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Abstract

We study Martin-Lof random (ML-random) points on computable probability measures on
sample and parameter spaces (Bayes models). We consider variants of conditional random-
ness defined by ML-randomness on Bayes models and those of conditional blind randomness.
We show that variants of conditional blind randomness are ill-defined from the Bayes statis-
tical point of view. We prove that if the sets of random sequences of uniformly computable
parametric models are pairwise disjoint then there is a consistent estimator for the model.
Finally, we present an algorithmic solution to a classical problem in Bayes statistics, i.e. the
posterior distributions converge weakly to almost all parameters if and only if the posterior
distributions converge weakly to all ML-random parameters.
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1. Introduction

We study Martin-Lof random ﬂﬁ@, , , ] (ML-random) points on computable
probability measures on sample and parameter spaces (computable Bayes models). We
assume that samples and parameters are infinite binary sequences except for Section [4.2l A
conditional distribution Nﬁ, ] is defined for a Bayes model. A conditional distribution given
a finite prefix of sample sequence is called a posterior distribution. A marginal distribution
on parameter space is called a prior.

In Bayes statistics, we study relations between samples and parameters. Loosely speak-
ing, we say that a probability model is a true model of a sequence or a sequence is generated
by the model if the sequence is random with respect to (w.r.t.) the model. In Bayes statis-
tics, we assume that a sample sequence x* is generated by the marginal distribution on
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sample space. Then we estimate the parameter y* by the posterior distributions given fi-
nite prefixes of x> such that x> is random w.r.t. the conditional distribution given y°°.
The Bayes consistency theorem ﬂﬁ, , ] says that the posterior distributions given finite
prefixes of x> weakly converge to a parameter y> for almost all x> w.r.t. the conditional
distribution given y> for almost all > w.r.t. the prior for an appropriate class of Bayes
models (consistent Bayes models). The parameter of the true model is not determined a
priori but is estimated by the posterior distributions cf. von Mises ] If we consider only a
fixed parameter, we do not know if the posterior distributions given finite prefixes of random
sequence weakly converge to some parameter.

To state the Bayes consistency theorem for individual random sequences and parameters,
we need to consider the sets of random sequences and parameters w.r.t. marginal distributions
and the family of sets of random sequences w.r.t. conditional distributions given random
parameters simultaneously. For computable Bayes models, we assume that (i) a sequence
is random w.r.t. the marginal distribution on sample space if and only if there is a random
parameter and the sequence is random w.r.t. the conditional distribution given the parameter.
For computable and consistent Bayes models, we further assume that (ii) if a sequence is
random w.r.t. the marginal distribution on sample space then the posterior distributions
given finite prefizes of the sequence weakly converge to the true model. The assumption (i) is
equivalent to that (i) the set of random sequences w.r.t. the marginal distribution on sample
space equals the union of the sets of random sequences w.r.t. the conditional distributions
giwen random parameters. The family of the sets of random sequences w.r.t. the conditional
distributions given random parameters is determined by those distributions (and hence by
the Bayes model). The assumption (i’) requires that the union of those sets is determined
only by the marginal distribution on sample space. Assumption (i), (i’), and (ii) are natural
requirements for any notion of randomness in Bayes models, see Section 3]

Theorem 2.1] | shows that for a computable Bayes model there exists a version
of conditional distribution (the standard conditional distribution) that is defined for ML-
random parameters w.r.t. the prior. We study four families of the sets of random sequences
w.r.t. the standard conditional distribution: two of them are defined by ML-randomness
on Bayes models (variants of conditional Bayes randomness) and the others are defined
by the blind (Hippocratic) tests ﬂa, @] for conditional distributions with given parameters
(variants of conditional blind randomness). Theorem [Z4] parts 1 and 3 show that variants of
conditional Bayes randomness satisfy the assumptions (i’) and (ii) for all computable Bayes
models. On the other hand, there are different computable and consistent Bayes models that
have the same marginal distribution on sample space but their unions of conditional blind
random sequences for all random parameters are different. Theorem 2.4 part 4 shows that
there is no family of sets of random sequences w.r.t. the marginal distribution on sample
space that satisfy the assumption (i’) for variants of conditional blind randomness for the
class of computable and consistent Bayes models. We consider that variants of conditional
blind randomness are ill-defined as conditional randomness for Bayes models.

The rest of the paper is structured as follows. In Section [2 we state our main theorem.
In Section B, we study ML-random points in Bayes models. In Section B we show the rela-



tionship between variants of random sequences w.r.t. the standard conditional distributions.
In this paper, we assume the computability of joint probability measures, however, we do
not demand uniform computability on standard conditional distributions. In Section [E.1]
we compare ML-randomness in Bayes models with randomness for uniformly computable
parametric models ﬂé, , @, @, |. Theorem shows that standard conditional distri-
butions are equal to uniformly computable parametric models on ML-random parameters
when the Bayes models are constructed from uniformly computable parametric models and
computable priors. We show that if the sets of uniform random sequences are pairwise dis-
joint for different parameters (effectively orthogonal ﬂa]), then there is a consistent estimator,
i.e. a measurable function that equals y>° with probability one for the probability model of
the parameter y> for all y>°. In Section 2] we discuss ML-randomness of Bayes models
on complete separable metric spaces and present an algorithmic solution to a classical prob-
lem in Bayes statistics E], i.e. for the Bayes models on complete separable metric spaces,
the posterior distribution is consistent at almost all parameters if and only if the posterior
distribution is consistent at all ML-random parameters. Finally in Section 3], we briefly
re-discuss randomness in statistical models. We compare our notion of randomness in Bayes
models with that in non-Bayes models (parametric models without prior), which may help
to understand our assumptions (i), (i’), and (ii).

