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Successive Refinement of Abstract Sources

Victoria Kostina, Ertem Tuncel

Abstract—In successive refinement of information, the decoder
refines its representation of the source progressively as it receives
more encoded bits. The rate-distortion region of successive
refinement describes the minimum rates required to attain the
target distortions at each decoding stage. In this paper, we derive
a parametric characterization of the rate-distortion region for
successive refinement of abstract sources. Our characterization
extends Csiszar’s result [2] to successive refinement, and general-
izes a result by Tuncel and Rose [3], applicable for finite alphabet
sources, to abstract sources. This characterization spawns a fam-
ily of outer bounds to the rate-distortion region. It also enables
an iterative algorithm for computing the rate-distortion region,
which generalizes Blahut’s algorithm to successive refinement.
Finally, it leads a new nonasymptotic converse bound. In all the
scenarios where the dispersion is known, this bound is second-
order optimal.

In our proof technique, we avoid Karush-Kuhn-Tucker condi-
tions of optimality, and we use basic tools of probability theory.
We leverage the Donsker-Varadhan lemma for the minimization
of relative entropy on abstract probability spaces.

Index Terms—Successive refinement, rate-distortion theory,
single-shot analysis, d-tilted information, Blahut algorithm, con-
verse, dispersion.

I. INTRODUCTION

For a source random variable X € X and a distortion
measure d: X' x Y — [0, 4+00), where X’ and ) are abstract
sets (source and reproduction alphabets), the classical infor-
mational rate-distortion function is defined as the following
minimal mutual information quantity:

inf
Py|x: XY
E[d(X,Y)]<d

R(d) & I(X;Y) (1)

This convex optimization problem rarely has an explicit solu-
tion. The following result provides a parametric representation:

Theorem 1 (Parametric representation of R(d) [2]). Assume
that the following conditions are met.

(A) dmin < d < dmax, Where

dmin 2 inf {d: R(d) < oo} )
dmax = inf {d: R(d) is constant on (dmax,0)} (3)

(B) There exists a transition probability kernel Py x that
attains the infimum in (1).

Then, it holds that
R(d) = max {-Eloga(X)] — Ad} “4)
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where the maximization is over a(x) > 0 and A > 0 satisfying
the constraint

exp (—Ad(X, y))

. a(X)

<1Vye). 4)

Furthermore, in order for Py« x to achieve the infimum in (1),
it is necessary and sufficient that

dP;cg{*:y (2) = exp(—;\(*;)(xay))’ ©)
where!
X = —R'(d), %
and 0 < a(x) < 1 satisfies (5). Finally, the choice
a*(z) = Elexp(=A"d(z, Y"))], ®)

satisfies both (5) and (6); thus (a*(z), \*) is the maximizer
of (4).

In (6), g—g denotes the Radon-Nykodym derivative; if P
and () are both discrete / continuous probability distributions,
j—g is simply the ratio of corresponding probability mass /
density functions. Theorem 1 applies to the much more general
setting of abstract probability spaces. It was Csiszar [2] who
formulated and proved Theorem 1 in this generality.> For
finite alphabet sources, the parametric representation of R(d)
is contained in Shannon’s paper [4]; Gallager’s [5, Th. 9.4.1]
and Berger’s [6] texts include the parametric representation of
R(d) for discrete and continuous sources. Csiszar and Korner’s
book [7, Th. 8.7] presents a derivation of the parametric repre-
sentation of the discrete rate-distortion function that employs
variational principles.

The parametric representation of R(d) plays a key role in
the Blahut algorithm [8] for computing the rate-distortion func-
tion. For difference distortion measures, d(z,y) = d(z — y),
a certain choice of (a(z),A) in (4) leads to the Shannon
lower bound [4], a particularly simple, explicit lower bound
to the rate-distortion function, which offers nice intuitions and
which is known to be tight in the limit d | 0. Leveraging
Theorem 1, a generalization of Shannon’s lower bound to
abstract probability spaces was recently proposed [9], [10].

The differentiability of R(d) is assured by the assumptions that the
distortion measure d cannot take the value +oco and that there exists a Py« | x
attaining the infimum in (1) [2, p. 69]. If we allow d to take the value +oo,
then it is possible that R(d) is not differentiable at some d. In that case,
Theorem 1 will hold verbatim replacing A* by the negative slope of any
tangent to R(d) at d. With this easy extension in mind, we choose to limit
our attention to finite-valued distortion measures to ensure differentiability.
Note also that while Py« x need not be unique, a* (z) is (and therefore,
through (6), so is Px«|y); this is a consequence of differentiability of R(d)
[2, p. 69].

2Even more generally, Csiszdr [2] showed that (4) continues to hold even if
the infimum in (1) is not attained by any conditional probability distribution.
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Furthermore, given (Px,d), the d-tilted information, defined
for each realization x € X’ through the solution to (4) as

7d(z, d) £ _loga* (z) — \*d, 9)

governs the nonasymptotic fundamental limits of lossy com-
pression [11], where the subscript d emphasizes the distortion
measure used.

In this paper, we state and prove a generalization of Theo-
rem 1 to successive refinement of abstract alphabet sources. If
the source is successively refinable, that is, if optimal succes-
sive coding achieves the respective rate-distortion functions at
each decoding stage, our result recovers the representation in
Theorem 1. Our characterization refines a prior finite alphabet
result by Tuncel and Rose [3, Theorem 4] and extends it to
abstract probability spaces. Our general setting necessitates
the use of the mathematical tools fundamentally different
from the standard convex optimization tools (Karush-Kuhn-
Tucker conditions) that can be used to solve the finite alphabet
case, as carried out in [3]. We leverage the Donsker-Varadhan
characterization of the minimum relative entropy, and, to show
the necessary optimality conditions, we compare a tentative
solution to a perturbation by a carefully selected auxiliary
distribution.

The new characterization of rate-distortion function for
successive refinement on abstract alphabets allows us to iden-
tify the key random variable describing the nonasymptotic
fundamental limits of successive refinement, and to show a
new nonasymptotic converse bound. In all the scenarios where
the dispersion of successive refinement is known [12], [13],
this bound is second-order optimal.

The new characterization also enables an iterative algorithm,
which can be used to compute an accurate approximation
to the rate-distortion function of successive refinement, even
if the source and reproduction alphabets are not discrete.
We prove that when initialized appropriately, the algorithm
converges to the true value of rate-distortion function with
speed O (+), where k is the iteration number. The algorithm
can be viewed as a generalization of Blahut’s algorithm [8]
and its extension to successive refinement by Tuncel and Rose
[3] for discrete alphabets. Methods to compute the capacity
and rate-distortion functions for continuous alphabets were
proposed in [14] and [15].

The rest of the paper is organized as follows. The main
result of the paper characterizing the abstract rate-distortion
function (Theorem 2) is presented in Section II. The main
nonasymptotic converse result, Theorem 3, is shown in Sec-
tion III. A proof of Theorem 1, which streamlines Csiszar’s
argument [2], is presented in Section IV. The proof of Theo-
rem 2, which leverages the ideas presented in Section IV and
in [3], is presented in Section V. Section VI discusses the
iterative algorithm for computation of rate-distortion function
of successive refinement.

