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Abstract

In this paper, we consider estimators for an additive functional of ¢, which is defined as
O(P;¢) = S°F | ¢(pi), from n i.i.d. random samples drawn from a discrete distribution
P = (p1, ..., px) with alphabet size k. We propose a minimax optimal estimator for the
estimation problem of the additive functional. We reveal that the minimax optimal rate
is characterized by the divergence speed of the fourth derivative of ¢ if the divergence
speed is high. As a result, we show there is no consistent estimator if the divergence
speed of the fourth derivative of ¢ is larger than p~*. Furthermore, if the divergence
speed of the fourth derivative of ¢ is p*~* for « € (0, 1), the minimax optimal rate is

k22«

obtained within a universal multiplicative constant as (lkﬁ
nlnn) n

1 Introduction

Let P be a probability measure with alphabet size k, and X be a discrete random variable
drawn from P. Without loss of generality, we can assume that the domain of P is [k], where
we denote [m] = {1,...,m} for a positive integer m. We use a vector representation of P;
P = (p1,...,px) where p; = P{X =i}. Let ¢ be a mapping from [0, 1] to RT. Given a set of
ii.d. samples S, = {X1,..., X, } from P, we deal with the problem of estimating an additive
functional of ¢. The additive functional 8 of ¢ is defined as

k

0(P;6) =Y o(pi).

i=1

We simplify this notation to 8(P;¢) = 0(P). Most entropy-like criteria can be formed in
terms of §. For instance, when ¢(p) = —plnp, 0 is Shannon entropy. For a positive real a,
letting ¢(p) = p*, In(8(P))/(1 — «) becomes Rényi entropy. More generally, letting ¢ = f
where f is a concave function, 6 becomes f-entropies (Akaike, 1998).

Techniques for the estimation of the entropy-like criteria have been considered in various
fields, including physics (Lake and Moorman, 2011), neuroscience (Nemenman et al., 2004),
and security (Gu et al.; 2005). In machine learning, methods that involve entropy estimation
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were introduced for decision-trees ( , ), feature selection ( , ), and
clustering ( , ). For example, the decision-tree learning algorithms, i.e.,
1D3, C4.5, and C5.0 construct a decision tree in which the criteria for the tree splitting are
defined based on Shannon entropy ( , ). Similarly, information theoretic feature
selection algorithms evaluate the relevance between the features and the target using the

entropy ( , ).

The goal of this study is to derive the minimax optimal estimator of 6 given a function
¢. For the precise definition of the minimax optimality, we introduce the minimax risk.
A sufficient statistic of P is a histogram N = (Ny, ..., Ni), where ]\(j =3, 1ix,—j and
N ~ Multinomial(n, P). The estimator of 6 is defined as a function 6 : [n]* — R. Then, the
quadratic minimax risk is defined as

R (0, k:0) = inf._sup B {(é(N) - e(P))T :

where My, is the set of all probability measures on [k], and the infimum is taken over
all estimators . With this definition of the minimax risk, an estimator # is minimax
(rate-)optimal if there exists a positive constant C' such that

S E {(Q(N) - 9(P))2] < CR*(n, k; ).

A natural estimator of 6 is the plugin or the maximum likelihood estimator, in which the
estimated value is obtained by substituting the empirical mean of the probabilities P into
0. However, the estimator has a large bias for large k. Indeed, the plugin estimators for
¢(p) = —plnp and ¢(p) = p* have been shown to be suboptimal in the large-k regime in

recent studies ( , : , : , ).

Recent studies investigated the minimax optlmal estimators for ¢(p) = —plnp and ¢(p) = p®
in the large-k regime ( , ; , ). However,
the results of these studies were only derlved for these 0. ( ) suggested that

the estimator is easily extendable to the general additive functional, although they did not
prove the minimax optimality.

In this paper, we propose a minimax optimal estimator for the estimation problem of the
additive functional € for general ¢ under certain conditions on the smoothness. Our esti-
mator achieves the minimax optimal rate even in the large-k regime for ¢ € C*[0,1] such
that ’¢(4) (p)‘ is finite for p € (0, 1], where C*[0, 1] denotes a class of four times differentiable
functions from [0, 1] to R. For such ¢, we reveal a property of ¢ which can substantially
influence the minimax optimal rate.

Related work. The simplest way to estimate 6 is to use the so-called plugin estimator or
the maximum likelihood estimator, in which the empirical probabilities are substituted into
0 as P. Letting P = (p1, ..., pr) and p; = N;/n, the plugin estimator is defined as

eplugin(N) = 9(]5)

The plugin estimator is asymptotically consistent under weak assumptions for fixed k (

, ). However, this is not true for the large-k regime. Indeed,
( ) and ( ) derived a lower bound for the quadratic risk for the plugin
estimator of ¢(p) = pln(1/p) and ¢(p) = p®. In the case of Shannon entropy, the lower
bound is given as

sup B[(Bnn() - 0(P))*] 2 (&5 + E),

PeM; n



where C denotes a universal constant. The first term k2 /n? comes from the bias and it indi-
cates that if k grows linearly with respect to n, the plugin estimator becomes inconsistent.
This means the plugin estimator is suboptimal in the large-k regime. Bias-correction meth-

ods, such as ( , : , ; , ), can be applied to the plugin esti-

mator of ¢(p) = —plnp to reduce the bias whereas these bias-corrected estimators are still

suboptimal. The estimators based on Bayesian approaches in ( ,
: , : , ) are also suboptimal ( , ).

Many researchers have studied estimators that can consistently estimate the additive func-
tional with sublinear samples with respect to the alphabet size k to derive the optimal
estimator in the large-k regime. The existence of consistent estimators even with sublinear
samples were first revealed in ( ), but an explicit estimator was not provided.

( ) introduced an estimator based on linear programming that
consistently estimates ¢(p) = —plnp with sublinear samples. However, the estimator of
, ) has not been shown to achieve the minimax rate even in a
more detailed analysis in ( , ). Recently, ( )
showed that the bias-corrected estimator of Rényi entropy achieves the minimax optimal
rate in regard to the sample complexity if &« > 1 and a € N, but they did not show the

minimax optimality for other . ( ) introduced a minimax optimal estimator
for ¢(p) = —pInp for any a € (0,3/2) in the large-k regime. ( ) derived
a minimax optimal estimator for ¢(p) = 1,50. For ¢(p) = —plnp, ( );
( ) independently introduced the minimax optimal estimators in the large-k
regime. In the case of Shannon entropy, the optimal rate was obtained as
k2 In® k
(nlnn)? n

The first term indicates that the introduced estimator can consistently estimate Shannon
entropy if n > Ck/Ink.

The estimators introduced by ( ); ( ); ( )
are composed of two estimators: the bias-corrected plugin estimator and the best polyno-
mial estimator. The bias-corrected plugin estimator is composed of the sum of the plugin
estimator and a bias-correction term which offsets the second-order approximation of the
bias as in ( , ). The best polynomial estimator is an unbiased estimator of the
polynomial that best approximates ¢ in terms of the uniform error. Specifically, the best
approximation for the polynomial of ¢ in an interval I C [0, 1] is the polynomial g that min-
imizes sup,¢;|o(z) — g(x)|. ( ) suggested that this estimator can be extended
for the general additive functional §. However, the minimax optimality of the estimator was
only proved for specific cases of ¢, including ¢(p) = —plnp and ¢(p) = p®. Thus, to prove
the minimax optimality for other ¢, we need to individually analyze the minimax optimal-
ity for specific ¢. Here, we aim to clarify which property of ¢ substantially influences the
minimax optimal rate when estimating the additive functional.

Besides, the optimal estimators for divergences with large alphabet size have been investi-
gated in ( , ; , ; , ). The estimation problems of
divergences are much complicated than the additive function, while the similar techniques
were applied to derive the minimax optimality.

Our contributions. In this paper, we propose the minimax optimal estimator for §(P; ¢).
We reveal that the divergence speed of the fourth derivative of ¢ plays an important role
in characterizing the minimax optimal rate. Informally, for 3 > 0, the meaning of “the
divergence speed of a function f(p) is p~#” is that |f(p)| goes to infinity at the same speed
as p~% when p approaches 0. When the divergence speed of the fourth derivative of ¢(p) is
p~ P, the fourth derivative of ¢ diverges faster as /3 increases.

Our results are summarized in Figure 1. Figure 1 illustrates the relationship between the
divergence speed of the fourth derivative of ¢ and the minimax optimality of the estimation
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Figure 1: Relationship between the divergence speed of the fourth derivative of ¢ and the
minimax optimality of the estimation problem of 6(P; ).

problem of 6(P;¢). In Figure 1, the outermost rectangle represents the space of the four
times continuous differentiable functions C*[0,1]. The innermost rectangle denotes the
subset class of C*[0,1] such that the absolute value of its fourth derivative |¢(*) (p)| is finite
for any p € (0,1]. In this subclass of ¢, the horizontal direction represents the divergence
speed of the fourth derivative of ¢, in which a faster ¢ is on the left-hand side and a
slower ¢ is on the right-hand side. The ¢ with an explicit form and divergence speed is
denoted by a point in the rectangle. For example, the black circle denotes ¢(p) = —plnp
where the divergence speed of the fourth derivative of this ¢ is p~3. Class B denotes a
set of any function ¢ such that the divergence speed of the fourth derivative is p®~* where
a € (0,1). As already discussed, existing methods have achieved minimax optimality in
the large-k regime for specific ¢, including ¢(p) = —plnp (black circle in Figure 1) and
¢(p) = p® (middle line in Figure 1 where the white circle denotes that there is no a@ > 0
such that the divergence speed is p~—3).

We investigate the minimax optimality of the estimation problem of 6 for ¢ in Class A and
Class B. Class A is a class of ¢ such that the divergence speed of the fourth derivative is faster
than p~*. Class B is a class of ¢ such that the divergence speed of the fourth derivative is
p®~* where « € (0,1). In Class A, we show that we cannot construct a consistent estimator
of  for any ¢ in Class A (the leftmost hatched area in Figure 1, Proposition 1). In other
words, the minimax optimal rate is larger than constant order if the divergence speed of the
fourth derivative is faster than p~*. Thus, there is no need to derive the minimax optimal
estimator in Class A.

