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Abstract

This study examines sharp bounds on Arimoto’s conditional Rényi entropy of order 8 with a fixed another one
of distinct order o # (. Arimoto inspired the relation between the Rényi entropy and the /,-norm of probability
distributions, and he introduced a conditional version of the Rényi entropy. From this perspective, we analyze the
£,-norms of particular distributions. As results, we identify specific probability distributions whose achieve our sharp
bounds on the conditional Rényi entropy. The sharp bounds derived in this study can be applicable to other information
measures, e.g., the minimum average probability of error, the Bhattacharyya parameter, Gallager’s reliability function

FE)y, and Sibson’s a-mutual information, whose are strictly monotone functions of the conditional Rényi entropy.

I. INTRODUCTION

In information theory, the Shannon entropy H(X) and the conditional Shannon entropy H (X | Y') [34] are
traditional information measures of random variables (RVs) X and Y, whose characterize several theoretical limits
for information transmission. Later, the Rényi entropy H,(X) [26] was axiomatically proposed as a generalized
Shannon entropy with order a. For a discrete RV! X ~ P, the Rényi entropy of order o € [0, 00] is defined by

r

Ho(X) = Ho(P) = Tlgr}l 1 In || P, (1)

—r
where In denotes the natural logarithm, the /,.-norm of a discrete probability distribution P is defined by
1/r
iPl=( Y rer) @
z€supp(P)
for r € R, and supp(P) = {z € X | P(x) > 0} denotes the support of a distribution P on a countable alphabet X'.
Note that (1) is well-defined since the limiting value exists for each o € [0, 00] as follows:

«

H,(X)= 1_alnHP||a for a € (0,1) U (1, 00), 3)
Ho(X) = In[supp(P)|. @
H\(X) = E[- ln P(X)] = H(X), )
Hoo(X) = ~1n|P|c, ©)

This work was partially supported by the Ministry of Education, Science, Sports and Culture, Grant-in-Aid for Scientific Research through the
Japan Society for the Promotion of Science under Grant 26420352.
'An RV X with distribution P is denoted by X ~ P.
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where | - | denotes the cardinality? of the countable set, E[-] denotes the expectation of the RV, and ||P|| =
lim, o0 || P|l» = max,esupp(p) P(x) denotes the {o.-norm of P. Moreover, Arimoto [2] proposed a conditional
version® of the Rényi entropy H, (X | Y) as a generalized conditional Shannon entropy with order «. For a pair of
RVs (X,Y) ~ Px|y Py, the conditional Rényi entropy [2] of order a € [0, o] is defined by

r

Hy(X|Y):= lim

roal—1r

InN,.(X |Y), 7
where the expectation of ¢,.-norm is denoted by
N (X Y) = E[||Pxyy (- | V)ll-] ®)

for r € (0,00], and note in (8) that Y ~ Py. In this study, the RV Y can be considered to be either discrete
or continuous. By convention, we write Ho(X | Y = y) = Ho(Pxy(- | y)) for y € supp(Py). As with the
unconditional Rényi entropy (1), note that (7) is also well-defined since the limiting value also exists for each

a € [0, 00] as follows:*

Ho(X |Y) = 1fa1nNa(X|Y) for a € (0,1) U (1, 00), ©)

Ho(X |Y)= sup Ho(X|Y =y), (10)
y€supp(Py)

Hi (X |Y)=E[-InPxy(X |Y)] = H(X|Y), (1n

Ho(X |Y) = —InNo(X | Y). (12)

Note that Arimoto [2] proposed H, (X | Y) in terms of the relation between the ¢,.-norm and the unconditional Rényi
entropy, shown in (1) (see also [41, Section II-A]). As shown in (5) and (11), Rényi’s information measures can be
reduced to Shannon’s information measures as « — 1. In many situations, Rényi’s information measures derive
stronger results than Shannon’s information measures (cf. [1], [6], [7], [9], [38]). In addition, the quantity H, (X | Y)
is closely related to Gallager’s reliability function Ey [14, Eq. (5.6.14)] and Sibson’s a-mutual information [21],
[35]; and thus, coding theorems with them can be written by H, (X | Y) (cf. [2], [41]). Many basic properties of
H,(X |Y) were studied by Fehr and Berens [13].

Bounds on information measures are crucial tools in several engineering fields, e.g., information theory, coding
theory, cryptology, machine learning, statistics, etc. In this paper, a bound is said to be sharp if there is no tighter
bound than it in the same situation. One of well-known sharp bounds is Fano’s inequality [11], which bounds the
conditional Shannon entropy H(X | Y') from above for fixed (i) average probability of error Pr(X # f(Y)) and
(i) size of support |supp(Px)

, wWhere the function f is an estimator of X given Y. As related bounds, the reverse

2In this study, suppose that |S| = oo if S is a countably infinite set; thus, note in (4) that Ho(X) = oo if supp(P) is countably infinite.

3There are many definition of conditional Rényi entropy (cf. [13], [37], [38]). In this paper, the conditional Rényi entropy means Arimoto’s

definition unless otherwise noted.

4Proofs of (10)—(12) can be found in, e.g., [13, Propositions 1 and 2].
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of Fano’s inequality, i.e., sharp lower bounds on H(X |Y) with a fixed minimum average probability of error
P(X|Y)= mfinPr(X £ f(Y)), (13)

were established by Kovalevsky [23] and Tebbe and Dwyer [36] (see also [12]). Ho and Verdud [20] generalized
Fano’s inequality by relaxing its constraints from fixed number |supp(Px)| to fixed distribution Px. Very recently,
Sason and Verdi [33] generalized Fano’s inequality and the reverse of it to sharp bounds on the conditional Rényi
entropy Ho (X | Y). In their study [33], interplay between H, (X | Y) and P,(X |Y') was investigated with broad
applications and comparisons to related works. On the other hand, we [29] derived sharp bounds on H(X | Y)
with a fixed H,(X | Y), and vice versa, by analyzing interplay between H(X | Y) and N,.(X | Y) (cf. (7).
Unconditional versions of its results [29] were also examined in [30].

In this study, we further generalize interplay between Shannon’s information measure and Rényi’s information
measure of our results [29], [30] to interplay between two Rényi’s information measures with distinct orders o # (3.
We start to analyze extremal probability distributions v,,(-) and w(-) defined in Section II, where the extremal
distributions means that our sharp bounds on H, (X ) can be achieved by them (cf. Section III). To utilize the nature
of the expectation N,.(X | Y) of £,-norm, our analyses of this study are concentrated on the ¢,.-norm of extremal
distributions. Main results of this study are shown in Section IV, which show sharp bounds on Hg(X | Y') with
a fixed another one H,(X | Y), o # 3, in several situation. In this study, we represent our bounds via specific
distributions to ensure sharpnesses of the bounds. The main results of this study are organized as follows:

o Section IV-A shows sharp bounds on Hg(X |Y') with fixed H, (X | Y) and the cardinality |supp(Px)| < co

for distinct orders «v # 3 as follows:
— Theorem 5 gives bounds on H, (X | Y) with a fixed Ho(X | Y) for « € (0,00), and vice versa.
— Theorem 6 gives bounds on Hg(X | Y') with a fixed H, (X | Y) for o, 5 € [1/2, 00] and |supp(Px)| < 2.
— Theorem 7 gives bounds on Hg(X |Y') with a fixed H, (X | Y) for o, 5 € [1/2, 0] and |supp(Px)| > 3
« Section IV-B shows sharp bounds on Hg(X | Y) with a fixed H,(X | Y) for two orders « € (0,1) U (1, 0]
and € (0, 0], as shown in Theorem 8. Note that unlike Theorems 5-7, Theorem 8 has no constraint of the
support supp(Px ).
Finally, Section V shows some applications of sharp bounds on the conditional Rényi entropy to other related

information measures, whose are strictly monotone functions of the conditional Rényi entropy.

II. EXTREMAL DISTRIBUTIONS v,,(-) AND w(-) AND THEIR PROPERTIES

In this subsection, we introduce the probability distributions v, (-) and w(-), which play significant roles in this
study. In addition, the /,-norms and Rényi entropy of them are investigated. Until Section III, we defer to show

extremality of these distributions v,,(-) and w(-) in terms of the ¢,-norm and Rényi entropy.
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For each n € N and p € [1/n, 1], we define the n-dimensional probability vector’

'Un(p) = (U(),’U]/UQ,.../Unfl), (14)
where N denotes the set of positive integers and v; is chosen so that

P if i =0,
v = _ (15)
otherwise

for each i € {0,1,2,...,n — 1}. In addition, for p € (0, 1], we define the infinite-dimensional probability vector

w(p) = (wo, wy,wa,...), (16)
where w; is chosen so that
P if 0<i<[1/p],
wi'=91—|1/plp ifi=|1/p], (17)
0 if i > [1/p]

for each ¢ € {0,1,2...}, and |z] = max{z € Z | z < x} denotes the floor function of 2 € R. Note that
|[supp(v,,(p))| = n for every p € [1/n,1), and |[supp(w(p))| = m+ 1 for every m € Nand p € [1/(m+1),1/m),
i.e., these are discrete probability distributions with finite supports. Since v1(1) has only one probability mass 1
whenever n = 1, we omit its trivial case in our analyses; and assume that n € N> in this study, where N>, denotes
the set of integers n satisfying n > k. By the definition (2) of ¢,-norm, for each r € (0, c0), the ¢,.-norms of these

distributions v,,(-) and w(-) can be calculated as follows:

oa®lle = (5 + (- 1= (1)) 1s)

lo@)]- = (U?J P+ (1 - BJ p)r)m, (19)

respectively. In particular, the {-norms are ||v,,(p)|lcc = p for p € [1/n,1] and ||w(p)|| = p for p € (0,1].
Substituting (18) and (19) into (1), the Rényi entropies of the distributions v,,(-) and w(-), respectively, can also be

calculated as follows:

Ho(0n(p)) = 1 LI (pa -1 _p)a), (20)

—

e = o[+ (- [2))

respectively. We first show the monotonicities of ¢,.-norm of the distributions v,,(-) and w(-) in the following lemma.

Lemma 1. Let v € (0,1)U(1, 00] and n € N>o be fixed numbers. If r € (0, 1), then both £,-norms p, — ||V, (po)|r

and py, — ||w(pw)||» are strictly decreasing functions of p, € [1/n,1] and p,, € (0,1], respectively. Conversely,

SNote in [30, Eq. (3)] that the probability vector v, () is defined by another form; however, a simple change of variables immediately shows

that these are essentially equavalent.
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if r € (1,00|, then both £.-norms p, — ||vn(py)llr and py — ||w(pw)l||» are strictly increasing functions of

py € [1/n,1] and py, € (0,1], respectively.

Proof of Lemma 1: Since || Uy, (py)]|co = Po and ||w(puw)|loo = puw for p, € [1/n, 1] and p,, € (0, 1], respectively,
Lemma 1 is trivial if » = oo. Hence, it suffices to consider the ¢,.-norm for r € (0,1) U (1, c0).
We first verify the monotonicity of the function p — ||v,(p)||,. A direct calculation shows

1/r

8Ug;p)||r (2) agp (pr + (n _ 1)1—r (1 _p)r) (22)
1 1/r)-1/ 9
— (- ae) T (-0 ) @3
1 (1/r)-1
—(r+m-va-p) (T - ) 4
(1/r)—1
=(rm-0Ta-p) T (T e ). @5)
If we define the sign function as
-1 if <0,
sgn(z) =90 if 2 =0, (26)
1 ifx>0

for x € R, then it follows that

sgn <8||vg;p)|r> 2 sen <(pr + -1 (1 - p)T)(l/r)_l) sgn (pr_l —(n-1)""(1 —p)r_l) (27)

=1

= sgn (pr_1 — (-1 - p)r_l) (28)
1 ifr<i,

=40 ifr=1, (29
1 ifr>1

for every n € N>o, p € (1/n,1), and r € (0, c0). This implies that for any fixed n € N>o,
o if r € (0,1), then p — ||v,(p)|~ is strictly decreasing for p € [1/n, 1],
o if r € (1,00), then p — ||v, ()|~ is strictly increasing for p € [1/n,1];
and therefore, the assertion of Lemma 1 holds for p — ||v,,(p)]|,-
We next verify the monotonicity of the function p — ||w(p)||,. Since |1/p| = m for each p € (1/(m + 1),1/m]

and m € N, we readily see that

9 . ) , r 1/r
||ug<;9>||<2>ap(mp +(1—mp)") (30)
1 NA/P-1) D .
:;(mpT+(1—mp) ) <8p(mpr+(1—mp) )) (€29)
1 o (1/r)—1 r—
:;(mp”—s—(l—mp) ) (Tmprfl—rm(l_mp) 1) (32)
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—m (mpT 4 (1 B mp)r)(l/r)*l(pr_l B (1 _ mp)r—1> (33)

for every m € N, p € (1/(m+1),1/m), and r € (0, 00). Hence, we obtain

e <8Iué(5)llr> = s (m (mo"+ (1 mp)r)(lm_l) sen (P! = (1=mp)") (34)
™
= (= -mp)) (35)
1 ifr<i,
=0 ifr=1, 36)
1 ifr>1

for every m € N, p € (1/(m + 1),1/m), and r € (0,00). This implies that for each fixed m € N and r €
(0,1) U (1, 00),
e if € (0,1), then p — ||w(p)|| is strictly decreasing for p € (1/(m + 1),1/m),
o if r € (1,00), then p — ||Jw(p)||, is strictly increasing for p € (1/(m + 1),1/m].
Finally, it follows that
1/r

i el = tm (([1/p]7+ (1= [1/6]9)) G37)
= (=1 /m) + (1= -1 /m)) " (38)
_ ((m —OmT m*r) v (39)
— )/ (40)
= [[w(1/m)]| (41

for each m € N>, and r € (0,1), which implies that p — |lw(p)||, is continuous on p € (0, 1]; therefore, the
monotonicity of p — ||lw(p)||, come from (36) can be improved as follows:

o if 7 € (0,1), then p — ||w(p)||, is strictly decreasing for p € (0, 1],

o if r € (1,00), then p — ||w(p)||, is strictly increasing for p € (0, 1].
This completes the proof of Lemma 1. [ ]

Lemma | implies the existences of inverse functions. Let®

O(r) == lim ——, (42)

Eq. (42) is defined to fulfill #(co) = —1.
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and let Z,,(r) and J(r) be real intervals defined by

[1,nf™] if0<r<1,
T,(r) = (43)
[ne(T'), 1} if 1 <r<oo,

[1,00) if0<r<l,
J(r) = (44)
(0,11 fl<r<o
for each n € N>, and r € (0,1) U (1, o], respectively. For each r € (0,1) U (1, 00] and n € N>o, we denote by
Ny wn ) 1 Za(r) = [1/n, 1], (45)
N Y w: ) J(r) — (0,1] (46)

inverse functions of p, > || v, (py) ||~ and py, — ||w(pw)

» respectively. As simple instances of them, if 7 = oo, then
N (v i ty) =t, and NN (w : ty,) =ty for t, € [1/n,1] and t,, € (0, 1], respectively, because || vy, (py)|loo = Po
and ||w(py)l|lco = Pw for p, € [1/n,1] and p,, € (0, 1], respectively.