Throughout the paper, Ry = [0,400) is the positive real
line; Px-a.e. z stands for ‘almost every x’, i.e. except on a
set with total Px measure 0’; Px — Py|x — Py signifies
that Py is the distribution observed at the output of random
transformation Py |x when the input is distributed according
to Py, i.e. Py is the marginal of PXPy|X. When we say that a

random variable X takes values in a set X', we understand that
X comes together with its o-algebra X, forming a measurable
space (X,X). Throughout the paper, we assume that all o-
algebras contain singletons (this is true for any countably
separated o-algebra). For two measurable spaces (X', X) and
(I, Y), a transition probability kernel from (X, X) into (),Y)
is a mapping x: X x Y — [0,1] such that (i) the mapping
x +— k(z, B) is X-measurable for every B € Y, and (ii) the
mapping B — «(z, B) is a probability measure on (), Y) for
every r € X.

II. CHARACTERIZATION OF RATE-DISTORTION FUNCTION

Consider the source random variable X € X and two
(possibly different) distortion measures dq: X' xY; — [0, +00)
and do: X X V5 +— [0, +00), quantifying the accuracy of lossy
compression at the first and the second stages, respectively. An
(My, Ms, dy, ds) average distortion code for (Px,dq,ds) is a
pair of encoders

fi: X —={1,..., My} (10)
fg:X}—}{l,...,\_Mg/Mlj} (11)

and decoders
gi:{l,..., M1} = 1 (12)
g2:{1,...,M1}><{1,...,LM2/M1J}|—>372 (13)

such that

E[di (X, g1(f1(X)))] < du, (14)
E [d2(X, g2(f1(X), f2(X)))] < da. (15)

For the successive refinement of n i.i.d. copies of X with sep-
arable distortion measures d\™ (2", y") = LS di(@i, i),
d (am,yn) = LS do(xi, yi), we say that the distor-
tions (dy, d2) are asymptotically attainable with rates (Ry, R2)
at first and second stages if there exists a sequence of
(My, My, dy, dy) average distortion codes for (Pxn, dg"), dén))
with

. 1

limsup — log M7 < Ry,

n—oo N

(16)

1
limsup — log Ms < Rs.

n—oo N

a7)

Rimoldi [16] showed that for the discrete memoryless source,
the distortions (dy, d2) are asymptotically attainable with rates
(R1, R2) at first and second stages if and only if

I(X;Y1) <Ry E[di(X,Y1)] < dy

I(X;Y1,Y2) < Ry E[da(X,Y2)] < do,
where here and in the sequel, Ry refers to the fotal rate at
both stages (see Effros [17] for a generalization to continuous
alphabets and stationary sources). It is convenient to consider

the following equivalent representation of the boundary of the
set in (18):

Rg(dl, da, Rl) £ inf {R2 : (dl ,do, Ry, Rg) satisfy (18)} .
(19)

(18)

Henceforth, we refer to the function Ra(dy,ds2, Ry): Ri —
R, as the second stage rate-distortion function. It represents



the minimum asymptotically achievable total rate compatible
with rate R; at the first stage and at-stage distortions d;, ds.
For any achievable (R;, Ro,d1,ds2), the following bound in
terms of the standard rate-distortion function in (1) clearly
holds:

Ry > Ry, (d1)
Ry > Rq,(ds2)

(20)
2y

where Rq,(-) and Ry, (-) denote the rate-distortion functions
for distortion measures d; and do, respectively. In Fig. 1,
(d1,d3) are fixed, and the region of achievable (R, Ra) is
greyed out; Ra(dy,d2, Ry) is its boundary drawn in red. If
the point (Ry, (d1), R4,(dz2)) is attainable, the source is said
to be successively refinable [18] at (dy, dz).

Ry

achievable (Ry, R2)

Rdz (d2)

Ry, (d1) Ry

Fig. 1. The rate-distortion region for successive refinement, for fixed d1, d2.
Note that if di = do, and d2 < di, then Ra(di,d2,R1) = R(d2) is
attained at some R1 < oo.

Throughout the paper, we assume that the following condi-
tions are met.
(a) Ra(dy,ds, Ry) is finite in some nonempty region C Ri.
(b) There exist transition probability kernels Py x and
Py, xyy that attain the infimum in (19).

The mild assumption (b) is always satisfied, for example, if
V1, Yo are finite; if X is Polish, )V, Vs are compact metric,
and distortion measures d;, dy are jointly continuous; and if
X = Y1 = Y, are Euclidean spaces with di(z,y) — oo,
do(z,y) = o0 as ||z — y|| — oo [2].

The second stage rate-distortion function Rs(d1,ds2, R1)
is nondecreasing and jointly convex in (di,ds, R1) (see
Lemma 3 in Section V below). The region of (di,ds, R1)
where the constraints are satisfied with equality is defined as
follows.

Q2 {(di,da, R1) € R} : V(e1, €2,€3) > 0: (22)
Ry(dy + €1,dy + €2, Ry + €3) < Ry(dy,dz, Ry) < o0}.

In the important special case of d; = da,
Q = {(d1;d27R1): R(dl) < Rl < R(dQ); dl S dmax}; (23)

where dax is the smallest positive scalar such that R(d) is
constant on (dpax, 00).

Since Ra(di,d2, R1) is convex in its input, each point
(d1,d2, Ry) € Ri on the curve can be parametrized via the
supporting hyperplane h — A\7d; — A3d2 —vi Ry = 0. Here h is
the is the distance of the hyperplane from the origin, and the
triple (A}, A3, v7) defines the normal vector to the hyperplane.
Thus, to each (dyi,d2, R1) € Ri there corresponds a triplet
(AT, A5, v7) € R3 such that for some i € Ry, the hyperplane
h —Xydy — A5de — v Ry = 0 is tangent to Ro(dy,d2, Ry) at
(dl, d2, Rl).

Before we state our main result, we present the following
notation. For measurable functions 31: X — Ry, B2: X X
Y1 — R, and nonnegative numbers A1, A2, v1, denote

[ exp (— 13\;,1 di (X, y1) — Aada(X, y2))
ﬁl(X)ﬁ2(X|y1)liil“1

Yo(y1,y2) = E

(24)

_exp (— 1_)’\_1/1 dl(X, yl))

i(y) £E —
| 51(X)Ba(X]yn) T

(25)

The quantities 31 (y1) and Xo(y1,y2) generalize the expecta-
tion on the left side of (5) to successive refinement.
The main result of the paper can now be stated as follows.

Theorem 2 (Parametric representation). Assume that
(d1,d2, R1) € Q. The boundary of the rate-distortion region
of successive refinement can be represented as

Ry(dy,d2, Ry)
= max {IE {log ] — AMd1 — Xady — V1R1} ,

(26)

_
ﬁl (X)1+V1

where the maximization is over (81(x),v1, A1, A2) > 0 satis-
fying, for some Ba(x|y1) > 0, the constraints

27)

E2(y17y2) S 17
1 28)

Yi(y) <

for all (y1,y2) € Y1 x Va.
Furthermore, in order for (Py s\ x, Pyy|xy; ) to achieve the
infimum in (19), it is necessary and sufficient that

)\*
exp (—ﬁdl(%yl))

dPxy+—
e —Z @
X Bi(x)Ba(zlyr) A
dPX‘Yl*:y17Y2*:y2 ) — eXp(_Ang('r7y2)) (30)
dPx |y =y, Ba(y1) ’
where

()\I,)\E,l/f) = _VRQ(dlvd%Rl)u 31

and 0 < B1(z) <1, 0 < Ba(zlyr) < 1 satisfy
Y2(y1,v2) < 31(y1) (32)
<1 (33)



Jor all (y1,y2) € Y1 X Va. Finally, the choice

1 \F
Bi(2) = E | Bo(e[¥i) T exp (‘ T

e 10))]
(34
B3 (xly1) = E [exp(=A3da(x, ¥57)) Y7 = 1] . (35)
satisfies (29), (30), (32), (33) and thus achieves the maximum

in (26). Equality in (33) is attained for Py-a.e. y1, and
equality in (32) is attained for Py |ys—y, -a.e. Yo

