly lower
semicontinuous in Lj(u). Therefore, gc, and §c. are mini-
mizers [8, Theorem 1]. The convergence J[[j"] < + 00
takes place. By Theorem 2, B, (gc.., gc, ) — 0. If v(t) = tInt
this improves the previously known convergence in Lq () [1,
Corollary 3.3]. See also [3] for a sufficient condition on +y to
conclude this convergence.

APPENDIX

Any (-bounded set is bounded locally in measure and so
is any reversely [-bounded set provided [ is asymptotically
nonlinear, see Corollary 5.

The following appeared previously as [5, Lemma 2.13].

Lemma 3. To any set C € Z of finite y-measure and K, €, €
positive there exists 6 > 0 such that for functions g and h
either of Bz(g,h) < ¢ or Bg(h,g) < ¢ implies

wCn{lg—nh|>e}) <&+ u(Cn{g>K}).

Lemma 4. If a sequence g,, is bounded locally in measure,
hn,m is an array of functions and Bg(gp, hn,m) — 0 with
n,m — 00 (n = m or m = n) then gy, — hy ym ~> 0 with
n,m— 00 (n =m orm = n).

Proof: Since the sequence is bounded, if C € Z has
finite y-measure and £ > 0 then there exists K > 0 such that
w(CN{g, > K}) < ¢ forall n > 1. By Lemma 3, fore > 0
there exists § > 0 such that if Bg(gn, hn,m) < 0 then

p(C N {hnm = gn| > }) <E+(CN{gn > K}) < 2.

The assumption on convergence implies that this holds even-
tually in n, m. Hence, the local convergence follows. ]

Corollary 4. If a sequence g,, is bounded locally in measure
and Bg(gn,gm) — 0 withn > m — oo or m =2 n — 0
then g, converges locally in measure.

Proof: Lemma 4 is applied with hy, ., = gm to con-
clude that g,, — g, ~ 0 with n, m as above. In either case, g,
is Cauchy locally in measure, and the convergence follows. W

Proof of Theorem 1: The main ingredient is the identity
involving integral functionals and Bregman distances

tHg(g1) + (1—t)Hg(g2) — Hy(tgr + (1-1)g2)
= tBs(g1, h) + (1-1)Bs (g2, h) — Bs(tgr + (1—t)g2, h)

where g1, g2 and h are nonnegative functions, 0 < ¢t < 1 and
the Hg-terms and Bg(tg1 + (1—t)g2, h) are finite.

By assumption, there exists a minimizing sequence g, in C
that is bounded locally in measure and finite Hg(g,,) converge
to finite infc Hg. Then, the identity implies

where hy, ., = %(gn + gm ). The left-hand side tends to 0 with
n,m — oo as Hg(hy, ) converges to infe Hg due to convex-
ity of Hg. Then, Bg(gn, hn.m) — 0 and Bg(gm, hn,m) — 0.
By Lemma 4, g, — hpm ~» 0 and g, — hpn,m ~» 0. Hence,
gn — gm ~> 0 which expresses that the sequence g,, is Cauchy
locally in measure. Going to a subsequence if necessary,
Jn — gc, p-a.e., for some function ge.

Taking g € C with finite Hg(g) and hy, = t,9 + (1—t5)gn
with 0 < ¢, < 1, the identity implies

tnHg(g) + (1—tn)Hg(gn) — Ha(hn)
= tnBﬁ(ga hn) + (]—_tn)Bﬁ(gna hn) .

If ¢, | O then Hg(h,) — infc Hg. Hence, ¢, can decrease
slowly enough to make - [Hz(gn) — Hg(hy)] converging to
zero. Dividing by t,,, /

Hp(hn)—Hs(gn)

Ha(g) — inf Hy > lim sup | 220000 4 By(g )]

n—oo
Since h,, — ¢, p-a.e., ineq. (1) follows by lower semiconti-
nuity of the Bregman distance [5, Lemma 2.12]. [ ]

Proof of Theorem 2: By assumptions, Theorem 1 applied
to C; and Corollary 1, the level sets of Hg intersected with
C; are B-bounded. Then, Theorem 1 and Corollary 1 apply to
all C,, and the generalized minimizers gc, exist. For n > m,
ineq. (1) and C,, C C,,, imply

4) Hs(g) = J5" + Bs(g, de,.) »

If g € C,, is a minimizing sequence in the problem (P,) then
(4) with gy instead of ¢ is limited in kK — oo and gives

g€eCy.