Since logarithm functions are strictly monotone, it also follows from (1) and Lemma 1 that both Rényi entropies
Py — Hy (v, (py)) and py, — H,(w(p,)) also have inverse functions for every’ o € (0, 0], as with (45) and (46).

For each n € N>, and a € (0, oo], we denote by

H Y (v, :+) :[0,Inn] — [1/n,1], (47)

[e3

H Y (w: ) :[0,00) — (0,1] (48)

(03

inverse functions of p, — H, (v, (py)) and py, — He(w(py,)), respectively. By convention of the Shannon entropy,
we write H~'(v,, : -) and H~"(w : -) as the inverse functions H; ' (v,, : -) and H; ! (w : -) with o = 1, respectively.
In general, these inverse functions are hard-to-express in closed-forms, as with the inverse function of the binary
entropy function hs : t — —tlnt — (1 — ¢t)In(1 — ¢). As special cases of them, we give the following specific

closed-forms.

Fact 1. If a = 1/2, a = 2, or a = o0, then the inverse functions (47) and (48) can be expressed in the following

closed-forms:
—1)—(n—2)e" +2 /b (n—1)(n—ek
H;/IQ(vn:,u):n(n )= (n—2)e +2 ver(n—1)(n - ) for n € N and p € [0,1nn], (49)
n
1, (mH1)+(m—1)et +2/erm(l+m—er) ) o
Hyjp(w: ) = m T m)? with m = [e"] for p € [0,00),  (50)
1 i (n—1) (1 — ot
HyY v, p) = Vet (n—1)(n—e) for n € N and p € [0,1nn], (1)
n
_ m+ /e rFm(1+m —et) .
Hyl(w : ) hom = o] § 2
5 (w:p) Lt m) with m = [e"] for p € [0,00),  (52)
H v, :p)=e* for n € N and p € [0,1nn], (53)

If a = 1, i.e., if these are Shannon entropies, these inverse functions also exist due to [30, Lemma 1].
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« =1 (Shannon)

107 o« = 1 (Shannon) L0
091 O 091 N
= < > a=1/2 "
- 08 N ~. N / < 0.81
S N ~.
2 0.7 N T \\ S 07
T 061 / ~ T 06
= a =00 ~ =
|| 0.5 ~ [| 0.5 -rrmrmrmrrrrerreeee® ’
) = . In3,1/3
0.41 o =9 0.4+
0.3 0.3 ;
0 02 04 06 08 1 12 [oas 0 02 04 06 08 1 12 [oas
= Ha(vn(p)) p= Ha(w(p))
(a) Plot of Hg ' (v, : p) with n =4 for p € [0,1n4]. (b) Plot of Hy (w : ) for p € [0,1n4].

Fig. 1. Plots of the inverse functions (47) and (48) with « = 1/2, o = 1, a = 2, and a = oco. The horizontal axes denote the Rényi entropy of
distributions vy, (p) and w(p), i.e., the arguments of the inverse functions (47) and (48). The vertical axes denote the parameter p of distributions

vy (p) and w(p), i.e., the values of the inverse functions (47) and (48). Fact 1 is used to plot them for the cases: & = 1/2, « = 2, and o = o0

H M (w:p)=e* for p € 10, 00), (54)
where e denotes the base of natural logarithm.

Fact 1 can be verified by the quadratic formula in the case of> o = 1/2 and o = 2. In Fig. 1, we illustrate
instances of the inverse functions of Fact 1, along with the inverse functions H (v, : -) and H~!(w : -) of the
Shannon entropies. As with Fact 1, from the relation between the Rényi entropy and ¢,.-norm (cf. (1)), the inverse
functions N, !(v,, : -) of (45) and N, !(w : -) of (46) can also be expressed in closed-forms if r = 1/2, 7 = 2, or
r = oo. By Fact 1, sharp bounds established in this paper can be expressed in closed-forms in some situations.

Using the inverse functions H (v, : -) and H~!(w : -) of the Shannon entropies, we introduce relations of
the convexity/concavity of the ¢,-norm with respect to the Shannon entropy of distributions v, (-) and w(-) in

Lemmas 2 and 3, respectively.

Lemma 2 ([29, Lemma 2]). If n = 2, for each r € (0,1) U (1,00), the {r-norm p — ||[va(H *(va : p))l|, is
strictly concave in p € [0,1n2]. In addition’, for each n € N>o, the loo-norm p— ||v,(H 1 (vy, 1 )| oo is strictly
concave in p € [0,1nn]. Moreover, for each n € N>3 and v € [1/2,1) U (1,00), there exists an inflection point
Xn(7) € (0,Inn) such that satisfies the following:

o the lp-norm p— ||v,(H (v, 1 )| is strictly concave in p € [0, xn (7)),

o the bp-norm i ||v,(H (v, : p))l||, is strictly convex in ji € [xn(r),Inn).

Lemma 3 ([29, Lemma 3]'°). For each m € N and r € (0,1) U (1,00], the {.-norm p s |[w(H = (w : )|, is

8If v = o0, then Fact 1 is almost trivial from the definition (6).
9This concavity is shown in not [29, Lemma 2] but the below paragraph of [29, Lemma 2].
107n [29, Lemma 3], the case r = oo is not considered; however, it can also be proved by the fact that ||w(p)||co = p for p € (0, 1], as with

Lemma 2.
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strictly concave in i € [Inm,In(m + 1)].

In [29], Lemmas 2 and 3 were used to derive sharp bounds on the conditional Shannon entropy H(X | Y) with a
fixed conditional Rényi entropy H, (X | Y), and vice versa, from perspectives of the expectation of (8) and (11).
In this study, we establish sharp bounds on Hg(X | Y) with a fixed H,(X | Y") for distinct orders o # (3 in a
similar manner to [29], i.e., the property of expectation (8) are employed. To this end, we further examine the
convexity/concavity of ¢,.-norms with respect to £s;-norm for distributions v,,(-) and w(-), as with Lemmas 2 and 3,

respectively. To derive such convexity/concavity lemmas, we now give the following Lemma 4.

Lemma 4. We define the function
g(n,z;r,s) = (2" +(n—1)In,z— (2°+ (n—1)) In, 2 (55)
for each n € N>, z € (0,00), and r,s € (0,00), where the q-logarithm function'' [40] is defined by
Inx if ¢ =1,
Ing z := 1—gq (56)
—1
T A |
L—q
for x > 0 and q € R. Then, the following three assertions hold:

o For any n € Nxo, any z € (0,1), and any 0 < r < s < oo, it holds that
g(n,z;r,8) = —g(n, z;8,1) > 0, (57)
o if n=2, then for any z € (1,00) and 1/2 < r < s < oo, it holds that
9(2,z;7r,8) = —g(2,2; 8,7) <0, (58)
o for any n > N>z and any 1/2 < r < s < 00, there exists ((n;r,s) € (1,00) such that
-1 if {(n;r,8) < z < o0,
sgn (9(”»257"7 3)) = —sgn (9("725 Sﬂ")) =40 ifz=1orz=_(nrs), (59)
1 fl<z<{(nrs)

for every z € (1,00).

Lemma 4 is proved in Appendix A. Defining'?

1—a

= i 60
y(r,s) T (60)

we present the convexity/concavity of £;-norms of v,(-) and w(-) with respect to ¢,-norms of them, r # s, in

Lemmas 5 and 6, respectively. We emphasize that Lemma 4 is a key lemma for deriving Lemmas 5 and 6.

"Note that the limiting value limg—,1(z'~9 — 1)/(1 — q) = Inz can be verified by L'Hépital’s rule.

2In (60), suppose that (oo, c0) = 1.
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10

Lemma 5. For each n € N>y and r,s € (0,1) U (1, 00), it holds that

o the log-norm t — ||v, (N, vy, 1 1))||oo is strictly concave in t € T,,(r),

o if s€(0,1), then t — ||v, (N H(vy i t))||s is strictly concave in t € [1/n,1],

o if s€(1,00), then t — ||v, (N H vy, 1 t))|s is strictly convex in t € [1/n,1].
Moreover, if n = 2, then it holds that for any distinct r,s € [1/2,1) U (1, 00),

o ify(r,s) > 1, then t — ||v, (N, (v, : t))||s is strictly convex in t € T,,(r),

o ify(r,s) <1, then t — ||v, (N, (v, : t))||s is strictly concave in t € L, (r).
Furthermore, for each n € N>3 and distinct r,s € [1/2,1) U (1, 00), there exists an inflection point T(n;r,s) €
T (r)\ {1,n%MY} such that

o ify(r,s) > 1, then

— the ls-norm t v ||v,, (N1 (v, : t))||s is strictly convex in t € L(ll)(r, s),

— the ls-norm t — ||v, (N7 (v, 1 t))||s is strictly concave in t € L(f)(r, s),
o ify(r,s) <1, then

— the ls-norm t — ||v, (N1 (v, 1 t))||s is strictly convex in t € 2 (r,s),

— the ls-norm t v+ ||v, (N1 (v, : t))||s is strictly concave in t € I,(q,l)(r, s),

where real intervals L(LI)(T, s) and 72 (r,s) are defined by

IO (g, ) = [1,7(n;m,s)] if r €(0,1), 1)
[T(n;r,s), 1] if r € (1,00),

r(n;r,s),n?’™] if r € (0,1),
I,(LQ)(r,s) = [ ( ) ] ©.1) (62)
[ne(r),T(n; T, s)] if r € (1,00),

respectively.

Note that the convexity and the concavity of Lemma 5 are switched each other according to either (r,s) > 1 or
~(r,s) < 1. We illustrate two regions of pairs (r, s) which fulfill y(r, s) > 1 and ~(r, s) < 1, respectively, in Fig. 2.
Proof of Lemma 5: In a similar way to the proofs of [15, Lemma 1] and [29, Lemma 2], we prove this lemma

by verifying signs of derivatives. A simple calculation yields

Pl 22 2 (o +-ta- v =) (- -0 -0 (63)
(= @-vra=)) - e a )
- a-p) T (S - e as ) (64

r

_ (1 —! (p’" +n—-1) (1= p)’“)(lmi2 (aap (p’“ +n-1)(1- p)’“))) (p’“‘1 — (-1 (1- p)’“‘l)

(o0 a-p) T eyt e D)) )
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r

Fig. 2. Plot of two regions of pairs (r, s). The dark gray region fulfills v(r, s) > 1; and the light gray region fulfills v(r, s) < 1, where y(r, s)
is defined in (60).

_ ; (pr Y -1 (1 _p)r>(1/T)_2 (Tpr—l -1 (1 - p)r—1> <pr—1 A p)r—1>
s (-0 a-p) T (- - ) (66)

—a-n (e a-p) T - ey )
-0 (- @) (- ) ) (67)

-1 +m-n0 _p)r)(l/’”)‘2

x [(pr-l =) ) = () ) ) (P - ) _p)H)]

(68)
(1w p) (574 -0 @) (69)
Er-1)m-1)""(pa —p))r_z(pr + (=1 (1~ p)r)(lm_z, (70)

where (a) follows by the definition

Wi pr) = (7 = (= ) (1)) = (0 = D)) (7 (- ) () ),
(71

and (b) follows from the fact that

Ti(n,p,r) = (p%*” —2(n -1 A —p) 4 (n—1)2077) (1 — p)2<r71>)

February 3, 2017 DRAFT



12

_ (p2(r—1) + (n _ 1)1—r pr (1 _p)r—Z + (’I’L _ 1)1 r r 2 (1 _ ) + (n _ 1)2(1—r) (1 _ p)Q(r—l))

(72)

==2(n-1)""p T A-p) T = (=) A=) = (=) T TP (1) (73)
~(n-1)"" (p(1-p) " (2p (1—p)+p° +(1- p)Q) (74)
~n =D (A -p) (p+ (1-p)’ (75)
~(n=1)' (p(1-p)" (76)

Then, we obtain

sgn (32”"(;7;(2 )l ) 2 sgn(r — 1) sgn ((n — 1)1—r) sgn ((p(l _p))r—Q) e <<pr 1 _p)r)(l/’")2>

=1 =1 ~
17
=sgn(r — 1) (78)
1 ifr<l,
=40 ifr=1, (79)
1 if r>1
for every n € N>o, p € (1/n,1), and r € (0,00). By the inverse function theorem, we have
_ —1
M e :0) _ (Aenlpl ) 5
O’N, Mo i t) _ Plvap)llr <5|vn(p)llr>_3 @)
ot? op? dp

for every n € Nxo, r € (0,1)U(1,00), and t € Z,,(r) \ {1,n%}, where Z,,(-) is defined in (43), and the variables
t and p are chosen to satisfy ||v,,(p)||» = t (cf. the definition (45) of N, (v, :-)), i.e.,

1/n<p<1 <= min{l,n’"} <t < max{1,n/M}. (82)