If the source is successively refinable at (di,ds), then the
optimal choice is

By (x) = () ™7 aj(x) 7, (36)
A
By(aly1) = exp (—V—idm,yl)) i N @)ad(z),  (7)
A\ =R} (dv), (38)
A2 = =Ry, (da). (39)

for an arbitrary 11 > 0, where aj(-), a3(-) achieve the
maximum of (4) for {di,d;} and {ds,ds2}, respectively. It
is easy to verify that in this case, (27) and (28) are satisfied,
and the function in (26) equals Ry, (d2) when Ry = Ry, (d1).
Plugging (36), (37) into (29), (30) yields the optimal kernels

exp (—%dl (z, yl))

aj (x)

exp(—Aada(z,2)) 01(x) dPx |y =y,

(40)

dpxlyl*:yl (ZZT) = dPX (ZZT),

dPX‘Yl* =

=y1,Y5, =y a§($) exp (—3—11 1(17, yl))
(41)
_ exp(—)\gdg(wa y2))dPX (.I') 42)

a5 ()

which coincide with the kernels that achieve the single-stage

rate-distortion function (6), indicating successive refinability.

The intuition is as follows. After the first stage of successive
refinement is complete, the effective source distribution to be
compressed is Py|y;. Due to (42), the Markov chain condition
Px|vrvy; = Px|y; holds, where Py, is the backward
transition probability kernel that achieves the rate-distortion
function at dy for Px. Thus after the second stage the
effective source distribution coincides with that of the optimal
single-stage rate-distortion code, Px|y,. The calculation (42)
also recovers the Markovian characterization of successive
refinability due to Equitz and Cover [18, Th. 2].

Theorem 2 refines a prior finite alphabet result by Tuncel
and Rose [3, Th. 4] and extends it to abstract probability
spaces. In the finite alphabet case, the optimality conditions
(34), (35) and (32), (33) were stated in [3, eq. (47), eq. (46)
and eq. (50)], respectively. The dual representation of the
rate-distortion region as a maximum over functions in (26)
is new. One reason why such a representation is useful is that
by choosing (51 and [, appropriately, one can generate outer
bounds to the rate-distortion region. For example, choosing 3;

3By the definition of a transition probability kernel, the transition probability
kernels Py2* |X,Y, =y, and Py2* vy are well defined at every y1 (and not
only at Pyl* -a.e. y1)-

=Y1

and (5 as in (36) and (37) leads to an outer bound to the rate-
distortion region in (18), even if the source is not successively
refinable. This particular choice also leads to a nonasymptotic
converse bound in Corollary 1 in Section III below.

III. NONASYMPTOTIC CONVERSE BOUND

We focus on excess distortion codes for successive
refinement, that we formally define as follows. An
(M, Ms,dy,ds, €1,€2) code for (Px,dj,ds) is a pair of
encoders (fy,fy) (10), (11) and decoders (g1, g2) (12), (13)
such that

]P)['Aﬂ < €1,
]P)['Ag] < e,

(43)
(44)

where A; and Ay denote the successful decoding events at
first and second stages, respectively:

A £ {di(X, Y1) < di},
Az £ A N {d2(X,Y2) < do},

(45)
(46)

where Y7 = g1 (f1 (X)) and Y2 = go(f1(X), f2(X))). We allow
randomized encoders and decoders, in which case fi,f2, g1, g2
are transition probability kernels rather than deterministic
mappings.

It was shown in [11] that for single stage compression, the
random variable called tilted information, defined in (9), plays
the key role in the corresponding nonasymptotic fundamental
limits. Leveraging the result of Theorem 2, we can define the
tilted information for successive refinement as follows.

Definition 1. Fix Px, di, do. Tilted information for successive
refinement of x at (di,da, R1) € Q is defined as
1

9z, dy,da, Ry) 2 (14 v7)log O Nidy — Nsdo — vV Ry
1
47)

where (57(-), A}, A5, ) achieve the maximum in (26).

If the source is successively refinable at dy,ds, then the
tilted information for successive refinement coincides with the
tilted information for single stage compression:

](‘Tvdlvd?del (dl)) :sz(xadZ)' (48)

Fixing (B1(-), A1, A2,v1) > 0 that satisfy (27) and (28),
for some S2(-|-) > 0, the notion of tilted information can be
generalized by defining

F é (1 + 1/1) 10g ﬂ%(x) — /\1d1 — /\gdg — 10gM1.
Choosing (B1(+), A1, A2,v1) = (B7(-), Ay, A5, vf) as in
Definition 1 would result in F = (X, dy,ds,log M;). For
a given (Ml, MQ, dl, d2, €1, 62) code (fl, fQ, g1, gg) with Y1 =
g1(f1(X)), it is instructive to split (49) into two terms (corre-
sponding to both stages of successive refinement):

(49)

F:Vl(Fl—logM1)+F2, (50)



L _
Fi =1 B (X) 1+V1d1, (29
v1
s, Pa(X|Yr) T A1
B2l Exb = ade. (52)

Roughly speaking, F; and F» represent the estimates of the
number of bits about X that need be conveyed at the end
of first and second stages in order to satisfy the constraints
d1(X,Y7) < dj and dq(X,Y3) < do, respectively, i.e. the in-
formation content of X relevant to satisfying these constraints.
Since we are looking at a fixed rate scenario, and F} and F5
are random variables, we expect the excess distortion event to
occur once the information contents F; and F5 exceed those
chosen fixed rates. This intuition is made rigorous in the next
result, which states that the probability that F}, F5 are too high
for the chosen rates yet the decoding is performed correctly
is low.

Theorem 3. For an (My, Ms,d;y,ds,€1,€2) code to exist, it
is necessary that for all (y1,7v2) > 0,

(53)

P{F; > log My + v} N A < exp(—71),
< exp(— 54

P[{F, > log My + 72} N As] p(—72),

where A1, Ay are the successful decoding events (45), (46).

Proof of Theorem 3. We employ Theorem 2 similar to how
Theorem 1 was employed in the proof of [11, Th. 7].

Let the two-stage encoder and decoder be the random
transformations ( Py, | x, Pws|x,w, ) and (Py, jw, , Py, jw,,ws )
where W, takes values in {1,..., M7}, and W5 takes values
in {1, RN \_M2/M1J}

Furthermore, introduce the auxiliary distribution Qw,w,,
equiprobable on {1,..., M1} x {1,...,|Ma/M;]}, and let
Qv,y, be the distribution on ); x ) that arises after Qw,w,
is passed through the random transformation Py,v,w, w,
defined by our code, i.e. Qw,w, — Py v jwy,ws — Qvivs-

To show (65), write, for any v; > 0

P[{F > log My + 71} N Ay

My
< / XdPx(:Z?) Z PWI‘X:gC('LU)/dPYl\lew(y)
xrc w=1
1{M1 §exp(F1 —”yl)}l{dl(:zr,yl) Sdl} (55)
< exp (—71) Epyx@y, [exp (F1) 1{d1(X, Y1) < di}] (56)
< exp (=) Eqy, [X1(Y1)] 57
< exp(—m) (58)
where

o (56) follows by upper-bounding Pyy,|x—,(w) < 1, and

L{M; <exp(F1 —m)} < o®(m)

e T (F1); (59)

e (58) is due to (28).

