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Rigorous Dynamics of
Expectation-Propagation-Based Signal Recovery
from Unitarily Invariant Measurements
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Abstract—Signal recovery from unitarily invariant measure-
ments is investigated in this paper. A message-passing algorithm
is formulated on the basis of expectation propagation (EP). A
rigorous analysis is presented for the dynamics of the algorithm
in the large system limit, where both input and output dimensions
tend to infinity while the compression rate is kept constant. The
main result is the justification of state evolution (SE) equations
conjectured by Ma and Ping. This result implies that the EP-
based algorithm achieves the Bayes-optimal performance that
was originally derived via a non-rigorous tool in statistical physics
and proved partially in a recent paper, when the compression rate
is larger than a threshold. The proof is based on an extension of
a conventional conditioning technique for the standard Gaussian
matrix to the case of the Haar matrix.

Index Terms—Compressed sensing, expectation propagation,
unitarily invariant measurements, state evolution, Haar matrices.

I. INTRODUCTION
A. Motivation

ONSIDER the recovery problem of an /NV-dimensional
signal vector  from a compressed noisy measurement
vector y € CM (M < N) [21, [31,

y=Ax +w. )

In (@), A € CM*N denotes a known measurement matrix. The
signal vector « is an unknown spars vector that is composed
of independent and identically distributed (i.i.d.) elements. The
noise vector w € CM is independent of the other random
variables. The goal of compressed sensing is to recovery the
sparse vector « from the knowledge about y and A, as well
as the statistics of all random variables.

A breakthrough for signal recovery is to construct message-
passing (MP) that is Bayes-optimal in the large system limit,
where the input and output dimensions N and M tend to
infinity while the compression rate 6 = M /N is kept constant.
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"' In this paper, a signal 2 € R is called sparse if the Rényi information
dimension [4] of = is smaller than 1. If x is zero with probability 1 — p, the
information dimension is at most p. If x is discrete, it is zero.

The origin of this approach dates back to the Thouless-
Anderson-Palmer (TAP) equation [5] in statistical physics.
Motivated by the TAP approach, Kabashima [6] proposed
an MP algorithm based on approximate belief propagation
(BP) in the context of code-division multiple-access (CDMA)
systems with i.i.d. zero-mean measurement matrices. When the
compression rate is larger than the so-called BP threshold [7],
the BP-based algorithm was numerically shown to achieve
the Bayes-optimal performance in the large system limit,
which was originally conjectured by Tanaka [8]] via the replica
method—a non-rigorous tool in statistical physics, and proved
in 9], [10] for i.i.d. zero-mean Gaussian measurements. How-
ever, Kabashima [6] presented no rigorous analysis on the
convergence property of the BP-based algorithm.

In order to resolve lack of a rigorous proof, approximate
message-passing (AMP) was proposed in [L1] and proved in
[12] to achieve the optimal performance for i.i.d. zero-mean
Gaussian measurements, when the compression rate is larger
than the BP threshold. Spatially coupled measurement matrices
are required for achieving the optimal performance in the
whole regime [[7], [13]-[1S]. However, it is recognized that
AMP fails to converge when the i.i.d. zero-mean assumption
of measurement matrices is broken [16], unless damping [17]]
is employed.

As solutions to this convergence issue, since Opper and
Winther’s pioneering work [18, Appendix D], as well as
[19], several algorithms have been proposed on the basis
of expectation propagation (EP) [20], expectation consistent
(EC) approximations [18], [21], [22], S-transform [23]], vec-
tor AMP [24], or turbo principle [25]—[28]. The EP-based
algorithm [20] is systematically derived from Minka’s EP
framework [29] by approximating the posterior distribution
of x with factorized Gaussian distributions. The EC-based
algorithms [18], [21]], [22] are iterative algorithms for solving
a fixed point (FP) of the EC free energy. An algorithm in [23]
is derived via the S-transform of A™A. Rangan et al. [24]
considered an EP-like approximation of the BP algorithm on
a factor graph with vector-valued nodes. The algorithms [25]-
[28] based on turbo principle are derived from a few heuristic
assumptions. Interestingly, the algorithms in [[18]], [20], [22],
[24], [27] are essentially equivalent, with the exception of [21]],
[23]. In this paper, these algorithms for signal recovery are
simply referred to as EP-based algorithms, since we follow
the EP-based derivation in [20].
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Ma et al. [26], [27] derived state evolution (SE) equations
of an EP-based algorithm under two heuristic assumptions.
By investigating the properties of the SE equations, they
conjectured that, for unitarily invariant measurement matrices,
the FPs of the SE equations are the same as the extrema
of an asymptotic energy function that describes the Bayes-
optimal performance in the large system limit. The energy
function was originally derived in [30], [31] via the replica
method, and proved for bounded signals in [32]. In other
words, the EP-based algorithm was conjectured to achieve
the optimal performance in the large system limit, when the
compression rate is larger than the BP threshold. Since the
algorithm attempts to solve the minimum of the EC free
energy [18], it is conjectured that the extrema of the EC
free energy correspond to those of the Bayes-optimal one for
unitarily invariant measurement matrices. The purpose of this
paper is to present a rigorous proof for the conjecture.

B. Proof Strategy

The proof strategy is based on a conditioning technique used
in [12], originally proposed by Bolthausen [33]. A challenging
part in the proof is to evaluate the distribution of an estimation
error in each iteration conditioned on estimation errors in all
preceding iterations. Bayati and Montanari [12] evaluated the
conditional distribution via the distribution of the measurement
matrix A conditioned on the estimation errors in all preceding
iterations. When linear detection is employed as part of MP,
the conditional distribution of A can be regarded as the poste-
rior distribution of A given linear, noiseless, and compressed
observations of A, determined by the estimation errors in all
preceding iterations. For i.i.d. Gaussian measurement matrices,
it is well known that the posterior distribution is also Gaussian.
The proof in [12] heavily relies on this well-known fact.

In order to present our proof strategy, assume M = N,
and that A is a Haar matrix [34], [35], which is uniformly
distributed on the space of all possible N x N unitary matrices.
Under appropriate coordinate rotations in the column spaces
of A, it is possible to show that the linear, noiseless, and
compressed observation of A is equivalent to observing part
of the columns in A. Since any Haar matrix is bi-unitarily
invariant [34], the distribution of A after the coordinate
rotations is the same as the original one. Thus, evaluating
the conditional distribution of A reduces to analyzing the
conditional distribution of a Haar matrix given part of its
columns. This argument was implicitly used in [12].

Evaluation of this conditional distribution is an important
part in this paper, while this part is not required for i.i.d.
Gaussian measurements. For simplicity, let N = 3 and fix the
first column of a Haar matrix A = (a1, az, a3). Evaluation of
the conditional distribution is equivalent to characterizing as
and a3 for given a;. The two vectors must be on a plane
perpendicular to a;. From the orthonormality between as
and a3, the two vectors are on a unit circle that has the
center at the intersection of the plane and ca; for ¢ € C.
Intuitively, as and as should be Haar-distributed on this unit
circle. Generalizing this intuition, we find that A given its first
t columns should have degrees of freedom that are equal to

those of an (N — t) x (N — t) Haar matrix. On the basis of
this intuition, we evaluate the conditional distribution of A.

C. Related Work

A similar paper [36] was posted on the arXiv a few months
before posting the first version [37] of this paper. Short
versions of the two papers were published in [1], [24]. The
posted paper [36] addressed real-valued systems, while we
consider complex-valued systems. Interestingly, the two papers
share the common proof strategy based on [12]. However,
there is a mathematically critical difference between them.

The main difference is in mathematical treatments on almost
sure convergence. An empirical convergence based on pseudo-
Lipschitz functions was considered in [36]. The approach
allows us to analyze general Lipschitz-continuous decision
functions and general pseudo-Lipschitz performance measures,
as considered in [12]. However, Rangan et al. [36] omitted
the proof of an important part on almost sure convergence—
required in establishing the empirical convergence based on
pseudo-Lipschitz functions—as pointed out in Appendix [A-Bl

In this paper, we present a rigorous proof of the part on
almost sure convergence. Our approach relies on advanced
results in probability theory, such as the strong law of large
numbers for dependent random variables [38] and statistical
properties of a Haar matrix. While this paper considers a
Bayes-optimal decision function and the mean-square error
(MSE), the part on almost sure convergence is proved in a
general form, as considered in [36]. Thus, combining [36]]
and this paper establishes a rigorous proof of SE for general
decision functions and general performance measures.

D. Contributions

The main contribution is the rigorous justification of the
SE equations for the EP-based algorithm, conjectured in [27].
More precisely, we derive SE equations for individual elements
of the signal vector in the large system limit. This implies the
achievability of the Bayes-optimal performance proved in [32],
when the compression rate is larger than the BP threshold,
while the converse theorem is partially open, i.e. there are no
algorithms outperforming the EP-based algorithm in the large
system limit when unbounded signals are considered.

The technical novelty is in an extension of the conditioning
technique in [12] for i.i.d. Gaussian measurement matrices to
the case of Haar matrices. This paper presents a construc-
tive proof for the conditional distribution of a Haar matrix.
The proposed conditioning technique is applicable to any
MP algorithm for signal recovery from unitarily invariant
measurements, such as the AMP, unless the algorithm con-
tains nonlinear processing in the measurement vector y, e.g.
quantization [28]. However, whether the obtained SE becomes
simple depends on the MP algorithm and the statistics of
A [39]. Thus, it is an important future work to design a low-
complexity MP algorithm such that simple SE equations are
obtained for unitarily invariant measurements.
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E. Organization

The remainder of this paper is organized as follows: Af-
ter summarizing the notation used in this paper, Section
presents the definition of unitarily invariant matrices and
technical results associated with Haar matrices. In Section [III}
we introduce assumptions used throughout this paper, and then
formulate an EP-based algorithm. The main result is presented
in Section [[V] and proved in Section [Vl Several technical
results are proved in appendices.

F. Notation

The notation o(1) denotes a vector of which the Euclidean
norm converges almost surely toward zero in the large system
limit. For a vector v € CV, we write the nth element of v
as vp,. For a subset N' C {1,..., N}, the vector T, consists
of the elements {z, : n € N}, while x\ is obtained by
eliminating {z,, : n € N} from «. For a scalar function
f: C — C, we introduce a convention in which f(v) denotes
the vector obtained by the component-wise application of f
to v, i.e. [f(v)]n = f(vn).

For a complex number z € C and a matrix M € CM*N,
the complex conjugate, transpose, and the conjugate transpose
are denoted by z*, M?T, and M™. We write the (m, n)th
element of M as M,,,. When M is Hermitian, A, (M)
represents the minimum eigenvalue of M. For M > N,
U« v denotes the space of all possible M x N matrices with
orthonormal columns, while U, « n for M < N represents the
space of all possible M x N matrices with orthonormal rows.
When M = N holds, Uprxn is written as Uy, which is the
space of all possible N x NN unitary matrices.