Also, we derive the minimax optimal estimator for any ¢ in Class B (the middle hatched
area in Figure 1, Theorem 1). For example, ¢(p) = p* (Réyni entropy case), ¢(p) =
cos(cp)p®, and ¢(p) = ePp® for a € (0, 1) include the coverage of our estimator, where c is
a universal constant. Intuitively, since the large derivative makes the estimation problem 6
more difficult, the minimax rate decreases if the derivative of ¢ diverges faster. Our minimax
optimal rate reflects this behavior. For ¢ in Class B, the minimax optimal rate is obtained
as

k2 f2—2
(nlnn)2e L

)

where k 2 In3 n if o € (0,1/2]. We can clearly see that this rate decreases for larger «, i.e.,
a slower divergence speed.



Currently, the minimax optimality of ¢ in Class C is an open problem. However, we provide
a notable discussion in Section 3.

2 Preliminaries

Notations. We now introduce some additional notations. For any positive real sequences
{a,} and {b, } an 2 by, denotes that there exists a positive constant ¢ such that a,, > cby,.
Similarly, a, < b, denotes that there exists a positive constant ¢ such that a, < cby,.
Furthermore, a, =< b, implies a, 2 b, and a, < b,. For an event £, we denote its

complement by £¢. For two real numbers a and b, a Vb =max{a,b} and a A b = min{a, b}.
For a function ¢ : R — R, we denote its i-th derivative as ¢(*).

Poisson sampling. We employ the Poisson sampling technique to derive upper and
lower bounds for the minimax risk. The Poisson sampling technique models the sam-
ples as independent Poisson distributions, while the original samples follow a multinomial
distribution. Specifically, the sufficient statistic for P in the Poisson sampling is a his-
togram N = (N . Nk) where Nl,.. Nk are independent random variables such that
N; ~ Poi(np;). The minimax risk for Poisson sampling is defined as follows:

R*(n, k; ¢) = 1{{01§Ps€1iakE|:<9(]\~/) —9(P))2:|.

The minimax risk of Poisson sampling well approximates that of the multinomial distribu-
tion. Indeed, ( ) presented the following lemma.

Lemma 1 ( ( )). The minimax risk under the Poisson model and the multi-
nomial model are related via the following inequalities:

R*(2n,k;¢) — sup |0(P)le™™/* < R*(n, k;¢) < 2R*(n/2,k; ¢).
PeMy

Lemma 1 states R*(n, k; @) =< R*(n, k;$), and thus we can derive the minimax rate of the
multinomial distribution from that of the Poisson sampling.

Best polynomial approximation. ( ); ( );

( ) presented a technique of the best polynomial approximation for deriving the minimax
optimal estimators and their lower bounds for the risk. Let Py, be the set of polynomials of
degree L. Given a function ¢, a polynomial p, and an interval I C [0,1], the uniform error
between ¢ and p on [ is defined as

sup|¢(z) — p(z)|. (1)
zel
The best polynomial approximation of ¢ by a degree-L polynomial with a uniform error is
achieved by the polynomial p € Py, that minimizes Eq (1). The error of the best polynomial
approximation is defined as

EL(¢,1) = inf sup|p(z) —p(z)|.

PEPL zeI

The error rate with respect to the degree L has been studied since the 1960s (

; ; , ; , ). The polynomlal
that achieves the best polynomlal approximation can be obtained, for instance, by the Remez
algorithm ( , ) if I is bounded.



3 Main results

Suppose ¢ is four times continuously differentiable on (0, 1]'. We reveal that the divergence
speed of the fourth derivative of ¢ plays an important role for the minimax optimality of the
estimation problem of the additive functional. Formally, the divergence speed is defined as
follows.

Definition 1 (divergence speed). For an integer m > 1, let ¢ be an m times continuously
differentiable function on (0,1]. For 8 > 0, the divergence speed of the mth derivative of ¢
is p~# if there exist finite constants W > 0, ¢,,, and ¢, such that for all p € (0,1]

(6 @)] < B WD + o, and [0 ()| 2 B s WP 4 ),

where 8, = [T2, (i — m + j3).

A larger 8 implies faster divergence. We analyze the minimax optimality for two cases:
the divergence speed of the fourth derivative of ¢ is i) larger than p=* (Class A), and ii)
p®~* (Class B), for a € (0,1).

Minimax optimality for Class A. We now demonstrate that we cannot construct a
consistent estimator for any n and k > 3 if the divergence speed of ¢ is larger than p—*.
Proposition 1. Let ¢ be a continuously differentiable function on (0,1]. If there exists
finite constants W > 0 and ¢} such that for p € (0,1]

6D ()| = wpt 4o,

then there is no consistent estimator, i.e., R*(n,k;¢) = 1.

The proof of Proposition 1 is given in Appendix D. From Lemma 15, the divergence speed of
the first derivative is p~! if that of the fourth derivative is p~. Thus, if the divergence speed
of ¢ is greater than p~*, we cannot construct an estimator that consistently estimates 6 for
any probability measure P € Mj. Consequently, there is no need to derive the minimax
optimal estimator in this case.

Minimax optimality for Class B. We derive the minimax optimal rate for ¢ in which the
divergence speed of its fourth derivative is p*~* for a € (0,1). Thus, we make the following
assumption.

Assumption 1. Suppose ¢ is four times continuously differentiable on (0, 1]. For « € (0,1),
the divergence speed of the fourth derivative of ¢ is p®~%.

Note that a set of ¢ satisfying Assumption 1 is Class B depicted in Figure 1. The diver-
gence speed increases as « decreases. Under Assumption 1, we derive the minimax optimal
estimator of which the minimax rate is given by the following theorems.

Theorem 1. Under Assumption 1 with o € (0,1/2], if n 2, kl;/,: and k 2 In3 n,

k2

R*(n,k; ¢) = T

Otherwise, there is no consistent estimator, i.e., R*(n,k;¢) 2 1.

Theorem 2. Under Assumption 1 with o € (1/2,1), if n 2 ’ﬁ;/,:
k2 k2—2a
R*(n, k; ¢) < .
(n, k; 9) (nlnn)2« + n

Otherwise, there is no consistent estimator, i.e., R*(n, k;¢) = 1.

I'We say that a function ¢ : [0,1] — R4 is differentiable at 1 if limy_, g w exists.



Theorems 1 and 2 are proved by combining the results in Sections 6 and 7. The minimax
optimal rate in Theorems 1 and 2 are characterized by the parameter for the divergence
speed « from Assumption 1. From Theorems 1 and 2, we can conclude that the minimax
optimal rate decreases as the divergence speed increases.

The explicit estimator that achieves the optimal minimax rate shown in Theorems 1 and 2
are described in the next section.

Remark 1. Assumption 1 covers ¢(p) = p® for a € (0, 1), but does not for all existing works.
For ¢(p) = —plIn(p) and ¢(p) = p™ with a > 1, the divergence speed of these ¢ is lower
than p®~=* for a € (0,1). Indeed, the divergence speed of ¢(p) = —pIn(p) and ¢(p) = p® for
a > 1 are p~2 and p®~*, respectively. We can expect that the corresponding minimax rate
is characterized by the divergence speed even if the divergence speed is lower than p®~* for
a € (0,1). The analysis of the minimax rate for lower divergence speeds remains an open
problem.

4 Estimator for 60

In this section, we describe our estimator for # in detail. Our estimator is composed of
the bias-corrected plugin estimator and the best polynomial estimator. We first describe
the overall estimation procedure on the supposition that the bias-corrected plugin estimator
and the best polynomial estimator are black boxes. Then, we describe the bias-corrected
plugin estimator and the best polynomial estimator in detail.

For simplicity, we assume the samples are drawn from the Poisson sampling model, where
we first draw n' ~ Poi(2n), and then draw n’ i.i.d. samples S,» = {X71, ..., X,v}. Given the
samples S,,, we first partition the samples into two sets. We use one set of the samples
to determine whether the bias-corrected plugin estimator or the best polynomial estimator
should be employed, and the other set to estimate 6. Let {Bi}?;1 be i.i.d. random variables
drawn from the Bernoulli distribution with parameter 1/2, i.e., P{B; =0} = P{B; =1} =
1/2 for i = 1,...,n'. We partition (X, ..., X,,») according to (B, ..., B,/), and construct the
histograms N and N’, which are defined as

’

Ni = Z 1Xj:i]‘Bj:0’ N; = Z 1Xj:ilBj:17 fori e [TL/]
j=1

j=1
Then, N and N’ are independent histograms, and N;, N/ ~ Poi(np;).

Given N, we determine whether the bias-corrected plugin estimator or the best polynomial
estimator should be employed for each alphabet. Let A, j be a threshold depending on n
and k to determine which estimator is employed, which will be specified as in Theorem 5
on page 10. We apply the best polynomial estimator if NZ’ < 2A,, 1, and otherwise, i.e.,
]\7{ > 2/, 1, we apply the bias-corrected plugin estimator. Let ¢poly and ¢plugin be the best
polynomial estimator and the bias-corrected plugin estimator for ¢, respectively. Then, the
estimator of 6 is written as

k
O(N) = Z(lﬁgzzAn,k‘bplugin(Ni) + 1Ng<2An,k¢poly(Ni))~

i=1

Finally, we truncate 6 so that the final estimate is not outside of the domain of 6.

H(N) :(é(N) A esup) V Oing,

where Oy = infpe g, 0(P) and bsyp = suppepy, 0(P). Next, we describe the details of the
best polynomial estimator ¢, and the bias-corrected plugin estimator ¢plugin-



Best polynomial estimator. The best polynomial estimator is an unbiased estimator
of the polynomial that provides the best approximation of ¢. Let {am}ﬁzzo be coeflicients
of the polynomial that achieves the best approximation of ¢ by a degree-L polynomial
with range I = [0, 4A"”“], where L is as specified in Theorem 5 on page 10. Then, the
approximation of ¢ by the polynomial at point p; is written as

L
D)= amp. (2)
m=0

From Eq (2), an unbiased estimator of ¢, can be derived from an unbiased estimator of p.