We proceed to show (66). We have, for any v, > 0
P [{Fz > log M2 + v2} N As]
< / dPx (z) > Py, wix—o(wr, w2)
reX

w1,w2

‘E[1{M3 < exp (F2 —72)}

1 {A} X =2, Wy = wy, Wa = wy] (60)

< exp(=72) Epy xQy, v, lexp (F2) 1{A2}] (61)

< exp(—72) Eqy, v, [E2(Y1, Y2)] (62)

< exp(—2), (63)

where
o (61) follows by upper-bounding Py, w,|x =z (w1, w2) <
1, and

1{My < exp (Fy — )} < %;W) exp (Fy); (64)

e (63) is due to (27).
O

Theorem 3 immediately leads to the following converse: for
an (My, Ms,dy,da, €1, €2) code to exist, it is necessary that
for all (y1,72) > 0,

€1 > P[Fy > log My 4+ v1] — exp(—1), (65)
€2 Z P [FQ Z log MQ + ’}/2] — exp(—”yg). (66)

In general, F and F5 are functions of a given code, which
limits the computability of the basic converse in Theorem 3 or
that in (65), (66). Fortunately, via elementary probability rules,
Theorem 3 immediately leads to a series of corollaries that
are computable and useful in several applications as explained
below.

The following corollary to Theorem 3 is immediate from
the observation that (36)—(39) satisfy (27) and (28), and thus
Fi = 34,(X,dy) and F» = 34,(X,d2) is a valid choice for
these functions.

Corollary 1. Fix an (M;, My, d1,ds, €1,€2) code. Then, for
all (y1,7v2) > 0, it holds that

€ > ]P)|:jd1 (X,dy) > log My + 71} —exp(—m1) (67)

€2 > ]P’[sz (X, d2) > log Ma + 72} —exp(—72).  (68)

where 34, and )4, are the di- and da-tilted informations
(defined in (9)), respectively.

Corollary 1 applies whether or not the source is successively
refinable.

The next corollary recombines the F; and F5 events in
Theorem 3 to yield a bound on the joint error probability ey
in terms of I’ and F}. This is useful when F} is a function of
X only; for example when F; = 34, (X, d1).

Corollary 2. Fix an (M, Mz,dy,dz,€1,€2) code. For all
(71,72) > 0, both (65) and

€9 Z P {F Z 10gM2 —|—I/1’}/1 —|—")/2} U{Fl Z IOng +’}/1}

—exp(—v1) — exp(—72) (69)



must hold.

Proof. Consider the event

B é {F Z IOgMQ —+ 148941 +’}/2} U {Fl Z 10gM1 + ’71} .
(70)
Using elementary probability laws and Theorem 3, write

P[B] = P[BNAS| +P[BNA) (71
< e+PBNAyN{F >log M +71}]
+P[BNAyN{F <log My +71}] (72)

<e+dexp(—m)+P[A N {F; > log M3 + 72}]
(73)

< e+ exp(—m) + exp(—72)- (74)

O

In general, F} is a function of a given code, which limits
the computability of the converse in Corollary 2. However,
when operating at first stage rate close to Rq,(d;), which
corresponds to the vertical asymptote in Fig. 1, F} becomes
a function of X only, and (69) gives a computable bound
that is tighter than (75). Indeed, letting (S1(:), A1, A2, v1)
to achieve the maximum in (26) at (dy,ds, Rq,(d1)), we
obtain F; = j4,(X,d;), which is a function of X only, and
F = ](X, dl, d2, Rdl(dl)) + Vlel (dl) — U log Ml.

Omitting the F; event from the probability in (69) and
choosing (51(+), A1, A2,v1) as in Definition 1 so that F' =
(X, dy,ds,log My), we obtain a bound on the joint error
probability €2 in terms of tilted information only, stated in
Corollary 3 below. This is nice because it generalizes the
corresponding result for one stage compression [11, Th. 7],
and because it leads to a tight second-order result, as explained
at the end of this section.

Corollary 3. For any (M1, M2, dy,d3, €1, €2) code and for all
(Y1,72) > 0, it holds that

€2 > P| (X, dy,da,log My) > log Mo + vivi + 72

— exp(—71) — exp(—2) (75)

In a typical application of the bound in Corollary 3, 7;
and vy, will be chosen so that the terms v]v; + 2 inside the
probability and exp(—~1) + exp(—~2) outside are both negli-
gible. Thus, Corollary 3 establishes that the excess-distortion
probability is roughly bounded below by the complementary
cdf of tilted information.

For successively refinable finite alphabet sources, No et
al. [12] found the dispersion of successive refinement. The
dispersion of non-successively refinable finite alphabet sources
was recently computed in [13]. A straightforward second-order
analysis (along the lines of [11, (103)—-(106)]) of the bound
in Corollary 1 recovers the converse parts of the dispersion
results in [12] and [13], respectively, and extends them to ab-
stract stationary memoryless sources. Specifically, let Q! (¢)
be the inverse of the standard Gaussian complementary cdf and
let Q~!(¢, X) be the K-dimensional analogue of that function

for a Gaussian random vector with zero mean and covariance
matrix 3, i.e. Q7 1(e, X) is the boundary of the set

{zeRF:PN(0O,X) <2] >1—¢}. (76)

Consider some (R?%, Rj) on the boundary of the set in (18)
and some (L7, L) on the boundary of the set

{(Ll,Lg) € R%:

ViLy+ Lo < Var (X, di,do, RDI Q7 () o OT)

where v} is the negative of the derivative of Ra(dy,d2, R1)
with respect to R, at R; = R7. An asymptotic analysis of
Corollary 3 yields an extension of the converse part of [13,
Th. 11 (i)] to abstract alphabets: if an (M7, Ms,dy,ds, €1, €2)
code exists for n i.i.d. copies of X, then

log My > nR; + v/nLi + O (logn), (78)
log My > nR5 + v/nL5 + O (logn). (79)

When the asymptotic rate at first stage is the vertical
asymptote in Fig. 1, i.e. Rf = Ry, (d:1), then Corollary 2
leads to the following strengthening of (78), (79): if an
(M, My, dy,da, €1,€2) code exists for n ii.d. copies of X,
then (78), (79) hold with (L3, v*Ly + L%) € Q7 1(e2, X) for
3 being the covariance matrix of the two-dimensional random
vector (4, (X, d1), (X, d1,da, RY)). The finite alphabet case
of this result is the converse part of [13, Th. 11 (iii)]. The
converse result (78), (79) also holds with RY = Ry, (d1),

5 = R4,(d2), and X the covariance matrix of the two-
dimensional random vector (4, (X, d1), 74, (X, d1)), which is
tight if the source is successively refinable [13, Cor. 13 (iii)].

Unlike [13] who focused on the joint probability of error
€2 without placing any further constraint on €; apart from the
trivial €1 < €9, No et al. [12] considered a formulation that
places separate upper bounds on each of the probabilities that
the source is not reproduced within distortion levels d; and
da, ie. (43) and P [da(X,Y3) > do] < €. It is easy to show
that Corollary 1 continues to hold with €5 replaced by €;. The
converse part of [12, Cor. 6] then extend it to abstract alphabets
as follows: if an (M7, M3, dy,ds, €1, €,) code under separate
error probability formalism exists for n i.i.d. copies of X, then

1Og My > anl (dl) + /nVar [jdl (X7 dy )]Qil (61)

+ O (logn), (80)
log Mz > nRg, (dz) + /nVar 4, (X, d2)]Q " (€3)
+ O (logn) . (81)

IV. PROOF OF THEOREM 1

In this section, we revisit the beautiful proof of Theorem 1
by Csiszar [2]. We streamline Csiszar’s argument by using
the the Donsker-Varadhan characterization of the minimum
relative entropy, stated below, which will be also instrumental
in the proof of Theorem 2.