2. Main theorem

Let Q be the set of infinite binary sequences, and S the set of finite binary strings. We
also call an element of Q U Q? a point. Let A(z) be the set of infinite binary sequences
that start with = € S, and |z| the length of x € S. To clarify the difference between finite
strings and infinite sequences, we use symbols such as x,y for finite strings and x>, y> for
infinite sequences. Except for the clearly stated cases, do not confuse symbols such as z*°
with the repetition of a string. Let A be the empty word. We write x C y if = is a prefix of
y for x,y € S UQ including the case * = y and z C y if x C y and = # y. Let B¢ be the
complement of B. We write A := U,ea A(z) for AC S. For A C S?, A is defined similarly.

Let open sets in 2 be those generated by {A(x) | z € S}, i.e. every open set in 2 is a union
of elements in {A(z) | z € S}. Let (2, B;) be a measurable space where B; is the smallest
o-algebra that includes {A(x) | x € S}. Similarly, let open sets in Q2 be those generated by
{A(z) x A(y) | x,y € S} and (22, By) a measurable space where B, is the smallest o-algebra
that includes {A(x) x A(y) | z,y € S}. Let d(x™,y>) := " |z, —y,|27" for all z°°,y> € Q
where x> = x1x5 - - - and y*° = y1y - - -. Then d is a metric on {2 and open sets induced by d
are equivalent to those generated by {A(z) | € S}. Similarly for (z°°,y>), (2/*,y'*) € 02,
let d?((z°°,y>), (', y'>)) := d(xz>,2'®) + d(y*>°,y'*). Then d? is a metric on Q? and open
sets induced by d? are equivalent to those generated by {A(z) x A(y) | x,y € S}. In the
following, we consider the metrics d on 2 and d? on Q2.

Except for Section[L.2] set X =Y = ). Let P be a probability measure on (X xY, By), Px
marginal distribution on (X, B;), and Py marginal distribution on (Y, B;). For all z,y € S,
let P(x,y) := P(A(x) x A(y)), Px(z) := P(A(z) x ), and Py(y) := P(2 x A(y)). For



all z,y € S, let P(x | y) := P(z,y)/Py(y) if Py(y) # 0 and Pyx(y | x) := P(x,y)/Px(x)
(posterior distribution) if Px(x) # 0.

Let U C S x N. U is called a test (effective null set) or ML-test w.r.t. P on (£, B)
if U is recursively enumerable (r.e.), U, 2 U,i1, and P(U,) < 27", where U, = {z |
(x,n) € U}, for all n. The ML-random sequences w.r.t. P are defined as the complement
of the effective null sets w.r.t. P. We denote it by RY, i.e. R := (Uy. ot N, Un)®- Let
REA = Uy test ﬂmf]n)c, where U is a test with oracle A, i.e. U is r.e. with oracle A,
U, 2 Upi1, and P(U,) < 27" for all n. Similarly, RP and RPA are defined w.r.t. P on
(Q2,B,). R and RP4 are forms of blind randomness, i.e. we neither assume that P is
computable nor computable with oracle A. In the following, for simplicity, we say that
(2, By, P) and (X x Y, By, P) are computable if P on (€2, B;) and (2%, B;) are computable,
respectively.

We obtain the following theorem from the martingale convergence theorem for individual
ML-random sequences @, @]

Theorem 2.1 (Takahashi [30-32]) Assume that (X x Y, B, P) is computable. For all
r €S and y>*© € RYY, set
Pz |y>) = lim P(z|y)
y—y

if the right-hand side exists. Then for each y> € RYY, P(-| y>) is a probability measure on
(X, By).

Definition 2.2 The family of probability measures {P(- | y>®) | y>© € R} is called the
standard conditional distribution.

For each = € S, conditional probability P(x | y*°) is a Borel-measurable random variable on
Y that satisfies

/ Pz |y>)dPy = P(x | y) for all y € S,
Ay)

see Theorem 33.1 on page pp.434 in ﬂﬂ] Conditional probability is not unique. Two versions
of conditional probability are called equivalent if they coincide for almost all y>°. From the
Radon-Nikodym theorem, the standard conditional distribution is a version of conditional
probability [36]. A version of conditional probability is called regular if the conditional
probability given the parameter is a probability measure for almost all parameters. By
Theorem 21 the standard conditional distribution is a probability measure for each ML-
random parameter and hence regular, but it may not be computable with oracle access to
the ML-random parameter, see Remark B.3l To state the theorems in the Bayes models for
individual ML-random points, e.g. consistency theorem for the posterior distributions (The-
orem B.4]), we fix the standard conditional distribution as a version of conditional probability.
A computable Bayes model defines a standard conditional distribution and prior, and vice
versa.
We define consistent Bayes models.
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Figure 1: Figure (a) shows relations between variants of conditional random sequences. Figure (b) shows
those relations when the Bayes model is consistent. If the conditional probability is computable with ML-
random oracle y*>° and the Bayes model is consistent then the four sets in figure (b) are equal. Theorem B.10]
shows a counter-example of the equalities in (ii) and (v). Lemma shows a counter-example of the
equalities in (i) and (iv). Lemma and Theorem show that R and RP (I¥™) are incomparable in
the general case. The counter-example of equality in (iii) is due to Bauwens ﬂ, B] The equality in (vi) for
consistent parametric models was presented in Kjos Hanssen IE] and Bienvenu et al. E], see Section A1
An example of the equality in (vi) for non-uniformly computable orthogonal conditional distributions is
presented in Theorem It remains open whether the equality in (vi) always holds for all ML-random

y*>° (Remark B.TT]).

Definition 2.3 Let P be a probability measure on (X x Y,By). Let 6, be the probability
measure on (Y, By) such that 6,~({y>}) = 1. The posterior distribution Py|x(- | x) weakly
converges to Oy as v — x> if and only if for any neighborhood A of y>, lim, .0 Py x(A |
x) = 1. The posterior distribution is called consistent at y> if it weakly converges to dye as
x — x™ for almost all 2> w.r.t. P(- | y*°). P is called consistent if the posterior distribution
18 consistent at almost all parameters.