For the random variable N; drawn from the Poisson distribution with mean parameter npi,
N

(Ni—

is an unbiased estimator of p*. Substituting this into Eq ( ) gives the unbiased estimator

of ¢r.(p;) as

the expectation of the mth factorial moment (N;),, = bccomcs (np;)™. Thus, %

@

B L
¢poly N Z

m=0

J

§

Next, we truncate ¢poly so that it is not outside of the domain of ¢(p). Let (binf PN——

inf pe[0, Bnk ¢(p) and gbsup Buk T SUD o Ak ki ¢(p). Then, the best polynomial estimator

is defined as

¢p01y(Ni) = (¢poly(N) ¢Sup7M) v ¢inf,M'

Bias-corrected plugin estimator. In the bias-corrected plugin estimator, we apply the
bias correction of ( , ). Applying the second-order Taylor expansion to the bias of
the plugin estimator gives

v, V. @ (p) [ N ?
B ¢<ZZ> ~ o(p)| ~E ¢<1><pi><ﬂf —p,) ) (JZ —pz)
7pi¢(2)(pi)
oo

7.6 (N, -
Thus, we include —W as a bias-correction term in the plugin estimator ¢(N;/n),

which offsets the second-order approximation of the bias. However, we do not directly apply
the bias-corrected plugin estimator to estimate ¢(p;) for two reasons. First, the derivative
of ¢ is large near 0, which results in a large bias, and second, ¢(p) for p > 1 is undefined
even though N; /mn can exceed 1. Thus, we apply the bias-corrected plugin estimator to the
function ¢4, , defined below instead of ¢. Define

L(p; ¢, a,

b)
L—m EREY/
¢ a)m(pi b)L+1 Z ( 1)£$£'+ g)'(a, b)folff(pi a)é

L
XL: —a)™ YLl g L
P pan i3 +£+ 1 0, L+0+1 b—a )

where By, (z) = (?)z“(1 — x)""" denotes the Bernstein basis polynomial. ~Then,
Hy,(p; ¢, a,b) denotes a function that interpolates between ¢(a) and ¢(b ) usmg Hermite inter-

polation. From generalized Hermite interpolation ( , ), H ( ¢,a,b) = ¢ (a)



fori=0,...,L and Hg)(b; #,a,b) =0 fori=1,..., L. The function ¢4, , is defined as

n

Zxﬂ/k Z&n/k an/k . ank
H. . 2 > f < 5
4( 2n 22 n  2n BP=T
Ank Ap . Ay A,
- H4(pa ¢7 7k77k) if k <p< ’ka
¢An$(p):: n 2n n n
! Hy(p; ¢,1,2) if1<p<2,
H4(27¢7]-72) lpr 27
o(p) otherwise .
From this definition, ¢ 2, =@ ifpe [A:‘L’k ,1]. From Hermite interpolation, the function
b4, is four times differentiable on Ry and 95(23,9 (p)=..= d_)(ﬁi.k (p) =0 for p < AQLT;’“ and

n

p > 2. By introducing ¢, , we can bound the fourth derivative of ba,,. using A, 1, and

this enables us to control the bias with the threshold parameter A, . Using (,Z_SA,L’ » instead

n

of ¢ yields the bias-corrected plugin estimator

Gptugin(Ni) = o, <]ZZ> _ N o2 <N’> (3)

27 Ank
o 2n n n

5 Remark about Differentiability for Analysis

Why is the minimax rate characterized by the divergence speed of the fourth derivative? In-
deed, most of the results can be obtained on a weaker assumption compared to Assumption 1
regarding differentiability, which is formally defined as follows.

Assumption 2. Suppose ¢ is two times continuously differentiable on (0, 1]. For a € (0,1),
the divergence speed of the second derivative of ¢ is p®~—2.

Assumption 2 only requires two times continuous differentiability, whereas Assumption 1
requires four times. Only the analysis of the bias-corrected plugin estimator requires As-
sumption 1 to achieve the minimax rate due to the bias-correction term in Eq (3). The
bias-correction term is formed as the plugin estimator of the second derivative of ¢, and
its convergence rate is highly dependent on the smoothness of the second derivative. The
smoothness of the second derivative of ¢ is characterized by the fourth derivative of ¢,
and thus Assumption 1 is required to derive the error bound of the bias-corrected plugin
estimator. Another bias-correction method might weaken the assumption as in Assump-
tion 2.

6 Analysis of Lower Bound

In this section, we derive a lower bound for the minimax rate of #. Under Assumption 2,
we can derive the lower bound of the minimax risk as in the following theorem.
Theorem 3. Under Assumption 2, for k > 3, we have

k272a

R (.45 0) 2 ~—

The lower bound is obtained by applying Le Cam’s two-point method (see ( ,
)). The details of the proof of Theorem 3 can be found in Appendix B. Next, we derive
another lower bound for the minimax rate.



B/

g, we have

Theorem 4. Under Assumption 2, if n 2

k‘2

(nlnn)2e

R(n,k;¢) 2

)

where we need k > In® n if o € (0,1/2].

The proof is accomplished in the same manner as ( , , Proposition 3). The

details of the proof of Theorem 4 are also found in Appendix B. Combining Theorems 3

and 4, we get the lower bounds in Theorems 1 and 2 as R*(n, k; ¢) = ﬁ Vv @ pe
k2 k2—2a

(nlnn)?> + n

7 Analysis of Upper Bound

Here, we derive the upper bound for the worst-case risk of the estimator.
Theorem 5. Suppose A, = Colnn and L = |CiInn] where Cy and Cy are universal
constants such that 6C1 In2+4/C1C3(1+1n2) < 1 and Cy > 16. Under Assumption 1, the

worst-case risk ofé is bounded above by

A~ 2 k.2 k2—2a
_ <
pseliakEKH(N) 6(P)) } ~ (nlnn)?e + n '

where we need k 2 Iné n if o € (0,1/2].

To prove Theorem 5, we derive the bias and the variance of 0.
Lemma 2. Given P € My, for 1 < Ay i <n, the bias of 0 is bounded above by

Bias [é(N) — H(P)} < Z ((e/4)An,k + Bias |:¢plugin(Ni) — ¢(pi)] Lopi>a, .

i=1

+ Bias [¢poly(Ni) - ¢(pi)} Lop,<an, , + E_A”’k/8> :

Lemma 3. Given P € My, for 1 S A, <mn, the variance ofé 1s bounded above by

Var [é(N) - H(P)} <

N

((6/4)An’k + Var [éplugin(Ni) - ¢(pz)i| ]-nZ’Ji>AnJc
1

+ Var [¢poly(Ni) - ¢(pi)] Lop,<an, , + e~ Ann/8

.
I

+ (Bias {¢plugin(Ni) - ¢(pi)} + Bias [¢poly(Ni) - ¢(Pz‘)} )21An,k<m<4An,k> :

The proofs of Lemmas 2 and 3 are left to Appendix C. As proved in Lemmas 2 and 3,
the bounds on the bias and the variance of our estimator are obtained with the bias and
the variance of the plugin and the best polynomial estimators for each individual alphabet.
Thus, we next analyze the bias and the variance of the plugin and the best polynomial
estimators.

Analysis of the best polynomial estimator. The following lemmas provide the upper
bounds on the bias and the variance of the best polynomial estimator.

10



Lemma 4. Let N ~ Poi(np). Given an integer L and a positive real A, let ¢r(p) =
anzo amp™ be the optimal uniform approximation of ¢ by degree-L polynomials on [0, A],
and gr(N) = erj@:o am (N) /0™ be an unbiased estimator of ¢r.(p). Under Assumption 2,
we have

Bias (02 (V) A Gua) V e~ 609)] S 1 Ve [on () = o] + (33 )

Lemma 5. Let N ~ Poi(np). Given an integer L and a positive real A >, L let ¢r(p) =
Zﬁl:o amp™ be the optimal uniform approximation of ¢ by degree-L polynomials on [0, A],
and g (N) = Zan:o am (N ) /0™ be an unbiased estimator of ¢r.(p). Assume Assumption, 2.
If p< A and 2A3L < n, we have

~ A3L64L %2 2V AnL
Var | (gr(N) A ¢sup,a) V ¢int,a — 0(p)| S (2¢) -

n

The proofs of Lemmas 4 and 5 can be found in Appendix C.

Analysis of the plugin estimator. The following lemmas provide the upper bounds for
the bias and the variance of the plugin estimator. ~
Lemma 6. Assume Assumption 1 and % S A<p<1. Let N ~ Poi(np). Then, we have

(R N (N 1
A I A < ___ - ¥
%(n) s \ ) 70| S aRee T
Lemma 7. Assume Assumption 1 and % <A< p<1. Let N ~ Poi(np). Then, we have

- (N) N N peH () | o P! 1 p
Varl¢A<n> om2 A ( ) o(p) + 2n ~on +n4A4—2“+n'

n

Bias

The proofs of Lemmas 6 and 7 are left to Appendix C.

Proof for the Upper Bound. Combining Lemmas 2 to 7, we prove Theorem 5.