We write the singular-value decomposition (SVD) of M as

)

for M < N, with ®p; € Uy, and Wy € Upy. Furthermore,
Y ar is an M x M positive semi-definite diagonal matrix. The
unitary matrix Wy is partitioned as Wps = (\IIUV[, Uy,), in
which \Ilgw € Unxn is composed of the first M columns

of Wy, while \IIJLVI € Unx(v—nr) consists of the remaining
columns. For M > N, we write the SVD of M as

M =&y, (2M> wil

M = ®p(Zp,0) 0,

. 3)

with ®ps € Uy and Wy € Uy. Furthermore, Xps is an
N x N positive semi-definite diagonal matrix. The unitary
matrix ®pr = (‘I>|]|v[, ®7,) is partitioned in the same manner
as for M < N.

When M is full rank, the pseudo-inverse of M is de-
noted by MT = (MPM)'M" € CN*M for M > N.
Let PUW denote the orthogonal projection matrix onto the
space spanned by the columns of M. We have Plllw =
@%(@U\/I)H = MM'. The projection matrix P3; onto
the orthogonal complement is given by Pj/I =TIy — Pg\/p
For M < N, we define M' = MH(MMH)*l, Plllw =
vl (®! V8= MM, and Py, = Iy — Pl

The proper complex Gaussian distribution with mean m
and covariance X is denoted by CA/(m, X). The expectation

and variance of a random variable X i is denoted by E[X] and
V[X], respectively. The notation X * Y means that X is

almost surely equal to Y. Similarly, =g 2 , and S indicate
that —, >, and < hold almost surely. The notation X ~ Y
means that X follows the same distribution as Y. The notation
Xy indicates that we focus on the conditional distribution of
X given Y.

II. PRELIMINARIES
A. Definitions

The purpose of this section is to present the strong law of
large numbers for a Haar matrix. The result corresponds to
[12) Lemma 2] for an i.i.d. Gaussian matrix. We first present
several definitions.

Definition 1: A unitary random matrix U € U, is called a
Haar matrix if U is uniformly distributed on ,,.

An important property of a Haar matrix is bi-unitary invari-
ance [35]—used throughout this paper.

Definition 2: A random matrix M is said to be bi-unitarily
invariant if M ~ UMYV holds for all deterministic unitary
matrices U and V.

In this paper, the functions z* f(z + z) and |z — f(xz + z)
of x € C and z € C are considered for a Lipschitz-continuous
function f : C — C. To characterize these functions, we
follow [12]] to define pseudo-Lipschitz functions.

Definition 3: For k > 1, we say that a function f : C" —
C is pseudo-Lipschitz of order k if there is some Lipschitz
constant L > 0 such that

1£(x) = @)l < Lz —yl(1+ [l + [y )

holds for all z,y € C™.

Note that any pseudo-Lipschitz function of order 1 is
Lipschitz-continuous. A pseudo-Lipschitz function f(x) of
order k is O(||z||*) as||z| — oc.

The following proposition is used for further evaluation of
the upper bound @) throughout this paper.

Proposition 1: For any k > 1, there is some constant C' > 0
such that

| 2

“)

(a+Db)* < C(a* +bY)

holds for all ¢ > 0 and b > 0.
Proof: The inequality follows from a general upper bound
-1l < 25l on €. L

B. Results

We consider an array {X y € CV}3_; of dependent ran-
dom variables X y = (X1 n,..., Xy n)T . An array { Xy}
allows the distribution of each element X, n to change as
N grows, while the distribution of each element is fixed in a
sequence X € CN. We first present the strong law of large
numbers for an array {X y € CV}¥_; of dependent random
variables.

Theorem 1 (Lyons [38]]): Let {X x} denote an array of
complex random variables with finite second moments, and
define Sy = Zf:[: Xy, ~. If the following assumption holds:

Z\/TN

(&)

(6)
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the strong law of large numbers for Ty = (Sy — E[Sn])/N
holds, i.e. limy_,00 Ty =" 0.

Proof: Lyons [38, Theorem 6] proved Theorem [ for a
sequence of complex random variables, i.e. X,, v = X, v
for all N # N’. However, the proof is applicable to the array
case with no changes, by defining X,, v = 0 for n > N.
Thus, Theorem [ holds. ]

The condition (@) is satisfied when V[Sy] = O(N®) holds
for some o < 2. In particular, we have o = 1 when {X,, ny}
are uncorrelated random variables. We next present the strong
law of large numbers associated with a Haar matrix.

Lemma 1: Fort' € N, suppose that f,, : C!'+1 — C denote a
pseudo-Lipschitz function of order k with a Lipschitz constant
L, >0.Let ey = (e1,n,...,en.n)T € CV denote a vector
that satisfies

N
. 1 9 a.s.
Jim ;Lnkn,m =0, @
1 & as
limsup — Lolen 272 < o0. (8)

Suppose that a, v = (a;1.N,...,arnnN)T € CN for 7 =
0,...,t satisfies

N

1 ; a.s.
limsup — > Li|a;,n|? 72 < 00 fori=1,2. (9)
N —o00 N ngl nimm
Fort > 0, let Ex = (€] y,...,ey n)" € CV*' denote a
matrix that satisfies
1 Y as
lim sup — Z Lolen n||m22=21 2 oo, (10)
N —o00 Nn:l

lim inf Amin (%E%EN) > C (11)
for some constant C' > 0. Suppose that {X y € CV} is an
array of unitarily invariant random variables conditioned on
en, {ar N}, and Ep, ie. Xy ~ Xy conditioned on €y,
{ar n},and E for any deterministic unitary matrix ® € Uy
For some v > 0, postulate the following:

a.s.

Jim X[ >0 (12)
Let z ~ CN(0,Iy) denote a standard complex Gaussian
random vector. Then, the following two properties hold:
1) Postulate the following assumptions:
e €y has finite (2k—2)th moments and vanishing second
moments, i.e. E[le, n|?] — 0 as N — cc.
e a, n has finite (2k — 2)th moments.
o Ey has finite max{2, 2k — 2}th moments.
o Xy has finite (max{2,2k — 2} + ¢)th moments for
some € > 0.

Then, for any ¢ > 0

1im E[fn(amo)]v, ..

5 Ant'—1,N,
N—00

Un N+ €n,N + [‘PENXN—t]n)}

= E[fa(@n,0,3 s 1,85 G+ V020)](13)

where the convention <I>§N = Iy is introduced for ¢t = 0.
2) If the sequence of Lipschitz constants satisfies

1 N
¥ > Lk < oo, (14)
n=1

then for t > 0
N

1

hm—g { A O Ny-+-sQn t'—1.N

N—)OON ‘ fn( mn,U,IN » U, 34V
n=

An. t' N + €n,N + [‘I)JE_NXth]n)

—E., [fn(anoN, .- slnp 1,8, Gnp N+ ﬁzn)]} 2.
(15)

Proof: See Appendix [Al [ |

Lemma [1l is used repeatedly to prove the main theorem of

this paper. Finally, we prove the following corollary that is
used in the derivation of the EP-based algorithm.

Corollary 1: Let a € CV denote a vector that satisfies
limy oo N7'lal|? *2 1. Suppose that D € CN*N s
a Hermitian matrix with limy_,., N~ 'Tr(D%) *= d; for
1 = 1,2. Let V € Uy denote a Haar matrix independent
of a and D. Then,

1 a.s.
lim NaHVHDVa = .

N—o00

(16)

Proof: Without loss of generality, we can assume that D
is diagonal since V is a Haar matrix. For Xy = Va, we
have

N
—a'V'DVa=— n(Xn N), 17
O a= ;1 Fa(Xn.N) (17)
with f,(2) = D,|z|?, in which D,, denotes the nth diagonal
element of D. Since f,, is a pseudo-Lipschitz function of
order 2 with the Lipschitz constant |D,|, the assumptions on
a and D imply that all assumptions in Lemma [I] are satisfied
with v = 1. Thus, we use Lemma [1| to arrive at
1 1 &
Hy -H a.s. -~ 2 a.s.
v ViDVa'= N;DnE[|zn| | +o(1) % dy (18)

as N — oo, which implies Corollary [ ]

III. SYSTEM MODEL
A. Assumptions

Assumptions on the measurement model (I) are presented.

Assumption 1: The signal vector x is composed of zero-
mean i.i.d. non-Gaussian elements with unit variance and finite
(2 + €)th moments for some € > 0.

From the strong law of large numbers [40], Assumption
implies that N~!||z||? converges almost surely to 1 as N —
oo. The ii.d. assumption for x is implicitly used in the
derivation of an EP-based algorithm. We require no additional
assumptions for the prior distribution of each element to
prove the main theorem, whereas it is practically important to
postulate some prior distribution indicating the sparsity of x.

Definition 4: A Hermitian random matrix M is said to be
unitarily invariant if M ~ UMU?" holds for any determin-
istic unitary matrix U.
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Assumption 2: The measurement matrix A has the following
properties:
o A" A is unitarily invariant.
o The empirical eigenvalue distribution of AAH converges
almost surely to a deterministic distribution p(A) with a
compact support in the large system limit.

We write the SVD of A as
A=U(Z,0)VH, (19)

with U € Up; and V' € Uy. Furthermore, 3 is an M x M
positive semi-definite diagonal matrix. From Assumption2l V/
is a Haar matrix and independent of U3 [35].

Assumption 3: The noise vector w has finite (2 + €)th
moments for some ¢ > 0. Let D € CM*M denote any
Hermitian matrix such that D is independent of UM w, and
that M~ "Tr(D?) converges almost surely as M — co. Then,

. 1 H H 2 a.s.
lim — {w UDU"w — o Tr(D)} )

M—o0

(20)
Assumption [3] implies that o2 corresponds to the noise

2 as. li M1 2 :
power 0% =" limps 00 |lw]|* per element, by selecting
D = I;. Assumption[3]is satisfied if w is unitarily invariant,
e.g. w ~ CN(0,0%Iy;), or if U is a Haar matrix.

B. Expectation Propagation

We start with an MP algorithm proposed in [27]. Let the
detector postulate that the noise vector w in (@) is a circularly
symmetric complex Gaussian (CSCG) random vector with
covariance 021 ;. This postulation needs not be consistent
with the true distribution of w.

As derived in Appendix [Bl the MP algorithm for this case
is based on EP and composed of two modules. In iteration ¢, a
first module—called module A—calculates the extrinsic mean
x', 5 and variance v} _, 5 of the signal vector « from xf_, ,
and vj_, , provided by the other module—called module B.

21
(22)

t ot t t
TArB = TBoA + ’VtW (y - AwB*}A)’
t _ t
VA—»B = 7t — UBSA-

In the initial iteration ¢ = 0, the prior mean =3 ,, = 0 and
variance v}, , = N7 'E[||z|?*] = 1 are used.