5) S5 = I +limsup Bs(gx ge,..) > J5" +Bs(ge,» ge.n)
— 00

due to gr ~~ §c, and lower semicontinuity of the Bregman
distance [5, Lemma 2.12]. Hence, Bgs(gc,,,ge,,) — 0 when
n,m — oo and n > m. In addition, ¢, is 8-bounded as
: ] _ il s o PP
Jim S5t = Jg' > sup Bs(de.., de.) -
By Corollary 4, g¢, ~ ho for a function h,. Limiting in (5)
with n — oo and lower semicontinuity imply

lim Jg' > S5 + Bg(hoos Ge,) . m =1,

n—oo

Hence, Bg(hso, gc,,) — 0 with m — oo. It follows from (4)
restricted to Co, C C,, that

> . [m] . ~ )
Hp(g) = lim Jg" +limsup Bg(g,dc,.), 9 € Coo

m—r o0

This, gc,, ~ hoo and lower semicontinuity imply ineq. (2).



When the value J}f] in (Py) is finite then ineq. (2) implies
that the level sets of Hs intersected with C are S-bounded.
Theorem 1 together with Corollary 1 imply existence of a
function gc,_ such that

(6) Hﬁ(g) >JL[300]+BB(Q,QCOO),

When lim,, Jé”] = J}j"o], inegs. (6) and (2) differ only in
hoo and gc., . Then, the two functions coincide due to the
uniqueness stated in Theorem 1. [ |
Remark 3. In Theorem 2, if g, € C,, and Hg(gn) — J5" — 0
then g, ~» ho. In fact, ineq. (4) implies

g€ Cx .

lim J§ > J5" + limsup Bg(gn, e, ) -
n—oo

n—oo

Then, g, is eventually S-bounded. Since Bg(gn,gc,) — O,
due to ineq. (4) with n = m, it follows that g,, — gc, ~~ 0 by
Lemma 4. This and g, ~~ gc., imply g, ~> heo.

The following is an extended version of [5, Lemma 9.9]".

Lemma 5. Let C' € Z have finite p-measure and L, &, 6 > 0.
There exists K > L such that if Bg(g,h) < § for functions
g, h then

w(Cn{g>K}) <&+p(Cni{h>L}).

The assertion holds also assuming instead Bg(h,g) < 0 and
the asymptotic nonlinearity of f3.

Proof: Let M = 2§/£. By monotonicity, for K > L
Bo(9.1) > e nery Ao(2.9(), k(=) pldz)
f{g>K,h<L} Ap(z, K, L) p(dz)
>M-pu(CNn{As(-,K,L) > M, g> K, h<L}).
Then, u(C' N {g > K}) is at most
LBs(g. 1)+ 1(C N {As(, K, L) < MY +u(CN{h > L}).

If Bs(g,h) < & then --Bg(h,g) < 3£ By strict convexity,
Ag(z, K, L) increases to +o0o when K 1 4oc0. Therefore, for
K > L sufficiently large pu(C N {Ag(-,K,L) < M}) < i¢,
and the assertion follows.

If Bg(h,g) < ¢ then for K > L

62> j{‘g>K,h<L} Aﬁ(z7h(2)7g(z)) /L(d'z)

> f{g>K,h<L} Ag(z, L, K) pu(dz)

WV

Therefore, ;1(C' N {g > K}) is at most
Le 4 u(C N {A(, LK) < M}) + p(C 1 {h > L}).

To conclude Ag(z, L, K) 1 +oo with K 1 +oo, the asymp-
totic nonlinearity of [§(z,-) suffices. The modified assertion
follows as above. ]

Corollary 5. If a set G of functions is (B-bounded then is
bounded locally in measure. The conclusion holds also for

TIn Lemma 9.9 the arguments in Bg(h, g) are erroneously interchanged.

sets H that are reversely [3-bounded assuming the asymptotic
nonlinearity of (.

Proof of Theorem 3: By Theorem 1, the generalized
minimizers g¢, exist. For n > m it follows from ineq. (1) and
C., C C,, that

(7 Hs(9) = J3" + Bs(g, dc..)

Since the left-hand side of (7) can be finite the sequence gc,
is reversely 3-bounded. Then, it is bounded locally in measure
by Corollary 5, using that 8 is asymptotically nonlinear.