For a set A C Q x Q, let Ayee := {2 | (>°,y>*) € A}. Consider the following sets for
y> e R,
(1) My RPCIY) | the intersection of the sets of ML-random sequences w.r.t. P(- | y) for all
finite prefixes of y>°,
(ii) R/, the section of ML-random points R” at y*°,
(iii) RFCW™) ML-random sequences w.r.t. P(- | y>), and
(iv) RPCW=)v™ ML-random sequences w.r.t. P(- | y>) with oracle y>.
Figure [0 shows relations between these sets.

Theorem 2.4 (Main theorem)
1. Assume that (X x Y, By, P) is computable. Then

RPx — U n RPClY) — U RE. D U RPC™) 5 U RPClY™)w>

y®eRFYy y—=y>® yeeRPY yeeRPY yeeRPY



2. Assume that (X x Y, By, P) is computable and P(- | y*°) is computable with oracle y> for
each fived y>*° € RYY. Then

RPx — U m RPCly) — U RP _ U RPCly>) U RECly>=

yeeRPY y—=y> Yy eRFY y©eRFY y®ERFY
3. Assume that (X x Y, By, P) is computable and consistent. Then

> € R if and only if there is a unique y> € RYY such that
Py x(z) weakly converges to 6y as x — x> and
® e Ry (= ﬂ RECW),

Y=y
4. There is no R: {P | (Q, By, P) is computable} — {A| A C Q} such that

R(Px) = U RECW™) for all computable and consistent (X x Y, By, P).

yeeRPY
Similarly, there is no R: {P | (Q, By, P) is computable} — {A| A C Q} such that

U RECWY™ for all computable and consistent (X x Y, By, P).

OOET\’,PY

5. Assume that (X x Y, By, P) is computable. Then

the sets (i)-(iv) are Borel sets in Q) and the probabilities of these sets w.r.t. P(- | y*°) are
one for all y>* € RYY, and

Uyecerpy (Nysyee RPCW) and U,~erry Ry are Borel sets in Q and the probabilities of these
sets w.r.t. Px are one.

The proof of Theorem 2.4 is given after the proof of Theorem B.I0l

Roughly speaking, the sets (i) and (ii) are defined from Bayes models; those (iii) and
(iv) are defined from conditional probabilities with given parameters. For simplicity, we
call the families of sets {[, RECW |y e R} and {RE. | y>* € R} variants of
condz’tz’onal Bayes randomness. We call the families of sets {RFCIV™) | y> € R} and
{RECW=)w™ | y>° € R} variants of conditional blind randomness. By Theorem 2.4 parts
1 and 3, both of the variants of conditional Bayes randomness satisfy our assumptions (i)
and (ii). On the other hand, by Theorem 2.4] part 4, neither variant of conditional blind
randomness satisfies the assumption (i’). We consider that variants of conditional blind
randomness are ill-defined as conditional randomness for Bayes models.

Takahashi @@] defined the family of sets {R}~ | y™ € R} to be the sets of condi-
tional random sequences w.r.t. the standard condltlonal distribution { P(- | ) | y> € R™}.

Remark 2.5 The author does not know if the sets (J, o e ry RPCW™) and | o CRPY REPCIv™
are always measurable for all computable (X x Y, By, P).
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3. ML-randomness and Bayes models

The van Lambalgen theorem @] states that a pair of sequences (z*°,y>) € Q2 is ML-
random w.r.t. the product of uniform measures if and only if > is ML-random and z* is
ML-random with oracle 3.

Theorem 3.1 (Generalized van Lambalgen theorem, Takahashi M]) Assume that
(X x Y, By, P) is computable. Then

R D REWIIVE for all y> € R™. (1)
Fiz y>® € RYY and assume that P(- | y°°) is computable with oracle y>. Then
P _ pP(y®)y™
RE. = RIWTw™, (2)
Theorem 3.2 (Takahashi [@—@]) Assume that (X X Y, By, P) is computable. Then

P(R;Doo | y™) =1ify™® € R™ and Rf;,o =0 else.

R = |J RI.. (3)

y>*eRFY

Remark 3.3 1. Vovk and V’yugin ﬂﬁ] proved () and (@) for Bayes models that are con-
structed from uniformly computable parametric models and computable priors, see Sec-
tion .11

2. Theorem 5.2 in @] demonstrates equation () when P(- | y*) is computable with oracle
y>°. However, the same proof for (Il) holds true when P(- | y*°) is not computable with
oracle y*>°. In “ﬁ], @) is proved without assuming uniform computability of the conditional
distributions.

3. Non-computable conditional distributions are presented in work by Ackerman et al. @]
Bauwens M] showed an example that violates the equality in ) and R¥C#)¥™ is a proper
subset of RE. in () when the conditional distribution is not computable with oracle y>.
Takahashi ﬂfﬂ] showed an example that the conditional distributions are not computable with
oracle y> for all y*°, but () holds true. For more details on the generalized van Lambalgen
theorem, see the survey Bauwens et al. ﬂa] U

Two probability measures P and @) on (2, By) are called orthogonal and denoted by
P 1 @ if there is A € By such that P(A) =1 and Q(A) = 0. The following theorem shows
equivalent statements for the consistency of Bayes models including statements described
with ML-randomness.

Theorem 3.4 Assume that (X x Y, By, P) is computable. The following statements are
equivalent:

(i) P(-|y) L P(-| 2) for all Aly) N A(z) = 0.

(ii) RPCW N RPCZ) = for all A(y) N A(z) = 0.

~J



(iil) Pyx (- | ) weakly converges to e as x — x* for all (z°,y>) € RY.
(iv) R C {y> € Q| the posterior distribution Pyx is consistent at y>}.
(v) P is consistent.

(vi) There is a measurable f: X — Y such that P(f~'(y>®) | y*) = 1 for almost all y>
w.r.t. Py.

(vii) Rie NRE =0 for all y> # 2.