Lemma 1 (Donsker-Varadhan, [19, LS:mma 2.1], [20, Th. 3.5]
). Let p: X + [~00,+0c] and let X be a random variable
on X such that E [exp (—p(X))] < co. Then,

D(X[1X) +E[p(X)] = log = [exp (1—p(X))}

(82)



with equality if and only if X has distribution Px« such that

exp (—p(x))

) = Toxp (o (0]

dPx (z) (83)

We now recall some useful general properties of R(d).
Fix source distribution Px. For some transition probability
kernel P = Py |x, put
I(P) £ I(X;Y)
p(P) 2 E[d(X,Y)].

Lemma 2 ( [2, Lemma 1.1]). R(d) is non-increasing, convex
and

(84)
(85)

R(d)= inf dmin < d < dmax.

I(P
P: p(P)=d ( )

(86)

Let F'(\) denote the maximum of the vertical axis intercepts
of the straight lines of slope —A which have no point above
the R(d) curve, i.e. using (86) for A > 0 (see Fig. 2) *

F(\) 2 inf I(P) + Ap(P). (87)

Furthermore, since R(d) is convex and nonincreasing, to each

R

feasible I(P)

Fig. 2. Lagrange duality for the rate-distortion problem.

d > dpin, there exists A > 0 such that the straight line of slope
—\ through (d, R(d)) is tangent to the R(d) curve, and

R(d) £ max (F(\) —

na Ad) .

(88)

Theorem 1 will follow from (88) and Theorem 4 below.

Theorem 4 (Necessary and sufficient conditions for an opti-
mizer [2]). In order for Py« x to achieve the infimum in (87),
it is necessary and sufficient that

dPx |y =y exp(—Ad(z,y))
dPx a(x)

() = (89)

where 0 < a(x) < 1 satisfies (5). Furthermore, the choice

o (z) = Elexp(=Ad(z,Y™))] (90)

4The optimization problem in (87) is known as the Lagrangian dual
problem, and the function F'(\) as the Lagrange dual.

satisfies (89) and (5), and for any a(x) > 0 satisfying (5) we
have for all P

I(P) + M\p(P) > E [1og o1

1
a(X)
with equality if and only if P can be represented as in (89),
with the given o(z).

Proof of Theorem 4. Consider the function

L(Py|x, Py) = D(Py|x||Py|Px) + AE[d(X,Y)]  (92)
=I1(X;Y)+DY|Y)+ AE[d(X,Y)] (93)
>I(X,Y)+ AE[d(X,Y)] (94)

Since equality in (94) holds if and only if Py = Py, F'()\)
can be expressed as

F(A) = inf inf L(Py|x, Py). 95)
v Fy|x
Denote
EY() E[exp (96)

z,Y))].
Since d(z,y) > 0, we have 0 < Ey( ) <1,
applies to conclude that equality in

and Lemma 1

1
D(Py x| Py) + A [d(2 Y)|X = 2] > log s 97
is achieved if and only if Py|x—, = Py« x—,, Wwhere
Py+| x—, 1s determined from
dPY*|X:;E (y) 1
log ———— + Md(z,y) = log . (98)
dPy (y) Yy (@)

Applying (97) to solve for the inner minimizer in (95), we
obtain

F(\) = ipf B { (99)

570
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where (100) holds by the assumption (B).

Although for a fixed Py we can always define the tilted
distribution Py-.|x via (98), in general we cannot claim that
the marginal distribution Py, that results after applying the
random transformation Py x to Px coincides with Py-. This
happens if and only if Py is such that for Py-a.e. y,

(100)

(101)

Since by the assumption (B), these exists Py« x that achieves
(100), condition (101) must hold for Py = Py~. Using this
observation together with (100), we conclude that Py x in
(89) with a(z) = «o*(z), where a*(z) is defined in (90),
is necessary and sufficient to achieve the minimum of F'(\)
in (87). In particular, (89) is a necessary condition for the
minimizer.

We now show that o*(x) satisfies (5), which implies that
both (89) and (5) are necessary. Since Px — Py~ x — Py+,
equality in (101) particularized to Py~ holds for Py--a.s. y,



which is equivalent to equality in (5). To show (5) for all ¥,
note using (99) that for any Py,

E {log ﬁ] <E [log %] (102)
For an arbitrary § € Y and 0 < ¢ < 1, let
Py =(1—¢)Py- + by (103)
for which
Yy(z) = (1 - €)Zy«(2) + eexp(=A"d(z,y))  (104)
Substituting (104) in (102), we obtain
0>E [log %} (105)
-E [mg {1 —e+e%ﬁg’g))” (106)
=log(1—€)+E [1og [1 + 1 i - =P (_YA‘:% @)”
(i07)

Since the difference quotient of the second term satisfies 0 <
Liog (141 ) < 4%¢ forallz > 0and 0 < e <5 < 1,

1—e 1-0
by the dominated convergence theorem, the right derivative of
(107) with respect to € evaluated at € = 0 is

exp (-Ad(X, 7))

E -1+ loge <0 108
[ Yy« (X) 8= (108)

where the inequality holds because otherwise (105) would be
violated for sufficiently small e. This concludes the proof that
a*(x) in (90) satisfies condition (5), so both (89) and (5) in
Theorem 4 are necessary.

The sufficiency of (89) and (5) for Py« x to achieve the
minimum in (87) follows from (91). To show (91), fix any
a(x) satisfying (5) and use the concavity of the logarithm to
show that

I(P) + Ap(P)

[ 1

> E |log S (X)} (109)
[ 1 ] Yy« (X

=E |log 25 —E[log%} (110)
I 1 ] exp(—Ad(X,Y™*))

> E logm_ —logE py x Py - (X) (111)

> E |log a&) (112)

For the equality condition, observe that strict concavity of
logarithm implies that equality in (111) holds if and only if
the ratio E(’l’( )(c))() is constant, while equality in (112) holds if
and only if that constant is 1. O

V. PROOF OF THEOREM 2

Fix the source distribution Px. For a transition probability
kernel P = Py,y,|x, put

L(P) 2 I(X;Y1) (113)
I(P) 2 I(X;Y1,Y2) (114)
p1(P) 2 E[di (X, Y1)] (115)
p2(P) £ E[d2(X, Y2)] (116)

Lemma 3. The function Ry(d1,ds, R1) is non-increasing as

a function of each argument when the others are kept fixed,

Jjointly convex, and
Ra(dy,dz2, Ry) = iPQf

I, (P)=R;

p1(P)=d;

p2(P)=dz

I(P), (di,d2,Ry) €,

(117)
where the set () is defined in (22).

Proof. That Rs(d1,ds2, Ry1) is non-increasing is obvious by
definition. To show convexity, note first that since ulog% is
a convex function of (u,v), D(P]|Q) is a convex function of
(P,Q), and so I2(P) is a convex function of P. Therefore,
I, (P) is convex as a composition of a convex function I5(P)
with an affine mapping P +— Py, |x.