In @I), the linear minimum mean-square error (LMMSE)
filter W' € CV*M is given by

—1
wt = AH (UQIM + UEHAAAH) . (23)
The normalization coefficienf] ~; in (2I) is defined as
1 1 a.s 1
— = i —Tr(WiA) 2 ———— 24
v M=0N—oo N i ) Y A) %)
due to Assumption 2] with
1 P
= dp(A 25
5= [ e es)

where p()) denotes the asymptotic eigenvalue distribution of
AA"™ in the large system limit. The coefficient ; keeps the
orthogonality between estimation errors in the two modules.

2 471 = N~'Tr(W*tA) may be used in practical situations.

On the other hand, module B computes the minimum mean-
square error (MMSE) estimator and the posterior variance of
x

M (xh_,5) = Elz|x}_,p), (26)

1 -
op = 5 (Ellel’lzh p] - lli@h5)]%}

(27)
given the virtual additive white Gaussian noise (AWGN)
observation,

(28)

zh p=x+2" 2" ~CN(0,v4_5In).

If a termination condition is satisfied, module B outputs

M (x_,5) as an estimate of x. Otherwise, module B feeds
the extrinsic mean xj;!, and variance v5"!, of = back to

module A, given by

w1}53-i_—1>A =M (wi\%B%

1 1 1
_ _ , (30)
vEha vE VAL

(29)

where the extrinsic decision function 7; : C — C is defined

N SO

t+1 t
Up VASB

o) = o, a1

Remark 1: The extrinsic decision function is zero if
x ~ CN(0,Iy) holds. We have postulated Assumption [I] to
avoid a constant decision function.

It is not trivial whether the posterior variance is
bounded. Therefore, we postulate the following assumption:

Assumption 4: Each posterior variance E[|z,,|?|z! 4 5] —
|7¢(2}, o_p)|? is almost surely bounded. '

Assumption ] is a necessary condition for utilizing the EP-
based algorithm in practical situations. The author believes that
Assumption 4] can be proved without additional conditions.

We present important properties of the Bayes-optimal deci-
sion function 7; in module B. We start with the definition of
the Wirtinger derivative of a complex function.

Definition 5 (Wirtinger derivative): For a complex number
z = x + iy, the Wirtinger derivative is defined as

o 1/ 0
2-3(m-iz).
For a complex function f : C — C, we write (9/0z)(R[f] +
iS[f]) as Of/0z.
Lemma 2 (Ma and Ping [27]): Suppose that z ~
CN(0,v}_, ) is a CSCG random variable with variance v} _,

and independent of z,. Then, the decision function 7; is
Lipschitz-continuous and satisfies

(32)

E, [2*0 (2 + 2)] = vg_)BIEZ {%(mn + z)] , (33)

E [2*7 (2, + 2)] = MMSE(v ) (34)

for any n, where MMSE(v, ) denotes the MMSE based

on an AWGN observation, given by
MMSE(v4 ) = E [|2,, — (25 + 2)|?] . (35)

Proof:- See Appendix [Q for the proof based on [27]. =
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Lemma [2] is used to prove the orthogonality between es-
timation errors in the two modules. The identity (33) is a
generalization of Stein’s lemma [41] to the complex-valued
case.

Remark 2: As considered in [24], [27], we can replace the
decision function 75, with another suboptimal function. Such a
replacement may be important when the true prior distribution
of the signal elements is unknown. Nonetheless, for simplicity,
we only consider the optimal decision function 7j;. See [24]
for a generalization of the decision function.

C. Error Recursion

An error recursion for the EP-based algorithm is formulated
to analyze the convergence property. Let hy = x!, ,; —x and
q, = x}_, , — x denote the estimation errors for the extrinsic
estimates in modules A and B, respectively. Substituting the
system model (I)) into the update rule @I of ', . 5, and using
the SVD (19) and the update rule 29) of xf ,,, we obtain
the error recursion

b, = Vig,, (36)

my = b, — W {(Z,0)b, — @}, 37
h: = Vi, (38)

Giy1 = ne(x + hy) — z, (39

with @ = U%w. In @7), the linear filter W, is given by

W, = (2,0)" (6°Ty +vh 152" (40)

Furthermore, we define n_1(-) = 0 to obtain q, = —x.

In analyzing the convergence property, we focus on the
distribution of the estimation error h; conditioned on the
preceding iteration history. Thus, it is useful to represent the
error recursion in the matrix form. Define

Qt :(q()a ... 7qt71) € (CNXtv
Bt :(b07 ) btfl) € (CNXtv
M, Z(mo, . ,mt_l) S (CNXt,
H; =(hg,...,h;_1) € CV*, 41)
The error recursion is represented as
vViQ, =B, (42)
Mt - Gt(Bt,ﬁ]), (43)
VM, = H;, (44)
Qt-l,-l = Ft(th)a (45)

where the 7th columns of G (B}, w) and F(H, x) are equal
to the right-hand sides (RHSs) of (37) and for t = T,
respectively.

The random vectors defined in Section may have ele-
ments of which the distributions change as N grows. Thus,
the subscript N should have been added in terms of the math-
ematical notation. Nonetheless, we have omitted the subscript
N for notational simplicity.

IV. MAIN RESULT

Ma and Ping [27]] conjectured that the following SE equa-
tions describe the dynamics of the EP-based algorithm in the
large system limit:

Uh g =7 (UBa) — Upa, (46)
1 1 1
- = - -, (47)
'UE;lA MMSE(”E\%B) ’Uf\—>B

with 9% ., = 1, in which (-) and MMSE(-) are given in
@3) and (B3, respectively. The following theorem justifies
their conjecture.

Theorem 2: Define v ,p and v5_,, via the SE equa-
tions @6) and (7). Then, the following results hold in the
large system limit:

1 a.s. _
IL{:éllIVnﬁoo NHmtA_)B - mHQ = UR—)Bv (48)
: Lo a.s. _
o im Sl (whp) — 2l = MMSE(vhp), (49)
3 1 a.s. _
lim |zl ) —zl” = o5, (50)

M=6N—oco N

The update rules 22) and (30) in the EP-based algorithm
have the same representation as that in the SE equations
and (7). This implies that the EP-based algorithm predicts the
exact dynamics of the extrinsic variances in the large system
limit. The FPs of the SE equations were proved in [27] to
correspond to those of an asymptotic energy function that
describes the Bayes-optimal performance [30]—[32]]. Thus, the
Bayes-optimal performance is achievable when the SE equa-
tions have a unique FP, or equivalently when the compression
rate § is larger than the BP threshold.

The following theorem justifies the SE equations and
@D in terms of individual MSEs.

Theorem 3: Define v . and 0% ,, via the SE equa-
tions and (@7). Then, for any n

lim B[t s n) — 7] = MMSE(s_g). (D
M:EJ@HOO Ellne (), A B) — znl*] = OF 4. (52)

Remark 3: For simplicity, the individual MSE for the extrin-
sic estimate in module A is not analyzed in this paper. Further-
more, we have assumed the i.i.d. property of the elements of
the signal vector . However, our proof strategy can be applied
to justifying that the individual MSE E[|z!, , 5 — 2n|?]
for module A converges to 0% . in the large system limit.
Furthermore, the assumption on  can be relaxed to the case
of independent but non-identically distributed signals.

We shall introduce several notations to present a general
theorem, of which corollaries are Theorems [2] and Bl The
random variables in the error recursions (@2)—{@3) are divided
into three groups: V, © = {3, w, z}, and

Xy :{Qm, By, M, H,|BM, = Q"'H,,
My =Gy (By,w),Q,,, = Fy(H;, x)}, (53)
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TABLE I
NOTATIONAL CONVENTIONS FOR ¢ = 0.

Xo,0 ={Q1}, Xo,1 = {Q;1,B1, M1|M1 = G1(B1,w)},
Qy=0,By=0,My=0,Hy=0, M(];:O,Q(E:O,
og =0,8,=0, <I>é =1, ‘ﬁ(lM,o) = <I>$I for any M.

for ¢/ =t ort =t+1, while we define Xpo = {Q,} and
XQJ = {Q17 Bl, M1|M1 = Gl(Bl, ’117)} See Table II] for
the notational conventions used in this paper.

The set O is fixed throughout this paper. Thus, conditioning
on © is omitted. The set X;; describes the history of all
preceding iterations just before updating (36), while X} ;11
represents the history just before updating (38). Note that the
condition BEMt = QEHt is a constraint imposing V' € Uy,
and follows from (@2) and @4). In order to investigate the
dynamics of the error recursions, the distribution of the Haar
matrix V' conditioned on X; ;s is analyzed.

Let mi- = Py, m;. Since m) .

= m; — my is in the
space spanned by the columns of M, we have (my)Hmf- =
0. Furthermore, m,‘f‘ is represented as m; = Moy, with
oy = M]m, € C. Similarly, we define qj; = Pg,q; and
Q‘t‘/ =qu — qtl/ = Qu By, with B, = Qzlqt/ eCt.

For notational convenience, we define the conventions listed
in Table [ which imply Pg = I, mg = my, and q3 = q,.

Theorem 4: Let D = diag{D;, ..., Dy} denote any N x N
real diagonal matrix that is a function of 3. For some € >
0, suppose that NV _1Tr(Dk) converges almost surely for all
k €]0,44¢€) as N — oo. Then, the following properties for
module A hold for each iteration 7 = 0, 1,.. .:

(A1) Define
b, = BB, +M,0(1)+B,o(1)+®(5_p 2z, (54)
with

~ H
Zr = Vv (@%QT)HT))H(IT,

where V € UN_9; 1s a Haar matrix and independent of
© and X, ;. Then, we have

(55)

b-lo.x,, ~ b; (56)

conditioned on © and & - in the large system limit, with

. 1 2 12 as.

i = Az = ller 17} =0 67
(A2) Forall 7 <,
. 1 H X ~ a.s.
i bl DW= 0, (58)
. 1 H Tr(D) H a.s.
o N {bT/D br = N4 = 0 59
1 s
lim  —blm, =0, (60)
M=6N—c0

where W is given by (#0).
(A3) Define v}, in the SE equations and (@7), Then,

8. =T

lim UZ%B = VA B (61)

M=06N—o0

. 1 a.s. _r
plim Sl e @)
(A4) For some € > 0 and C' > 0,
li E [|mn [>T 63
M=3N 00 [|m ol ] < 0 (63)
1 a.s.
limsup —mIDm, < oo, (64)
M=§N—o0
. . 1 H a.s.
Mli%ljx}gfoo Amin (NMT+1MT+1) > C. (65)
The following properties hold for module B:
(B1) Define

hr = Hra; + Q. y10(1) + Hro(1) + ®(q_ | pr)%r
(66)
with

Z =V (@, m.) M., (67)

where V € U N—(2¢+1) 18 @ Haar matrix and independent

of © and X, ;. Then, we have
helo.x.., . ~ hr (68)

conditioned on © and X, ,;; in the large system limit,

with
. 1 ~ 2 1512\ as.
i Az = me P =0 (69)
(B2) For all 7 < 7,
1 a.s.
lim —h¥q. = 0. (70)