(viii) There is a measurable onto f: RPX — R such that P(f~*(y>) | y*) = 1 for all
y>™ € RIY.

Before we prove the theorem, we show a lemma.

Lemma 3.5 Assume that (X XY, Ba, P) is consistent. Then there is a measurable f: X —Y
such that P(f~1(y>) | y>) =1 for almost all y> w.r.t. Py.

Proof) Let

g ' (y™) == {2 | Pyix(- | ¥) weakly converges to d,~ as x — z>°} and
F) = { 91 (y>) if y>° # 0%
g HO) U X\ Uyeey 971 (4%)) else,

where 0% is the sequence consisting of 0Os.
Then f: X — Y is well-defined, i.e. f~1(y>°) N f~1(2*°) = 0 for all y> # 2>. We show
that f is measurable. Let

Ayer=A{z | Pyix(y|z) >1—¢ |z|= L} and

By = ﬂ U ﬂ Ay,e,L’-

k:e=1/k L L': L<L/

We have that B, = {a™ | lim, .~ Pyx(y | ) = 1}, By,N B, = 0 if A(y) N A(w) = 0, and
B, O B, if y C w. By the definition of weak convergence of the posterior distributions, we

have
N U B =g"A0)

n:|z|<ny: yl=n
2Ly

Since A, is open for all y,e, L, we have that g~'(A(z)) € By for all z € S and f is
measurable. Since P is consistent, we have P(f~(y>) | y>) = 1 for almost all y*. O
Proof of Theorem B4)) For the proof of (i) = (ii) = (iii), see the proof of Theorem 6.1 in
ﬂﬁ] The implication (iii) = (iv) is immediate. The implication (iv) = (v) follows from that
Py (R?Y) = 1. The implication (v) = (vi) is due to LemmaB.5. We show (vi) = (i). By (vi),
we have f~H(A(y)), fTH(A(2)) € By and f~1(A(y)) N fH(A(2)) = 0 for all A(y)NA(z) = 0.
By the Fubini theorem and (vi), we have P(f~1(A(y)) | y) = 1 and P(f~Y(A(2)) | 2) = 1
for all A(y) NA(z) = 0. We have the equivalence (i)—(vi).

The implication (iii) = (vii) is immediate. We show (vii) = (viii). Let f~'(y>) = R}
for all y> € RYY. By (vii) and Theorem[B.2] f: RF* — R is well-defined, an onto function,
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and P(f~'(y>®) | y>*) = 1 for all y>* € R™. By Theorem B2 f~'(R™) = R € B; and
similarly, f~}(A(s) N RYY) € By for any s € S, and we see that f in (viii) is measurable.
The proof of (viii) = (i) is similar to that of (vi) = (i). O

Remark 3.6 Takahashi @, @, ] showed the equivalence of the statement in Theorem [3.4]
except for statements (iv) and (v). The equivalence (i) and (vi) is due to Corollary 2
in Breiman et al. ﬂ§] The equivalence (i) and (ii) is due to Martin-Lof (pp. 103 second
paragraph ﬂﬂ]), see also Theorem 4.1 in [E?Zé] and Theorem 8.6 in “a] Doob |L1] showed that
if there is a measurable function f: X — Y such that P(f~'(y>) |y®) =1 for all y* € YV
then P is consistent, see also @, ]

For further study on ML-random points on Bayes models, see Debowski @], Takahashi ,
] and Vovk and V’yugin @] When the prior is discrete, Theorem [B.4] reduces to the
consistency of the MDL model selection E, B] for individual random sequences “ﬁ] Li and
Vitanyi [22] study MDL model selection in terms of Kolmogorov complexity.

3.1. Relations between conditional randomness
We prove all inclusions shown in Figure [

Lemma 3.7 Assume that (X x Y, By, P) is computable. Then
RPCWS) C RECW for all y © y™® and y™ € RYY.

Proof) First we prove the lemma for y = . Let y = X then P(- | y) = Px. Let UX be
a test wr.t. Py and UY* == {(z,A\,n) | (z,n) € UX}. U¥**is a test wr.t. P. Since
(UX*N) e = UX, from Corollary 4.1 in |31], for all y> € R there is an integer M such
that

M
PO Igx >k |y™) < - for all k,

where T is the characteristic function, i.e. Iyx(2®) = 1 if 2 € UX and 0 otherwise. We

have a test VX (VX 1= {32 Iyx > M2*} for all k) w.r.t. P(- | ™) and the lemma is proved
for y = A. Similarly, we can show the lemma for all finite prefix y C y>. O

Theorem 3.8 Assume that (X X Y, By, P) is computable.
(| RPW 2 RFWS) and () RFUW 2RI for all y> € R™ . (4)
Y=y Y=y
If P s consistent, we have
(| RPW =R D RIWS) S RECWIVT for all y> € R (5)
Y=y

Fiz y> € RYY and assume that P(- | y>°) is computable with oracle y*>°. If P is consistent,
we have
ﬂ REClY) — wa — RPCY®) — RPCly™)w> (6)

Y=y



Proof) Similarly, as presented in Theorem [3.2] we can show that

RFW = | ] R forally. (7)

Yy~ eRFY NA(y)
From Lemma 37 we obtain ().

Assume that P is consistent. By Theorem [B.4] we have Rf;oo NRE. = 0 if y>© # 2
From (7)), we have

ﬂ REClY) — Rioo. (8)
Y=y
From () and (§) we have (B). Eq. (@) follows from Theorem B and (H). O

The following lemma shows a counterexample that the inclusions (i) and (iv) in Figure
[ can be strict simultaneously.

Lemma 3.9 Let P :=U x U, where U is the um’form probability measure on (2, By), then
Nyye RECDNRES # 0 and RPECWS)\ RPCWSIVT 2§ for all y> € RY.