Proof of Theorem 5. Set L = |Cilnn] and A, , = C2lnn where C; and Cy are some
positive constants. Substituting Lemmas 4 to 7 into Lemmas 2 and 3 yields

< i 1 + 1 Di (In n)2n301 In2424/C1C2(In 2+1)
~ e\ nC:0imD T pa(lnn)2-e T p2 2
+ 1 + 1
(nInn)> = nC2/8
< k k 1 k(ln n)2n301 In 2+2v/C1 03 (In 2+1)
— pC2(lnd-1) + na(lnn)Q*a + ﬁ —

k N k
(nlnn)> = nC2/8’

11



and

Var [é(N) - G(P)}

2a—1 ) 4,,6C1 In 24+41/C1C3(In2+1)
; 1 pi . (Inn)*nt<1
7
S ; nC2(In4-1) Tlp>camn/n n + n2e(Inn)i-2a T n + na +
1 1 pi (Inn)2piCin24+2VCiC (n2+1) 1 2
nC2/8 n(lnn)2-« Tt n? + (nlnn)
k k22 v k . k n 1
~ 5 C2(In4-1) + n n2an' 2%y ' p2a(lnn)i-2e n
k(ln n)4n601 In 244y/C1C2(In 241) k k 1
n4 + nC2/8 T n2e(Inn)i-2o T nt
k(ln n)4n601 In 244/ Cng(ln 2+1) k
+ .
nt (nlnn)2

where we use Lemmas 17 and 18. For § > 0, as long as Ca(In4 — 1) > 2a+ 6, 6C1In2 +
4/C1C5(In2 +1) <3 —2a — 0, and C3/8 > 2a + §, we have

o 2 1 k2 k? 1 K
Bias|0(N) — 0(P)| <— St T gz !
1as[ (N)—0( )} S + n2a+o + (nlnn)2> ~ p4 + (nlnn)2 @
o k272a k k k
_ <
Var [Q(N) G(P)] ~To v n2a nl—2%p, * n2a+o + (nlnn)2
22«
_k kK (5)
~T n2en!=2%p  (nlnn)2e

There exist the constants Ch and Cy that satisfies these conditions, for example, €7 <
1/61n2 and Cy > 16. Since O(N),0(P) € [0inf, Osup), the bias-variance decomposition gives

g B[00 o) | < s B[ (005) 000
< (Bias [é(zv) - 9(P)D2 + Var [é(z\?) - 9(13)} . (6)
Substituting Egs (4) and (5) into Eq (6) yields
k220 k 2

o 2
S E|(O(N)—-0O0(P < \VJ + .
s [(( ) <>)}N Ve

Ifae(0,1/2] and k 2 1n%, the last term is dominated. If o € (1/2,1), the term m

is dominated by k22 O

o .
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A Error Rate of Best Polynomial Approximation

Here, we analyze the upper bound and the lower bound of the best polynomial approximation
error Er,(¢,[0,A]). The upper bound and the lower bound are derived as follows.
Lemma 8. Under Assumption 2, for A € (0,1], we have

A (0%
Euo.0.8) % (53)
Lemma 9. Under Assumption 2, for A € (0,1] there is a positive constant ¢ such that

S
11m1nf<A> EL(9,]0,A]) > c.

L—oo

Combining Lemmas 8 and 9, we can conclude E¢,[0,A]) < (%)a. The proofs of these
lemmas are given as follows.

Proof of Lemma 8. Letting ¢a(p) = ¢(Az?), we have Er(¢,[0,A]) = Er(¢a,[—1,1]). We
utilize the Jackson’s inequality to upper bound the best polynomial approximation error Er,
by using the modulus of continuity defined as

w(f,0) = sup 1]{If(ff) —fW: e —yl <0}

zye[-1,
To derive the upper bound of Er, we divide into two cases: o € (0,1/2] and o € (1/2,1).

Case a € (0,1/2]. From the Jackson’s inequality (
polynomial T;, with degree-L such that

s |10~ Tu@I S s {17~ )l ool < 1.

z€[0,27] z,y€[0,27]

, ), there is a trigonometric

By the definition of Ej,, we have

Buf (=11 = jnf - swp 1f(2) ~ g(o)

—inf sup |f(cos(x) — glcos(a))
9EPL z¢(0,27]

< s {f(costa) ~ Steost) s o —vl < 7 }

z,y€[0,27]

w,yzl[lpl,l]{v(x) —fy)l: ]cos*l(x) _ cos*l(y)’ < i}
gw,y?pl,”{uw) gl e-vl = b —o(r ), .

where we use the fact that [cos™!(z) — cos™!(y)| > |z —y| for z,y € [~1,1] to derive the
last line. From Lemma 15 and the fact that p*~! > 1 for p € (0, 1], we have ¢(1)(p)| < (W4
le1|)p®~t for p € (0,1]. From the absolute continuousness of ¢ on (0, 1], for x,y € (—1,1]
where z < y we have

Yy

|pa(®) — dal(y)| S/

x

20t (At?) ‘dt

Y
§2AO‘(W+|01|)/ 2oLt

x

AY(W + |e1])

_ <y2a _$2a)
«
AW +|c o
S%(y —x)>,
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where the last line is obtained since 2° for 3 € (0,1] is B-Holder continuous. This is valid
for the case 2 = 0 since |pa(0) — da(y)] = limy—o|da(x) — ¢a(y)|. Thus, we have

w(on,8) < D2V Fledl)

520(
(%

Substituting this into Eq (7), we have

Ep(on, [—1,1]) < 22V Hlah) 1 o (A)a.

Case a € (1/2,1). From the Jackson’s inequality ( , ), there is a trigonometric
polynomial 77, with degree-L such that

s J[10@) - 10| e vl < 7 -

@,y€[0,27]

S

sup | f(z) —Tp(z)| <
z€[0,27]

In the similar manner of the case o € (0,1/2], we have

Er(¢a,[-1,1]) = inf = sup |pa(cos(x)) — g(cos(z))]
9EPL z¢(0,2n]

1 1
f,LW( (A)7L>~ (8)

Since p®~2 > 1 for p € (0,1] and Assumption 2, we have |¢® (p)| < (aaW + |co|)p®~2 for
p € (0,1]. From the absolute continuousness of ¢ on (0, 1], for 2,y € (—1,1] where z < y
we have

y

2000 (AL?) + 44726 (AL?) ‘dt

@) -l < [

x

y
S/ (2A%(W + |er )22 + A (ar W + |co| )27 2) dt

2(W + [e1]) + 4(aa W + |eal) 901 2a—1
:AOL o _ «
2 —1 (v 2)
cpa2W A a]) +4(aW + |ea|)
- 200 — 1

2a—1

(y — =)

Also, we use the fact that 2 for 8 € (0, 1] is S-Holder continuous. Thus, we have

2(W A fer]) + 4 W + |eal) 5201

“(¢(Al)’5) = A% 20 — 1

Substituting this into Eq (8), we have

Er(¢a,[-1,1]) < 1 2 20W+e|) +4(aa W+ ea|) 1 - (A)a.

A =
200 — 1 L1=20 ™~ \ L2

il

O

Proof of Lemma 9. Let ¢a(x) = qﬁ(A%il). Then, we have E(¢,[0,A]) = Er(¢a,[—1,1]).
To derive the lower bound of EL(¢a,[—1,1]), we introduce the second-order Ditzian-Totik

modulus of smoothness ( , ) defined as
T+ T+

wi(f,t) = sup {’f(x)+f(y)2f< y)':|xy|§2w<y)}’
z,y€[-1,1] 2 2
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where ¢(z) = v1 — 22. Fix y = —1, for ¢t > 0 we have

|z —y| < 2t<p(x2+y) =

—1)2
r41<2 1—(x4)
(;v+1)2 (ac—l)2

<1 w=
FTCR i =

2@ +1)2+ (2 -1)2-4<0 <=
2+ 4202 =D+ (t2+1)—4<0 —

Pt NP (-1
. _ _
=241 t724+1 (t72+41)2 —

+1 2 2< 1 <=
"I/‘ N — e —
t=241) — (t72+1)2

“1<e< -1+ ——.
=T= Jrzf*2+1

Thus, we have

rz—1

wl(da,t) > sup{

2
0<z<
—x—t2+1}

- Sgp{ ‘as(m:) +(0) — 26 (A;)

Application of the Taylor theorem gives

T — —

P(Ax) + $(0) — 2¢<A;> =\ (A;) (0 _ g) + g <A2=T> ( 923

- / : A2 (AL)(0 — t)dt + / ’ A2 (At (z — t)dt

0

= / : A2 (Ab)tdt + / A2pP (AL)(x — t)dt.
0 %

¢A<x>+m<1>2m( . )‘:1§x§1+

Letting po = (a1 W/(arW Vv —=c5))/ =) |6 (p)| > ay Wp*~2 + ¢, > 0 for (0, po]. From
continuousness of ¢(?), ¢(®)(z) has same sign in z € (0,po]. Since ¢t > 0 for ¢ € [0, %] and

x—t>0fort € [§,z], we have for x € (0, po]

’qﬁ(m) +(0) - 2¢(A;”>

2A“a1W</2 t"“Qtdt—i—/ to‘_Q(a:—t)dt> + chA? (/2 tdt+/ (x—t)dt)
0 z 0 z

2

z T zo! 1 /xz% chA2g?
=A% W _ a—1 Il Bl 2
“ <a20‘+1—a<2°‘—1 v )+a<2°‘ v )>+ 4

/AZ—a
=Az" <W(2‘C’ — 1+ ﬂ(zl—a 1)+ 2 :1:2_O‘> > A%,

«a 4
Thus, we have for sufficiently small ¢

2

_— a>A“t2a.
t=2+1 ~

G2(6ar0) 2 M(
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With the definition of w?(f, ), we have the converse result 7z ZL {(m+1)En,(f,[-1,1])
w2 (f, L1 ( ) ). Let L' be an integer such that L' = ¢;L where cz >
Then, we have

EL(¢,[0,A])

1 L
>5—7 2. Em(.00,4))

m=L+1
1

m=L+1

2
1

Z%Z(mH)Em((MO?A]) ﬁEo((/) Zm+1 6,10,A]).  (10)

From Lemma 16, we have |¢(z) — ¢(y)| < LA™ + [¢1|A for z,y € [0,A]. Substituting it
and Eq (9) into Eq (10) and applying the converse result and Lemma 8 yields that there
are constants C > 0 and C’ > 0 such that

2 /-1 W . el e AN
Er(,[0,A]) >Cwi(¢a, L") - L,QQA - ﬁA — Iz (m+1) oo
m=1
A W e /& AN
207 ~ g™ A T MU G
m=1
A“ W el 2C'A S o,
ZCL/za - aC?LQO‘ B C?LQO‘ A- 1,2 m
m=1
A~ W e 2000 [, /L s
>C—— — A — A — L=y *d
=7 2« aC%L2a C%LQO‘ L2 o €z -z
A® W 1] 207 A
>C — AY — _
UL adL?e e L2 (2 —2a) A1) L2