In particular, since ||v,(p)|lco = p for p € [1/n, 1], it follows from (29) and (79) that

02|, (N, (v 2 1)) oo >N (v, -
Sgn< o (V: (v ) ):Sgn( o t)) )
62 n T 8 n
@_Sgn( ||gpgp> )Sgn(< Ua;)H) ) &
O|[on(p)llr Ollvn (@)l
~ o (S ) e (S5 )
— (86)

for every n € Nxo, 7 € (0,1)U(1,00), and t € Z,,(r)\ {1,n°}. Moreover, since N ' (v,, : t) =t for t € [1/n, 1],
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we also get

" (a%n(N%;(vn : t>)||s> ~en (W) (87)
-1 if s<1,

Do st (88)
1 if s>1

for every n € N>o, t € [1/n,1], and s € (0, 00). Therefore, it follows from (86) and (88) that
o for each n € N>y and r € (0,1) U (1,00), the £oo-norm ¢t — [[v, (N, (v, : )| is strictly concave in
t € Ly(r),
o for each n € N>y and s € (0,1), the 5-norm ¢ — [|v, (N (v, : t))|s is strictly concave in ¢ € [1/n, 1],
« for each n € N>y and s € (1, 00), the £5-norm ¢ — |lv, (N (v, : 1))]]5 is strictly convex in ¢ € [1/n, 1].
Henceforth, we consider the convexity/concavity of ¢ — |lv, (N, (v, : t))||s with respect to ¢ € Z,,(r) for each

distinct 7, s € (0,1) U (1, 00). By the chain rule of derivatives, we have

O [|vn (N (wn )]s _ Poa@)lls (ON; (vn: 1)) AR N, (v 2 ) (89)
ot? Op? ot Op ot?
0 o)l (Oloa @)\, Alon@)ls Ny (vn : 1) ©0)
op? Op Op ot?
&0 Poa@)lls (Olvn®)r\ " loa®)lls *|vn®)lr (Dlwa@)llr) 1)
Ip? Ip op Ip? dp
_ P)wa®)llr o ®)]s (Ollvap)lr
op? op? Op
Nl @l (Plloa@) ™ Ollwa®)lls (Plloa@)]s)
dp op? dp Op?
92)
@ Pllon@)llr lva@)ls (Ollva(p)ll- -
Op? op? Op
« p(l _p)2 ( r s
—— | +(n—-1)In,z—(2°+(n—1))In, 2 93)
(55) . p (1 - p)2 aQH'Un(p)Hr 82”"’71(17)”5 6H”n(p)||r -
- g(’n‘v z5T, S) n— 1 apg 8p2 ap ) (94)
where (a) follows from
« the change of variables as
z=2z(n,p)=(Mn-1) o 95)
) 1 _p7
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o and the fact that

Olvn(p)ll» 62””71(19) |-
dp op?

February 3, 2017
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Pllon ()l
g ( op? ) 00
(1/r)—1
Cr+m-va-p) (-
2—(1/r)

XU—1Y1W—¢Y”(pﬂ—pD%T@”+W—ifﬂfl—Mﬂ
o7

(r=1)" -1 (p(1—p)*"

< (p =1 =) (P == ) (1))

(98)
_ p(li_lp) (pr 4 (n _ 1)1—r (1 p>r) ((n 1)7’—1 (1 _p)l—r _ pl—r)
99)
= 2O (1) (=) T (1 p) — (= )T T (1))
(100)
p(1-p) p(n—1)\1 p(n— 1)\
T ((1—2p)+p( 1-p ) —(1—p)( 1-p ) )
(101)
35 pgﬂli_lp) ((1 . 2]7) —l—pz"—l . (1 - p) Zl—r) (102)
_pg:f)«1_5ﬂj+pg_%1_254+¢%km0 (103)
_D 51_—1p) ((1 _ Zlfr) +pzr71 (1- Zlfr)Q) (104)
_ psnl_flp) (1 o Zlfr) <1 +pzr71 (1 . Zlfr)) (105)
:pu—p)@+p@“4—1ﬁzti;1 (106)
b1 —p) (1 p(ert - 1)) (In, 2) (107)
Dp-p) (14 S ¢ D) ) (108)
_ p(—p) - z+ 2" —z)(In, z
o (D4 T =) 0
_ p(l _p) o prs n. z
- B o) i) o
©3) p(1-p)? 1)t 2™ (I
S G- rpeoD (D) ) i
= 2UPE (1) 4 27) (n, ). (112)
DRAFT
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Since p € (1/n,1) for t € Z,,(r) \ {1,n?M} (cf. (82)), it suffices to consider the range of variable z of (95) on

€ (1,00). A further calculation derives

s (Dol (on D)1

s st 2,0) s (P22 s (P12 g (PO o (anvg;p)ur)—g)

—_————
=1
(113)
2 2
(50,9 o (22 g (P g (Pl -
2
€9 sen (g(n,z;r,s)) sgn (6 ||1g;2 2l ) (113)
@ —sgn (g(n,z;ns)) if s <1, 116)

sgn (g(n,z;r, 5)) if s>1

for every n € N, distinct 7, s € (0,1) U (1,00), and ¢ € Z,,(r) \ {1,2%)}. That is, the convexity/concavity of
t = [Jvn (N, (v, 1 )]s with respect to ¢ € Z,,(r) depend on the sign of g(n, z;r, s). If n = 2, we have from (58)
of Lemma 4 and (116) that

92 N1 ENIE -1 ifr<l<sors<r<lors<l<rorl<r<s,
Sgﬂ( [[wa( Taﬁ(w ))||> (117)
1 fr<s<lorl<s<r
=1 if y(r,s) < 1,
= (118)

1 ify(r,s)>1

for every distinct 7,5 € [1/2,1) U (1,00) and t € Zo(r) \ {1,n?")}, where y(r, s) is defined in (60). This implies
the assertion of Lemma 5 for n = 2.

Furthermore, we verify the assertion of Lemma 5 for n € N>3. It is clear from (95) that p — z(n,p) is strictly
increasing for p € [1/n,1). Moreover, it follows from (29) that

o if r € (0,1), then p — ||v,(p)|- is strictly decreasing for p € [1/n, 1],

o if r € (1,00), then p — ||v,(p)]| is strictly increasing for p € [1/n, 1].
Hence, we observe from the relation N, (v, : t) = p that

e it holds that lim;_,q 2(n, N, (v, : t)) = lim, 1 2(n, p) = oo,

o it holds that z(n, N (v, : n°™)) = z(n,1/n) = 1,

o if r €(0,1), then t — z(n, N, *(v, : t)) is strictly decreasing for t € Z,,(r) \ {1},

o if r € (1,00), then t s 2(n, N, (v, : t)) is strictly increasing for ¢t € Z,,(r) \ {1}
Therefore, it follows from (59) of Lemma 4 and (116) that for any n € N>3 and distinct r, s € [1/2,1) U (1, 00),

there exists 7(n;7,s) € Z,(r) \ {1,n%()} such that satisfies the following:
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o if 7 < s <1, then

for every t € Z,,(r) \ {1,n9("},

o if r <1< s, then

o if 1 <7 < s, then

o if s <r <1, then

o if s <1< r, then

o if 1 < s <7, then

for every t € Z,,(r) \ {1,n0("},

February 3, 2017

sgn (

sgn (

for every t € Z,,(r) \ {1,n0("},

sgn (

for every t € Z,,(r) \ {1,n9("},

sgn (

for every t € Z,,(r) \ {1,n9("},

sgn (

for every t € Z,,(r) \ {1,n9("},

sgn <

0%||va (N, vy :

ot?

O |lva (N, (vg :

ot?

O?||va (N, vy :

ot2

9 |lva (N (wy :

ot?

O?||va (N, vy

ot2

0| va(N; ! (v

ot?

-1
t>>||s): .
1
~1
t>>s): |
1
-1
t>>s): ;
1
-1
t>>s) .
1
-1
t>>s): ;
1
~1
:t>>||s> )
1

if 7(n;r8) <t< n9(7'),

if 1 <t<r(n;r,s)

if 1<t <7(nrs),
ift= T(n;rvs)v

if 7(nyr,s) <t <nf)

if 7(n;r,s) <t<1,
if t=7(n;r,s),

if ) <t < 7(n;r,s)

ifl<t<r(mr,s),
1f = T(’I’L, T, 8)7

if 7(n;r,s) <t <nf)

if 7(nyr,s) <t <1,
if t:T(n;T7S)7

if n?" <t < 7(n;r,s)

if n9(7‘) <t< T(TL;’)”, S)a
if ¢t = T(’Il;?", S)a

if T(n;rs) <t<1

16

(119)

(120)

(121)

(122)

(123)

(124)
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Combining (119)—(124), we obtain that for every n € N>3, distinct r,s € [1/2,1) U (1,00), and t € Z,,(r),

o if y(r,s) > 1, then

—1 ittezP(rs),

02 N1 )l
Sgn( ||’02( r (’02 ))|): 0 ift:T(n;r,s), (125)

ot?
1 iftezM0,s),

o if y(r,s) < 1, then

-1 ifte Iy(ll)(r,s),

sgn (32””2<Nfl<vz : t>>|s)

D2 =40 ift=71(n;rs), (126)

1 iftez? (r,s),

where L(Ll)(r, s) and P (r,s) are defined in (61) and (62), respectively. This completes the proof of Lemma 5. W

Lemma 6. Define the real interval J,,(r) by

(M) (m+1)°M] if0<r <1,
TIm(r) = (127)
[(m+1)°) mfM]if 1 <7 < oo
For each m € N and distinct v, s € (0,1) U (1, 00], the following convexity/concavity holds:
o ify(r,s) > 1, then t — ||lw(N 1 (w : t))|s is strictly convex in t € T (r),
o ify(r,s) <1, then t — ||lw(N, " (w :t))||s is strictly concave in t € T (7).

Proof of Lemma 6: In a similar manner to the proof of [29, Lemma 3], we also prove this lemma by verifying

signs of derivatives, as with the proof of Lemma 5. A simple calculation yields

W @ a% (m (m + (@ =mp)) T (- mp)"_l)) (128)
= (o (mr 4 =) ) (= ) )
em (mp+ (1=mp)) (;p (r-(- mp)”)) (129)
= (S (w4 =) ) (2 (4 =) ) ) (o - (=) )
tm(mp+ (1 =mp)) T (D e m - )1 - mp) ) (130)

m\ (1/7)=2 — —
m%(mpr—i-(l—mp)) (mrpr_l—mr(l—mp) 1)(pT_1—(1—mp) 1)

+m(r—1) (mpr + (1 — mp)r>(1/r)71 (p’”*2 +m (1 — mp)r_Q) (131)

(1/”—2(10“1 - mp)H)2

=m?(1—r) (mprJr (1 fmp)r)

3Note in (127) that for every m € N, it holds that m®(") < (m 4 1)9(") if r € (0,1), and (m + 1)°") < m?(") if r € (1, 00].
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+m(r—1) (mp” + (1 — mjr))r)(l/r)i1 (pr_2 +m (1 — mp)r_2> (132)

m\ (1/r)—2
m(1l—r) (mpr—i— (1—mp) )
X [m (p’”*l - (1- mp)r_1>
a m (1/7)—2
D (1= 1) Ba(m,p,7) (mp" + (1= mp)") (134)

. N\ (1/r)—2
(r—1)ymp 2 (1—mp) 2(mpr+(1—mp) ) (135)

2 (mp’"+ (1—mp)r> (pr2+m(1—mp)r_2)} (133)

)

for every m € N, r € (0,00), and p € (1/(m + 1),1/m), where (a) follows by the definition
Uy (m,p,r) =m (p’“*l - (1- mp)Tﬁl)2 - (mpr + (1 - mp)r) <pr72 +m(1- mp)riz), (136)
and (b) follows from the fact that
Uy (m,p,7) = [mpz(’"_l) —2mp Tt (1- mp)r_1 +m(1- mp)z(r_l)}

= [mp D w2y (1= mp) T (L mp) e m (L= mp) Y] (3D)

=—2mp" " (1=mp)" —m?p" (1—mp)" " —p" "2 (1—mp)" (138)
— 2 (1—mp)" (2mp (1—mp) +m2p>+ (1 — mp)2) (139)
= (L=mp)" " (mp+ (1 -mp))’ (140)
=2 (1-mp) " (141)

Then, we obtain

2 e
sgn (8 Hw(p)"") 2 sen(r — 1) sgn (mp"_2 (1- mp)T_Q) sgn ((mp" +(1- mp)r>(1/ ) 2) (142)

op?
) ~
=sgn(r — 1) (143)
1 ifr<i,
=50 ifr=1, (144)
1 ifr>1

for every m € N, p € (1/(m +1),1/m), and r € (0,00). By the inverse function theorem, we have

N w:t)  (dwp)\

o ( ap ) ’ (145)
NN (w:t)  *|w®)|, (9w, \ ">

o ( 9 ) (140

for every m € N, r € (0,1) U (1,00), and t € Jp(r) \ {m?™), (m + 1)}, where J,,(-) is defined in (127), and
the variables ¢ and p are chosen to satisfy ||w(p)||, =t (cf. the definition (46) of N, }(w : -)), i.e.,

1/(m+1) <p<1/m <= min{m®", (m+ 1)’} <t < max{m®"), (m + 1)/}, (147)
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In particular, since ||w(p)|s = p for p € (0,1], it follows from (36) and (144) that

won <82||w( (;t(Qw t))lloo) ~ san (W) (148)
o <82H6( p)|lr ) ((5||'~‘(;(P)|r>3> (149)

sen (82180(5)” ) (W) (150)

_ (151)

for every m € N, r € (0,1) U (1,00), and t € J;, () \ {m?"), (m + 1)?(")}. Moreover, since N (w : t) =t for