Proof) The diagonal set is covered by a test, i.e. {(z,2%°) | 2> € Q} C (RP)°. Let
y>* € RY, from van Lambalgen’s theorem @] we have y*© ¢ RUv™ = RE, C RY =
Ny yee REClY), O

To show an example in which R[. \ R” (™) £ @ in (B), we construct a consistent
Bayes model with the properties (i)—(iv) listed in Theorem by modifying the examples
of Bauwens M] (Example 2 in ﬁ] Note that the examples in Nj B] do not imply (iv) in

Theorem B.101
X
«
By
B
' Y

10> 110 1%

Figure 2: Construction of the counter-example. The joint measure P concentrates on the thick lines. P is
consistent. The conditional distribution P(- | y*°) is not continuous at the parameter y> = 1°°.

Theorem 3.10 There is (X X Y, By, P) such that
(i) P is computable,
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(ii) {1°} € R™Y and P(- | 1>°) is not computable,
(iii) P(- |y) L P(- | 2) for all A(y) N A(z) =0, and
(iv) RV \ RPCE™) £ () and RPx \ Uy erry REPCIW=) £ (),

Here, 1*° is the sequence consisting of 1s.

Proof of Theorem BI0) First, we prove (i). Let Px be the uniform distribution on X. Let
of = g2 K(s) where K is the prefix complex1ty Let a € Q2 be the binary expansion of
o then « 6 RPX @] Let g(s) == >, icr,27"s; where s = s1---sp and s; = 0 or 1 for i =
1,...,k. Consider a computable sequence of strings a;, as, . . . such that g(a1) < g(ag) < ---
is increasing and lim; g(a;) = /.

For all i, set A; :== {s € S| g(s) < g(a))}, Bi := A; \ A;_y for i > 1, and Ay = ). We
define the measure P on X x Y as follows. For all x € S and 4, define

P(A0) :=

P((B;N A( )) {1iO°°}) = Px(B; N A(x)),

P(B¢ x {110°}) :=

P(((Ai1)* N A(2)) x A(l")) = Pu((Aiy)* N A1), and
(

P(A;_; x A(1Y)) :==0,

where 1° is the string consisting of 4 1s. For the construction of the measure, see Fig. 2l By
construction, the total measure of P is one. Let C' := J, B; x A(1'0). For all z,y € S, we
have

P(z,y) = P((A(z) x A(y)) N C) if y # 1V,
P(z,y) = Px(A(z) N (A 1)°) if y = 1.

Since the right-hand sides are computable, P is computable.

Next, we show (ii). Since P(Q x A(1%)) = Px((Ax_1)°), we have Py ({1™}) = P(Q x
A(1%)) = Px(Np(Ap)) = 1 —a > 0 and {1°} € R™. We have P(z | 1°) = 0 if
A(z) CUA; and P(z | 1°) = Px(z)/(1 — a) if A(x) € Mi(4;)¢. Since « is not computable,
P(- ] 1) is not computable.

By construction, we have Py ({1°0°}) > 0 for all i and Py ({1°}) > 0. Since Py ((J,{1°0>°}U
{1°°})¢) = 0, the set (U, {170} U {1°})¢ is covered by a test, and we have R =
U, {190} U {1>°}. By construction, P(- | y*°) is orthogonal for different y>* € R; we
obtain statement (iii) of the theorem.

Similar to M, |, set U, :={s | Fi g(s) < g(a;) + +}. Then U = {(s,n) | In s € U,} is
r.e. and P(U, | 1°) < 1/n for all n. U is a test that covers a, i.e. o ¢ RFCI™),

Let by by - - - be an increasing sequence of prefixes of a such that b, - aas n — co. By
construction, VkIMVn > M Py x(1* | b,) = 1. We have Vk Py x(1* | a) = 1, Py|x({1>} |
a) = 1, and {1°} € RP¥ixt®a Since a € RPX, from (), we have (o, 1%) € RY and
a € RE.. Since o ¢ RPCI™) | from Theorem 3.8, we have the first part of statement (iv) of
the theorem.
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Since o € Ri%, v ¢ RPU™ R are disjoint for different y> € R™ (Theorem B.4),
and R O R” (™) for all y> € R™ (Theorem B8], we have the latter part of statement
(iv) of the theorem. O

Proof of Theorem 2.4l Part 1 follows from

RPx _ U wag U ﬂ RECI) (9)
yoeRPY yReRPYy y—=y>
Px _ pPx
c |J R =rM™, (10)

Yy eRLY

where () follows from (@), and (I0) follows from (7). By Lemma B7 we have RP* D
U o ERPY RECly™ U CRPy RECIY=)sy

Part 2 follows from part 1 and Theorem BII

Proof of part 3. The if part follows from part 1. The only if part follows from Theorem [B.4]
(iii) and (B).

Proof of part 4. Let Py({0°}) := 1 and P(- | 0%°) := U, where U is the uniform measure on
X. Then (X x Y, By, P) is computable and consistent. We have Py = U and Rf* = RV =
UyweRPY RECIY™) — UyweRPY RECW=)w™ = RPUOT) = RPUOFIOF - Tet (X x Y, By, P)
be the computable and consistent model defined in Theorem B.I0 Then Px = Py and
Uy REI) = Uy REIT 2 U RIS 2 e REIO. We
have the proof.

Proof of part 5. By definition of ML-random sequences, the sets (i), (iii), and (iv) are Borel
sets. By definition of ML-random points, RY € B,. By Fubini theorem, Rgoo € B;. By
Theorem B.1] and B.8] the set (iv) is the smallest one among the sets (i)—(iv), and we have
the first part of part 1. The latter part follows from part 1. O

Remark 3.11 In Theorem B.I0, P(- | 1%°) is not computable with oracle 1°°; however
RPCIZ) = RPCIZLI® - The author does not know if the statement Yy> € RPY RP™) =
RECW=)v™ is always true for the consistent Bayes models.

4. Discussions

We discuss the three topics: Bayes models and uniformly computable parametric mod-
els, an algorithmic solution to a classical statistical problem, and randomness in statistical
models.