1 (A)O‘(C W jejae 2 )
_C%a 12 acg 2a z 2a ((2—20()/\1) 2—2a

Thus, by taking sufficiently large ¢y, there is ¢ > 0 such that

L2\
hmsup<A> EL((,b, [07A]) >c

L—oo
O]
B Proofs for Lower Bounds
To prove Theorem 3, the Le Cam’s two-point method (See, e.g., ( , )). The

consequent corollary of the Le Cam’s two-point method is as follows.
Corollary 1. For any two probability measures P,Q € M, we have

R (n,k:9) 2 (0(P) ~ 0(@Q))* exp(~nDic (P, Q).

where Dk, (P, Q) denotes the KL-divergence between P and Q.
We provide the proof of Theorem 3.
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Proof of Theorem 3. For € € (0,1/2). Define two probability measures on [k] as

P :@ 2(/<1— 1) 2(k1— 1))’
1

1 1
Q :(2(1 +e), m(l =€)y ey Q(T

0-)

Then, the KL-divergence between P and @ is obtained as
1 1 1 9 9
Dxin(P,Q) =— §ln(1—|—e) — §ln(1 —€) = —§ln(1 —€) <€

Applying the Taylor theorem gives that there exist & € [1/2,(1 +€)/2] and & € [(1 —
€)/2(k —1),1/2(k — 1)] such that

0(Q) - 0(P)

Ly Ly 1) 1 oD (&) 5 ¢P(&) ,
=30 (3)~ 39" (a5 St

From the reverse triangle inequality, we have

6(Q) —6(P)|

>1‘¢(1) <2(k1— 1)) ‘6 _ ‘1(;5(1) (;)e—&— ¢(2)8(§1)62 4 (2)(52))
(

w1 YA VR LRI (SY) ¢(2)
22‘¢ -1 )< 127 3 8

Combining Assumption 2, Lemma 15, and the fact that & > 1/2 and & > 1/4(k — 1) yields

‘¢(1)< 1 ) ZWZl_a(k - 1)1—a + 0/17

2(k —1)
1
’¢(1) (2> <SW2'7% 4 ¢,

’¢(2) (51) SOQWQQ_Q + Co,

’gb(?) (&) Ca W42 (k — 1)~ + ¢,
Consequently, we have

6(Q) = 0(P)| = W2 c((k = 1)'~* — 1~ (27 +2'7(k = 1)'™)e)
—27 M er —e))e— (27 + 273 (k — 1))

Set e = 1/y/n. Applying Corollary 1, we have

R*(n,k; ¢)
> WQ(:ZC )2 2a 1 1 a1 0112170‘
- 2—2ap (k=D  2(k—1)>y/n Vn
2
3 c1 — ¢y B 20=3¢, 3 20— 3¢,
2l—eW(k - 1)t W(k—-1l—>y/n W(k-1)2">/n
22«
>k
~ on
From Lemma 1, this lower bound is valid for R*(n, k; ¢). O

19



The proof of Theorem 4 is following the proof of ( , ). For e € (0,1), define
the approximate probabilities by

k
My, (€) = {{pl} L ERE: Zp,g1—e}

i=1

With this definition, we define the minimax risk for My (e) as

R*(n,k,e;¢) =inf sup E(é(N)—G(P))Z. (11)
0 PeMy(e)

The minimax risk of Poisson sampling can be bounded below by Eq (11) as
Lemma 10. Under Assumption 2, for any k,n € N and any € < 1/3,

W2

2—2a 2« 2 2
k €
o?

- 1 - W 2
R*(n/2,k;¢) > ER*(TL’ k,e; ) — 4<ak10< + C1|> o—n/32 _ _ e,
Proof of Lemma 10. This proof is following the same manner of the proof of ( ,

, Lemma 1). Fix § > 0. Let é(, n) be a near-minimax optimal estimator for fixed sample
size n, i.e.,

sup E[(O(N,n) - 6(P))*| <5+ R (k,n; ).
PeM;

For an arbitrary approximate distribution P € My(e), we construct an estimator

G(N) = H(an,)v

where N; ~ Poi(np;) and n’ = >, N;. From the triangle inequality, Lemma 16 and
Lemma 17, we have

SOV) — o))y
1/~ - P P ?
<—||6(N) -0 0|l —— | —9(P
3( o (Zf-ﬂh) ’ (Zim) ( )>
115 = P W & Di ’
16V —a L wl S RN _
SS( ) <Z§—1p1> i @ ; Zf 1Pj j 1p] )
(] - P W i
SS(H(N)_9<Zf=1pi>‘+Oé; Zj T ]lej_l
2
Jr|Cl|z ny ij1>
(] - P W& i\ L
<[ |a(N) -0 Weas™( P ) eSS P
=5| "™ <Z§—1Pi> Ta 2—2(2?—1%) . ‘; ,’;—1pj>

+

|3

2
Elmoe 4 01|e)

o P
O(N)—0
) <Z§_1Pi>

2

I P 2

9(]\7)—6( - )D +Wk:2 22 4 cle?
Zi:1pi a?
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For the first term, we observe that N ~ Multinomial(m, ﬁ) conditioned on n’ = m.

Therefore, we have

2 2
- P > - P
E[O(N) -0 E||O(N,m)—0 n =m|P{n =m
( ) (Zf_lpi>> mz:o < ( ) <Zf_1pi>> { }

R*(m, k; )P{n’ = m} + 0.

[M]8

<

3
Il
o

From Lemma 16 and Lemma 17, we have

R*(m,k;¢) < sup  (6(P) — 6(P))*

P,P'e My
Wk k 2
< sup [ — Ipi— 0"+l |pi — D
s (S e
k k 2
W
<4 sup | — > pi+le] ) pi

2
§4(Wk'1a + |Cl|) .
(07

Note that R*(m, k; ¢) is a decreasing function with respect to m. Since n’ ~ Poi(n > Di)
and |>°; p; — 1] < € < 1/3, applying Chernoff bound yields P{n’ < n/2} < e~"/32. Thus,

we have
P 2
E(é(N) —9< R ))
> i1 Pi
. W 2
< Z R*(m, k; »)P{n' = m} + 4<k1a + |cl> P{n' <n/K}+4
m>n/K @
_ 1117 2
<R*(n/K,k;¢) + 4<k10‘ + |cl|) e /32 15
@
The arbitrariness of § gives the desired result. O

The lower bound of R* (n,k,€; ¢) is given by the following lemma.
Lemma 11. Let U and U’ be random variables such that U, U’ € [0, \] and E[U] = E[U'] <1
and |[E[0(U) — 0(U")]| > d, where A < k. Let ¢ = 4\/k. Then

Bkeo) > s (; — KTV(E[Poi(nU/k)], E[Poi(nU’ /k)])

T oa2k20-142 T L2

6ATV2N20 4¢3\
=16

Proof of Lemma 11. The proof follows the same manner of the proof of ( ,
, Lemma 2) expect Eq (12) below. Let 8 = E[U] = E[U’] < 1. Define two random

vectors
Ul Uk / U{ Ulé
P=—,...,—,1— P=(— .., 6 —=1-
<I€’ ) k? IB>7 k? ’k’ B )

where Usa nd U/ are independent copies of U and U’, respectively. Put ¢ = 4)\/vk. Define
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the two events:

5:

.

Applying Chebyshev’s inequality, the union bound, the triangle inequality and Lemma 16
gives

U,
2% 8

i

<6 0(P) - E[(P)]| < d/4] ;

—-p

f’ <6 |0(P) —E[B(P)] < d/4] :

pee S]P’{

LR } L B{O(P) — EIO(P)]| > d/4)

<Var[U] N 16 >, Var[¢(U; /k)]

— ke d?

1 16, E[(¢(Ui/k) — 9(B/k))?]

16 + d?

L, RSBV - A | 32 Bl - )
16 a?k2a? k2d?

PRI -0 S 50

—16  o2k2e-1(g2? kd?

By the same manner, we have

1 322 )\2 32¢2 02
Pglc < + + cl
16 ' a2k2e-142 kd?
We define two priors on the set My(e), the conditional distributions m = Py¢ and 7' =
Pyijer. By the definition of events £,£’ and triangle inequality, we obtain that under =, 7',

o(P) — 0(P)| > 5.

By triangle inequality, we have the total variation of observations under 7,7’ as

TV(Pyg e, Pyer) <TV(Pyje. Py) + TV(Pyg, Py.) + TV(Py., Pyer)
=PEC + TV( o PN’) + PE'e
1 6AW2X20  64c2N2
STV(PN7PN/)+§+a2k2a_1d2 + ]{;d2

From the fact that total variation of product distribution can be upper bounded by the
summation of individual ones, we obtain

k
TV(Pg, Pg.) gz (Py,» Pg;) + TV (n(1 = §),n(1 - B))

—k;TV( [Poi(nU/k)], E[Poi(nU’ /k)]).

Then, applying Le Cam’s lemma ( , ) yields that
d? (7 64W32N2>  64c2\2
> (L : : / _ _ 1
R*(n, k,e; ¢) > 16 (8 ETV(E[Poi(nU/k)], E[Poi(nU’ /k)]) 2 2aT 2 )

O

To derive the upper bound of TV(E[Poi(nU/k)], E[Poi(nU’/k)]), we apply the following
lemma proved by ( ).
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Lemma 12 ( ( , Lemma 3)). Let V and V' be random variables on [0, M].
IfE[VI]=E[V"], j=1,..,L and L > 2eM, then

TV(E[Poi(V)], E[Poi(V")]) < <QeLM ) .

Under the condition of Lemma 12, the following lemmas provides the lower bound of
d.