M=§N—oco N
(B3) Define v} _, and ﬁng in the SE equations and

@1), Then,
. 741 a.s. _r
i vptt = MMSE(03 ), (71)
wimvp5A = %l (72)
. 1 a.s. _r
i (@ he) = S MMSE(R ).
. (73)
. 2 a.s. 741
M:EZT\?_}OONHQTHH = UB:A' (74)
(B4) For some ¢ > 0 and C > 0,
. 2+e€
IL[:lélglﬁooE [lar+1a""] <00, (73)
. . 1 H a.s.
]wligl]\}ri}foo )\min (NQT+2QT+2) > C. (76)

(B5) Define v} _, and ﬁng in the SE equations and
@1, Then,

. ~ 27 a.s. _r
letsljgl_)oo Bl (@ + hrin) — 2a]”] = MMSE(v} _3),
(17

i B2t 08)

Proof: See Section [V [ |

Ma and Ping [27, Assumption 1] postulated that Z., in (66)
has independent CSCG elements. The assumption is too strong
to be justified. In fact, the references [42]], [43] imply that the
assumption is not correct, while the assumption holds only
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for finite subsets of the elements of z,. However, the weaker
property is sufficient to prove Theorem [4]

Proof of Theorem 2l The property follows from the
definition (38) of h; and (62). Furthermore, and (30) are

due to ([Z3) and (Z4), respectively. [ ]
Proof of Theorem [3l Theorem [3] follows from (Z7) and
(73). u

V. PROOF OF THEOREM [
A. Technical Lemma

We need to evaluate the two distributions p(m, b:|©, X )
and p(q,,1,h¢|©, Xy 1 41). The former distribution represents
the error recursions (36) and (37) conditioned on the history
of all preceding iterations, while the latter describes the error
recursions (38) and (39). We follow the proof strategy in [12]]
to evaluate the two distributions via the conditional distribution
p(V]©, X, ) fort' =t or t' =t + 1. See Section [=B] for the
main idea in analyzing the conditional distributions.

The following lemma provides a useful representation of
V € Uy conditioned on © and A} ., and corresponds to [12,
Lemma 10]. See Section [ZH for the notation.

Lemma 3: Suppose that Y € CN*? is full-rank for 0 <
t < N, and consider the noiseless and compressed observation
X € CNXt of V given by

X =viy. (79)

Then, the conditional distribution of the Haar matrix V' given
X and Y satisfies

Vixy ~Y YY) ' X"+ V(@)% (80)

where V € U ~N—t 1s a Haar matrix independent of X and Y.
Proof: See Appendix [ |
Proposition 2: Let a € Ct and M = (my,...,m;_1) €
CN>t If N=1||m.||? is bounded for any 7 as N — oo, then

1
limsup —a"M"Ma < .
N—oo

81)

Proof: Proposition 2l follows from N~!||m..||? < oo and
IMal? < | M]|?|al?2. n
We are ready to prove Theorem[dl The proof is by induction.
We first prove the properties of modules A and B for 7 = 0.
Then, the properties are proved for 7 = ¢ under the induction
hypotheses for all 7 < ¢.

B. Module A for T =0
Property for 7 = 0: Property for 7 = 0 is

trivial from the definition (36) of by, because of the notational
convention. [ |

Eq. (538)-(60) for T = 0: We first prove (38) and (59)
for 7= 0. Let Xy = by and f,(z) = 2*[DWw],, to have
the representation

N
I |
SO DWow = ; Fa(bon)- (82)

From Property for 7 = 0, X v is unitarily invariant. The
definition (36) of by, g, = —, and Assumption [I] imply the

condition (I2) with v = 0. Since f,, is Lipschitz-continuous
with the Lipschitz constant L,, = |[DW )],|, we need to
prove the condition to use Lemma[Tl Using the definition
w = Uw and Assumption [3] yields

4y 1/2 5, «x -Hio 1/2
SO_Q{TJ?(D )} {TY{(WZOVWO) }} o)

(83)

in the large system limit, where the first inequality follows
from the Cauchy-Schwarz inequality, and where the bounded-
ness is due to the definition of D, the definition (40) of WO,
and Assumption 2] Thus, we can use Lemma/[il to obtain (38)
for 7 = 0. Similarly, we use Lemma[Il for f,,(2) = D,|z|* to
have (39) for 7 = 0.

We next prove (60) for 7 = 0. Let k € [0,4 + €). We use
Holder inequality for any p € (1, (4 + €)/k) to obtain

%Tr{(DWO(E,O))k}

<o) o wm0) ]}

a.s.
< 00

(84)

as N — oo, with ¢t = 1 — 1/p, where the boundedness is
obtained by repeating the proof of the boundedness in (83).
Thus, we use (38) and (39) for 7 = 0 to have
%bEDWO {(%,0)by — w}

a.s. TI'(DWO(ELO)) 1

=7 N N‘I?Qo"'o(l)-

In particular, for D = Iy we use the definition 24) of o

to obtain

1

(85)

Yo z a.s.
NTr{Wo(E,O)} L] 4 o(1). (86)
Applying (88) to (83), we find
=4 ~ a.s. 1
Lol Wo (2,000 -} = —qllqy+o(1).  (87)
From the definition (37) of mg, (39) with D = I 5 for 7 = 0,
and (87), we arrive at (60) for 7 = 0. [ ]

Egs. (663 for 7 = 0: The almost sure conver-
gence (61) for 7 = 0 follows from the update rule of
vQ g, the definition 24) of vy, the SE ([@6) for module A,
and 08, =03 ., = 1.

Let us prove (64) for 7 = 0, before proving (62). Using the
definition (37) of my, (83), and Assumption[3] as well as (39)
for 7 = 0, we have

m{l Dmy
N
as. Tr(D) ailgy

) Te(DW,(X,0)) gliq,
N N Yo N N

2 T- H 2.2
1% Tr(D) g590 | o°% o H o5
e Tx (W DWo ) +o(1) (88)

+
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in the large system limit, with

o (89)

It is straightforward to confirm the boundedness of (88). Thus,
(&%) holds for 7 = 0.
In particular, for D = Iy we have

b (2) W DW(s,0).

Tv(D) = Tr { (2L + 00,2 5%) 24} . (90)

Tr (W?WO) = Tr{(UQIM ol a2 22} G
Applying these results, 86), and N~1| qo||> = N~!z|? =3
V) o =1 to (88), we obtain ®2) for 7 = 0.

To prove the moment property (63) for 7 = 0, we observe
that by has finite (2 + ¢)th moments, by using the defini-
tion B6) of by, g = —x, and Assumption [II Thus, the
moment property (63) for 7 = 0 follows from the defini-
tion (37) of my, the definition @0) of W, Assumption 2
and Assumption [3

Finally, @3) for 7 = 0 is equivalent to N~!|lmg|? =
28 5 > 0, which follows from (&2) for 7 = 0. [ |

C. Module B for T =0
Property [BI) for 7 =

Applying Lemma [3] with X =

definition (38) of ho yields

bg mg

o~ ol

0: We prove 68) for 7 = 0.
bp and Y = g, to the

9+ @5, V(®5,)'m (92)
conditioned on © and Ap ;, in which Ve Un_1 is a Haar

matrix and independent of © and Xp;. From q, = —=x,
Assumption [1l and (60) for 7 = 0, we find

ho ~ qgo(1) + &, V (@4, ) my (93)

in the large system limit, which implies (68) for 7 = 0,
because of the notational convention.
In order to complete the proof, we shall prove (69) for 7 =

0. Define
1

N
Applying Pbl0 = In — ||bo|| 2bobf to (©4), and using (39
and (&Q) for 7 = 0, we have

vy = mé{PblU my. 94)

a.s. 1 a.s. _
v = ngmo +o(1) 2 8% 5+ o(1) (95)
in the large system limit, where the last equality follows from

(2) for 7 = 0. In particular, we have the convention mg =

my to find (69) for 7 = 0. Thus, Property holds for
T=0. ]
Let Xy = % given in @7), ao v = =, exn = ggyo(1),
and Eny = qq. For k = 1 or K = 2, we prove that all
conditions in Lemma [I] with v = ©Q_,;; are satisfied for any
pseudo-Lipschitz function f,, : C> — C of order k with an
n-independent Lipschitz constant L > 0. Thus,

E [fn(2n, ho,n)] = E [fn(Zn, Z0,n)] + o(1), (96)

N
Z Zo,n fn UCmZo n)] +0(1)

2 |

N
N; xnahOn =

;
s Z [frn(zn, Z0.n)] +0(1) (97)

2 |

in the large system limit, with Zg ~ CN(0,9%_, I n), where
the latter equality follows from Assumption [1l

The conditions (@), 8), @), and (I0) follow from g, = —,
Assumption IIL and Theorem [Il The condition (|ﬂ|) is due to
N7 goll? %3 1. The condition (I2) with v = o _, follows
from (62) and (69) for 7 = 0, as well as the convention mg =
myg. The moment conditions of ay, €y, and En are due to
gy = —x and Assumption [Il The moment condition of X
follows from the definition (67) of z¢ and (63) for 7 = 0.

Thus, all conditions in Lemma [I] are satisfied.

Egs. {ZI) and (2) for = = 0: We first prove (ZI) for

7 = 0. From the definition 27) of the posterior variance v,

we have
Z

(98)

xnthn

with fo,(z, 2) = V[z,|2)) 5 5 = 4 2] defined via the virtual
AWGN observation (28). From Assumption [ the posterior
variance V[z,|z) ,_,p] is bounded, so that f,(z,z) is a
Lipschitz-continuous function with a Lipschitz constant L > 0.
We use (@7) to arrive at

vp = MMSE(%_,5) + o(1) (99)

in the large system limit, where we have used the fact that
the expectation of the posterior variance is equal to the
MMSE @3). Thus, {ZI) holds for 7 = 0.