€ (0,1], we also get

an (O 001 _ g (Pl 5
1 oifs<l,

0 rs=1, (153)
1 ifs>1

for every m € N, t € (1/(m+1),1/m), and s € (0,1) U (1, 00). Therefore, it follows from (151) and (153) that
o foreachm € Nand r € (0,1)U(1,00), the £oo-norm ¢ s ||w (N, (w : t))|| is strictly concave in t € J,,(7),
o foreach m € Nand s € (0, 1), the £s-norm ¢ — ||w(N ! (w : t))]|s is strictly concave in ¢ € [1/(m+1),1/m)],
o foreach m € Nand s € (1,00), the £s-norm ¢ — ||[w(NZ (w : t))|s is strictly convex in ¢ € [1/(m+1),1/m].
Henceforth, we consider the convexity/concavity of ¢ — [|w(N, (w : t))||s with respect to t € J,,(r) for each

distinct 7, s € (0,1) U (1, 00). By the chain rule of derivatives, we have

?|w(N; H(w: t))lls _ 0*|lw(p)lls ( S (w t)) 6||w(p)||sf92N:1(w:t) (154)
8152 op? ot op ot?
a5 P|lw(p)ls (Ollw @)\ | dllwp)lls Ny (w : t)
~ T o2 ( op ) L o1 (155)
as6) 0% [lw(p)|s <8||w(p)llr>‘2 _ Ow(p)ls O*[lw®)l- (<’9llw(p)llr)_3 (156)
Op>? Op Op Op> Op
_ 9?Jw(p)lr 0*|lw(p)ls <8llw(p)llr>3
Op? op? Op
. |2lw @), (aﬂw(p)nr)l _ Ollw)lls (62||w<p>s)1
dp op? op op?
(157)

@ P*lw(p)- 9*[|w(p)lls (anw(p)nr)?’

op? op? Op
X p2 (]_ — mp) |:(ZS + (TL — ]_)) IHS z — (ZT + (TL — ]_)) lnr Z:| (158)

a?||w<p>|ra2w<p>||s<alw<p>llr>3 (159)

Op? Op? Op

) —p? (I—mp)gm+1,z7rs)
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where (a) follows from

« the change of variables as

]_ —
2= z(m,p) = % (160)

o the fact that

MWMﬂW<8ﬂw@Mh>_HgmnOnﬂ+wl_n”ﬂv“”>1@m4_(y_mpy4><6ﬂgth>”

)

Op op?
(161)
as (mpr " (1 B mp)7'>(1/’f‘)*1 <pr—1 3 (1 B mp)r—l)
« (7“ _ 1)—1 m—l 2—r (1 _ mp) - (mpr + (1 o mp)r)Q*(l/T)
(162)
:ﬂr—U7Wpﬂfﬂum240nﬂ+%1*WPY)@fJ*(lfmpy%>
(163)
1— r —r —r
:ﬂ%i%gzbuf+u—nwy)ﬁl—mml —pl) (164)
1—
:Biﬁg%@(mle—ﬂuﬁkr—mp+%1—Ww)—ﬁfql_mpy>
(165)
1- 1- 1-r 1-— -l
PO (1 s (1) 0 (1))
(166)
1 —
<§9Bi;:%¥ﬁ(@.72mp)+¢np?fr*(1*ﬂuﬂZ”J) (167)
1_
20 () et D 2 ) e
1_
T_Tp ( ].—Z +mpz r(zr—1+1)2) (169)
1 _
S 2O () (gt 1) ()
1-r _
p(lmp)@47npklrU)(zrlzl_rl) (171)
0 —p(1—mp)z"! (1 +mp (27" — 1)) (In; 2) (172)
& —p(1—mp) 2 (1 tm (m + z) (214 B 1)) (In, 2) (17
= 20D o (g 2) 4 (22— 1)) (ine ) (174)
__pd=mp) 1o
= e mst ) (10, 2) (175)
__p(l-mp) .
= e (m+2") (In, 2) (176)
2 (1 _
a0 _ "0 =mp) (o (1, ) (177)

mp+ (1 —-mp)
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=—p*(1—mp) (m+2z") (In, 2). (178)

Since p € (1/(m 4+ 1),1/m) for t € Fp(r) \ {m?") (m 4 1)°(M} (cf. (147)), it suffices to consider the range of

variable z of (160) on z € (0,1). A further calculation derives

O?[|vy (N (v 2 1))l
o |

ot?
2 2 -3
(2 sen (p2 (1- mp)) sgn (g(m +1,2;m, s)) sgn (6 ||’;Up(2p)||r> sgn (8 ;;(2]7)”5> sgn ((812(;)HT> )
=1
179)
82 . 82 s (9 ,
= —sgn (g(m + 1,z;r,s)) sgn <||;;(§?)|| ) sgn (”g)p(f)' ) sgn (”1%(5)” ) (180)
2

20 sgn (g(m +1,z;mr, s)) sgn (W) (181)

sgn (g(m—i—l,z;r,s)) if s <1,
(2 (182)

—sgn (g(m—i— 1,z s)) if s>1
for m € N, distinct 7, s € (0,1) U (1,00), and t € J;, () \ {m?"), (m + 1))}, That is, the convexity/concavity
of t — ||lw(N, 1 (w: t))||s with respect to t € J,,,(r) depend on the sign of g(m + 1, z;r, s). Combining (57) of

Lemma 4 and (182), we have

2 N1 -t -1 ifr<l<sorl<r<sors<r<lors<l<r,
1 fr<s<lorl<s<r
-1 if y(r,s) < 1,
= (184)

1 it y(r,s)>1

for every m € N, distinct 7,5 € (0,1) U (1,00), and t € J;, () \ {m?"), (m 4 1)?("}, where ~(r, s) is defined in
(60). This completes the proof of Lemma 6. [ ]

I1I. SHARP BOUNDS ON UNCONDITIONAL RENYI ENTROPY

In this section, we introduce sharp bounds on the Rényi entropy Hg(X) with a fixed another one H, (X), studied
in [28]. We first show extremality of the distribution v,,(-) defined in (14) in terms of the relation between £,.-norm

and /s-norm in the following theorem.

Theorem 1 ([28, Lemma 2]). Let P be a discrete probability distribution with finite support, and let n = |supp(P)].
For any r,s € (0,1) U (1, 00], it holds that

lon(@)lls <IPlls i A(r,8) > 1, (185)
lon()lls = [1Plls  if y(r,s) <1 (186)

with p = N, Y (v, : | P||,), where N1 (v,, : ) and ¥(r, s) are defined in (45) and (60), respectively.
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Proof of Theorem 1: In the original version [28, Lemma 2], we wrote this proposition as follows: Let
P be a discrete probability distributions with finite support, i.e., |[supp(P)| = n for some n € N>o. For any

r € (0,1) U (1, o], there exists p € [1/n, 1] such that

[on (@) llr = Pl (187)
lvn(p)|ls < ||P|ls for all s € (min{1,r}, max{1,r}), (188)
lon(@)|ls = ||P|ls for all s € (0, min{l,r})U (max{1l,r}, co]. (189)

It is obvious that the value p satisfying (187) is determined as p = N,"!(v,, : || P||,-). It follows from the definition
(60) of y(r, s) that

s € (min{l,r}, max{l,r}) < ~(r,s) > 1, (190)
s € (0,min{1,7}) U (max{l,r}, o00] < ~(r,s) < 1. (191)

Moreover, the case v(r,s) = 1 implies r = s, i.e., it is a trivial case. Therefore, the statements of (187)—(189)
shown in [28, Lemma 2] can be rewritten as Theorem 1. ]
We second show extremality of the distribution w(-) defined in (16) in terms of the relation between ¢,.-norm

and /s;-norm in the following theorem.

Theorem 2 ([28, Lemma 3]). Let P be a discrete probability distribution with possibly countably infinite support.
For any r,s € (0,1) U (1, 00], it holds that

lwp)lls 2 I1Pls  if v(r,s) > 1, (192)
lw@)l[s <[Plls i y(r,s) <1 (193)

with p= N, (w : | P|), where N, Y(w : -) and ~(r, s) are defined in (46) and (60), respectively.

Proof of Theorem 2: In the proof of [28, Lemma 2], we considered only for finite-dimensional probability

vectors as follows: Let p = (p1, pa, ..., pn) be an n-dimensional probability vector satisfying
pi =0 fori=1,2,...,n, (194)
n
Z p; = 1. (195)
i=1
Since the equiprobable distribution is a trivial case, suppose that p = (1/n,1/n,...,1/n) is omitted. Let k €

{2,3,...,n—1}and l € {k+ 1,k +2,...,n} be positive integers chosen so that

P = = DPk-1] = Plk] = Plet1] = 0 2 Pli—1] 2P > Pig1] = =P =0 (Ppr—1) > Plesy))s  (196)

where

Pl = P2l = 2 P (197
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denotes the components of p in decreasing order'#. Then, total derivatives of the probability vector p was considered

in the following assumptions:

ol = A for some constant A € Z,,(r), (198)
dpy _ dppy -
O e forie {2,3,...,k—1}, (199)
dppry  dpp { I
dpy;
dp[J]:]_ forje{k+]_,k+2,...,l*1}, (200)
P[k]
d m
Plml _ forme {I+1,0+2,...,n}, 201)
dppx)

and the parameter r € (0,1) U (1, 00) is fixed. Due to the hypothesis of (196), the support size of p is | € N; thus,
[28, Lemma 2] only proved for probability distributions with finite support.

Fortunately, considering infinite-dimensional probability vector p = (p1,p2, ... ) and extendind the hypothesis of
(201) for every m € {l + 1,14 2,...}, we can remove the hypothesis of the finite support. That is, the analyses of
the proof of [28, Lemma 2] can naturally generalized to probability distributions with possibly countably infinite
support.

Moreover, in the proof of [28, Lemma 2], we examined ¢,,-norm by majorization theory [24]. This analysis can
also be extended from finite- to infinite-dimensional probability vectors, as with the proof of [20, Theorem 10]
studied by Ho and Verdu. [ ]

We now consider the function

fa(t) = % (202)

for each o € (0,1) U (1, 00] and ¢ > 0, where 6(-) is defined in (42). Since
« it follows from (1) that H,(P) = fo(||P|la) for every a € (0,1) U (1, oc],
o if @ € (0,1), then ¢ — f,(t) is strictly increasing for ¢ > 0,
o if @ € (1,00], then ¢ — f,(t) is strictly decreasing for ¢ > 0,
Theorems | and 2 can be rewritten from sharp bounds on the ¢s-norm || P||s to sharp bounds on the Rényi entropy

Hg(P) as shown in the following two theorems:

Theorem 3 ([28, Theorem 2]). Let P be a discrete probability distribution with finite support, i.e., |[supp(P)| =n
for some n € N. Then, it holds that
Hg(P) > Hg(v,(p)) for 0 < a < f < oo, (203)
Hg(P) < Hg(v,(p)) for 0 < 8 < a < o0, (204)

with p = H (v, : Hy(P)), where H;*(v,, : -) is defined in (47).

14We used this notation by following the book of Marshall and Olkin [24].
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Theorem 4 ([28, Theorem 2]). Let P be a discrete probability distribution with possibly infinite support. For any

a € (0,00], it holds that

Hg(P) < Hz(w(p)) for 0 < a < B < oo, (205)

Hg(P) > Hg(w(p)) for0<p<a<oo (206)
with p = H_'(w : Hy(P)), where H;'(w : ) is defined in (48).

Note that Theorem 3 has a constraint of finite supports, but Theorem 4 enables us to consider countably infinite
supports. If o = oo, then Theorem 3 is equivalent to the result by Ben-Bassat and Raviv [4, Theorem 6]; and if
a = 00, then Theorem 4 is a stronger result than [4, Theorems 4 and 5]. In addition, Theorems 3 and 4 yield same
joint ranges of pairs (H,(P), Hg(P)) considered in [16]. In [28, Theorem 2], Theorems 3 and 4 are organized
in one theorem. However, in this study, Theorems 2 and 4 are extended from probability distributions with finite
support to countably infinite support. Due to such extension, Theorems 3 and 4 are divided, and Theorem 4 is
generalized to possibly countably infinite support. Since Theorems 3 and 4 are due to Theorems 1 and 2, and
the strict monotonicity of the logarithm functions, as with Theorems 3 and 4, we can establish sharp bounds on
other definitions of entropy [3], [5], [10], [18], [39], which are strictly monotonic for the ¢,.-norm of a probability
distribution (cf. [30, Table I]).

In the next section, using the sharp bounds introduced in this section, we further consider to extend them to sharp

bounds on the conditional Rényi entropy H, (X | Y).

IV. SHARP BOUNDS ON ARIMOTO’S CONDITIONAL RENYI ENTROPY
A. Bounds Established from Distribution v,(-)

In this subsection, by using the extremality of the distribution v,,(-) discussed in Section III, we derive sharp
bounds on Hg(X | Y) with two fixed Ho(X | Y) and |supp(Px)| in some situations. We first give the sharp
bounds, whose mean interplay between H,(X |Y) and Hoo(X | Y) in the following theorem.

Theorem 5. Let X be an RV in which |supp(Px)| =n €N, and let Y be an arbitrary RV. For any « € (0,00), it
holds that

Ho (X |Y) < Ho(vn(p1)), (207)
Hoo(X | Y) > Hoo(vn(p2)) (208)

with py = HZ (v, : Hoo(X | Y)) and py = H (v, : Ho(X | Y)), respectively, where H ' (v,, : ) is defined in
(47).