For a minimizing sequence g in C,,, Theorem 1 implies
gk ~= gc,,» and then a subsequence converges ji-a.e. Limiting
in (7) along the subsequence

8) Jg =I5+ Bsl(ge,.» de..)

on account of the lower semicontinuity of Bregman distance
[5, Lemma 2.12]. Since the sequence Jg” is bounded and
monotone Bs(gc,,ge,,) — 0, n = m — oco. By Lemma 4,
there exists a function h> such that gc, ~» h*°.

Limiting in (7) with n — oo, along a subsequence,

Ha(g) > lim JJ'+ Bs(g,h™), g€ Cm.

g €Cpm.

n=m,

analogously as above. Since m > 1 is arbitrary this inequality
holds even for g € C. Then, infc_ Hg is at least the finite
limit, and J/[3°°] = lim, o0 J/[B”] by monotonicity. Hence,

Ha(g) = J5 + Ba(g.h), g€ Cu,

and the minimizing sequences in C, are -bounded. Theo-
rem 1 applies to C, and, by uniqueness, h>*° = jc__ .
Limiting in (8) with n — oo, along a subsequence that gives

ge, = goo.» H-ae.,
Jg' > dim S5+ Bs(de,, gon), m> 1.
Then, Bs(gc,,,dc.,) — 0 when m — oo. [ |
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PROOFS OF THE RESULTS FROM SECTION IV

This is an appendix which is not a part of the publication.
It provides supplementary material to Section IV.

Proof of Lemma 1: Let v denote the measure with the
p-density h. Assuming the fy-divergence is finite,

D’Y(gah :fzh’V d/l L dV_fZ D’V
= (), hdu= L \yuhnmdu

Conditional Jensen’s inequality with v >

1)y 2B y) -

By assumptions, f| and hy are well-defined and so is g|y
for g € Dy 5. For such g and Y € Y

fy gy dp = fy gdu = fy i dv
fY |yu fY
= fY

Using that h‘yM > 0,

9y,
(%)D},u _ Iy )

hy,u
It follows by g|y ,, = fiy,, that

> J,n ( > H) My dpe = Dy (fiy g hyy.p) -

Thus, the minimum is at least D, (f}y, hyy).
Denoting f|y h/hy by f*, for Y € Y

Jy fdu= [ fydu= [, (FMydu= [, f"dp

whenever the integral on the left is finite. Therefore, f"
belongs to Dy . As D (f",h) = Dy(f}y, hyy) the minimum

equals D, (fy,hyy) and f" is a minimizer. [ ]

0 implies

|yvhd'u

h) iy, i = Iy (3 INSRUT

ILVV

Proof of Lemma 2: By Lemma 1, D,(f}y,,hy,)/ and
the limit of the sequence is at most D (f|y_,hy.. ). A mar-

tingale theorem implies p-a.e. convergences fy, — f|y.. and
hyy, —hy_ . Hence,

lim infy, 00 Dy (fiy,5 1p,) 2 Dy(fiyees iy.) -
by Fatou lemma and lower semicontinuity of v > 0. [ ]

Proof of Corollary 2: By monotonicity of V,,, Dy, .
A function g belongs to the intersection of Dy, ; if and only
if [y, gdu= [, fdu for Y €, Y The equality holds
also for Y € V... Hence, C,, =Dy, s intersect to Coo =Dy .
If Hy(fjy..)=D+(fjy.,1) is finite then, by Lemma 1 with
h=1, ge, = fy, and gc., = f|y.. - Lemma 2 and Theorem 2
with hoo = gc_. imply the convergence. [ ]

Proof of Corollary 3: The integrand [ is asymptotically
nonlinear and C,, =Dy, ¢/ and have the union C., contained
in Dy_ r.* Lemma 1 implies that JJ" =D, (fiy,, hy,)\
Then, the sequence is finite and has a nonnegative limit
because y > 0. It follows by Theorem 3 that Bg(gc,, , §c.,) =0
where gc, = fy, h/h|y, - Then, by Fatou lemma

> [, tmint [y (122) - hy(%5=)
— (S ) [t —go || du > 0

In turn, Bs(fiy. h/hyy..,gc..) =0, using that fy, —fiy,
and hjy, —hjy.,, p-ae. Hence, o = fly. h/hyy,, and

Dy (fiy, 1y,) =Dy (flyms Bys,) — 0.

This rewrites to B, (f)y,, f‘yw) = Hﬂ,(f‘yn) —Hy(fiy..) =0
when h=1. |

Bs(gc,,,9c..) =

In Example 2, the inclusion was strict.