4.1. Bayes models and uniformly computable parametric models

Before we show our results, we summarize several known results for uniform tests ﬂa,
13, 19, [21, @] Let {(Q, By, Py~) | y>* € Q} be a parameterized family of distributions
(parametric model { Py~ | y™ € Q} for short). We assume that ) is measurable
for any fixed A € B; E] and uniformly computable ﬂa . . i @] If P s 1s uniformly
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computable, then Py (-) is defined for all y> and the function y>* — P, (z) is continuous
for each fixed x € S.

A function ¢: Q — [0, 00] is called lower semicomputable if the set {z> | r < ¢(z*)} is
effectively open uniformly in rational 7. A lower semicomputable function ¢: 2 x Q — [0, 0]
is defined in a similar manner ﬂa] We call a function t4: Q@ — [0,00] a blind test w.r.t. P
and oracle A if 4 is lower semicomputable with oracle A and [ ¢4(z>®)dP < 1. Let T(P, A)
be the set of blind tests w.r.t. P and oracle A. The set of blind random sequences w.r.t. P
and oracle A is defined by Blind(P, A) := {2 | t4(2*>) < oo for all t4 € T (P, A)}. The set
of blind random sequences w.r.t. P, Blind(P) is defined similarly. A lower semicomputable
function t: Q@ xQ — [0, oo] is called a uniform test w.r.t. a parametric model { Py | y> € Q}
if [#(z*,y>®)dPy~(2>) <1 for all y> € Q.

The following proposition shows the relationship between R” (R74), blind randomness,
and randomness for uniformly computable parametric models.

Proposition 4.1 (Bienvenu et al. [@])

1. Blind(P) = RF and Blind(P, A) = RP for all probability measure P on (,1B) and
oracle A. Assume that P are computable and computable with oracle A then RT and R™4
coincide with Martin-Léf random sequences and those with oracle A [@], respectively.

2. Assume that { Py | y> € Q} is uniformly computable. Then, there is a universal uniform
test t, i.e. for each uniform testt w.r.t. Pypo for y> € Q) there is ¢ > 0 such thatt < ct, and
{2 ] t(2,y>) < oo} = Blind (P, y>®) = R»=¥" for all y> € Q.

A Bayes model (X x Y, B,, P) is defined from a parametric model {Py~ | y> € Q} and a
prior (Y, By, Py) by
P(z,y) = / Pyoc (2)dPy (y™) for all z,y € S. (11)
Aly)

Theorem 4.2 (Vovk and Y’yugin[@]) Assume that a parametric model { Py | y> € Q}
is uniformly computable and (Y, By, Py) is computable. Let (X XY, By, P) be the Bayes model
defined by ({I1). Then

Riw =R forally® € R and R™ = ] R

Yy ERPY

Definition 4.3 (Bienvenu et al. [@]) A uniformly computable parametric model {Pye |
y>® € Q} is called effectively orthogonal if RFv>=v™ NRE=<=" = () for all y> # 2.

Theorem 4.4 (Theorem 5.41 in Bienvenu et al. [@]) Assume that a parametric model
{Py | y>* € Q} is uniformly computable and effectively orthogonal. Then

REvev™ = RPv for all y>. (12)

We state our results for uniform tests.
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Definition 4.5 P(- | y™) is called continuous at y>* € R if lim, P(z | y*®(n)) = P(z
y>®) for all x € S and for any sequence y*>(1),y>°(2),... € RYY such that lim, y>(n) —
y>™ € RIY.

Theorem 4.6 Assume that a parametric model { Py | y> € Q} is uniformly computable
and (Y, By, Py) is computable. Let (X XY, By, P) be the Bayes model defined by (I1). Then,
1. P is computable. For all y>° € R, P(- | y°) = Py=(-), P(- | y™) is continuous and
computable with oracle y>, Ry = RPWSIV® " and Rfv> = RPCY™),

2. In addition, if { Py | y> € Q} is effectively orthogonal then, P is consistent.

Proof) Since Py is uniformly computable and Py is computable, P is computable. From

(D, for all z,y € S
Pz | y) = /A  Pe@R ) P ), (13)

Since Py is uniformly computable, y> — Py~ (z) is continuous for all x € S. From (I3),
for all x € S and y> € (),

Ve > 03y Vy |P(x|y) — Pee(x)| <efory Ty C y™.
By Theorem 2.1, for all z € S and y> € R
Ve >0 |P(x | y™) — Py ()] <e.

Since € > 0 is arbitrary, we have that P(- | y>®) = P, (-) for all y>° € R and the latter

statements in part 1. Continuity of P(- | y*) follows from that of Pe.

Proof of part 2. Assume that the parametric model is effectively orthogonal. By Theorem [4.2]

Ri~ NRE = 0 for all y>=, 2> € R™ and y™ # 2. If y™ ¢ R™, we have R} = 0), see

ﬂﬁ] or “3_j] By Theorem [3.4] P is consistent. O
The following proposition shows that neither of the converses of Theorem is true.

Proposition 4.7 There is a computable and consistent (X x Y, By, P) such that
(i) P(- | y>) is computable with oracle y*° for all y>* € RYY and
(ii) 0° € R™Y and P(- | y™) is not continuous at 0>.