Proof of Theorem 5: Let X be an RV in which |supp(Px )| = n for some!®> n € N>, and let Y be an arbitrary
RV. If a = 1, then (207) is equivalent to Fano’s inequality. In fact, Inequality (207) is equivalent to the right-hand

BIf |supp(Px )| = 1, it is clear that Ho (X | Y) = 0 for every « € [0, c0]. That is, we omit such trivial cases in our analyses.
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inequalities of [23, Eq. (15)] and [36, Eq. (5)]. On the other hand, Inequality (208) with o = 1 can be verified as

follows:

Hao(X V)2 Z o N (X | V) 20
© _E[ Py (- | Y)]oo] 10)
© I Elexp(—Hoo(Pxpy (-] Y)))] @1h)
Y nEfexp(—Hao(vn(H (v, : H(Pxpy (- | Y))))) (212)
© _mE[v.(H (v : H(Pxy (- | Y))loo] @139
© WE[H (v, : H(Pxy (- | V) @14
S H (v,  E[H(Pxy (- | V) G
D 1w H v, : HX | Y)) (216)
© o (H (0« HX | Y)))]oc @17
© B (v (H " (vn : H(X | V) @18
= Heo(04(p)) (219)

with p = H~Y(v,, : H(X | Y)), where (a) follows from (203) of Theorem 3 with o = 1 and 3 = oo, Equalities (b)
follow from the fact that ||v,,(p)||e = p for p € [1/n,1], and (c) follows from Jensen’s inequality and the fact that
p— H= (v, : p) is strictly concave in u € [0,1nn]. Note that the concavity of p + H (v, : p) can be verified
by the following two facts:

o the function'® p— H(v,(p)) = ha(p) + (1 — p) In(n — 1) is strictly decreasing for p € [1/n, 1],

« the function p — H (v, (p)) = ha(p) + (1 — p) In(n — 1) is strictly concave in p € [1/n,1].
Therefore, both bounds of Theorem 5 hold for o = 1.

We next consider to prove (207) of Theorem 5 for o € (0,1) U (1,00). Let s € (0,1) U (1, 00) be a fixed number.
Note that

s€(0,1) <= ~(c0,8) =—00 < 1, (220)
s€(1l,00) <= 7(00,8) =00 > 1, (221)

where (-, -) is defined in (60). If v(c0, s) < 1, we have

Ny(X | V) RE[IPxy (- | V)] (222)
%)IE[H%(N;(U” Py (1 Y)s0))]],] (223)

(b)

< JJon (N2 (on : B[ Pxpy (- | V) llo])) | (224)

| S

16The function hg : ¢t — —tInt — (1 — t)In(1 — ) denotes the binary entropy function.
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E [[on (N2 (00 s Nool X | V), (225)
D J|vn (Noo( X [ V)| (226)

S

= lon(®)|s (227)

with p = Noo(X | V), where Inequality (a) follows from (186) of Theorem 1, Inequality (b) follows from Jensen’s
inequality and fact that ¢ — [|v,,(N! (v, @ t))||s is strictly concave in ¢ € [1/n,1] (cf. Lemma 5), and Equality (c)

follows from the fact that N ' (v,, : t) =t for t € [1/n, 1]. Analogously, if v(co,s) > 1, then we also get
N(X 1Y) = |lva(p)lls (228)

with p = Noo(X | Y). We now define

fa(t) = 5 S N (229)

for o € (0,1) U (1,00) and ¢t > 0. Since
e it holds that H, (X |Y) = fo(No(X | Y)) for every a € (0, 1),
e if € (0,1), then ¢t — f,(t) is a strictly increasing function of ¢ > 0,

e if a € (1,00), then ¢t — f,(t) is a strictly decreasing function of ¢ > 0,

it follows from (227) and (228) that
Ho(X |Y) < Ha(vn(p)) (230)

with p = Noo (X | Y) for every a € (0,1) U (1, 00). In addition, since

NOO(X\Y):exp[f (flnNoo(X|Y))} 231)
D exp [~ Hao(X V)] (232)
D g (v, : Ho(X | Y)), (233)
we get from (230) that
Ho(X | Y) < Ha(va(p)) (234)

with p = H (v, : Hoo(X | Y)) for every a € (0,1) U (1, 00) rather than p = N (X | Y), which is (207) of

o0

Theorem 5.

We further consider to prove (208) of Theorem 5 for « € (0,1) U (1, 00). Note that

re (0,1)U(l,00) < ~(r,o0) =0< 1. (235)
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Thus, we have

with p = N (v, :

Neo(X | Y) 2E[|Pxpy (- | Y)lloc]

%Emvn(Ngl(v

®)
< | (N

© o,

i 1Pxpy CIY)) ] L

Yo B[ Pxy (1))

(v

= |lvn(p)loo

N(X )
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(236)
(237)
(238)
(239)

(240)

N, (X | Y)), where (a) follows from (186) of Theorem 1, and (b) follows from Jensen’s

inequality and fact that ¢ +— ||v,, (N, * (v, : )| is strictly concave in ¢ € Z,,(r) (cf. Lemma 5). Thus, it holds that

with p = N~

Ho(X V)L —In N (X | V)

« «

H ' v, Ho(X | V) L H? <vn X

(240)
> —lIn|
(6) H.. (

[0 (P)l o

n(P))

Yv, : N.(X | Y)). Now, it follows from (45) and (47) that

i‘alnNa(X | Y))

]__
@ N-t <vn : exp( L% mNL(X| Y)))
a 11—«

vy No(X | Y)),

=N

where (a) follows from the fact that

p=H,

o(0a(p) = 77

—In[va(p) e =

Thus, Inequality (243) can be restated as

with p = H,

b= H;l(vn

Hoo(X |Y) > Hoo(vn(p))

1(vn : Ha(X ‘ Y)) rather than p= Nr_

1 (vn

Since the minimum average probability of error P.(X | Y) satisfies

February 3, 2017

(X | Y) = min Pr(X # f(V))

=1 mfaxPr(X = f(Y))

zl—E[ max P z|Y
veoumniX vy Txr (@ 1Y)
9] NW(X | V)

:l_Ho_ol(”n Hyo(X 1Y),

(241)
(242)

(243)

(244)

(245)

(246)

(247)

(248)

N, (X | Y)). This completes the proof of Theorem 5.

(249)
(250)
(251)

(252)

(253)
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Ineq. (207) of Theorem 5 can be seen as a generalization of Fano’s inequality from H(X |Y) to Ho(X |Y) (see
also [33]). Moreover, Theorem 5 is tighter than a generalized Fano’s inequality [22, Theorem 7], whose bounds
another definition of conditional Rényi entropy proposed by Hayashi [19]. We defer to discuss this comparison until
Section V-A.

On the other hand, the following theorem shows sharp bounds on Hg(X | Y) with a fixed H,(X | Y) when X
is a Bernoulli RV.

Theorem 6. Let X be a Bernoulli RV, i.e., (Px)| <2, and let Y be an arbitrary RV. Then, it holds that

Hy(X | Y) > Ha(va(p)) for1/2<a << oo, (254)
Hp(X |Y) < Hg(vn(p)) for 1/2 < <a< oo, (255)

withn =2 and p = H; (v, : Hyo(X | Y)), where H; (v, : -) is defined in (47). In particular, if o = 1, then
(255) also holds for every 0 < 8 < 1/2.

Proof of Theorem 6: We prove this theorem in a similar manner to the proof of Theorem 5. If either o = oo or
8 = oo, then Theorem 6 comes from Theorem 5. If @ = 3, then Theorem 6 is trivial'”. Hence, we consider otherwise.
Let X be a Bernoulli RV in which |supp(Px)| =n =2, let Y be an arbitrary RV, and let , s € [1/2,1) U (1, 00)

be distinct numbers. If (7, s) < 1, then we have

No(X 1Y) 2E[|Pxy (- | Y)Ils] (256)
(a)
< Effloa (N (va : [[Pxyy (1 Y)I1) ] 257)
(b)
< oo (N7 (o2 B[| Py (- [ V)1)) |, (258)
€ w2 (N (va = No(X | V)], (259)
= [lv2(p)|ls (260)

with p = N Y(vg : N.(X | Y)), where v(r, s) is defined in (60), Inequality (a) follows from (186) of Theorem 1,
and Inequality (b) follows from Jensen’s inequality and fact that t — ||vg(N, 1 (vs : t))||s is strictly concave in

t € Zy(r) (cf. Lemma 5). Analogously, if v(r, s) > 1, then we also get
Ns(X [Y) > |lv2(p)lls (261)
with p = N, Y (vy : N.(X | Y)). We now define

fa(t) = 5 fa Int (262)

for o € (0,1) U (1,00) and ¢t > 0. Since
o it holds that Hg(X | Y) = f3(Ng(X | Y)) for every 8 € (0,1) U (1, 00),

o if 5 €(0,1), then t — f3(¢) is a strictly increasing function of ¢ > 0,
17If o = f, then both inequalities of Theorem 6 hold with equality, because Heo (v (Hg ' (vn : Ha(X | Y)))) = Ho(X | Y).
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o if 8 € (1,00), then t — fg(t) is a strictly decreasing function of ¢ > 0,

it follows from (260) and (261) that
Hz(X |Y) > Hg(va(p)) for 1/2< a < 8 < oo, (263)
Hg(X |Y) < Hg(va(p)) for1/2<f<a< (264)

with p = N (v : No(X | Y)) for every distinct o, 3 € [1/2,1) U (1, 00), where (a) follows from (260) and (261).
Combining (246), (263), and (264), we have Theorem 6 for distinct o, § € [1/2,1) U (1, 00).
Finally, if o = 1, then Theorem 6 can be proved by employing the concavity of Lemma 2 and the extremality of

Theorem 3. In fact, it holds that for any 8 € (0, 1),

Ha(X | ¥) = 12 IE[| Py (- V)] (265)
2 1 fﬂ InE :eXP (1_55 Hg(Pxy (- | Y)))} (266)
< 1 fﬁ i :eXP <1;5 Hp(vo(H ™ (v2 s H(Pxpy (- | Y))))))] (267)
23 fﬁ W E[los (H (w3 H(Pxjy (- )] (268)
< 1 fﬁ I [l (H (v E[H (Pxy (- [ V))]))lls (269)
W oo (w2 s HX V) @10)
@ Hy(va(H vz : H(X | Y)))) @71
= Hp(v2(p)) (272)

with p = H (v : H(X | Y)), where (a) follows from (204) of Theorem 3 with a = 1, and (b) follows from
Jensen’s inequality and the fact that p — ||vg(H ~1(vg : p))]||s is strictly concave in p € [0,1n2] (cf. Lemma 2).

Analogously, we also obtain
Hp(X |Y) = Hp(va2(p)) (273)

with p = HY(vy : H(X | Y)) for every B € (1, 00). This completes the proof of Theorem 6. [ |

In Theorems 5 and 6, we establish bounds on the conditional Rényi entropy Hg(X | Y') by another Rényi
entropy Hg(v,(p)) of an explicit distribution v,,(-). Namely, these bounds are sharp, i.e., there is no tighter bound
than them in these situations. Theorems 5 and 6 are proved by using the convexity/concavity of Lemmas 2 and 5.
However, if n € N>3 and r, s € [1/2,1) U (1, 00), then the convexity/concavity of Lemma 5 is not unique on Z,(r).
Due to this reason, we cannot use same techniques as the proofs of Theorems 5 and 6 in the cases of n € N3
and r,s € [1/2,1) U (1,00). In fact, we later show in Theorem 7 that Hg(X | Y') cannot be always bounded by
Hpg (v, (p)) with a fixed Hg(X | Y) in such situations. In [29, Theorem 4 and Corollary 1], we established sharp
bounds on H(X |Y) with a fixed H,(X |Y) in which supp(Px) is finite, by defining a pair of RVs (X", Y")

[29, Definition 2] whose achieves their bounds. In this study, we also define a specific pair of RVs (S, T') later in
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Definition 1, and establish sharp bounds on Hg(X | Y') by using (S,T) in Theorem 7. To accomplish this goal, we

now give the following lemma.

Lemma 7. For any fixed n € N>3 and distinct r,s € (0,1) U (1, 00), the equation
[0 (N (00 ) [[s = 0" Olwn (N (v 2 1)lls

= 274
P ot @7
has a unique root t = t*(n;r,s) € T,,(r) \ {1,n%")Y, where T,,(r) is defined in (43).
Proof of Lemma 7: Suppose that r < s and ~(r, s) < 1. Define
n N n . s 0(s) 8 n n - it s
oty o 1RV @0 ) =) Do (N (w0 s ) o)

w — nfr) ot
We prove this lemma by showing the existence of the value t*(n;r, s) € I,(LD (r, s) satisfying x(n,t,t*(n;r, s);r,s) =
0, and proving its uniqueness. Letting p = N, (v, : t), the chain rule of derivatives shows

v (N (wn 1 1))l _ ON ! (vn 2 8) Ollon(p)lls

ot N ot Op (276)
&0 (Ollva®)l-\ " llva(p)ls
80 < B B 277)

x(p8+<n—1> (1—p>8) ”3)1p8*1—<n—1>1*8<1—p>5*1) @)

B Pl — (n— 1)1 (1 — p)s—? (ps +n—1)(1 _p)s)(l/s)—l
_<w1—m_wru—wﬂ><w+m—umﬂ_)¢W%1 @7

p
() (e ) e
= (E0) ()
) ()
(282)
) ()
2y (1) (e )

It follows from (45) and (95) that
o if 7€ (0,1), thenp — 17 as t — 1T,
e ifre(l,o0),thenp — 1" ast— 17,

e it holds that z —w coas p — 17,
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and thus, if r € (0,1), then we obtain

-1 . s _1)1-s _m\S (1/s)—1
L DN () s [psw(rﬁw(lnsz)((p +(n =10 (1 p)) )] o5

t—1+ ot p—1— In, z (pr +(n=1)1"(1 _p)r)(l/r)*l

= 4(r,s)"" lim (ms Z) (286)
@9 (287)

for every n € N> and s € (0,00) in which r < s, where (a) follows from the limiting value

In. 0 if r<1,
lim (1‘“) - (288)
e N 2 v(r,s) ifr>1
for every 0 < r < s < co. Analogously, we also get that if » € (1,00), then
N1 :
tim Aon N (0 s ))s _ (289)
t—1- ot

for every n € N>5 and s € (0, 00) in which 7 < s. Therefore, we have the following:

o if 7 € (0,1), then

. e [loa N @a 1) s = n? Olun (N (v s )]s ] s 1= nf)
tlir?+x(n,t,t,r,s) =" lim [ 00 - ot T 1 )

(290)

t—1+

o if r € (1,00), then

. 275) .
lim x(n,t, t;r,s) D lim
t—1— t—1-

[ (N, ! (v 2 1)) [ls — nf() _ Ovn (N, M (wn 2 ))]ls (289 nf) — pfl)
t —nd) ot 1 —nf®
(291)

for every n € N5 and s € (0,00) in which 7 < s, where note that ||v,,(N, (v, : 1))||s = 1 because [[v,,(1)] = 1.