We next prove (72) for 7 = 0. From (&) and (ZI) for 7 = 0,
we observe that v}, ., given in (30) converges almost surely
to U5 ., given in (@7) in the large system limit. Thus, (72)
holds for 7 = 0. ]

Eq. (Z0) for T = 0: The Lipschitz-continuity of 7}y proved
in Lemma 2] implies that f,,(zn,2) = 2*fo(x, + 2) is a
pseudo-Lipschitz function of order 2 with an n-independent
Lipschitz constant L > 0. From (97), we obtain

1 ~ a.s. ~% o~ ~
Nhé{no(w + hy) =E [207,1170(90” + ZO,n)} + 0(1)(100)
in the large system limit. Using Lemma [2] yields
1 a.s. —
Nhé{ﬁo(:v + ho) = MMSE(7_,5) + o(1) (101)
in the large system limit. Similarly, we obtain
1 a.s.
Nhglw 220 (102)

in the large system limit.
We use the definition (39) of q, the definition B3I of 7o,
(2) for 7 = 0, and (T02) to obtain

[[holl?
- == +o(1)
NU?X%B

(103)

h 7o (2 + ho)
NMMSE@} )

1 a.s.
Nho q, _U}13—>A (
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in the large system limit, where the last equality follows from
the definition (38) of hg, (62) for 7 = 0, and (I01). Thus,
(Q) holds for 7 = 0. [ ]

Egs. (Z3) and (Z4) for = = 0. We first prove ([Z3) for
7 = 0. By repeating the proof of (Z0) for 7 = 0, we find

%H%(CB +ho) — | = E [|fo(wn + Zo,0) — al?] +o(1)
(104)
in the large system limit. Since the variance of %y ,, is equal
to 6% _p» from the definition B3) of the MMSE function, we
arrive at (73) for 7 = 0.
We next prove (74) for 7 = 0. Using the definition (39)
of g, and the definition (31) of 79, and the definition @7) of
05 . A, as well as (61D, (71D, and ([72) for 7 = 0, we have

_ ﬁé%A{ﬁO(a} + h‘O) — :I:} _ ’D]{D)%A ho
! MMSE(T)ZHB) EOA%B '
Applying (ZQ) and ([Z3) for 7 = 0, as well as (I01), (102), and

N1 |ho||? 3 9 _, 5 obtained from the definition (38) of hy
and (62) for 7 = 0, we have

(105)

a.s. (’D]%D)%A)2
MMSE(1} )

,Dl 2 as
UL

(106)
in the large system limit, where the last equality follows from
the definition @7) of vfy_, ». Thus, (74) holds for r=0. ™

Eq. (73) for 7 = 0: From the definition 39) of g, and
Proposition [T} we have

Ellgi.[*) < C (Ello (e, + ho.0)[**] + Ell2a[2+])
(107)
for some constant C' > 0. Since Assumption [1] implies the
boundedness of the second term, it is sufficient to prove that
No(Zn + ho,n) has a finite (2 4 €)th moment for some € > 0.
From Lemma 2] 7}y is Lipschitz-continuous, so that 7y given
by (@I is so. Thus, we use Proposition [I] to have

= [an(xn + hO,n)lere} <L (1 +EfJea T + E[|h0,n|2+é]) )
(108)
for some L > 0. The boundedness of E[|hg,|**¢] follows
from the definition (38) of hg and (&3) for 7 = 0. Thus, (73)
holds for 7 = 0. ]
Eq. [Z0) for 7 = 0: If liminfy—sn oo N7V g7 |2
converges almost surely to a strictly positive constant, (Z6)
holds for 7 = 0 [12, Lemmas 8 and 9]. Using (Z4) for 7 = 0,
we have

2
_ 4Py as Ella?) |V (@) 0
N N

1
~lla:? -
N v?&—)B

lat]? _

N N

0

+o(1),

(109)

where g, in the first term is given by q; = no(x + 2¢) — x.
Let fr(xn, 2) = \/N[{)U]O];{n(xn +z) — x,}. The function
fn is a Lipschitz-continuous function with the Lipschitz con-
stant L,, = LvV/N |[<I>l|10]n| for some L > 0. The normalization

H‘I>l‘10||2 =1 implies N~* Zi:/:l L? = L, so that we can use
(©7) to obtain
VN(®) g, .. E{(®) )UEz, [q)]}
N VN

®

+o(1). (110

10

Using the Cauchy-Schwarz inequality yields

& [(@},)"Ez,au]]| < E{IEz, @I} <Ellailll, (11)

where the latter inequality follows from Jensen’s inequality.
Thus, we obtain

a2 (Bl - ® g )} o) (12

which is strictly positive in the large system limit. Thus, (Z6)
holds for 7 = 0. ]
Egs. (Z2) and (Z8) for T = 0: From ([Z3) and ([74) for
7 = 0, we may conclude (77) and ({Z8) for 7 = 0, since = and
ho have identically distributed elements in the large system
limit. Nonetheless, we present a generic proof applicable to
the non-identically-distributed case.
We only prove (Z7) for 7 = 0, since (Z8) can be proved in
the same manner. Lemma 2 implies that |7jo (z, +ho.n) — T |?
is a pseudo-Lipschitz function of order 2. We use (96) to have

E[|7io (2, + ho.n) — 2n|*] — MMSE(@%_,5) (113)

in the large system limit. [ ]

We have proved that Theorem ] holds for 7 = 0. Next, we
assume that Theorem 4] is correct for all 7 < ¢, and prove that
Theorem Ml holds for 7 = t.

D. Module A by Induction

Property [AT) for 7 = t: We prove (36) for 7 = ¢.
Let Y = (Q,,H;) and X = (B, M;) in Lemma [3 The
induction hypotheses (63) and (Z6) T < ¢ imply that M,
and @, are full rank. From the definition (@4) of H; and the
induction hypothesis Z0) for 7 < ¢, we find that Y is full
rank. Using the definition (36) of b; and Lemma [3 yields

b, ~ (By, M;)(Q,, H)'q, + Q(LBT,MT)zt

conditioned on © and X}, with z; defined in (33).
We evaluate the first term on the RHS of (I14). Using the
induction hypothesis (ZQ) for 7 < ¢ yields

-1
Q H)T:i NT'Q'Q, NT'Q/H, Q'
v TN\ N'HEQ, N'HPH, H

a. .(QI + o(Nl)HE)
Hi+o(N"HQ})"

(114)

9]

(115)

Substituting (I13) into the first term, and using the same
induction hypothesis again, we obtain

(B;, M,)(Q,,H:)'q, = B,3,+Bo(1)+M,o(1), (116)

which implies (36) for 7 = ¢.
We next prove (37) for T = t. Repeating the derivation of
({116) with (I13) yields
1 1
NHZtH2 = N(ItHPé_Q“Ht)(It

H H H
as.q Q.H H.Q
v {Pi—PLﬁo(m L o) b,

a.s.

1
~llgi 17 +o(1), (117)
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where the last equality follows from the induction hypothe-
sis Q) for 7 < t. Thus, (37) holds for 7 = ¢. [ |

Let Xy = 24 and ey = Bo(l) + M.o(1), a1y =
B;3,, and Ey = (B, M) in Lemma [[l We prove that,
for k = 1 or k = 2, all conditions in Lemma [I with v =
pe = limar—sn—o0o N1l ||? are satisfied for any pseudo-
Lipschitz function f,, of order k with a Lipschitz-constant L,,
in which limpy_soo N~ E 1 L? < o holds for k = 1 and
in which limy_,o0 IV Z?V L4 < o0 holds for k = 2, so
that

fn(bt,n)

=
NE

n=1

a.s.

E[fn([BtBln + 2tn)| ©, X i] +0(1) (118)

=
NE

n=1

conditioned on © and X;, in the large system limit, with
z¢ CN(O, /J,tIN).

The conditions ([Z) and (I0) follow from Proposition 2] the
induction hypotheses (39), (64), and (Z4) for 7 < t. For
k = 1, the conditions @) and (O) are trivial. For k& = 2,
the condition (8)) is due to (7). The condition (@) follows from
Proposition 2 the induction hypotheses (39), (74) for 7 < t,
as well as from the boundedness of ||3,]|,

H 1 -2 H
18,2 = 93 (—Q?@) Q;V"t
2

ld”
<% Z la. |

for some constant C' > 0, where the first two inequalities
follow from the induction hypothesis (Z8) for 7 = t — 2 and
from the Cauchy-Schwarz inequality, respectively, and where
the boundedness is due to the induction hypothesis (74) for
T <t

The condition (1) follows from the induction hypotheses
(60), ®3), and (Z6) for 7 < t, as well as the definition (42))
of B;. The condition (12) with v = p; follows from (37) for
7 = t. We have proved all assumptions in Lemma [l Thus,
(I18) holds.

Egs. @8)-(60) for T = t: We first prove (38) for

7 = t. Define the Lipschitz-continuous function f,(z) =
z*[DWtﬁ)]n. We note that W, given in (@Q) is independent
of vh_, , in the large system limit, because of the induction
hypothesis (72) for 7 = ¢ — 1. Repeating the proof of (83,
we find that N~!|DW ,w]||? is almost surely bounded as
N — oo. Thus, we can use (I18) to obtain

oo (119)

HNQt qd:

1 =4 a.s. a S.
NbEDWt{u £ —ﬁHBHDWtw +o(1) 0, (120)
where the last convergence follows from the induction hypoth-
esis (38) for all 7 < ¢. Thus, (38) holds for 7 = ¢.

We next prove (39) for 7 = ¢. From (II8) for f,(z) =

D,,|z|?, we have

o 1
—bHDbt = 5

b ~E [bD(B,B, + 2))

("'), Xt,t:| + 0(1)
(121)

11

in the large system limit for all 7 < ¢, where b, is replaced
by B3, + z; for 7 =t. For 7 < t, we have

1 as 1

—bEDbt = —bEDBtﬁtJro(l). (122)
Usmg the induction hypothesis (39) for 7 < t, q
and gl g = 0 yields (39) for 7 =t and 7’ < ¢.

For 7 = t, we obtain

= Q:8:

1 a.s. 1 1%
Nb?Dbt = Nﬁ?B?DBtﬁt-i-NtTr(D)—f—o(l) (123)

in the large system limit. The induction hypothesis (39) for
7 < t implies that the fist term converges almost surely
to lima—sn—o0 N~1|@! |2N~1Tr(D). Thus, G9) holds for
T=7 =1

Finally, we prove (6Q) for 7 = t. Repeating the proof of
(82) yields the boundedness of N~ Tr{(DW (%, 0))*} for

k € [0,4 + ¢€). Thus, we can use (58) and (39) to find
ﬁbHDVVt (=, 0)b; — w}

s Tr{DWt(Z o1 4
— N NqT qt + 0(1)

(124)

In particular, for D = Iy we find that the almost sure
convergence (60) for 7 = t follows from the definition 24) of
~, the definition @0) of W, and Assumption[2] as well as the
boundedness of N ~1q!lq,, obtained from the Cauchy-Schwarz
inequality and the induction hypothesis (Z4) for T < t. [ ]

Egs. (61)-(63) for 7 = t: The almost sure conver-
gence (61)) for 7 = ¢ follows from the definition 22) of v,
the definition @4) of ~;, the definition @6) of v, ., and the
induction hypothesis (72) for 7 =t — 1.

The properties (62) and (64) for 7 = ¢ are obtained by
repeating the proofs of (62) and (64) for 7 = 0. The moment
property (63) for 7 = ¢ follows from the definition (37) of m,
the definition @Q) of W, Assumption 2] and Assumption [3
since we have already proved the boundedness of the (2+¢€)th
moments of b;.