Proof) Let r(0"1°) := 27" for n > 1 and r(0®) := 1. Let Py(x) := r(y®)X%(1 —
r(y>®)el=2 for all w = @y -+ - @y € S, 2; € {0,1} if Yy = 0"1% for n > 1. Let Py () := 1
for all # © 1% if y> # 071 for n > 1. Let Py ({071°}) := 2=*D and Py (0%°) = 1/2.
Then Py is a computable probability measure and R™ = J ., {0"1°} U{0°}. Py L P,
if y>©,2° € RYY and y™ # 2. Let P be a Bayes model defined by (II). Then, P is
computable and P(- | y°) = P, for all y>* € R". By Theorem 4], P is consistent. Since
P(1]0m1%) =2""and P(1]0>) =1, P(- | y™) is not continuous at 0> € R. O

By Theorem and Proposition 1.7, the assumption of Theorem [B.1] and is weaker
than that of Theorem In @], a_quantitative version of Theorem is shown, for
more details, see Section 7 in “E] and [26]. The equation (@) in Theorem is true under

14



computable consistent Bayes models. By Theorem and Proposition .7, those models
constitute a larger family of models than those defined by (1) with uniformly computable
and effectively orthogonal parametric models and computable priors. Note that the equality
in ([[2) is true for all y> € Q while that in (@) is true for all y> € R™¥. In ﬂa], Theorem [£.4]

is proved for the families of measures that are parameterized by themselves. Kjos Hanssen
demonstrated a different proof of (I2) for the Bernoulli model.

Definition 4.8 A measurable function (estimator) f: X — Y 1is called consistent for the
parametric model { Py | y™ € Q} if Py (f7H(y™>)) =1 for all y>° € Q. A parametric model
{Pye | y> € Q} is called consistent if there exists a consistent estimator.

In Definition 8.1 “a], uniformly computable consistent models are called orthogonal. We use
the term consistent for the orthogonal models to distinguish pairwise orthogonality from
orthogonality.

Theorem 4.9 Assume that { Py~ | y>* € Q} is uniformly computable. Let

) = REv= V™ if y> # 0%,
Y . RPOOO,O‘X’ U (Q \ Uyoer RPyoo,yOO) Zf yoo = (%,
The following statements are equivalent.

(1) { Py | y>° € Q} is effectively orthogonal.
(i1) f: Q — Qis well-defined and a consistent estimator for { Py | y> € Q}.

We give the proof after Definition .10, Proposition .11l and Lemma [.12]
Definition 4.10 Let A be a subset of X XY and B be a subset of Y. Set

mx(A) = {2> | > €Y (z,y>) € A} and (14)
wx,p(A) = {z> | > € B («=,y>*) € A}

A countable union of closed sets is called F, set.

Proposition 4.11 (a special case of Exercise 2.3.24 [@] pp.61) Assume that C C X X
Y is closed. Then wx(C') is closed.

Proof) Let (1), a(2), . .. be a sequence of points in 7x (C'). Suppose that a(i) — « asi — oo.
We show that o € mx(C). By ([[4)), there is a sequence («(1),3(1)), (a(2),5(2)),... € C.

Since X x Y is compact, C' is compact and there is a subsequence

(a(n(1)), B(n(1))), (a(n(2)), B(n(2))),... € Csuch that n(1) < n(2) < ---and (a(n(i)), B(n(i))) —
(o/,0") € C as i — oo. Thus lim; a(i) = lim; a(n(i)) = o/ = a € 7x(C). O

Lemma 4.12 Assume that A is F, in X x Y. Then wx(A) is F,. Further assume that
7TX70(A) N WX’D(A) = @ fOT allCND = @ Then 7TX70(A) € Bl fOT all C € Bl.
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Proof) Since A is F,, there are closed sets A, in X x Y for all n and A =J,, A,. First we
show that mx(A) € B;. We have

Tx(A) = U Ayoo = U LJ(An)yOO = U U (An)y = UWX(An)-

y>® ey y>*eYy n n yXey

By Proposition A.I1], mx(A,,) is closed and 7x(A) is F,. Similarly,

L. mx a@s)(A) is F, forall s € S.

2. Assume that mx ¢, (A) € By for all k. Then mx, ¢, (A) = U, mx.c, (A) € Bi.

3. Assume that 7y o(A) € B;. By assumption, mx ce(A4) = mx(A) \ mx c(A4) € By.

Let B := {C | nxc(A) € By}. From 1-3, {A(s) | s € S} C B' and B’ is a o-algebra. By

definition, we have B; C B'. O

Proof of Theorem A9) First we prove (i) = (ii). Let t be a universal uniform test and

Ay = {(x>®,y>®) | t(z*>°,y>®) > n} for all n. Then A, is open, R = ((N,A,)),~ for

all y>© € Q, and A := (N,A4,)° is a F, set. Assume (i). Then f: Q — Q is well-defined,

ie. f7Hy>®) N f7H(2>®) = 0 for all y> # 2. Since the set A satisfies the assumptions of

Lemma [L12] f is measurable. Thus f is consistent and we have (ii). The implication (ii) =

(i) is obvious. O
In B], necessary and sufficient conditions for consistency of parametric models are shown

for general parametric models.

4.2. Algorithmic solution to a classical statistical problem

In parametric models, estimators that are consistent at all parameters are concerned,
while in Bayes models, those that are consistent at almost all parameters are concerned. The
identification of the points at which the posterior distributions weakly converge constitutes
the problem (see pp.4 Diaconis and Freedman ﬂQ] and pp.24 Ghosh and Ramamoorthi “ﬂ])

Let (X x Y, B, P) be computable, where X = Y = Q. By Theorem B4 we have an
algorithmic solution to the problem, i.e. the Bayes model P is consistent if and only if

R C {y> | the posterior distribution is consistent at y>}. (15)

Remark 4.13 1. Assume that the Bayes model is computable and consistent. Then, by
(1), we know that the posterior distribution is always consistent at the ML-random param-
eters without explicitly computing the posterior distribution. In other words, if the Bayes
model is consistent and computable and the posterior distribution is not consistent at some
parameters, then these parameters are not ML-random. Freedman ﬂﬁ] and Schwartz ﬂﬁ]
identified the sets of the consistent parameters for smooth finite dimensional i.i.d. (indepen-
dent and identically distributed) models, see pp.4 ﬂg] or the examples below. Though (7]
identifies a subset of consistent parameters, Theorem B4 and (IT]) give a new solution to
the problem since they even hold true for any consistent P on (2%, By) by relativizing with
oracle P without any further assumption.