Since
-1 if r <1,
sgn (1 — n"(”) =50 ifr=1, (292)
1 ifr>1
for every n € N>o and r € (0, o0, it follows from (290) that
-1 ifs>1,
sen (i x(nttirs)) = J0 ifs=1, (293)
1 if s<1

for every n € N>o, 7 € (0,1), and s € (r, 00). Similarly, it also follows from (291) that

sgn( lim x(n,t, t;r, 3)) =1 (294)
t—1—

for every n € N>p and 1 < r < 5 < 00.
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We now verify the sign of the derivative (284) as follows:

e (8|vn(N,_—1(vn : t))lls) @ ¢om (ps_r) san ('y(r,s)‘l) <o (lns z) o <(ps F -1 (1 _p)s)(l/S)—l

; =1 %,jiz (pr + (n— 1)1—1r (1— p)r)(l/r)—l
(295)
b e <1 - S) (296)
1—r
-1 ifr<l<s,
=40 if s =1, 297,

1 fr<s<lorl<r<s
for every n € N>p, 0 <7 < s < oo, and t € Z,.(r), which implies that for each n € N>, the following holds:
o if r <1< s, thent ||v, (N, (v, :1t))|s is strictly decreasing for t € Z,(r),
o ifeitherr <s<1lorl<r<s, thent+s ||v,(N (v, :t))|s is strictly increasing for ¢ € Z,(r).
Recall from Lemma 5 that if (r,s) < 1, then t ~ ||v,, (N, 71 (v,, : t))||s is strictly convex in ¢ € P (r,s) for
every fixed 1/2 < r < s < oo, where note that IT(LQ)(T, 8) C Z,(r) (cf. (43) and (62)). Since
o the first term of the right-hand side of (275) is the slope of the secant line from the point (n(’(”7 ne(s)) to the
point (v, [|[vn (N (v = w))[ls),
« the second term of the right-hand side of (275) is the slope of the tangent line of the curve ¢ — (¢, |[|v,, (N, ! (v, :
)lls),

it follows from the monotonicity and convexity of ¢ +— ||v,, (N, (v, : t))||s with respect to t € 7 (r,s) that

-1 ifr<s<lorl<r<s,
sgn (X(n7t77(n;ﬁ s)ir, s)) = (298)

1 fr<l<s
for every n € N>o, 1/2 <r < s < oo in which y(r,s) < 1,and ¢t € L(f)(r, s), where 7(n;r, s) is the inflection point
of t + ||v, (N, (v, : t))]||s derived in Lemma 5. Combining (293), (294), and (298), and applying the intermediate

value theorem for the function u — x(n,t,u;r,s), it holds that for any n € N>o and any 1/2 < r < s < oo in

which y(r, s) < 1, there exists t*(n;r, s) € L(Ll)(r, s) such that
X(n,t,t*(n;r,s);r,s) =0, (299)

where L(Ll)(n s) is defined in (61). Finally, the concavity of ¢ — ||v, (N, (v, : t))||s with respect to t € Iy(bl)(r, s)
implies the uniqueness of the value t*(n;r,s) € L(il)(r, s). Therefore, the assertion of Lemma 7 holds for 1/2 <
r < s < oo in which «(r, s) < 1. Furthermore, the assertion of Lemma 7 for other situations can also be proved in
a similar way to the above discussion. This completes the proof of Lemma 7. [ ]

From the definition (45) of N,"!(v,, : -), we see that

[va(p)llr =t <= N, (v, : t) = p; (300)
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thus, it follows from (80) and the chain of derivatives that (274) of Lemma 7 can be rewritten by

[on(P)ls = 7 _ 0wa®)ls ( Allvn@)ll) 301
[0 (p)]l; — nf™) ap p

with the change of variables (300), where note that the first-order derivatives appeared in (301) is already derived in

(25). Lemma 7 also ensures that for every n € N>3 and distinct r,s € [1/2,1) U (1, 00), Eq. (301) has a unique
root with respect to p = p*(n;r,s) € (1/n,1) under the relation (300). Therefore, solving the root p*(n;r,s) of
(301), we can obtain the root of (274) as t*(n;r,s) = ||vn(p*(n;7, s))||,- In fact, the root p*(n;r, s) of (301) can
be solved via numerical calculations. However, in general, the root p*(n;r, s) is also hard-to-express in closed-forms,
as with (47) and (48). Fortunately, if either » = 1/2 or s = 1/2, then the root p*(n;r, s) of (301) can be written in

a simple closed-form, as shown in the following.

Fact 2. For any n € N>z and t € (1/2,1) U (1, 00),

1

p (n; 1/25t) =D (n§t71/2) = 1+ (n— 1)(t72)/t'

(302)

Fact 2 can be verified by directly substituting (302) into (301), as with the proof of [29, Fact 2]. In fact, Fact 2 yields
the same value p* to'® [29, Fact 2] as t — 1. Note that p*(n;r, s) = p*(n; s,7) holds; but t*(n;r, s) = t*(n;s,r)
does not hold in general. Employing the roots t*(n;r, s) and p*(n;r, s) of (274) and (301), respectively, we now
define the pair of RVs (S,T) as follows: For n € N>3 and distinct r, s € [1/2,1) U (1, 00), let the real intervals
I (r, s) and I (r, s) be defined by

(t*(n;r, s),ne(r)] if r<1,
I (r,s) = (303)

[ng(r),t*(n;r,s)) if r>1,

1,t*(n;r, s if r<1,
) (r, 5) == 147 J (304)

[t*(nsr,8),1] if r>1,
respectively, where 6(r) is defined in (42). Note that {I,(La)(r, s),I,(Lb)(r, s)} forms a partition of the interval Z, (r)
defined in (43). If r and s are clear from the context, for simplicity, we write (303) and (304) by L(la) and L(Lb),

respectively. Using them, we give the definition of the pair of RVs (S,T") as follows.

Definition 1. For given distinct r, s € [1/2,1)U (1, 00) and pair of RVs (X,Y) ~ Pxy Py in which |supp(Px)| =

n € Nx3, the pair of RVs (S,T) ~ PgpPr is defined as follows: The RV S takes values from supp(Px), and the

RV T takes values from {0, 1}, i.e., the latter is a Bernoulli RV. Let § be chosen so that
5 N (X |Y) —nf™)

t*(n;r,s) —nf)

(305)

I8Note that the definition of vp(+) used in [29] is slightly different to (14); however, these are essentially same.
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where 0(r) is defined in (42). Then, the marginal distribution Pr is given by

(1-46,8) if No(X |Y)eZPM(r,s),
(Pr(0), Pr(1)) = (306)
(0,1) if N(X|Y)eZ®P(r,s),

and the conditional distribution Pg|r is given by

vn(l/n) = (1/n,1/n,...,1/n) if t=0,

Psir(- 1) = v, (p(a)) if t=1and N.(X | Y) e Z(r, s), (307)
V(D)) ift=1and N (X |Y) € I,(Lb)(r, s)

with pay = p*(n;r,s) and pay = Ny (v, : Np(X | Y)), where I,({)(r s) and P )( s) are defined in (303) and
(304), respectively. If we want to specify the parameters (r,s) for (S,T), we write (S(y sy, T(rs))-

After some algebra, for given pair of RVs (X,Y’) in which |supp(Px)| = n € N3 and distinct r,s €

[1/2,1) U (1, 00), the expectation of £;-norm of S given T can be calculated by

Ny(Ser,s) | Tir,s)) )2E E[||Psir(- | T)||,] (308)

= Pr(0) ||Psi(- | 0)[|, + Pr(1) || Psiz(- | D], (309)

ao | (1=0) [|Psiz(- [O)], + 8[| Psir(- [ D], i No(X [Y) €T () (310)
| Psir(- 1 1)), it N.(X|Y) eI (r,s)

G0 8) [|on(1/n)lls + 6 [|vn (p* (s 7, 5))”9 if No(X|Y) EL(,a)(r,s), G
an(N;l(v NAX Y. if N.(X|Y)eZP(rs)
1—0)n® +6 v, if No(X|Y)eZ®(r,s),

_Ja=an [vn (p*(n5r,9)) ||, if No(X YY) (r,s) a12)
[0 (N, (v = NA(X | Y)) it N.(X|Y)eZ (r,s),

1—8) %S 45w, (pa)lle if No(X |Y) € Z® (r, s),
_Ja=an [vn(p@)lls i No(X[Y) (r,s) 313)
[0 (Pl if N (X |Y) €L (r,s)
with
Py = P (N7, 8), (314)
Py = Ny (v, s N (X | Y)), (315)

where 4 is given by (305), and p*(n;r,s) is the root of (301). Letting (a, 8) = (r,s), for any distinct «, 8 €
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[1/2,1) U (1, 00), the conditional Rényi entropy of S given T' can be calculated by

Hy(S(a,) | Tiaus) = fﬁ N5 (Sa) | Tta,) (316)
P[9P 4 b wnlow)lls] i Na(X |¥) €T (0,8),
o ) 1=5 317)
st [lon (o)) if NL(X | Y) € ) (o, B)
2 [ ) n" ) 18 oalp)lls] I Na(X | Y) € I (e ),
L1=p (318)
Hg (v (p))) if Na(X |Y) € Z(a, B)
P n[(1- 00" 4+ 6 oalpi)lls] I Ha(X |Y) € HE (0 B),
QL1=8 (319)
Hp(vn(p))) if Ho(X |Y) € HY (@, 8)
with
Pa) = p* (na a, ﬁ)v (320)
Py = Hy' (v : Ho(X | Y)), (321)
where H'?) (o, B) and 3‘-[$Lb)(047 B) are two real intervals defined by
H (v, ) = (Ha(vn(p@))), Inn], (322)
H (o, ) = [0, Ha(vn(p(a))] (323)

respectively, and § is given by (305) with (r, s) = («, 8). Note that {H%a)(a,ﬂ), %b)(a,ﬁ)} forms a partition of
the interval [0,Inn|. Namely, the quantity H3(S 4,6y | T(a,5)) is determined by the following three arguments: (i)
the number |supp(Px)| > 3, (ii) the value H, (X | Y'), and (iii) distinct «, 5 € [1/2,1) U (1, 00). In fact, for any
distinct o, € [1/2,1) U (1, 00), we can verify the following:

o if Hy(X | Y) € H (o, B). then

319y « [ o
Ha(S(a,p) | Tiap) = 7—=n|(1—0)n™ )+ 8 va(pa) o] (324)
(0 «

l—«a

(325) a ln '(t*(,'%a’ﬂ) — NQ(X | Y)) ng(Q) + (Na(X | Y) - n@(a)) t*(n,a,ﬁ):|

In[(1 = 8)n?@ + 5¢*(n; a1, 5)} (325)

1-a t*(n; o, B) — nf(e) t*(n; o, ) — nfle)
(326)
=% mN(X|Y) (327)
T 1-a *
L HL(X |Y), (328)
o if Hy(X |Y) € HY (a, B), then

319
Ho(Sa0) | Tapy) = Ha(vn(p))) (329)
D H (X | V). (330)
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Hence, the following theorem gives bounds on Hg(X | Y') with a fixed H,(X | Y), and the bounds are sharp

because these are written by a specific pair of RVs (S, 7).

Theorem 7. Let X be an RV in which 3 < |supp(Px)| < oo, and let Y be an arbitrary RV. For any distinct
a,f €[1/2,1) U (1,00), it holds that

H/,)(X | Y) > Hﬁ(S(a;/j) | T(a”é’)) if < 6, (331)
Hg(X |Y) < H(S(ap) | Tap)) i B<a, (332)
where the pair of RVs (S,T) is defined in Definition 1.

Proof of Theorem 7: Let (X,Y) be a pair of RVs in which [supp(Px)| = n for some n € N>3, and let
r,s € [1/2,1) U (1, 00) be distinct fixed numbers. Define

1—8)n?® 4 6" o, (N (v 2 (57, if t € Zi(r, s),
fer(n,t;r, s) = ( )n Hv ( (v (s S)))Hs ! (r.5) (333)
[on (N2 (v, 2 )| if t € Z" (1, ),

S

where Z4" (r,s) and AR (r,s) are defined in (303) and (304), respectively, the value ¢’ € [0, 1) is chosen so that

)
§ = 334
t*(n;r,s) —nf)’ (334)

and t*(n;r, s) is the root of (274) shown in Lemma 7. Note from (313) that fsr(n,t;r,s) is defined to satisfy
fST(n,NT(X | Y);T, S) = NS(S(T7S) | T(r,s))~ (335)

Then, we can verify the following statements:

« the function ¢ — fer(n,t;7,s) is linear in t € A (r,s),

o if v(r,s) > 1, then t — fgr(n,t;7,s) is strictly convex in ¢ € I,(Lb)(r7 s) (cf. Lemma 5),

e if y(r,s) < 1, then ¢t — fsr(n,t;r,s) is strictly concave in t € AR (r,s) (cf. Lemma 5),
where ~(r, s) is defined in (60). Moreover, since t*(n;r, s) used in Definition 1 fulfills (274) of Lemma 7, the
function t — fsr(n,t;r,s) is differentiable ¢ = t*(n; r, s). Therefore, the above convexity/concavity can be modified

as follows:
o if y(r,s) > 1, then t — fgr(n,t;7,s) is convex in t € Z,,(r),
o if y(r,s) < 1, then t — fgr(n,t;7,s) is concave in ¢ € Z,,(r),
where Z,,(r) is defined in (43).