Let the probability kernel P, attain Rs(d{,d3, RY) and P,
attain Ro(d%,d5, RY). Let P = €Py + (1 — €)Py, di = ed$ +
(1—e€)d}, do = ed3 + (1 —e€)ds, Ry = eR§ + (1 —€)R}. Since
I, (P) is convex and p;(P), p2(P) are affine,

Ii(P) <Ry (118)
p1(P) < dy (119)
p2(P) < da. (120)
Furthermore, by convexity of I5(P),
L(P) < eh(Pa) + (1 — ) 1a(Py) (121)
= eRy(dy, d3, RY) (122)

Convexity of Ra(di,ds, R1) follows by minimizing the left
side of (122) over P satisfying the constraints (118)—(120).
To show (117), rewrite R2(d,ds, R1) as

Rg(dl,dg,Rl) = ~inf Rg(dl,dg,Rl), (123)
R <R

d1<ds

d2<da>

where Ry (-, -,-) denotes the function in the right side of (117).
Since for (di,ds, R1) € €, the function Ra(dq,ds, Ry) is
strictly decreasing in all arguments, the infimum (123) is
achieved at the boundary, and (117) follows. O

Put

F(v1, M1, A2) £ max{h > 0: V(d1, da, R)

h —A1di — Xado — 1 R1 < Ra(di,ds, R2)}, (124)

i.e. F(v1,A1,A2) is the maximum of the Ry axis intercepts
of the hyperplanes h — A\jd; — Aedy — v1R; which have



no point inside of the rate-distortion region in (18), i.e. for
(A1, A2,1) 20

inf L(PYl\X7PY2|XY1)7 (125)

Py, x,Pyvy 1 xvy

F(v1,M1,A2) £

where

L (Py,x, Py, xy,) & I(X;Y1,Y2) + 11 1(X; Y1)

In other words, L (Py,|x,Py,|xv,) is the Lagrangian and
(125) is the Lagrangian dual problem.

Since Ra(dq,d2, R1) is convex and nonincreasing, to each
(d1,d2, R1) such that Ro(di,ds, Ry) < oo, there exists
(v1, A1, A2) > 0 such that the hyperplane h — \ydy — Aada —
v1 Ry that passes through (dy, do, Ry) is tangent to the surface
Rz(dl, dg, Rl), and

Ry(dy,dz, Ry)
(F(I/l, /\17 )\2) — V1R1 — /\1d1 — /\gdg).

(126)

= max
(v1,A1,22)>0

Theorem 2 is an immediate consequence of (126) and Theo-
rem 5 below.

Theorem 5 (Necessary and sufficient conditions for an opti-
mizer). In order for (Py+|x, Pyy|xvy;) to achieve the infimum
in (125), it is necessary and sufficient that

W gy - 2 (“riditem) (127)
dPx B1(2)Bx(alyr) "7
APx vy =y, Y5 =ys _ exp(=Aada (2, 92)) (128)
APx |y =y, Ba(z|y1) ’

where 0 < B1(x) <1, 0 < Ba(z|y1) < 1 satisfy (32), (33).

Furthermore, the choice

1 A
Bi(a) = & | B3l 7 e (- a7 )|

(129)

B3 (xly1) = E [exp(=Aada (2, Y5))[YT" = y1] (130)

satisfies (32), (33), (127), (128).
Finally, for any B1(x) > 0, Ba(z|y1) > 0 satisfying (27),
(28), we have for all Py,v, x

1
L(PYI‘X’PY2|XY1) Z (1+V1)E {logm} (131)
with equality if and only if (Py, x, Py, xy,) can be repre-
sented as in (127), (128), with the given (31, 32).

Proof of Theorem 5. The proof builds on the groundwork laid
out in our proof of Theorem 4. In the first part of the proof, we
will use the Donsker-Varadhan lemma and the assumption of
the existence of optimizing kernels to characterize the optimal
Bi(w), B3(xly1) as well as Py x and Py xy;. We will
apply the Donsker-Varadhan lemma twice, first for the second
stage and then, thinking of the optimized rate at second stage
as modifying the distortion measure at first stage, for the first
stage. This reasoning, concluding at (141) below, will also

ensure that equalities in (32) and (33) hold for Py -y -a..
(y1,92)-

The second part of the proof, (142)-(166), shows the neces-
sity of (32) and (33) for all (y1,y2). This involves perturbing
Py -~y by a delicately chosen auxiliary distribution and using
the optimality of Pyy, to claim (32) and (33).

Having established these necessary conditions, we will
proceed to show their sufficiency in the third and final part
of the proof, (160)—(165).

First, we show that

inf
Pyi1x: Pryxvy

1
L (Py,|x, Pryjxv;) =E {log W] :
(132)
For fixed probability kernels Py, and Py, y,, consider the
function
E(PY1|XaPY2|XY1aPY1aPY2|?1) (133)
£ D(Py,xv: |1 Py v; [Pxvi) + (1 +v1)D(Py, x| Py, | Px)
+ME [dl(X, Yl)] + A E [dQ(X, ng)] .

Since

L (PYI*\Xa PY2*|XY1*)

= inf
Pyy x5 Py xvys Pyy s Pry vy

L (Py,|x, Py, 1xv1» Prys Py, vy)
(134)
(135)

=1L (PY1* | X PY2* [ XYy PYI* ’ PYz* |Y1*)

we have

L (Py,1x, Pvyixvy» Py, Pryvi) = L (Pyrix, Prgixvy) s
(136)
with equality if and only if (Py1| x5 Py, Xyl,Pyl,Py2|y1) =
(Pyy1xs Pyyixyy» Pyys Pyyiys)- Applying Lemma 1 twice,
we compute the minimum of the left side of (136) particu-
larized to Py, = Py and Py, |y, = Py |y
L (Py,1x, Pyyxvi» Pries Pyyivr)

{(1 ) D(Pys x| Py [Px) + ME [dy (X, ¥2)]

(137)

> inf
P

11X

+ inf {D(Py2|XY1||PY2*\Y1*

Py, xv,

{(1 +v1)D(Py, x| Py;

Pxy,) + AE[d2(X, Y3)] }}

= inf
Y | X

+E [log

Px) + ME[di(X,Y1)]

1
B;(le)} } (138)

=(1+un)E [1og } (139)

1
Br (X)
where S5 (z) and S5(x|y1) are given in (129) and (130),
respectively, and the optimizing Py- x and Py; xy are
specified in (127) and (128), letting SBi(xz) = fBi(x) and
Ba(z|y1) = B3(x|y1) therein.

We proceed to show that 7 (z) and S35 (x|y1) satisfy (32)
and (33). For Py-a.e. y1, we take expectations with respect
to Px of both sides of (29) to conclude that

Yi(y1)=1. (140)



Likewise, for Pyl* vy -a.e. (y1,y2), we take expectations with
respect to Pxy; of both sides of (30) to conclude that

Eg(yl,yg) = 1 . (141)
We next proceed to show that
Yo(y1,y2) <1 Pyp-ae. y1,Vy2 € Mo (142)

Particularizing the left side of (136) to Py, |x = Pyr|x,
Py = Pys, Py, y, = Pyyys we apply Lemma 1 to
characterize the minimum of the left side of (136) as

L (Pysx, Py, xvy Pry, Pysvy) (143)

Zz (L4 v)I(X5Y7) + ME[di (X, Y1)

+ inf {D(PYQXYf‘ HPYQ*‘YI* PXYl*)

P
Yo | XY

A [da(X, V) }

To evaluate the infimum in (143), we apply Theorem 1 to
conclude that for Pyl* -a.e. y1, it holds that

D(PYQ\X,Yl*:m ||PY2*|Y1*:y1 |PX|Y1*:y1)
+ )\QE [dg(X, ng)lyvf< = yl]

1
>E 1og*7‘Y*:y] (144)
[ B3 (X1y1) ! '
with
exp(—A2da(X,92)) . }
E Y = <1 Py=x-ae. 1,V
|: /8; (X|y1) | 1 yl = Yl yl y2

(145)

which, using (29), is equivalent to (142).