Finally, we prove (63) for 7 = ¢. The induction hypoth-
esis (®3) for T < t implies that (&3) holds for 7 = ¢
if liminfa/—sn 00 N71|lmi||? converges almost surely to
a strictly positive constant. We use the definition (Iﬂ[) of
my, @2), and V) for fn(2) = [\/—(<I>” OMIn
YW (2, 0)}]7.nz for T < t to obtain

E,, [(@M)H%} +o(1).
(125)

By repeating the proof of (Z6) for 7 = 0, we arrive at

[mi|? as Bz [llmel?]
N N

Hm I?

N (Ezt[l\mtl\z] = ||Ez, [md][|*) +o(1), (126)

whrch is strictly positive in the large system limit. Thus, (63)
holds for 7 = 1. ]

E. Module B by Induction

Property [(BT)| for 7 = t: Let us prove (68) for 7 = t.
Using (38) and Lemma 3 with Y = (Q,,,, H;) and X =
(Bt+1, Mt) ylelds

hy ~ (QtJrlth)(BtJrlth)Tmt + ‘I’(LQHI.,Ht)';'t (127)
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conditioned on © and X} ;, with Z; given in (&), where we
have used the identity X Hx = yly. Repeating the proof
of Property for 7 = ¢, we arrive at Property for
T=1. |
Let Xy = 2; given in (67), ao.y = @, ar+1,n = h, for
T <t aip1,n = Hioy, ey = Q,,0(1) + H,o(1), and
En = (Q,1,H). For k =1ork =2, let f, : C'*? —
C denote a pseudo-Lipschitz function of order k£ with an n-
independent Lipschitz constant L > 0. We shall prove

E[fn(l'na hO,n7 ) ht,n)]

aV:SVE[gn(Inv h’O,na sty ht*l,n)] + 0(1); (128)

N
= Z (Tns homs -y Pen)

N
a8 N Z Ina hO,na R ht*L”) + 0(1) (129)

conditioned on © and A} ;4 in the large system limit, with

gn(Ina hO,nv ) htfl,n)
:Eit,n [fn(xnu h07n7 ey ht—l,nu [Htat]n + 215,17,)] 7(130)

where z; ~ CN(0,v:Iy) is a CSCG vector with v, =
limpr—sN—o00 IV IHmt 1%

It is sufficient to confirm that all conditions in Lemma [l
hold. The conditions (7) and (I0) follow from the defini-
tion (38) of h;, the induction hypotheses (62), (Z4) for < ¢,
and Proposition The conditions @) and (@) are trivial
for k = 1. For k = 2, the condition (8) is due to ().
The condition (@) follows from Assumption [l when 7 = 0,
the definition (38) of h, and the induction hypothesis (62)
when 7 = 1,...,¢t — 1, and from the boundedness of || >
when 7 = ¢, obtained by repeating the proof of with
the induction hypotheses (62) and (63) for 7 < ¢. The
condition (Id) is due to the induction hypotheses (63), (70D,
and (Z6) for 7 < t — 1, as well as the definition (44) of H,.
The condition (I2) follows from (69) for 7 = ¢.

The moment conditions of €y, a- ny, and Ey follow from
Assumption [} the induction hypothesis (73) for 7 < ¢, and
the boundedness of the (2 + €)th moments of h, for 7 < ¢,
of which the last is due to the definition (38) of h, and the
induction hypothesis (63) for 7 < ¢. The moment condition
of Xy is due to (@3) for 7 = ¢ and the definition (&7) of Z;.
Thus, all conditions in Lemma [I] hold.

Define hf recursively as

h¢ =HCa, + 2., (131)
with HS = (hS,...,hS ), where {Z, ~ CN(0,v,Iy)}
are independent CSCG vectors. By definition, hG condi-
tioned on {a,} and {v;} is a CSCG vector. Comparmg
the definition (66) of h, and the definition (I31) of hS
from the definition (B8) of h; and (62) for 7 = ¢t we ﬁnd
NIE[||hE|]?] — 04 _,p in the large system limit.

It is straightforward to confirm that the function (I30) is
pseudo-Lipschitz of order k with an n-independent Lipschitz

12

constant. Thus, we can repeat the argument in (128) and (129)
to arrive at

Elfn(@n, hons - - - hin)]
a‘::’I[l?‘[f"(x"’h(():;rnv 'ahg‘:l,n)] +0(1)7 (132)
1 N
ENa nuh n,.-.,h n
N :1f (:E 0, t, )
N
== N ZlE Son@n ., B s hE)] +o0(1). (133)

Egs. (Z1) and ([Z2) for T = t: Repeating the proofs of
(1) and (72) for T = 0 with (I33), we arrive at (7I) and ([ZZ[)

for T =t.
Eq. [Z0) for T = t: For T < t, we use the definition (@)
of b; and the definition (38) of h; to obtain
1
N N
in the large system limit, where the last convergence follows
from (60) forr=tand 7' =7 +1<¢.
For 7 = t, we use (I33) for the pseudo-Lipschitz function

hi'q, 1 = —mib, 1 3 o(1) (134)

Jn(@n, he ) = b o Ane(@n + hin) — 2, )} of order 2 to have
1 a.s. 1
Sl S SE (B (e + k)] + (1) (139)

in the large system limit. Since h? has independent CSCG
elements with variance v, 5, we repeat the proof of (70) for
7 =0 to obtain (70) for 7 = 7/ = ¢.

Eqgs. (Z3)—(Z3) for T = t: Repeat the proofs of (Z3)), (]E)
and (73) for 7 = 0 with (I33).

Eq. (Z8) for T = t: Repeat the proof of (63) for 7 = t
with (129).

Eqs. (ZA—(Z8) for T = t: Repeat the proofs of (ZZ)— (IE[)
for 7 = 0 with (I32).

APPENDIX A
PROOF OF LEMMA[T]

A. Technical Results
Consider ¢t = 0. Since X € C¥ is unitarily invariant,
we use the SVD of Xy to obtain Xy = <I>” JIX N, in

which @g( € Un«1 is Haar-distributed and 1ndependent of
the smgular value || X y|| [33]l. Furthermore, u ~ CA(0, I )
is unitarily 1nvar1ant so that its SVD is given by u = &l [|u),
in which <I> € Unx1 is Haar-distributed and independent
of ||ul|. Since ‘I>[‘XN ~ ®!l holds, we have the following

representation:
ex + XN ~en + ||}i]|v|u (136)
Let N ={1,...,¢} fort > 0. We repeat the same argument
to obtain
en + g, Xyt ~e |ﬁ)(N ﬁ"PENU\N
- I XN

—én + (137)

[l
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with z = @EN’U, ~ CN(O,IN), én =€y — Endy, and
Xy

EVLEV)EL ! .
Tl ENEN) BN

(138)
Introducing the convention U\N = U, €y =€n,and Pg, =
Iy for t = 0, we arrive at the unified representation (I37) for
t>0.

We first prove that [|dy||? given in (I38) converges almost
surely to zero as N — oo. From the assumption (I12) and
(N =) Hup | 23 1, we have

652 22 vull (@) TEN(EREy) 2ER®), uy+o(1).
(139)

Using Ey = @LNEEN\II%N and the assumption (1)) yields

-1
a.s. U 1 as. (O
ol = gl (5, ) o)
(140)
for some constant C' > 0. For any a > 0, we utilize

Chebyshev’s inequality to obtain

- [Nl Efllun]’] <
N=t+1 N=t+1
(141)

Thus, the Borel-Cantelli lemma implies that ||§v||? converges
almost surely to zero as N — oo.
Before proving Lemmal[ll we prove several technical results.
Proposition 3: Let z ~ CN(0,Iy). For any k > 0,

_ 1+ 0(1)
k

Proof: By definition, 2||z||? follows the chi-square dis-
tribution with 2N degrees of freedom. Let I'(x) denote the
gamma function. For N > k/2, we use the probability density
function of the chi-square distribution to have

00 N-1_,—x/2
B[ o] =22 L aNler
Iz* o ak/? 2NT(N)
/°° a:N*k/Z*le*xd (N —k/2)
= _ adx = _,
0 I'(N) I'(N)
where the last equality follows from the definition of the
gamma function. Using I'(x + 1) = zI'(z) and Gautschi’s
inequality I'(z + s)/I'(x) < 2® for all x > 0 and s € [0, 1],
we have

as N — oo. (142)

(143)

E[ 1 }: (N —k/2)
I2l*] (N =1)---(N = [k/2]))L(N — [k/2])
1 NTk/2]
(144)

<
— k k .
NEZTTIFEN(N — )

for N > [k/2]. Since the latter factor tends to 1 as N — oo,
Proposition 3] holds. [ |
Proposition 4: Let z ~ CN(0,Iy). For any k > 0,
E [}N - ||z|\2}k] = O(N"2) as N o0, (145)

Proof: Let Z
we have

= N-1/25N (|z,[2—1). By definition,

1

Nz =E[|Zn]"]. (146)

E[|N - 121‘]
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The central limit theorem implies that Zy converges in
distribution to a zero-mean Gaussian random variable Z as
N — oo. Furthermore, the sequence {|Zx|*} is uniformly
integrable [44] since the (k+ 1)th moment of Z is bounded.
Thus, we arrive at

hm N’C/2 UN—HzH ’ ]

which implies Proposition [l [
Proposition 5: Let vy = || X n||*/N, and postulate (12)
and the moment assumption on X y in Lemma [Il For some

any € > 0,
Jim E[[Voy = vol'] =

for any p € [0, max{2,2k — 2} + ¢).
Proof: From (I2), /vy converges almost surely to /v as
N — oc. Furthermore, (N ~1|| X y||)? is uniformly integrable
forall p € [0, max{2,2k—2}+¢€] with any ¢ € (0, €), because
of the moment assumption on X . Thus, Proposition 3l holds.
|
Note that Proposition [3] implies the convergence of the pth

moment

E[|Z]*] < oo,  (147)

(148)

lim E {vﬁf/ﬂ = P/2,

N—o0

(149)

B. Discussion

From the almost sure convergence [|d |2 %% 0, as well as
| X 112/ ||w||? 2% v, Rangan et al. [36, Proof of Lemma 5]
concluded Lemma [Tl However, what they have proved should
be regarded as not the almost sure convergence but as the
convergence in probability.

For simplicity, we assume ¢ = 0 fa(z ) = 2z, and
eny = 0. Furthermore, let SN = NI Zn 1 Xn,n and
Sy = (IXn|/lul)N-N . From (136), for any
e >0 and ¢ > 0 we have

Pr(|Sx| > €) =Pr(Ey.)Pr (|§N| >

5N,e’)
+Pr(€5, . )Pr (|§N| > e 51%) ,(150)

‘Se/}.