We now consider inequalities between ||v,,(N,~!(v,, : t))||s and fsT(n,t;r, s). By definition (333), it is clear that
lon (N7 (0 )]s = fsr(n, b7, 5) (336)

for every t € L(lb) (r,s). On the other hand, the proof of Lemma 7 shows that

o if y(r,s) > 1, the curve t — (¢, ||v, (N, 2 (vy, : t))]|s) is bounded from below by the secant line from the point
() nf)) to the point (t*(n;7,s), [|[vn (N (v, : t*(n;7,5)))]|s),
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o if y(r,s) < 1, the curve t — (¢, v, (N, (v, : t))]|s) is bounded from above by the secant line from the point
(n?() n?)) to the point (t*(n;7, s), [|[vn (N (v, : t*(n;7,5)))]|s).
Since the secant line from the point (n?("), n?(*)) to the point (t*(n;7, ), |[v, (N (v, : t*(n;7,5)))|s) can be

denoted by t — (¢, fsT(n, t;r,s)) for t € 7 (r,s), it holds that
Y(ry8) >1 = | (N7 (v, 0 1)|ls > fsr(n, t;r, ), (337)
y(rs) <1 = [N (v, o t)|ls < for(n,t;7,s) (338)
for every ¢ € 5" (r, s). Combining (336), (337), and (338), we get
Y(r,8) >1 = | (N7 (v, 0 1)|ls > fsr(n, t;r, ), (339)
y(rs) <1 = | (N7 (v, o t)|ls < for(n,t;r,s) (340)

for every ¢ € T, (r), because T, (r) = 5 (r, s) UZ (r, ).

According to the above discussion, if (r, s) > 1, we have

NJ(X | Y) 2E[IPxp (- | V)Ils] (341)
S E[|Jon (N7 (00 [Pry (- 1 Y)10)]]] (342)
(339)
(b)
> for (nE[| Pxy (- | Y)||-];7, 8) (344)
© for(n, No(X | V)7, 9) (345)
(%5) (S(r s) | T(rs ) (346)

where (a) follows from (185) of Theorem 1, and (b) follows from the convexity of ¢t — fgr(n,t;r,s) for t € Z,,(r).

Similarly, if v(r, s) < 1, we also have
NG(X | Y) < ]VS(S(T,S) ‘ T(r,s))' (347)

Finally, we define

fal®) = C Int (348)

-
for o € (0,1) U (1,00) and ¢t > 0. Since
o it holds that Hg(X | Y) = f3(Ng(X | Y)) for every 8 € (0,1) U (1, 00),
o if 8 €(0,1), then t — fg(t) is a strictly increasing function of ¢ > 0,

o if 8 € (1,00), then t — fg(t) is a strictly decreasing function of ¢ > 0,

it follows from (346) and (347) that

HB(X | Y) > HB(S(%B) ‘ T(a,ﬂ)) if a< ,8, (349)

Hz(X |Y)< Hg(S(aﬁ) | T(Q,B)) if 6<a (350)
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for every o, 8 € [1/2,1) U (1, 00). This completes the proof of Theorem 7. [ |
Note that if either « = 1 or 8 = 1, then sharp bounds in a similar situation to Theorem 7 were already derived in
[29, Theorem 2 and Corollary 1].
In this subsection, we derive sharp bounds on Hg(X | Y) with a fixed Ho(X | Y), a # 3, by employing the
extremality of the distribution v,,(-) shown in Section III. In the next subsection, we further derive sharp bounds on
Hg(X |Y) with a fixed H,(X | Y), a # 3, by employing the extremality of another distribution w(-) shown in

Section III.

B. Bounds Established from Distribution w(-)

In this subsection, by using extremality of the distribution w(-) introduced in Section III, we derive sharp bounds
on Hg(X |Y) with a fixed Hy(X | Y). Unlike the bounds established in Section IV-A, as with Theorem 4, sharp
bounds established in this subsection can be considered for every distributions with possibly countably infinite
support. In a similar way to consider a specific pair of RVs (S, T') of Definition 1, we now define another specific

pair of RVs (U, V') in Definition 2, whose achieves the bounds of Theorem 8 as shown later.

Definition 2. For given r € (0,1) U (1, 00] and pair of RVs (X,Y’) ~ Pxy Py, the pair of RVs (U, V) ~ Pyy Py
is defined as follows: The RV U takes values from {0,1,2,...}; and the RV V takes values from {0,1}, i.e., the
latter is a Bernoulli RV. Let m € N and X € [0,1] be chosen so that

m = [NT(X | Y)W)J, (351)

_ (m 1))~ N.(X | Y)
A = o T (352)

respectively, where 0(r) is defined in (42). Then, the marginal distribution Py is given by
(Pv(0), Py (1)) = (1= A N), (353)
and the conditional distribution Py |y is given by

w(1l/m) if v=0,
Py (- v) = (354)
w(l/(m+1)) ifv=1.

If we want to specify the parameter r for (U, V'), we write (U, V(;)).

After some algebra, we see that

Ns(U(r) | V(r)) e ]E[HPU\V(' | V)Hs] (355)
= Py (0) | Pojv (- [ 0)|, + Py (1) || Pop (- | D, (356)
NP O], + (=N [|Pow - [ D] (357
N Jw(t/m), + (1= Jw(1/(m+ 1) (358)
GO\ mf) 1 (1= \) (m +1)°® (359)
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for every pair of RVs (X,Y), r € (0,1) U (1, 00|, and s € (0, 00], where m € N and X € [0, 1] are given by (351)

and (352), respectively. Similarly, the conditional Rényi entropy of U given V' can be calculated as

1
Hy (Ut | Vie) © a5 PV [ Vi) (360)
@9 1 6(8) _ 6(8)
2 [ Amf® 4 (1= 3) (m +1)°9)], (361)

for every pair of RVs (X,Y), a € (0,1) U (1,00], and 8 € (0,1) U (1, 00], where m € N and X € [0,1] are given
by (351) and (352), respectively, with » = o.. Analogously, it follows that

HUa) | Viay) = Alnm + (1 = A) In(m + 1) (362)

for every o € (0,1) U (1, co]. Thus, the quantity Hg(Uy) | V() is determined by the following two arguments: (i)
the value H, (X |Y), and (ii) two orders «, . In fact, as with (328) and (330), it also holds that

No(Upry | Vi) E Am?@) 4 (1= ) (m +1)°0) (363)

G ((m+ 1) - NA(X[Y) g N N (X |Y)—=mfr
B (m+1)°0) — oy )™ (m + 1)°0) — ()

) (m +1)%™ (364)

~((m+ 1)00) — )

B ((m + 1)9(r) —mb() NA(X]Y) (365)

=N, (X|Y), (366)
Ho(Utay | Viey) = Ha(X | Y). (367)

Fortunately, unlike Hs(S(a,8) | T(a,8)), the quantity Hg(Uqa) | Via)) can be expressed in closed-forms for every
a € (0,1) U (1,00] and S € (0, cc]. Employing the pair of RVs (U, V), the sharp bounds on Hg(X | Y') with a
fixed Ho(X | Y) can be established for o # 3, as shown in the following theorem.

Theorem 8. Let X be a discrete RV in which supp(Px) is possibly countably infinite, and let Y be an arbitrary
RV. For any o € (0,1) U (1, 00] and any 8 € (0,00, it holds that

Hg(X | Y) S HB(U(Q) ‘ ‘/(a)) if « S ﬂ, (368)
Hﬁ(X | Y) > Hﬂ(U(a) ‘ Vv(a)) if 8 <a, (369)
where the pair of RVs (U,V) is defined in Definition 2.

Proof of Theorem 8: Suppose that 0 < r < s < co. For given m € N, r € (0,00) and t € J;,,(r), let A € [0, 1]

be chosen so that

t=xm’" + (1= N) (m+1)°0. (370)
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It follows from Lemma 6 that if (7, s) < 1, then

lw(N; (w : 6))]s E w(N w = Am®T) 4 (1= A) (m+ 1)) 371)
S A (N (aw - )+ (L= A) [lao(N; e : (m 4+ 1)) (372)
© N w(1/m)lls + (1= N [lw(1/(m + 1))l (373)
=Am?® £ (1)) (m+1)/® (374)
(370) (m+1)0) —¢ o(s) t— mb) o0s)
il ((m T me(r)> m) <(m AR me(r)) (m+1) (375)

m _|_ ]_ ‘9( ) ( ) me(r) m + ]_ 9(5) m + ]_ 9(5) — me(s)
_ (e O O o ) Gt 1)) — 76
(m -+ 1) (r) — m (r) (m + 1) (r) — m (r)

)

d(m,t;r, s (377)

for every m € N, t € J,,(r), and 0 < r < s < oo, where (a) follows by the concavity of Lemma 6 and the

definition of concave functions, and (b) follows from the fact that
[w(1/m)||, = m*") = N (w:m"") =1/m. (378)
Similarly, if v(r, s) > 1, it also follows from Lemma 6 that
lw(NH(w = ))[ls < ¢(m,ti7,5) (379)
for every m € N, t € Jp,(r), and 0 < r < s < oo. Note from (359) and (374) that the function ¢(m,¢;r, s) fulfills
Ne(Ugry | Viry) = 6([No(X [ V)|, No(X | Y )i, 5) (380)

for given pair of RVs (X,Y) and r,s € (0,1) U (1, 00]. We now verify the monotonicity of the derivative
Op(m, t;r, s) (m +1)70) —mfE)

ot (m + 1)9) — ;0 (381)
m9(s) (m+1)/m)?) -1
- (5om) (s o) .
:6 0(s)—0(r) @ (lnl 9(8)((m + 1)/ )) 383
"6 g (On D m) .
with respect to m € N. Since 1 — 0(r) < 1 — 6(s) whenever r < s and
g Ingz =279, (384)

Ox
we get that for each fixed 0 < r < s < oo, the function

g (m 1)/m)
™ T ((m + 1)/m) (383)
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is strictly decreasing for m € N. Moreover, since 0(s) — 6(r) < 0 whenever r < s, it also follows that for each

fixed 0 < r < s < 00, the function m +— mf)=0() jg strictly decreasing for m € N. Therefore, we have

san (%(m,t;r,é’) _ O¢(m+ 1,8, 8))

ot ot
— sen <9(7’)) sgn (mg(s)g(r) (1ﬂ19(s)((m + 1)/m§> —(m+ 1)9(3),9(@ (1H19(s)((m +2)/(m + 1))>>

o0s) o) ((m + 1)/m 1o ((m + 2)/(m + 1))
=1
(386)
@ <s (1 - T)) (387)
S\ (1—23s)
B =1 if y(r,s) > 1, (388)

1 ify(rs) <1
for every m € Nand 0 < r < s < oo with 7,5 # 1, where (a) follows from the hypothesis: » < s. This implies the

strict monotonicity of the derivative

m ey PATET) (389)

with respect to m € N. In addition, it follows from (375) that

0(r) _ 1)0(r) 1)0(r) — 4 0(r)
0(r). _((m+1) (m+1) 0(s) (m+1) m 0(s)
¢(m, (m + 1) 3Ty S) - ( (m + 1)90«) — mf) m + (m 4 1)9(r) — mo) (m + 1)

) =1
(390)
= (m+1)°), (391)
| £2)%0) — (m+ 1)°0) S ()P — (1)) ,
1 1)0(r). _ (m 1)0(s) 2)6(5)
(b(m + 9 (m + ) 7T7 S) ((m + 2)9(7«) _ (m + 1)9(7“) (m + ) + (’fn, + 2)0(7,) o (m + 1)0(7,) (m + )
=1 =0
(392)
= (m + 1)°¢); (393)
i.e, it holds that
o(m, (m + 1)‘9(7'); r,s)=¢(m+1,(m+ 1)‘9(7'); T, 5) (394)

for every m € N and r,s € (0,1) U (1, 00]. Since t — ¢(m, t;r,s) is linear in ¢ (cf. (376)), combining (388) and
(394), we have that for any fixed 0 < r < s < o0,
o if y(r,s) > 1, then t — min{¢(m,t;r,s) | m € N} is a piecewise linear function of ¢ € J(r), whose its slope
never increases as ¢ increases, i.e., it is concave in t € J(r),
o if y(r,s) <1, then ¢t — min{¢(m,t;r,s) | m € N} is a piecewise linear function of ¢ € J(r), whose its slope

never decreases as t increases, i.e., it is convex in ¢t € J (7).
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Moreover, it also follows from (388) and (394) that
o(m/ t;r,s) = min{od(m, t;r,s) |m e N} if y(r,s) > 1, (395)
o(m' t;r, s) = max{¢p(m,t;r,s) | m € N} if y(r,s) <1 (396)
for every m’ € N and ¢ € J,,,/(r); thus, we get from (370) that
([t |, t; 7, 5) = min{p(m, t;7,s) | m € N} if y(r,s) > 1, (397)
o([t°T) |, t; 7, s) = max{p(m, t;r,s) | m € N} if y(r,s) <1 (398)
for every t € J(r). Combining (377), (379), (397), and (397), we obtain
lw(N " (w : )]s < min{g(m,t;r,s) | m € N} if y(r,s) > 1, (399)
lw(N, 7 (w : )]s > max{¢(m,t;r,s) | m € N} if v(r,s) <1 (400)

for every t € J(r) and 0 < r < s < oo. Therefore, it y(r, s) < 1, we obtain

NJ(X | Y) 2E[Pxp (- | V)Ils] (401)
(a)
> E[llw(N, " (w : || Pxy (- 1Y) [[0)]]s] (402)
(420) E P Y)ll.; 403
> E [ max o(m, || Py (- | V) 7. 5)] (403)
= IgnlggE[sb(m, 1Px1y (- | Y)lles, s)} (404)
® glg§¢(m,IE[||PX|y(~ \ Y)HT];T, s) (405)
= max ¢ (m, No(X | Y);r,s) (406)
D G(INA(X Y)Y O], N(X | V)i s) (407)
D N (Ui | Vi) (408)

for every pair of RVs (X,Y) and 0 < r < s < oo, where (a) follows by Theorem 2, and (b) follows by the linearity
of t — ¢(m,t;r,s) (cf. (376)). Analogously, it can also be verified that if v(r,s) > 1, then

for every pair of RVs (X,Y) and 0 < r < s < o0.