To finish the proof of (32) and (33), it remains to show that
for all y1,y2 outside of the support of Py-y;, (32) and (33)
hold. Consider

L (Py,1x, Py, xvi» Pry» Pryvy)

Z Pinf {(1+V1)D(PylX|PYI|PX)+A1E[C]1(X,Y1)]
Yy X
+Pi?f {D(PY2|XY1||PY2Y1|PXY1)+/\2E[d2(X=Y2)]}}
(146)
= Pinf {(1+U1)D(Py1X|Py1|Px)+/\1E[d1(X,Y1)]
Y1 X
1
E |log =———— 147
* {(’%(Xw” (140
1
= (1 E |log =—— 148
-+ )2 s 5] w
where

Bile) = E | Ba(alFi) 7 exp (2 Th)) |

1+

Ba(zly1) = E [exp(—Aada(z, Y2))[Y1 = 1] . (149)
Due to (136),
1 1
inf E|log=——|=E|log——— 150
Pyl}g?ﬂyl [Ogﬁl(X):| [OgBT(X):| ( )

Now, we choose Py, and Py, |y, (not independently of each
other!) as

(1 —€)Pyryy(y1,y2) for Pys-ae. y1

Py v, (y1,y2) =
i 7, (U1, 92) {65y1PY2|Y1—y1 (y2) otherwise
(151)

for some 0 < ¢ < 1, where PYQIYG is an arbitrary transition
probability kernel.
With this choice,

Bi(z) =(1 —€)fi (z) (152)
+ alalyn) ™ xp (~ 13— du(on)

B1(x)]e=0 = — B (z) (153)
+ Bo(xlyr) 7 exp (— N J/\rluldl(% y1)>

Due to (150), the minimum of (148) is attained at ¢ = 0, so
its right derivative with respect to € evaluated at ¢ = 0 must
be nonnegative:

0
EE [log (154)

1
WX)} e=0
Ba(X[y) ™7 exp (22 di (X, 1))
B

>0, (155)

and (33) follows by substituting PYzIYG = Pyz*‘yl* in (155).
Bringing the differentiation inside of the expectation is per-
mitted by the dominated convergence theorem: the negative
of the integrand in (154) is log((1 — €)a + eb) = log(l —
€) + loga + log (1—}—&%), for some a > 0, b > 0,
and the difference quotient of the last term is bounded as
0<ilog(l1+ L) <blee forallo<e<s<l.

To show (32), notice that (155) implies that the necessary
condition for Py x, Py xy; to achieve the minimum is that
(155) holds for all choices of the auxiliary kernel Py, y,, and
o)

Ba(Xy1) 771 exp (_1iL1d1(X7 yl))
A1 (X)

sup E <1.

Py, 191

(156)

To simplify (156), we will find the conditions under which
Pyy|yyr=y, attains the supremum in the left side of (156). Put

Py, v, = (1 = €)Pyy |y + €dy,. (157)
With this choice,
Ba(alyr) = (1= €)B3 (aly1) + e exp(=Aada(a, y2))
(158)

9. = exp(—Aada (2, y2))
—logBalzlyr) | ., =—-1+ ”

Oe (1) | B (xly1)
The right derivative of the expression in the left side of
(156) with respect to e evaluated at ¢ = 0 is displayed in
(166) below and is equivalent to (32). Note that bringing

(159)



the differentiation inside of the expectation is allowed by the
dominated convergence theorem: the difference quotient of the
integrand in (156) is proportional to M for
a > 0, b > 0, which is bounded below by 0 and above by a
constant times a¢*2~ b in the range € < ¢ < 1, for some §.

We proceed to show (131), which will imply the sufficiency
part. We apply Theorem 1 twice to write

11

where (161) holds for all S3(z|y1) > 0 satisfying

exp(—A2d2 (X, 42))

o B2(Xy1)

Y1 = yl] <1V(y1,y2) € Y1 X Yo
(163)

with equality if and only if (Pyxyv,—y,,02) =

(Pyz* |,X,Y1*:y1 s ﬁ;) fOI' PY1 -a.c. Yi-
Likewise, (162) holds for all 51 (x) > 0 satisfying (28), with
equality if and only if

B2(z|y1) 1 exp ( r-di(z, yl))

dPX‘leyl (l’) _

dP
L (Py,1x, Py, xv) * i) (164)
> 1 +wv)I(X; Y1)+ ME[d (X,Y7)] o Al
FI(XV6IY) 4 Do [do(X. Vo) (160 o) =B [patalt) o (-2t
1 (165)
> (1 I(X;Y1) + ME[d(X,Y1)] +E |log ———
2 1+n)IXGY) + WE[(X V)] + {Og 52(X|Y1):| Substituting (164) into (163), we obtain (27), and (131)
(161)  follows, together with condition for equality. o
1
> (1 1 162
> (18 o 5 (162
B;(lel)mexlf( i (X,yl)) <1_ exp(—*/\de(X, y2)>) >0, (166)
ﬁl( ) 62(X|y1)

VI. ITERATIVE ALGORITHM

A. Computation of single stage rate-distortion function

In the context of finite source and reproduction alphabets,
an algorithm for computation of rate-distortion functions was
proposed by Blahut [8]. Below, we state it for general alpha-
bets in Algorithm 1 and provide its convergence analysis in
Theorem 6. In Section VI-B below, we generalize these results
to successive refinement.

Algorithm 1: The generalized Blahut algorithm.

input : )\ > 0; maximum number of iterations K.
output: An estimate Fx () of F'(\), the Lagrange dual
of R(d), defined in (87).

Fix PYO-

for k=1,2,...,K do

Compute, using (96), Xy, _, ();

Compute, using (98), the transition probability kernel
Py, | x that achieves the minimum in

Fy(\) = min L(Py|x, Py,_,), (167)
Py x
and L is defined in (92);
Record the corresponding output distribution Py, ,
Px — PY;C\X — Pyk;

Theorem 6. Suppose Y* attains the minimum in (87), and let
Yo be such that D(Y*||Yy) < oo. Consider Algorithm 1. The

sequence Fy,(X\) is monotonically decreasing to F'(X\), and the
convergence speed is bounded as

D(Y* Vo)

F.(\) — A

F(\) < (168)

Proof. The analysis below is inspired by Csiszdr [21]. From
(93), we have

kal()\) = L(Pyk‘x,PYk)‘i‘D(YkHkal) (169)
> Fi(A) + DOV Vi), (170)

and
Fi.(A) < Fr—1 (M), (171)

with equality if and only if Y, = Yj,_;, which implies that
Fip1(N) = Fiu(A) = F(A).

Taking an expectation of (98) (particularized to Y =Y._1)
with respect to Pxy~, we conclude

Fi(A) = F(A) + D(Y™|[Yi-1) — D(Py+ x| Py, x| Px)
(172)
< F(A) + D(Y™||Yk-1) — D(Y™||Yk) (173)

where (173) holds by the data processing inequality for relative
entropy.



To show (168), we apply (171) and (173) as follows.

KFg(\) — ) < Z Fir(\ F(\) (174)
k=1
K

< (DY Y1) — D(Y*||Y2))

k=1

(175)

=D(Y"|Yo) - D(Y*||Yk).  (176)

O

Note that D(Y™*||Y)) < oo is a sufficient condition for con-
vergence of Algorithm 1. This condition is trivially satisfied
if the reproduction alphabet is finite and Py, is supported
everywhere.

An alternative convergence guarantee can be obtained as
follows. Considering (173) and noting that

dP;
— D(Y*||Yz) < sup log ——* (177)

yey dPy,_, (y),
we can employ the following stopping criterion for the
Blahut algorithm to guarantee estimation accuracy o: if
sup,cy log d;lpi:kl (y) < &, then stop and output F(\) =
Fi.(\). If the same stopping rule is applied for all A > 0,
using (88), we find that the corresponding estimate of the rate-

distortion function R(d) satisfies the same accuracy guarantee:

DY |[Yy-1)

R(d) < R(d) < R(d) + 0. (178)
B. Computation of the rate-distortion function for successive
refinement

A generalization of discrete Blahut’s algorithm to successive
refinement is proposed in [3]. Algorithm 2 presents a general-
ization of the algorithm to abstract alphabets, and Theorem 7
presents its convergence analysis.