Lemma 13. For any given integer L > 0, there exists two probability measures vy and vy
on [0, A] such that

EXNI/O [Xm] = Ex,\,l,1 [Xm], for m = O7 ...,L,
Ex oo [0(X)] = Exu [9(X)] = 2B (¢, [0, A))-

Lemma 13. The proof is almost same as the proof of ( , Lemma 10). It follows
directly from a standard functional analysis argument proposed by ( ). It
suffices to replace z* with ¢(x) and [0, 1] with [0, A] in the proof of ( ) , Lemma
1). O

As proved Lemma 13, we can choose the probability measures of U and U’ in Lemma 10
so that d in Lemma 10 becomes the uniform approximation error of the best polynomial
Er(¢,]0,A]). The analysis of the lower bound on Er(¢, [0, \]) can be found in Appendix A.
By using the lower bound (in Lemma 9), we prove Theorem 4 as follows.

Proof of Theorem /. Set L = |Cilan] and A = C’glnT" where C7 and Cy are universal
constants such that 2eCy < C;. Assembling Lemmas 9 and 11 to 13, we have M = C'QIHT",
|E[p(U) — o(U")]| =d > ck‘(%)a where ¢ > 0 is an universal constant. Also, we have

R*(n, k, € ¢)
- (7 [ 2CyInn LG I _ 64W?[CiInn] o _ 64cF|CiInn| o \2-20
~16 1\ 8 k|Cylnn] c2a2k2at! k3 '

If a € (1/2,1), it is sufficient to prove Theorem 4 when k > n'=1/2*Inn because of Theo-
rem 3. Hence,

64W2|Cy Inn|**
22 k2at1 =o(1) (13)

64c?|Cy Inn |29 \2—2
il 16%3 =o(1). (14)

If « € (0,1/2], we assume k 2 In® n. Then, we get Eqs (13) and (14). Moreover, for

|C11Inn]
sufficiently large C4, we get k(%) ' = 0(1).Thus, we have
- k2
R*(n,k,e¢) 2 d* 2 ———— (15)

~ (nlnn)2e’

The second term in Lemma 10 is bounded above as

1474 2 k2
4 2= l—a —n/32 — .
(ak *""') ¢ °(<nlnn>2a>
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For o € (0, 1), we get an upper bound on the fourth term in Lemma 10 as

02)\2—2aL4a
C%EQ SIT . d2
x| Cilnn |4
— k2 :

d* =o(1) - d*.
If a € (1/2,1), the third term in Lemma 10 is bounded above as

KQkQ—%era < W2L4a L2
0[2 _C2Oé2k3a
< W2|Cy Inn)* .
202)3

d* =o(1)-d*
Then, Eq (15) and Lemma 10 gives

- k2
* . > _ - 0
R*(n,k; ¢) = )2

If o € (0,1/2], we assume k > ¢/ In3 n for an arbitrary constant ¢’ > 0, and we get

w2 W2Cde
5 k272a€2a < 130/ . d2
o c2alc”®

Hence, for sufficiently small ¢/, Eq (15) and Lemma 10 yields

- k2
R (n) k? (rb) ~ (n 1n n)Q(X N

C Proofs for Upper Bounds

We use the following helper lemma for proving Lemma 3.
Lemma 14 ( ( ), Lemma 4). Suppose lg is an indicator random variable
independent of X and Y, then

Var[X1g + Y1g.] = Var[X|PE + Var[Y|PEC + (E[X] — E[Y])’PEPEC.
Proof of Lemma 2. From the property of the absolute value, the bias is bounded above as
Bias [é(N) - 9(P)}

< Zk:(Bias |:1N{22An,k (¢p1ugin(Ni) - ¢>(pi)>} + Bias [1N{<2An,k ((bpoly(]\?i) — ¢(pz))} )

Because of the independence between N and N’, we have
Bias |:1N522An,k (¢plugin(Ni) - ¢(pz)):| =Bias [¢p1ugin(Ni) - ¢(p7,)j|]P){N7,l > 2An,k}

Bias| L, cos,, (9poty (V) = 6(p1) )| =Bias [ 001, (V) = 6(p) | P{ 7 < 22,1}
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nk Ank

For p € [ 5ok, =t ] from Lemmas 15 and 16, we have
Ap ok
o n k n, B ;
‘ 4<p7 ¢a n ) mn ) (rb(p )
m) ( Bn, m 4—m

) i@é( )( nk) LA\ 441 5 p—Snk
- m! P n A+ 041 ST Bue Ak

m=1 {=0 2n n

#lo(224) - oo

4 |p(m) % m 4—m / , ¢ 4+1
3 I ) S () (k) ()

m=1 4
w
+E+|Cl\
)] By
0 w

Sz:l - <2T;1> (5—m)+g+|61|

4 «@ m

Q1 W An,k —m An,k W

S5Z< ml ( n )2 +Cm< 2n> >+a+|61|,

m=1

where we use 0 < B, ,,(x) < B,,(v/n) to get the third line. From the assumption A, ; < n,
we have

2n

4
n,k Ank O[m,1W w
H4<pa¢7 n ) >_¢(p)‘<5z< mlom +Cm)+a+|cl~
m=1
Also, for p € [1, 2], we have

24:(1)(’”)( m“z’:” a1 g p—1
i 4+£+1 £,44+041 9_1
+7+|Cl|

+[o(1) — o(pi)]

For p € (A;‘L”“, ), we have by Lemma 16 that

6(0) ~ 6(p0)] < - +lerl.

Consequently, we have for p > 0

b ani (p) — 0(pi)

n

4
w
<53 am-alW b en) + - Flarl S1 (16)
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For p € ( n,k An,k)7

2n 7 n

p (2) An,k An,k
H .
on| 4 (p,gf), n ’ 2n>’
! A 2. /2 1 LA\
_ p Z¢(m) n,k k
2n | n )= \i ((m—1i)Vv0)!
A,
Z A1 peoy (P2 T
A 041 battri| AL
=0

2n
An,k (m—14)Vv0
vo) P
(4
(4

z¢m>(

4—m

)z

(2

+1
1

2n

n

2
0
1A+ + 1)! (20Nt
)

Api

(2 —1 p— ===

E -1y B i| —2—

=0 (4 ( t-1 i)! j=0 ( )< J ) e 1+<_ )

An,k
2n

)

where the last line is obtained by using the fact B(l)( )

= n(Bl/—l,n—l(x) - Bu,n—l(x))~
Again, the fact 0 < B, ,(z) < B, »(v/n) gives
ﬁ (2) . An,k An,k
2 H4 (pa ¢7 n ) 27l ) ’
4 2 (m—4)VO0
ﬂ Z ¢(m) An,k Z 2 1 An’k
2 = n —\i ((m—=i)VvOo)l\ 2n
o (2 j Z) A+ DA+ ((=j)TT AT 4i4 )
= = j Jl=Nd-=14i+7)

(A+0— 1+ 0T+

¢(m) An,k 5_m An,k (m—2)VO0
n ((m—=2)vOo)\ 2n
An k

()" B4 (8er)”)
. % mil—:l (am_lW(Agk)a_m - C’”) (((mf)_;lv 0)! (Azj{k)(m_lm

— 2m/! 2n

! 2(077(15 _17;) (Aﬂ“)m L 200+ (4 =m)(5 —m)) <An7k>’”+l> |

From the assumption A, < n, we have
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From the assumption, there is a universal constant ¢ > 0 such that A,, > ¢. Thus, we have

in)(mAzkviﬁ)!
DG
<2m1(((in —_m2)) it ;ﬂ?gfn _—WI;! L2004+ (;lm—+ 2255 —m)) ) .

Also, for p € (1,2), we have

ya
o ‘ HY (p; ¢71,2)‘

4
1
<H Z:l WA W+ ¢)

5—m 206—m) 2004+ (4 —m)(5—m))
(m—=2)vo)  (m-—1)! 2m)! '

Thus, we have for p > 0
p —
‘cb(f)k (p)‘

4 a—1

<> <am 1W + |C:|)

" G-m)  205-m) 204+ d—m)5—m))
(”(((m—mvo)!+ m—1y © 2ml >)

<L (17)

o
Combining Eqgs (16) and (17) yields for any p; € [0, 1]
Bias | puugin (V) — 0(p)] S 1.
Then, we have
Bias [dptuein (M) — 6(p) | P{ V] > 22, }
= Bias {d)plugin(ﬁi) - ¢(pz)] P{Nz/ > QAn,k}lnméAn,k
+ Bias | Gpigin (Vi) — 6(0) [P{N] = 22,1 b poa,
SP{N{ > 2An,k}1npigan,k + Bias |:¢p1ugin(Ni) - ¢(pi)} Lopi>an .-

The Chernoff bound for the Poisson distribution gives ]P’{Nl' 22An,k}1nm§An,k <
(e/4)Ank. Thus, we have

Bias | Gpiugin (Vi) — 6(p) |[P{ N/ 2 28, }
(e/4)>+ + Bias | dprugin(N) = 6(00) | Loy, i (18)

Similarly, we have by the final truncation of ¢po1, and Lemma 16 that

Bias [y (V) — 6(p0)] < sup [6(6) — 9(po)] < - +]eal.
p€[0,1] a
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The Chernoff bound yields IP’{N’ <2A, k} e=nk/8 for p; > 4A,, . Thus, we have

Bias | dpory (V) — 6(pi) | P{ N/ < 28,4}
< Bias | 9oy (Vi) — 6(p ]P{N’ < 280 fLupisia,
+ Bias [¢poly( Ni) = o(p )} {Nz/ < QAn,k}lnpi>4An,k
. N w —Ap /8
<Bias [%oly(Ni) - ¢(pi)} Lupigan,, + | -+ laf Je7=mrm (19)
Combining Eqs (18) and (19) gives the desired result. O

Proof of Lemma 3. Because of the independence of Ni,..,Ng, N}, ...,N,’C, applying
Lemma 14 gives

<Var [zk: Nis2A,, <¢plug1n (N;) — é(p )) 1500, <¢poly(Ni) - ¢(pi))]

<3 va r[Lirsoa,, (Bt (V) = 6(00)) + g, o, (Spory (V) = 6(01)) |
i=1

< Xk: Var [¢plugin(Ni) - ¢(pz):|P{ Nil > 2An,k} (20)
i=1

+ Var [¢poly(N) qb(pi)}[?{]\?{ < QAW}
+ (B o (V) — 6(6)] B[ (%) — 6(51)] )’

P{N{ > 2An,k}P{z\7; < 2An7k}>.