The almost sure convergence | X y||?/||w||? %3 v implies that
the second term tends to zero as N — oo. Using Chebyshev’s
inequality for the first term yields

with

2
o = { |1 sh)

[[u]?

e +v
(c/‘N_rel) < W — 0.

Thus, we arrive at the convergence in probability Pr(|Sy| >
€) > 0as N — oo.
However, it is not straightforward to prove the almost sure

convergence. To construct a simple counterexample, suppose
that py. = Pr(|Sy| > €) is O(N~1). Then, we find

)
E PN,e = Q.
N=1

While we do not introduce any statistical properties of { X n}
with respect to N, we assume the independence of {Sy}

Pr(En.o)Pr (|S’N| > e (152)

3 Pr(ISn|>e) =

N=1

(153)
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to construct a counterexample. Then, from the second Borel-
Cantelli lemma we can conclude that Sy does not converge
almost surely to zero. This counterexample implies that we
need information about the convergence speed of py . to
establish the almost sure convergence in (I3). Instead of
evaluating the actual convergence speed of py., we use
Theorem [I to prove the almost sure convergence directly.

C. Proof of

Since €y has vanishing second moments and finite (2k —
2)th moments and since Ex has finite max{2,2k — 2}th
moments, the almost sure convergence [|dy[|? %% 0 implies
that éy = ey — Eno(1) has vanishing second moments and
finite (2k — 2)th moments. Furthermore, we only prove the
case t' = 1 with a,,1, ;v = 0 since an extension of the proof to
the general case is straightforward. For notational simplicity,
we write X y_; and a,0,n as X and ap n.

Let
Vi =t (@ enn + (@5, X))
—fn (an b+ z), (54
Yf,N =/fn (an,N, €n,N + Ujlv/Qth) — I (an,N, vjlv/itzn) ,
(155)

Yy = fu (anvs o2 iz0) = fo (@ v'/220) . (156)

with vy = || X n_¢||?/N. It is sufficient to prove

B [[%il) - (j—ﬁ) , as7)
E (|7 n[] = o(Ln), (158)
E[|Y;} v|] = o(Ln) (159)

as N — oo.

Let £ = {||X||,aN,eN,EN} We first evaluate the con-
ditional expectation E[|Y,! |[|€] to prove (I37). Using the
representation (I37), the pseudo Lipschitz property of f,,, and
Proposition [] yields

E ||V, ~l| €]
1 1 k—1
S . 4 o
" |€n,N|k 1 Hu\/\/kal +UN27t|Zn|k L E(160)

for some L,, > 0. Using the following upper bound:

N —t- HU\NH2|

luw VN = t(VN =t + [luyn)
N—-t—|u

N =t )

‘Iluwl VN ‘

, (161)
Nt Juwl
we have
1 1
E H - } 1zt s]
Tun] VN =1
2
1/2 w1 [IN =t = lunll?] |20
<v |an, N E[ £1(162)
N N—t |uw]
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To evaluate the conditional expectation, we use the Cauchy-
Schwarz inequality repeatedly to obtain

N—t— 2
]E{I luwI®l |20l 5}

N—t lus
N _t_— 2127y 1/2 2 1/2
faf PV [l )
N-—t [[wll
1/2 1/4
{2 [er
lunw

L Y s
o[ )
(163)

:O(N—1/2)

for some C > 0, where the last follows from Propositions 3]
and 4

We repeat the same argument in evaluating the remaining
terms in (I6Q). We only present evaluation of the fourth term,
since the other terms can be bounded in the same manner.
Applying the upper bound (I6I) and the Cauchy-Schwarz
inequality, we obtain

Feonll VN =] Junn [
k/2
N [|N—t—|uw||2|<N—t>k/2|zn|k g}
N -t N —t [|u pr [
C”f\r/Qt

i {E [|N—t— IU\NII2I2] } {E [uv —t>%} }
N—t N—t (| ar[|**
Oy N, (164)
for some C > 0, where the last follows from Propositions 3]
and [l Evaluating the remaining terms on the RHS of (160)

in the same manner, we arrive at
1/2

as L,v
E[|Viy]|E] ZE ol =X

+|€n,N|k71

|k—1

(1+ |ann

+of )} aes)

Using the Cauchy-Schwarz inequality to evaluate the expec-
tation over £, we obtain

E (1t l) =0 (22 {0V + (low Elon v -2)

+ (Eoy]E[enn ?2) " + E[vff]}) .(166)

which reduces to (I37), because of Proposition [ and the
moment properties of a, ny and €, n.

We next prove (I38). Using the definition (I33) of Yn% N
the pseudo-Lipschitz property of f,,, and Proposition [l yields

E[[Y? n1I€]

’ﬂ

1/2

<|énn|(1+ lann "7t + |€n,N|k_1)

oy (k— 1)/2|€nN|E “ankfl}

for some L, > 0. Using the Cauchy-Schwarz inequality and
Proposition 2] we have

E 1/2
el 2o e e,

(167)

(E [1+|%N|2k—2+|€ |2k—2D1/2

+C (B[} )E [[&nn[?]) 12 (168)
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for some C' > 0. Since |€,, x| has a vanishing second moment
and finite (2k — 2)th moment and since |a,, x| has a finite
(2k — 2)th moment, we use Proposition [3] to arrive at (I38).
Finally, we prove (I39). Using the definition (I36) of Yg’) N
the pseudo-Lipschitz property of f,,, and Proposition [I] yields

o2, = Vol {1 4 o
+v(k V2|, |k_1+v(k—1)/2|zn|k—1}, (169)

VP n| <Ly

Evaluating the conditional expectation yields

-\
(L [ann [P+ 0857072 (170)

E[lY, N|\5] <OL vN .

for some C > 0. Using the Cauchy-Schwarz inequality to
evaluate the expectation of the second term, we have

2
CE )
<E [ N2, = Vo 1 E [lann[*7%] =0, (171

where the convergence follows from Proposition [S| and the
moment assumption of a, ny. For the last term, we let € €

(0,¢/k) to have
1/2 k—1)/2\ 1
2 {lz - val =)

<E[ kLt )/2} + o R [Uj(ﬁ:j“”f’)/ﬂ < o0, (172)

where the boundedness follows from Proposition [3l In other
words, the last term on the upper bound (170) is uniformly
integrable over || X||. Thus, we use the assumption (I2) to
arrive at (139).

D. Proof of (I3)

Since ey satisfies the assumptions () and (8), and since
Ey satisfies the assumption (I0), the almost sure convergence
16x]12 2% 0 implies that €y = ey — Eyo(1) satisfies (7) and
(8) with ey replaced by €. Furthermore, we only prove the
case ¢’ = 1 with a,, 1,5 = 0 since an extension of the proof to
the general case is straightforward. For notational simplicity,
we write X y_¢ and a,, o, n as X and ay, n, and omit the tilde
on €, n.

From the definitions (I534) and (I33) of V! v and Yn o We
need to prove

Jm iYn{N =0, (173)
lim < ZN:Y#’N o, (174)
N—soo N = ’
N
S
E., [fa (@, vVoza)]} =0, (175)
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Let us prove the first convergence (173). From the repre-
sentation (I37) and Theorem [1] it is sufficient to prove that
Yl v given in ({I34) satisfies

N
. a.s.
&ﬂoﬁn;ﬂﬁ[IY#,NY&,NHS] < 0, (176)

with £ = {HX”, an,€en, EN}.
Repeating the derivation of (I60), we have

B[V, v1Y, /NII5]
Ly L

1
N —t

U Feo]
k—1
T g N e P R v S

X k—1 P k—1 _ B
IRl a0 e

[ XU o "0 mtys2 e
+W +UJ(V—t)/ |Zn/|k 1 5 . (177)
Let

o A NEM

[V

11
lunll VN =

An,n’ - LnLn’

78)

2

1 1
1117 2|20

lewl VN —t

L lennF Y (Jan n [F 7Y+ Jen v |F71).(179)

Bn,n/ - LnLn/

(Jan, "~

We only evaluate the conditional expectation of A, , and
B, n, since the other terms can be evaluated in the same
manner. Using the upper bound (I61) yields

[N —t — [Ju\n[?]?
(N —1)?
k|2n|klzn’|k
[ (|2

E[A, v |E] <LpLnvk E [

(N —1)

5} . (180)

Repeating the proof of (163), we find that the last factor is
O(N™1). Thus, we obtain

N | X 2
nn/ db k; - Ln d:b 1
nZ €] 0 ¢ vy (Nz_jl ) o(1),
(181)

because of the assumptions (12) and (14).
Similarly, we use the upper bound (161) to have

E[Bn,n’w]
<Ln(|an,N|k_l + |6n,N|k_1)Ln’(|an’,N|k_l + |€n’,N|k_1)

Nt 2)2 ,
| [ua|” |Zn||zn2| g:| ) (182)
N —t [unl

"UN_tE
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We repeat the proof of (I63) to find that the last factor is
O(N™1). Thus, we arrive at

Z E[Bn,n’ |5]

n,n’'=1

el
s

where the second equality follows from the Cauchy-Schwarz
inequality and the assumption (I4)), and where the last is due to
the assumptions (8), (@), and (I2). Evaluating the conditional
expectation of the other terms in (I77) in the same manner,
we arrive at (I76). Thus, (T73) holds.

We next prove the second convergence (I74). Repeating the

proof of (I67) yields

1 & 1 &
2o isls 3 3l 1+
n=1

n=1
+|€nN|k 1+U(k 1/2|2n|k 1}

Using the Cauchy-Schwarz inequality for the second term
yields

&
7}

2 |

2
|an le L+ |€nN|k 1))

&
7}

I
I

2
|an Nl%_2 + |6n,N|2k_2)>

2 |

=0(1), (183)

(184)

N 2
(NZ |€nN||anN|k 1)
]\7:
S

as N — oo, because of the assumptions (7) and (@). Similarly,
we find that the third term converges almost surely to zero as
N — o0.

We use the Cauchy-Schwarz inequality for the last term on

the upper bound (I84) to obtain
L 1/2
<N > Lnlen,m?)
n=1

k—1 1 N :
-vN2t<NZLn|zn|%_2> : (186)
n=1

The assumptions (Z) and (I2) imply that the first and second
factors converge almost surely to zero and v(*~1/2 as N —
oo, respectively. Furthermore, from the assumption (I4) we
use Theorem [T] to find

1 N
£ S nlar e B S
n=1
(187)

Thus, the last term on the upper bound (I84) converges almost
surely to zero as N — oo. Since the almost sure convergence
of the remaining terms to zero can be proved in the same
manner, we arrive at (I74).