Theorem 7. Suppose (PY s Py, ‘y*) attain the minimum in
(125), and let PY1 and PY v be such that D(Py PYI)
oo and D(Py; vy || Y2|Y1|PY1*) < oo. Consider Algorithm 2.
The sequence Fy(v1,\1,\2) is monotonically decreasing to
F(v1,A1,A2), and the convergence speed is bounded as

Fk(Vl,)\l,/\Q)—F(Vl,)\l,/\Q) (185)
1
<+ (0 + ) DBy IP) + D(Prg vy 1Py 1Py )

Proof. We build upon the ideas in the proof of Theorem 6.
From the definition of L and P Pk we have

Vi x> £y xvye
Fr1 = L(P§, x, P, xv,»
+ D(P{%m ||P§]32\31/1 HPYl)
> Fy (187)
+ D(P, v, 1Py v, 1PY) + (14 v1) D(PE, || Py Y,

where we suppressed the dependence of Fy, on (v1, A1, A2) for
brevity, i.e. Fy, = Fy(v1, A1, A2). It follows that

I, < Fy_q,

Pyt PEL) (186)

(1+wv)D(Py, [P

(188)

Algorithm 2: The generalized Blahut algorithm for suc-
cessive refinement.
input : (1, A1, A2) > 0; maximum number of iterations
K.
output: An estimate Fx (v1, A1, \2) of F(v1, A1, A2),
the Lagrange dual of Ry(d1,ds, R1), defined in

(125).
Fix PP and PY2|Y1
for k=1,2,..., K do
Compute
5 (2lyn) (179)
=Epi- lexp(—Aeda(z,Y2))|Y1 = 11],
Y2W1 Y1
(@) (180)
_ 1 Al
:EP;’ifl By M (x|Y1) T exp (—1 +V1d1(:v,Y1))} ;
Using
dPY1|X x(yl) o exp( 1+l/1d ('rhyl))
aPE ) BN @B ) T
(181)
dPYz\X z,Y1=y1 (y2) _ exp(—)\gdg(ac,yg))
APy v,y (12) S aly)
(182)

compute the transition probability kernels P{El X

and PY IXV; that achieve the minimum in
Fk(l/l,/\l,)\g) (183)
- i L (P P N )
Pyﬂ;?}};ﬂxyl Y1 X5 Y2 X Yho Ya|Y1
1
— (14 E[m —]; (184)
SRR S0

where L is defined in (133), and the minimum is
computed in (148). Compute the corresponding P{El

and Py i’

Pk

Yalva P , which

with equality if and only if P;ﬁ |31’ Pk !
implies that Fy,_; = Fy, = F.
Taking expectations of the logarithms of (181) and (182)

with respect to PXYI*y; and using (148), we deduce that

Fy
= F+(1+V1)( (Py

Pyt — D(Pyl*\XHPYl’“\X”PX))

D(Py; vy | P,y | Pry)
D(Pyyix, v 1P, x,v: | Pxavy) (189)
< F+(1—|—I/1)( (Pys |1 PEY) = D(Pyy|IPY,)) (190)

D(Py; |y, || PY;‘; |Py;) — D(Pyy|y>

k
Py, v, |1 Pyy)

where (190) holds by the data processing inequality for relative
entropy.



To show (185), we apply (188) and (190) as follows.
KFyx — KF

K

<Y F-KF (191)
k=1
K

< 30 [ 0) (PP [P = D(Pyy x 1 P) (192)
k=1
+ D(Py; vy 1Py, [ Pre) = D(Pyy vy P52|y1|PY;)}

(1+ 1) (D(Py; || Py,) — D(Pys || P))
+ D(PY2* ‘Yl* P82 ‘Yl |PY1* ) - D(PY2* ‘Yl*

(193)
P£|Y1 |PY1*)

O

Using (190), we can obtain the following analog of the stop-
ping criterion in (177): to achieve accuracy Fy(v1, A1, A2) —
F(v1,A1,A2) <4, stop as soon as

dPk dP¥
sup (14 11)log —25 (y) + ——2l(y) < 6.
(y1,42) €Y1 X V2 dPY1 dPY2|Y1

(194)
For finite alphabet sources, a counterpart of (194) was pro-
posed by Tuncel and Rose [3].

C. Numerical example

Consider successive refinement of X ~ AN(0,1) under
squared error distortion. As is well known, Gaussian source
under squared distortion is successively refinable [18], so at
any 0 < do < dy <1 and R(d1) < Ry, Ro(dy,de, R1) =
R(dy) = 1 log d%.

In this experiment, we ran Algorithm 2 to verify that it
computes an estimate of Ra(dy,ds, R1) that closely matches
R(ds).

We fixed Ay = 5/9, which corresponds to d; = 0.9. We
also fixed v; = 1 (for this example, the choice of v; > 0
is immaterial and can be chosen arbitrarily, as per discussion
after (39)). We set starting densities Py and Pigz\leyl to
be N(0,1) and N (y1,1), respectively, ensuring that all the
densities in Algorithm 2 are Gaussian, and all the integrals
can be computed in closed form. We chose 31 exponentially
spaced slope samples A\ > 0, and we ran the algorithm
for the maximum of K = 20 iterations at each choice of
A2. In Fig. 1, 31 straight lines of slopes —Ay correspond
to Fx — Aady — A1dy — v1 R;. Their upper convex envelope
is the numerical estimate of Ra(dy,ds, R1) according to the
algorithm. In Fig. 3, it is undistinguishable from the the thick
curve, which represents the theoretical minimum total rate,
% log d—12.

Computing the expectations in Algorithms 1 and 2 is
easy to do if the output alphabets are finite, even if Px is
continuous, a case also not previously addressed in literature.
For infinite output alphabets, computing these expectations can
be a computational bottleneck. Still, one could use Algorithms
1 and 2 to look for the best approximation within a certain
family of distributions parametrized by a finite number of
parameters. The quality of the approximation will depend on
how appropriately the parametric family is chosen. To choose a
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good family, one could look for a separate theoretical argument
that would ensure that the infimum is attained within some
class of distributions. Theorems 6 and 7 would then ensure
convergence when running the algorithm within that class.
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Fig. 3. The minimum total rate at stage 2 for Gaussian successive refinement,
for fixed A1 = 5/9 (corresponding to di = 0.9, Ry = —.5log .9 ~ .05).

VII. CONCLUSION

In this paper, we revisited the parametric representation of
rate-distortion function of abstract sources (Theorem 1, proof
in Section IV). We showed its generalization to the successive
refinement problem (Theorem 2, proof in Section V). That
representation leads to a tight nonasymptotic converse bound
for successive refinement, presented in Section III. It also
helps to formulate and prove the convergence of an iterative
algorithm that can be applied to compute the rate-distortion
function on abstract alphabets, presented in Section VI.

It will be interesting to see whether the approach presented
in this paper can be applied to study rate-distortion regions
of other important multiterminal information theory problems,
such as lossy compression with side information available
at decoder (the Wyner-Ziv problem [22]), the multiple de-
scriptions problem [23] and lossy compression with possibly
absent side information (the Kaspi problem [24]). It also paves
the way to a refined nonasymptotic analysis of successive
refinement for abstract sources.
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