We can derive upper bounds on the first two terms of Eq (20) in the same manner of Eqs (18)
and (19) as

Var [ dptugin (V) = ¢(pi) | P{ N/ = 24,4}
< (e/4)>* + Var [ pgin(N) = 6(p0)| Lup.> 2,00
and
Var [ dpoy (V) = 6(p:) [P{N] < 28,4 }
< Var [¢p01y(Ni) - ¢(Pi)} Lopi<dn, , + e Smr/8,
By the Chernoff bound, we have
IP’{N{ > 2An,k}P{N; < 2An,k}
=(Lpcan, + 1p>aa,, + 1An,,€gpig4A,,L,,€)P{N; > 2An,k}1@{z\7; < QAM}

§(6/4)An’k + e_A"’k/S + 1An,k-,§pi§4An,k'
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Thus, we have the upper bound of the last term of Eq (20) as
(B ot () — 9(00)] ~ Bspory (V) — 6(p0)] ) B{N; > 28, JB{ 8! < 28,4}

< (Bias [¢plugin(Ni) - ¢(Pi)] + Bias [d)poly(Ni) - ¢(Pi)]>2
((6/4)A"’k +em B8 1An,k3pis4An,k)
S(e/4)Anh 4 e Bnn/®
+ (Bias [¢plugin(1\7¢) - ¢(pi)} + Bias |:¢poly(Ni) - ¢(pi)D21An,kgp,-g4An,k-

O

Next, we prove the upper bounds on the bias and the variance of the best polynomial
estimator as follows:

Proof of Lemma j. Let (b;up’A = Psup,a V SUP,cio,A] PL (p) and qﬁ{nf’A = QA N
inf,cj0,a] #z(p). By the triangle inequality and the fact that gz, is an unbiased estimator of
¢r,, we have

Bias [(gL(N) A Psup,A) V Ging, A — ¢(p)}
< Bias [(gL (N) A ¢sup,A) \ (ybinf,A - (gL(N) A (béup,A) N ¢£nf,A:|
+ Bias| (91 (N) A ) V Ghus.a — 61.(0)] + Bias g1 (V) = 6(p)]

By Chebyshev alternating theorem ( , ), the first term is bounded
above as

Bias (91 (V) A daup.a) V dinta — (9(V) A 6l a) V Shur a
bgup.a — Dsup,a) V (Dine,a — Ging.a) < EL(9, [0, Al).

Also, the third term is bounded above as

Bias|g. (V) — 6(p)| =[o1(p) — 6(p)| < Er(9, [0, A)).

The error bound of Ep(¢,[0,A]) is derived in Appendix A. From Lemma 8, we have
En(4,[0,A]) < (%)a. The second term has upper bound as

~

Bias | (92(V) A ) V a2 — 91.(0)| :\/ (B[We(8) A 6y a) V bl s~ 60)])

~ 2
Since 61(p) € [, a1 Ghup.a] for p € [0, A], we have ((92(N) A 0l ) V dlura = 02(p)) <

(gL(N) — ¢L(p))2. Thus, we have

Bias (0.9 6l )V bl s~ 620)] < [ Var[g0(8) — 02(0)]
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Proof of Lemma 5. It is obviously that truncation does not increase the variance, i.e.,

Var [(QL(N) A Gsup,a) V int,A — ¢(p)} < Var {QL(N) - ¢(p)]
Letting ¢a(p) = ¢(Ax) and ao, ..., ar, be coeflicients of the optimal uniform approximation
of ¢a by degree-L polynomials on [0, 1], we have Ei:o %(N)m = g(N). Then, since

the standard deviation of sum of random variables is at most the sum of individual standard
deviation, we have

. L A™|a,,| —\"
Var[g (V) - o(p)| < [ 32 =/ Var(N),,, | -

m=1 n
From ( ) ) and the fact from Lemma 16 that ¢ is bounded, there
is a positive constant C such that |a,,| < C23L. From ( : ), Var(N),  is

decreasing monotonously as m increases, and for X ~ Poi()\)

(2¢)2VAm
Var(X), < (Am)™ (W v 1).

By the assumption of p < A and monotonous, Var(N), < Var(X)  where X ~ Poi(An).
Thus, we have

~

n
m=1
L 2
[ A3m [ m —~
S(Z 723L(26)\/A L) .

m=1

2
v (AnL)m(2e)2‘/m>

Var{gL(N)} << L Ami?)l,

, we have

. 3
From the assumption &£ < 1
n 2

IN

I
/N —
t~ )
)
w
=~
~
&
a
d
—_
+
E‘w
)
|
P VN
3\%
h
~__—
h
L
~
[\v]

< 16APLG4E(2¢)2V 20T
N n
< A3L64L (26)2\/ AnL

~

n
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The proofs of the upper bounds on the bias and the variance of the bias-corrected plugin
estimator are obtained as follows.

Proof of Lemma 6. Applying Taylor theorem yields

N (:) - ¢(p)]
_le ¢(1)(p)N;n}? . ¢(2;(p) (JZ _p>2 <JZ>

(s a5
E|ps® (p) - %9 ("Z)

R?’(]Z;Q;A’pﬂ" (21)

where we use the fact that for X ~ Poi(\), E[(X — X)?] = A, E[(X — X)?] = A, and
Rs3(x;¢a,p) denotes the reminder term of the Taylor theorem. The first term of Eq (21) is

bounded above as
al N o[ N
C AR pe®@ () — L@ 2L
on po (p) n ¢A n

Bias

p[s® (p)]

< 1
6n2

E
S5, + +

)
:%E N¢:>(p) (JZ—P>+ R1< (Az)’p>H
Sl Zﬂmgwﬁ%pm 2

- 2n
where the last line is obtained by using the fact that for X ~ Poi(\), E[X(X — A)] = A,

and Ry (z; d) A, D) denotes the reminder term of the Taylor theorem. From Lemma 15, the
second term of Eq (21) and the first term of Eq (22) are bounded above as

+ |E

P[P ()] _aaWp 2+ esp o 1 ¥ (23)
6n2 - 6n2 ~ n2A2-a  p2

[P ()] _aaWp 2 +esp 1 P (24)
2n2 - 2n2 ~ p2A2-a p2’

The rest is to derive the upper bound on ‘E[Rg(%; Q;A,p)} ’ and ’E[%2 Ry ( et ¢(2) )} ’

Let p = % From the mean value theorem, letting a function G(z) be continuous on the
closed interval and differentiable with non-vanishing derivative on the open interval between
p and p, there exists £ between p and p such that

B 7(4) -G
Rs (5 ¢a.p) :%6@( ~¢)° (G)(l)(f)@'
Define G(z) = 2 (p — )*. Then, there exists ¢ such that
7(4) 3(4 4
N §) . -
R3(p;da,p) = — A172()(p — OSﬁ(?ﬁa)(ﬁ)— BE
SO o
iz Y )
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Thus, we have

o el
|E[Rs(p; da,p)]| <E [12pz(§+f))(p_p)

_12 12p2 {52’(13

']
SUD¢eRr ¢ ¢A 3 )
<— 12p‘2 ’E[p_p)ﬂ

1 1 -
(e ) el
_<4n2 + 12pn3) ;églé INIIIE
where we use the fact that for X ~ Poi()\), E[X%] = 3\ + \. For ¢ € (%, A), we have
A
’H“) (5; 65 A) ’

4 4 4 —m (4 ) f—A
L@ () a9 L sre(e)

) Z=40 \ | £=0
— Z d)(m) Z (’L) ﬁ(g o A)(mfz)\/o
m=1 1=0 :
4— (4—i)AL .
5(5 4 0)! (4 — ‘ (A
S GO +E+10) g (_”3( J ) B””““( Af2 ) ’

where we use B,(},)l(x) =n(By_1n-1(x) = Byn_1(x)). Since 0 < B, ,(z) < B, ,(v/n) <1
there is a universal constant ¢ > 0 such that for any i =0, ...,4

4—m (4—i)NL
5(5 4 4)! E—A
B (=) <e
GO0+ +1) JZZ:O it TAj )| =€

Thus, we have from Lemma 15 that

H® (5; ¢, % A) ’

o3 (2 vl - o1

1=

62

hE

m

e

4
(Oém71WAa_m + Cm) Z (j) «#A(Q-i-m—i)\&
=0

— m—1)V0)!
4 4
= ( > (a7rl_2WA(2+a7i)\/(2+afm) + CmA(2+m7i)\/2)
m=11 \/ 0>'
SAe?
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Similarly, for £ € (1,2)

& H9 (& 0.2,1)
- ¢ ; i) ((m—1)Vvo0) ¢
4
<Z A1 W + ) Z( >\/O)

m=1

<L
For ¢ € [A, 1], we have from Lemma 15 that
€269 (©)| < a1 W™ +cag? S A2

Since ¢a (&) =0 for £ € [0,A/2] and & > 2 by the construction, we have

sup €26 (6)| 5 A2 (26)
EERY
Thus, we have
B[R (5:62.0)]| € —se— + — o (27)
’ ? ~ n2A2—o¢ n3A3—a :

Define G(z) = %(% —1)2. Then, the mean value theorem stats that there exists £ such that

R 82 =25 O e )
p(g_l)

_ ’X” € €6 —p)’

2 p’p

Thus, we have

D pos 22) <
‘E[anl(pa¢A 7p):H —E

NGl
4n p?

supeex, £2|0%(€)
< LA ‘E[(ﬁ—p)ﬂ

- dnp
_ 3‘ 7(4) ’
= su

An2p geRp+€ op(€)

In the similar manner of Eq (26), we have

sup 53‘05 J( ‘ <A
€R+

Thus, we have

1 < 1
nQPAl—a — n2A2-« :

B Lm0 )| < (29)