I ZL lan 72250 (185)

(k—1)/2 N

UN—t Z k-1
— a7 Ln|6n,N||2n| S
N n=1

|Zl|2k 2
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Finally, we prove the last convergence (I73). We observe
that {fy,(an N, vjlv/ztzn)} are conditionally independent given
£. Furthermore, we use the pseudo-Lipschitz property of f,,
to obtain

d

N
1
N ZV |:,fn (an,vajlv/Eth)
|Zn—Z|2 (1+|CL N|2k 2

UN t ZLQEZTL

‘H)N t|2n|2k 2+

—L1 7|2k 2)]5] 2 00,  (188)

where Z is a standard complex Gaussian random variable
and independent of z,, and where the boundedness follows
from the assumptions @), (I2), and (I4). Thus, we can use
Theorem [T] to find

N
1 1/2
RSO CEEEY

B [0 (w220

To obtain (I73), from the definition (136) of Y,i N We need
to prove N1 SN E[Y;? yI€] %3 0 as N — oo. Using (I70)
yields

(189)

Yonl€] < 0”11\7/215 Vv

HMZ

NZL (14 Jan n "1 + 05072, (190)

which converges almost surely to zero as N — oo, because
of the assumptions (9), (12), and (I4). Thus, (I73) holds.

APPENDIX B
DERIVATION OF MESSAGE-PASSING

EP [20], [29] provides a framework for deriving MP
algorithms that calculate the marginal posterior distribution
p(znly, A) = [p(xly, A)dx,,, in which x\,, is the vector
obtained by eliminating x,, from x. We consider the large
system limit to derive an MP algorithm, which coincides with
the algorithm derived in a heuristic manner [27].

We approximate the marginal posterior distribution
(xn|y, A) by a tractable probability density function (pdf)
qa(zn) = [qa(z x)dx,,, given by
N
ga(@) o p(y|A, @) [] asa(@n). (191)
n=1

In (191)), the notation f(x) o< g(x) means that there is a pos-
itive constant C' such that f(z) = Cg(x) holds. Furthermore,
gs—a(zy,) is a conjugate prior to the likelihood p(y|A,x).
When the noise vector w in (@) is regarded as a CSCG random
vector with covariance 21, the conjugate prior ¢g_a ()
is proper complex Gaussian,

_ 2
|In In,B%A| ) : (192)

gB—A () < exp (—
UB—A
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where z, pA and vp_ o are the mean and variance of
qB—A (), respectively. In order to derive the MP algorithm
proposed in [27], we have selected the identical variance vp_; o
for all n, while Céspedes et al. [20] selected different values
for different n to improve the performance for finite-sized
systems.

We first evaluate the marginal pdf gs(x,) in the large
system limit, defined via (T91). Since the conjugate prior (192)
has been selected, the joint pdf g (x) is also Gaussian.

ga(x) ocexp{—(:c—:cA)HVgl(:c—wA)}, (193)
where the mean and covariance are given by
1
Ta = Tpoa + 5 VaAl(y - Azpoa), (194)
-1
Va= ( Iy + AHA> , (195)
UB—A

respectively. Using the matrix inversion lemma, it is possible
to show that (194) and (193) reduce to

A = Ta +UBoAATE T (y — Azp_,4), (196)
[Valnn =vBoa — GhE 'anvh_, 4, (197)

respectively, with
E =0Ty +vp s AAY (198)

H,—l

We shall prove that a,, a, converges almost surely to

v(vB_sa)~! in the large system limit for all n, in which
v(vB—a) is given by (@3). Applying the SVD (@9) to
al="'a,,, defined via (198), we have
al="'a, = e'lVvDVle,, (199)
with
b)) 2 oy —1
D= () (c*Lu +v5.4%%) " (2,0). (200)

In (199, e,, denotes the nth column of I . Thus, Corollary [I]
and Assumption [2] imply that aSEflan converges almost
surely to v(vp_a)~! in the large system limit.

This observation indicates that for any n the diagonal
element (I97) converges almost surely to

VA = UBsA — 7 L (UBA)UR A (201)

in the large system limit. Thus, the marginal pdf ga(z,) =
f qa(x)dx,, is the proper complex Gaussian pdf with mean
ZTn,A = [Xal]n and variance vy, i.e.

|In - In,A|2
VA '

In order to present a crucial step in EP, we define the
extrinsic pdf of x,, as

qa(xy) o< exp (— (202)

qa (xn)

—_— . 203
a5 () (203)

dA—B (xn) X

Let =, p and v, B denote the mean and variance of x,, with
respect to the pdf pg(x,) x ga—B(zn)p(x, ). The crucial step
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in EP is to update the message qp—, A (z,) S0 as to satisfy the
moment matching conditions [29],

Eglzn] = 2B, (204)
R

Voslon] = 5 ;1 Un,B = UB, (205)

where the expectations are taken with respect to
qB(%n) o gaB(Tn) g A (). (206)

In (206), the updated pdf ¢3°%, () is given by
GBYA () o exp (— i ff’;‘v?’v*‘*P) (207)

UB=A

We first derive module A. Using and @202), we find
that the extrinsic pdf 203) reduces to

_ 2
aa—p(Tn) o exp (_M) , (208)
VA—B
with
TnAsB = VASE (““’"*A - M) . (209)
VA UB—A
1 1 1
- . (210)
UVA—B VA UB—A
Substituting @201} into @10) yields
VA—-B = "Y('UB%A) — UB—A, (211)

which results in the update rule @2). Similarly, Applying
(196), @01), @10), and 211D to (209), we arrive at

_1

Tasp = Tpoa +7(vpoa)ATE (212)

(y - AwB—)A) )

which implies the update rule 2.

We next evaluate the moment matching conditions (204)
and [203) to derive module B. Substituting (207) and (208)
into (206) yields

a2
g5 () o exp (—M> : 213)

UB

with
Fop = U5 <$n,AHB " nn]:‘:A) , 214)
VA—B UBSA

1 1 1

— = + : (215)

new

UB VA-B NN

Using the moment matching conditions (204) and @203), we
arrive at the update rules 29) and (30) in module B,

fEB LA-B
TpiA = UBSA -, (216)
UB VA—B

1 1 1
= — . 217)
VA-B

new
UBSA UB
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APPENDIX C
PROOF OF LEMMA[2]
We utilize the following technical lemma:
Lemma 4: We define the cumulant generating function x; :
C — R of the posterior distribution of z,, as

v z— xp|? 2|2
xt(2) = %hﬂ[ﬂxn [exp <_|vt7|>} + % (218)
A—B

Then, x; is twice continuously differentiable with respect to
R[z] and (2], and satisfies

T RG] e =dmEL e
v 04t
e a%ép =E [(R[za] - R17(2))]2],  (220)
UA2_>B (98355]52 =F [(C\\y[zn] — %[ﬁt(z)])2| Z] , @21)

vf&—)B 82Xt
2 OR[z]097]

= E[R[zn]|Szn]| 2] = R0 (2)]377:(2)].
(222)
Proof: The former statement follows from Assumption [1]

and the dominated convergence theorem. The latter statement
is obtained by calculating the derivatives of x; directly. H
We first prove the Lipschitz-continuity of 7;. We need to
prove that all first-order derivatives of R[r;] and $[7j] are
bounded. From Assumption 4] and Lemma M} it is sufficient
to confirm that (222) is almost surely bounded. Using the

Cauchy-Schwarz inequality yields

(E [Rlza]Slwa]l 2] — R ()] S[7e (2)])*
=(E [(Rlza] = Rle(2)))(Slza] = Sl7e(2)])] 2))*
<E [(Rlzn] = R{7e(2)])*| 2] E [(S[za] = Sl (2)])?] 2]

(223)

which is almost surely bounded, because of Assumption
Thus, 7, is Lipschitz-continuous.

We next prove (33) and (34). For notational convenience,
we write 7j;(z,, + z) as 7. By definition, we have

27 = RIR[) + SIS0 + RIS - SR (224)

Since R[z] and J[z] are independent Gaussian random vari-
ables with zero-mean and variance v} /2, using Stein’s
lemma [41] yields

a0
iwh o [0S[7]  ORl]
=5 [a%[Z] - as[ZJ

0 s
B | 5 R+ IS0, 229)
where §/0z denotes the Wirtinger derivative (32). This implies
that (33) holds. Furthermore, applying Lemma [] to the former
expression in (223), we obtain
E. [2"1]

iit(zn + 2) %] . (226)

Taking the expectation of both sides over x,, we arrive at
Lemma

= Ez [|xn -
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APPENDIX D
PROOF OF LEMMA 3]

For V=V& x € Uy, we first prove the identity

V= (@QK, @#V) , (227)
with some unitary matrix Ve Un_¢.

Since V is unitary, using the constraint yields X" X =
YPY. This implies that X and Y have identical singular
values and right-singular vectors, i.e. X = ®x (Zx,0)" ¥
and Y = ®y(Zy,0)TPY with Xx = By and Tx =
¥y . Since ¥ x = Xy is assumed to be invertible, applying
these SVDs to the constraint yields

3, —vaey ( (228)

Onx(n—t))

Consider the partition VvV = (Vo, Vl), with Vj € CNx*t
and V; € CNX(V=1)_ From (228) we have V = @Q,. Thus,
the orthogonality between the columns of Vo and V), implies
the structure with some matrix V &€ CWN-0x(N=1),
Furthermore, from the orthonormality between the columns of
V', we find that V is a unitary matrix. Thus, 227) is correct.

We next prove that is equivalent to the RHS of (80).
Substituting into V = V&L yields

v=al (@l )"+ esv(®g)H (229)

It is straightforward to confirm that the first term on the RHS
of (80) reduces to @Q,(@g()H, by using the SVDs of X and
Y with Xx =3y and x = Py

To complete the proof of Lemma 3 we prove that Ve
Un_¢ is a Haar matrix independent of X and Y. Since the
Haar matrix V is bi-unitarily invariant, we have V®x ~ V.
Thus, without loss of generality, (228) allows us to assume
X = (I;,0)" in the constraint (79). Under this assumption,
conditioning on X and Y is equivalent to conditioning the
first t columns Vo of V.

Consider the following structure:

V= (veey,V). (230)
We prove that V' is Haar-distributed if and only if V is a Haar
matrix and independent of V. Since X and Y depend on V'
only through Vg, we arrive at Lemma 31

For any deterministic unitary matrix ® € Uy, it is known
that the left-invariance @V ~ V induces the Haar measure on
the unitary group of dimension N satisfying V' ~ VH 5o that
we have the right-invariance V¥ ~ V¥ = (gHy)H o
V" ~ V for any deterministic ¥ € Uy. Thus, we only
consider the left-invariance ®V ~ V.

There is some unitary matrix Uy, € Uy_; such that

‘I><I>J‘ <I>V0UV0 holds, because of
By (D®y,)" = ®(Iy — Vo V()@ = Pgy,. (23D)
This implies that 23Q) satisfies
PV = (<1>V0, @éVOUVOV) , (232)
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which indicates that ®V ~

V holds if and only if

(®V,Uy,V) ~ (V,,V) is satisfied. Since V¢ is Haar-
distributed, ®V ~ V holds if and only if V' is a Haar matrix
independent of V. Thus, Lemma 3] holds.
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