16



2. It is straightforward to extend the equivalence of the statements except for (viii) in The-
orem [3.4] to joint probabilities on complete separable metric spaces such as R x R* see
Doob ] or pp.24 Remark 1.3.3 [@] For example, let (R x R, B) be a measurable space
where B is the Borel o-algebra. Then, Theorem B.4] holds for computable probabilities on
(R xR, B) by replacing open intervals A(s), s € S in statements (iii) and (iv) in Theorem B4
with half open intervals [a,b), —oo < a < b < 00, a,b € QU {—00,00}. Similarly, we can
extend Theorem [3.4] to probability measures on R*> x R*.

We examine ([[3]) with examples of consistent Bayes models on complete separable metric
spaces.

Example 4.14 (Example 2 pp.17 in Schwartz [‘ﬂ]) Let © = [1,2) be the parameter
space and the prior Pg the uniform measure on ©. Let X, X, ... be i.i.d. random variables
and X" := (X1,...,X,) where X; obeys the uniform measure on [0, 1) if # = 1 and on [0,2/6)
if 1 < 0 < 2. Let pg(X™) be the probability density function for § € ©. Then py(X") = 1
if @ =1 else (#/2)". Let O(X") := argmax, pg(X™) and Y, := maxi<;<, X;. Then 0 = 1
if Y, <1 else 2/Y,. 0 is consistent for all parameters. The Bayes model is computable.
By Theorem B4 the Bayes model is consistent, and we have (IH). The expectation of the

parameter w.r.t. the posterior distribution (Bayes estimate) is

n+127+2-1 :
n—+2 2n+1_1 lf Yn S 1

ﬁn (Xn) = f12/Yn ont14p

W else,

and the posterior distribution is consistent except for # = 1. Since P is the uniform measure,
1 ¢ R, and (I5) is true. Let P} := aPe + (1 — a)d;, where 0 < o < 1 and §;({1}) = 1.
Then, the posterior distribution with prior P§ is consistent for all §. Since P5({1}) > 0,
1 € RP6, and (1) is true.

Before we show Example [£.19] we prove Proposition E.17] for constructive topological
spaces.

Definition 4.15 (Constructive topological space [@, 13, ] ) Let (X,T) be a topo-
logical space with countable base O, i.e. every open set A € T is a union of elements of O.
Let D be a subset of N and f: D — O an onto function (naming system p.132 l@]} We
call (X, T,0, f, D) constructive topological space if D is r.e. The countable base O is called
r.e. if (X,T,0, f,D) is a constructive topological space.

Definition 4.16 (ML-randomness on constructive topological space) Let (X, T,O, f, D)
be a constructive topological space and (X, B, P) a probability space where BB is the o-algebra
generated by O. Then ML-test and RY w.r.t. P are defined with similar manner in Sec-
tiond, i.e. U C D x N is called ML-test or test w.r.t. P if U is r.e. and for alln U, D U1
and P(U,) < 27" where U, = {z | (v,n) € U} and A := J,_, f(s) for A C D. Then

R = (UU: test ﬂn Un)c
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Proposition 4.17 Assume that (Y, T, O, f, D) is a constructive topological space. Let (Y, B, P)
be a probability measure where B is the o-algebra generated by O. Then

RY C the support of P, (16)

where the support of P is the complement of the largest open null set w.r.t. P.

Proof) The complement of the support is a finite or countable union of null sets of O. For

each null set A € O, there is ¢ such that f(i) = A and P(A) = 0, i.e. A is covered by a

test. Since a countable union of tests covers the complement of the support, we have the

proposition. O
For simplicity, we write X for a constructive topological space (X, 7T, O, f, D).

Remark 4.18 1. R” in (I6) is blind randomness since we do not assume that P is com-
putable in Definition .16

2. {(a,b) | a < b,a,b € Q} is an r.e base for R with usual topology. Similarly, for a positive
integer m, R™ and R*> with usual topologies have r.e. bases and are constructive topological
spaces. For other examples of r.e. bases and constructive topological spaces, see IU_j]

Example 4.19 (Freedman [‘E] Schwartz [‘ﬂ]) Freedman “ﬁ] and Schwartz “ﬁ] showed
that for smooth i.i.d. parametric models with finite-dimensional parameter space R™, poste-
rior distributions are consistent on the support and inconsistent outside the support. Since

R™ has an r.e. base, by (I6]), we have (I3]) for these models.

4.3. Randomness in statistical models

We compare randomness in Bayes models with that in non-Bayes models.

Example 4.20 (Uniformly computable parametric models) Assume that {Py~ | y> €
Q} is uniformly computable and effectively orthogonal. Let g='(y>) := RP»>¥™ for all
y>* € Q. Then g: Uyweq R — Q is well-defined and surjective. By Lemma ET2 g is
measurable. We have g(z°°) = y> and 2= € RPv¥™ for all 2> € Uyea Ry,

In the example above, first we consider the set of random sequences UyOOEQ REv=v™ the
union of the sets of random sequences w.r.t. the parameterized family of models. Then
for uniformly computable and effectively orthogonal models, for all x> & Uyoer Ry
the true parameter y* is estimated by g(z>°) (g(2>°) = y>) and 2™ is random w.r.t. Py
(2> € RF»=¥™). For a similar argument on collectives, see von Mises ]

In Bayes models, we assume that a sequence z*° is random w.r.t. the marginal distribution
on sample space. Assumption (i’) requires that 2 is also a member of the union of the sets
of random sequences w.r.t. conditional distributions given random parameters. Then for
consistent models, for all random sequence x> w.r.t. the marginal distribution on sample
space, the true parameter y* is estimated by the posterior distributions given finite prefixes
of £°°, x> is random w.r.t. the conditional distribution given y>°; and y* is random w.r.t. the
prior. In other words, we may say that our notion of randomness is a Bayes version of that
in uniformly computable parametric models.
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