By the assumption A > %, we have nSAls,a < nQAIQ*“' Assembling Eqgs (23), (24), (27)
and (28) gives the desired result. O
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Proof of Lemma 7. From the property of the variance and the triangle inequality, we have

_ V vV _ \ (2)
Var lm (f) T (f) ~ o)+ 220 )]
(N Voo [N @)\
(o) () o0
&
2

<9E (m(f)—wp)) 4 2F (;;?(f)—p 2)(p)> : (29)

n

Applying Taylor theorem to the first term of Eq (29) gives

N (:) — ¢(p)
. - 2 ) . 3 .
_ ¢(1)(p)<if p) . ¢><2;(p) (JZP> . ¢<s;(p) (J;fp> +R3<‘:;$A,p> ,

where Rj (%, DA, p) denotes the reminder term of the Taylor theorem. From the triangle
inequality, we have

(a_ﬁA(Z) —¢>(p)> :4<¢(1)(p)>2<]: _p> + <¢(2>(p))2(17;f_p>
+(¢(3)9(p))<]§_p> +4<R3<§;¢A,p>>- (30)

The central moments for X ~ Poi()\) are given as E[(X — \)?] = L, E[(X — \)4] = 3\%2 + ),
and E[(X — \)®] = 1523 + 2502 + \. Lemma 15, the triangle inequality and the assumption
% > A, the expectation of the first three terms in Eq (30) have upper bounds as

~ 2
2( N 8W2 20—1 +8 2 200—1
E 4(¢(1)(p)> ( —p) <2 P A

n n n n

n3
p20(—1 p2a—1 )
~ n2A n3A2 2
20—1
<p + P
~ n n27

and

(3) 2 /5 6 3 2
E @Vw) (Np> §(2a§W2p2“6+c§)<15p +25p + p)

9 n n3 nt nd
<p2a71 N p2o¢71 N p2a71 P
~NTBA2 T pAA3 T pBAA T B
2a—1
P p
~on n3
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From Eq (25), there exists £ between p and p such that

offst))

(e LY
=4E (121)2(%_‘_13)(]9—10)4

27(4)
supes, |60 (6)]
El(p — 8
36p* [(p p) ]
105 490 119 1 b —(4) ’2
<
B (36n4 T 36m5p T 36007 T 36n7p) g Coa @]

where we use E[(X — A8 = 105M* + 490\% +

11922 + X for X ~ Poi()).
SUPger,

Since
£ 7(&1)(5)‘ < A% from Eq (26) and A 2 1 by the assumption, we have

2
4E < < ,QSA’ ))
1 1 1 1
N AL 2a + nSAP—2a + n6A6—2a + NINET
1

<
n4A4—2o¢

Letting g(p) = p(])(AQ)(p), application of the Taylor theorem to the second term of Eq (29)
yields

(6)) +pol3)(r)) (ﬂf —p> v (f;gm) .

The triangle inequality and E[(X — \)?] = A for X ~ Poi()\) give
E <N(2) <N> _ p¢(2)(]9)>2
m2"A \ n 2n
. 2 - 2
(6RO + PPy (N _p> L ( i, (N;g,p»
n n 2n n

_p(@@2)(p)* +p(pe(3)(p)* | 1

N (N po (p) 1
2 A N o S ¢ ) R g
2n? 2N ( n ) 2n

- 2n

n3 2n2

Applying Lemma 15 gives

P(6(2)(p)* + p(pe(3)(p))?

n3

1
ﬁ(chlW2 2073 1 9pcd + 202 W23 1 2pc )

Pl p

n3A2  n3
2a—1

S,p + p

AN

n n3’
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Let p= & and G(z) = %(ﬁ — x)2. Then, the mean value theorem gives that there exists &

n

between p and p such that

E[(Ri(5:9.0)°] =E

2608 (6) + 268 (e)|

E
31
S(z + 3> sup
n D/ ¢ery

3 1
s i
n n°p EERy

In the similar manner of Eq (26), we have

g‘”(f)f).

ea ()| < ar,

_ 2
&R +2 sup
§ER L

’(3) 2 < 200—4
§op(§)] AT, and sup
geRy

sup
EERy

Thus, we have

~ 2
1 N 1 ! !
ﬁE (Rl (TL, 9>p>> ,S n4 Ad—2a + n2A5—2a 5 ndA4—2a"

Consequently, we get the bound of the variance as

2a—1
p 1 p
n + nAA4—2a + n

D Proof of Proposition 1

Proof of Proposition 1. It is obviously that if the output domain of ¢ is unbounded, i.e.,
there is a point pg € [0, 1] such that |¢(p)| — oo as p — pg, there is no consistent estimator.

Letting pg = (W\/ 7 ) »™M (p) has same sign in (0,po]. Thus, for any p € (0,po], we have

66) — 6(p)| =| [ " 60 (@)de

Po
:/ ‘¢(1 ‘daz
>W/ 1da:+cl (po —p)

>W In(po/p) + ¢} (po — p).

Since |p(p) — ¢(po)| — 00 as p — 0, ¢ is unbounded and we gets the claim. O
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E Additional Lemmas

Here, we introduce some additional lemmas and their proofs.

Lemma 15. For a non-integer «, let ¢ be a m times continuously differentiable function
on (0,1] where m > 1+ . Suppose that there exist finite constants W > 0, ¢, and ¢, such
that

m*

’aﬁ(m) (p)‘ < ap—1Wp*™" + ¢y, and ‘Qﬁ(m)(p)‘ > oA Wp™ ™" + ¢
Then, there exists finite constants ¢,,—1 and c,,_, such that
6D )| < a2 WP 4, and \¢><m*1><p>] > W

whereaozlandaizl_[; 1 —a) fori=1,..

1/(m—a)
Proof of Lemma 15. Let p,, = (M) . Then, |¢(m)(p)| > 0 for p € (0, pm)-

A1 WV—ch,
From continuousness of ¢(™) (") (p) has same sign in p € (0, p,], and thus we have either
™ (p) = QA Wp* =™+, or ¢ (p) < =y 1 Wp*~ ™ —c}, inp € (0, py]. Since ¢(m =Y
is absolutely continuous on (0, 1], we have for any p € (0, 1]

P
¢V (p) = " Dpp) + [ 6 (2)da
Pm
The absolute value of the second term has an upper bound as

P
o™ (x)dx:

Pm

P
</ A I W™ + cppdx

<|am 2W( a—m+1 _ pa—m—i-l) + Cm(p _ pm)’
<2 W™ 4 s WS " + o (P — )|
<am_2Wp*™ mrh g Oy — ZWpa 4 |Cm|

Also, we have a lower bound of the second term as

P PADPm P
& (2)d o™ (z)dz + &' (2)d
/P (x) ) / (x) ' /;D/\Pm (x) ’

p
/ U1 Wpia ™ + cpdax
p

ADPm

PAPm
> / U AWz ™ + ¢l dx| —

Pm

> [ W (957 = (0 A D)™ ") 4 (0 A ) = )|
— (@AWl 4 en) (0 — (0 Apm))|
T oW — e (P — (P A D))
— (WP + en) (0 = (A Pm))
> s WP — s Wl ™ — | i
- (Oém—lwl)gnim + cm)(l — Pm)

> Oém—ZW(p A pm)

Applying the triangle inequality and the reverse triangle inequality gives

P P

[ o @]~ oD )| <[5 00| < | [ 6 @da] + |6 )|
Thus, setting 1 = Q2 WpS~ m+1+\c |—|—|¢m D (pm |andcm 1= — Qo Wpamtl_
(P — (G WP + e )(1 = Prn) — [ 60" (pyn)]| yields the claim. 0
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Lemma 16. Under Assumption 1 or Assumption 2, for any p,p’ € [0,1]
w o
[6(p) = ()l < —lp = P'I" +ler(p = ).

Proof of Lemma 16. We can assume p’ < p without loss of generality. The absolute contin-
uously of ¢ gives
, 7
[6(p) — o(p)| = /
p/

<

P
/ 6D (2)da
p/

o()|dz

From Lemma 15, we have

lp(p) — ¢(p)| <

P
/ Wzt +¢;)dz
p/

« |

= 0" - pP)+alp—7p)

W
SEIP—p'Ia + lei(p — Pl

where the last line is obtained since a function z* for o € (0,1) is a-Holder continuous.
This is valid for the case p’ = 0. Indeed,

l9(p) — ¢(0)] =p1,iglol<b(p) — o)

p’—0 (8%

. w o
< tim <|pp'| 4 |c1<pp'>|)

w o
ZE|P—0| + |ei(p —0)].

Lemma 17. Given a € [0,1], suppe p, SF L pr = ke

Proof of Lemma 17. If a = 1, the claim is obviously true. Thus, we assume a < 1. We in-
troduce the Lagrange multiplier A for a constraint Z?:l p; = 1, and let the partial derivative

of Zle pe+ A1 — Zle p;) with respect to p; be zero. Then, we have
ap?™t =X =0. (31)

1

Since p®~! is a monotone function, the solution of Eq (31) is given as p; = (A\/a)/(@=1)]

i.e., the values of pq, ..., pr are same. Thus, the function Zle p¢ is maximized at p; = 1/k
for i = 1,..., k. Substituting p; = 1/k into Zle ps* gives the claim. O

Lemma 18. Given o« < 0 and A < £, SUPper,vip>a Zle ¢ =
(1= (k=1)A)* 4+ (k- 1)A%) < kA~

Proof. From the KarushKuhnTucker conditions, letting P* = (p7,...,p}) be a probability
vector that attains the supremum, there exist real values A and §; > 0 such that

(Pt =A=d6;=0,
and pf = A only if §; > 0. Thus, we have

pr =AY@Y or pr = A
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Hence,

k
sup pr‘ = max (mA*+ (k—m)(1 —mA)?).
PeM;:Vip>A 5] m=1,....k—1

Since A% > (1—-mA)* for m = 1, ..., k—1, the maximum is attained at m = k—1. Moreover,
we have (1 — (kK — 1)A)* < A%, and thus we get the claim. O
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