Finally, we define

fa(t) == lim

u—a ] —u

Int (410)

for a € (0, 00] and ¢ > 0. Since
e it holds that H, (X |Y) = fo(No(X | Y)) for every 0 < a < o0,
o if y(cr,8) > 1, then ¢t — fg(t) is a strictly decreasing function of ¢ > 0,

o if v(a, B) < 1, then ¢ — f3(t) is a strictly increasing function of ¢ > 0
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for every 0 < a < 8 < o0, it follows from (408) and (409) that
Hg(X |Y) < Hp(Ua) | Vi) (411)

for every pair of RVs (X,Y) and 0 < a < 8 < oc. In a similar way to the above discussions, we can also prove

that
Hp(X |Y) > Hg(Uay | Viw)) (412)

for every pair of RVs (X,Y) and 0 < 8 < o < oo. This completes the proof of Theorem 8. [ ]

Note that if o = 1, then sharp bounds in a similar situation to Theorem 8 were already derived in [29, Theorem 2
and Corollary 1]. We further mention that Theorem 8 has no constraint in the size of support [supp(Px)], i.e., the
RV X may take values from a countably infinite alphabet.

We now compare Theorem 8 to the inequality
Hg(X |Y) < Ho(X|Y) for0<a<pg<x (413)

proved by Fehr and Berens [13, Proposition 5], which shows that o« — H,(X | Y) is decreasing for its order
a € [0, 00]. It follows from (366) and (413) that

Hﬁ(U(a) | ‘/(a)) < Ha(X | Y) for0<a<p<oo, 414)
which implies that (368) of Theorem 8 is tighter than (413).

V. APPLICATIONS

In Section IV, we established sharp bounds on Hg(X | Y') with a fixed H, (X |Y) for distinct orders « # .
In this section, we introduce applications of these sharp bounds to other information measures. If an information
measure is a strictly monotone function of H, (X | Y'), then our results can be applicable to it.

As an example, we can apply Theorems 5 and 8 to the minimum average probability of error Pp(X | Y) =
exp(—Hoo (X | Y)) defined in (13); and then, we can obtain a generalization of Fano’s inequality from H(X |Y)

to Ho(X | Y), as with [33]. We organize this discussion in the next subsection.

A. Generalized Fano’s Inequality: Interplay Between Conditional Rényi Entropy and Average Probability of Error

In this subsection, we examine interplay between the conditional Rényi entropy and the probability of error, as a

generalization of Fano’s inequality. We first show an unconditional version of it in the following corollary.

Corollary 1 (Unconditional version of Fano’s inequality for the Rényi entropy, see also [33, Corollary 3 and

Theorem 2]). Let X be a discrete RV taking values from a countable alphabet X. Then, it holds that

Ha(X) > 1:1 1nH11€J (1—e) + (1 - L 1€J (1 —g)>a] “15)
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for every a € (0,1) U (1,00) and € € [0, Po(X)], where the minimum average probability of error Po(X) for
guessing X is defined by

Po(X) = min Pr(X # ). (416)

In addition, if supp(Px) is finite, i.e., |supp(Px)| < n for some n € N, then

-1

- 1n[(1 — &)+ (n— 1)1—%a} ife< 2
Hy(x)<{ —¢ " (417)

. n—1

Inn if & >
for every a € (0,1) U (1,00) and € € [Ps(X), 1].
Proof of Corollary 1: Let X be a discrete RV. It follows from Theorem 4 that

Ho(X) > Ho(w(HZ (w2 Hoo (X)) (418)
= Ho(w(|[Px|ls)) (419)
= Hq(w(l — Po(X))) (420)

1 i o hl“l _;Q(X)J (1= FPe(X))* + (1 = {ﬁe(xﬂ (1- Pe(X)))al “21)
(

S 1““11_5J (1—e) + (1 - L;J a1 s)ﬂ (422)

for every o € (0,1) U (1,00) and € € [0, P.(X)], where (a) follows from the fact that p — H,(w(p)) is strictly

S

decreasing!’ for p € (0,1].
On the other hand, we suppose that supp(Px) is finite, i.e., |[supp(Px)| = k € N. It follows from Theorem 3 that

Ho(X) < Ho(vi(HZ vy + Hao(X)))) (423)
= Ha(vi(||Px o)) (424)
— Ho(vp(1 — Po(X))) (425)
= 1 —In (1= Po())™ o+ (k= 1)1 Pu(X)°] (426)
S o[- POOY + (- 1) R(X)] “27)
2 i m[(l )4 (n—1)° ga} 428)

for every a € (0,1) U (1,00), n > |supp(Px)|, and ¢ € [Po(X), (n — 1)/n], where (a) follows from the fact that
the right-hand side of (427) is strictly increasing for n > 1, and (b) also follows from the fact that the right-hand
side of (428) is strictly increasing for & € [0, 1]. Finally, since 0 < Po(X |Y) < (k—1)/k < (n — 1)/n, Inequality

19This monotonicity follows from Lemma 1 and the monotonicity of ¢t — (a/(1 — a))Int.
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(428) can be rewritten by
1

-1
1n[(1 ) 4 (n— 1)1—%a} ife< 2

n (429)
n—1

H,(X) <
Inn if € >

n
for every o € (0,1) U (1,00), n > |supp(Px)|, and € € [P.(X), 1]. This completes the proof of Corollary 1. M

In the following corollary, we give sharp upper and lower bounds on H, (X | Y') with a fixed probability of error,

i.e., the following corollary shows generalizations of Fano’s inequality and the reverse of Fano’s inequality.

Corollary 2 (Conditional version of Fano’s inequality for the Rényi entropy, see also [33, Theorems 3 and 11]).

Let X be a discrete RV, and let Y be an arbitrary RV. Then, it holds that

([ (- [ - L (- oo )]

(430)

Ha(X|Y)21a

—

In

for every o € (0,1) U (1,00) and ¢ € [0, Po(X | Y)], where the minimum average probability of error Po(X |Y)

is defined in (13). In addition, if supp(Px) is finite, i.e., |supp(Px)| < n for some n € N, then
—1
1n[(1 — &)+ (n— 1)1—%1} ife<

n
no1 (431)

Hy(X|Y)<q ¢

Inn if € >

n
for every o € (0,1) U (1,00) and € € [Po(X | Y), 1].

Proof of Corollary 2: Let X be a discrete RV, and let Y be an arbitrary RV. It follows from Theorem 8 that

Ho(X |Y) > Ho(Uisoy | Vo)) (432)
(36D 1%111 [)\ m(t/e-1 ¢ (1-X\) 1+ m)(l/a)fl} (433)
(652 « (1+m)™! = N (X |Y) (1/a)—1 Noo(X | Y) = m! eyt

N 1704ln ( (I+m)~l—m-1 mn + (I+m)t—m! (1+m)
(434)
o « _m(l/a)—l (1 + m)—l —m! (1 4 m)(l/cx)—l (1 + m)(l/a)—l _ m(l/a)—l
= 1—aln Atm) = +NOO(X|Y)( S —
(435)
= T iya In _((1 +m)1/a — ml/a) + N (X |Y) (ml/a (1+m)—m(1 +m)1/a)] (436)
=1 iya In _(1 + m)Y/ (1 —m Ny (X | Y)) _ /e (1 —(14+m)Noo(X | Y))] 437)
351« 1 1/a 1
2| (1 {mp (1 [WJ Noo(X'| Y>)

o) 0 O L D)

(438)
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o 1/a
ST a (”[%D (1_[1—136:([X|Y)J<1_P6(XY))>
- h_pjmf/a(l (1 [%D(“Pﬁ | Y>))
(439)
(_a)l—aln (1+L1isj>l/a<1(ls)[1igDhieJl/a(l(15)<1+L1isj))]
(440)

for every o € (0,1) U (1,00) and € € [0, P.(X | Y)], where (a) follows from the fact that the right-hand side of
(440) is strictly increasing for € € [0,1). Note that this monotonicity can be verified as with the proof of Lemma 1.

On the other hand, we suppose that supp(Px) is finite, i.e., |[supp(Px )| = k € N. It follows from Theorem 5 that

Ho(X |Y) < Ha(vk(HZ (vr : Hoo(X | Y))) (441)
— Ho(vp(Noo(X | Y)) (442)

= H, (vk(l —P.(X|Y))) (443)

= [ - R(X Y+ (k- 1) R(X V)] (444)

(%) m[ (X [ Y))2 + (n— 1)1 Py(X | Y)a} (445)

m[ (1= +(n—1)'""e] (446)

for every o € (0,1) U (1,00), n > |supp(Px)|, and € € [Po(X | Y), (n — 1)/n], where (a) follows from the fact
that the right-hand side of (445) is strictly increasing for n > 1, and (b) also follows from the fact that the right-hand
side of (446) is strictly increasing for e € [0, 1]. Finally, since 0 < P,(X |Y) < (k—1)/k < (n — 1)/n, Inequality

(446) can be rewritten by
1

Ho(X |v)<{1t™@
Inn if € >

ln[(l—s)o‘—ﬁ—(n—l)l*asa} ife< n_l,

n (447)
n—1

for every o € (0,1) U (1, 00), n > |supp(Px)|,

and € € [P,(X | Y), 1]. This completes the proof of Corollary 2. W

In Fig. 3, we illustrate feasible regions of pairs (P.(X | Y), H,(X | Y)) established by the upper and lower
bounds of Corollary 2. The well-known bounds 0 < H,(X | Y) < In|supp(Px)|, e.g., [13, Proposition 3],
immediately follow by Corollary 2. In addition, Corollary 2 also implies that

Hy(X|Y)—0 = P.(X|Y)—0, (448)

|supp(Px)| — 1

449
|supp(Px)| 49

H,(X |Y) — In|supp(Px)] = P(X|Y)—

for every o € (0,1) U (1, 00).
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(a) Case of « = 1/3. (b) Case of a = 3.
Fig. 3. Plot of the upper and lower bounds on Hq (X | Y') with a fixed Pe(X | Y) in the case of |[supp(Px)| < n = 16 (cf. Corollary 2).

We now consider RVs X and Y taking values from same finite alphabet X'. Since P.(X | Y) < Pr(X #Y),
note that (431) also holds with e = Pr(X #Y). If e = Pr(X #Y) <1—1/|X]|, then (431) approaches to

H(X|Y)<hy(Pr(X #Y)) + Pr(X #Y)In(|X]| — 1)

(450)

as a — 1, where hy : t — —tInt — (1 — ¢)In(1 — ¢) denotes the binary entropy function. Thus, Ineq. (431)

is a part of generalized Fano’s inequality in terms of Arimoto’s conditional Rényi entropy. Unlike (431), since

P.(X |Y) <Pr(X #Y), note that (430) does not hold with ¢ = Pr(X # Y) in general. In fact, the reverse of

Fano’s inequality (cf. [12, Theorem 1], [23, Eq. (15)], [36, Eq. (6)]) is a sharp lower bound on the conditional
Shannon entropy H(X | Y') with not fixed Pr(X #Y) but fixed e = P,(X | Y) as

1
—¢€

1
1—

H(X|Y)> (1—(1—5){1

G|

1
1—¢

[ym(1+]

g

1

1

1

D-(-u-ale=))l

— &

1—¢

Jlnh—a

(451)

Since (430) approaches to (451) with e = Po(X | Y) as @ — 1, Inequality (430) can be seen as a generalized

reverse of Fano’s inequality in terms of Arimoto’s conditional Rényi entropy. Indeed, it can be verified that the

right-hand side of (451) is same as the right-hand side of (362).

We now compare Corollary 2 with another generalized Fano’s inequality, which is an upper bound on another

definition of conditional Rényi entropy

1

H —
H(X|Y) = —

lnE{

>

z€supp(Px |y (-

Pxjy (x| Y)*
[Y))

(452)

proposed by Hayashi [19]. Iwamoto and Shikata [22] investigated many information theoretic properties of HI(X | V).

Then, they derived a different type of Fano’s inequality, as shown in the following theorem.
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Theorem 9 ([22, Theorem 7]). Let X and Y be RVs taking values from same finite alphabet X. Define

gilayen) = i —In [(1 — &)+ (n—1)l sa} : (453)

g2(a,m) = - L (G-t 00— m-1]. 454)
Then, it holds that

HE(X | Y) < max{ gy (0, Pr(X # ), [X]), g2 (0, Pr(X # V), X)) } (455)

for every a € (0,1) U (1,00) whenever® 0 < Pr(X #Y) < 1.

Since
HYX |Y)<HL(X|Y) (456)

(cf. [22, Theorem 1]), Inequality (431) of Corollary 2 can be relaxed by replacing H,(X | Y) by HI(X | Y).
Moreover, since the right-hand side of (431) is equal to g1(«,e,n) for 0 < & < (n — 1)/n, Inequality (431) of
Corollary 2 can also be relaxed by replacing the right-hand side of (431) by the right-hand side of (455) for
0 <e < (n—1)/n. Thus, Inequality (431) of Corollary 2 is tighter than (455) of Theorem 9 when 0 < Pr(X #
Y) < (%] - 1)/|].

Finally, we give sharp bounds on P.(X | Y) with a fixed H,(X | Y) by using the results of Section IV, as

shown in the following corollary.

Corollary 3 (see also [33, Theorems 5 and 12]). Let X be a discrete RV, and let Y be an arbitrary RV. Then, it

holds that
Pk v <1 (14 [ exp (Ha(X | Y))J)l/a - {exrl) (Ho(X | Y))Jl/a —exp (1?70‘ Ha(X | Y))
| exp (Ha(X 1Y) | (14 | exp (Ha(X | V) ) o | exp (Ha(X | Y))Jl/a (14 | exp (Ha(x 7))
457)
for every a € (0,1) U (1, 00). In addition, if supp(Px) is finite, i.e., |supp(Px )| = n for some n € N, then
Po(X|Y)>1—Hg (vn: Ha(X |Y)) (458)

for every a € (0,00), where H, *(v,, : -) is defined in (47). In particular, if either a = 1/2 or oo = 2, then the

following closed-form bounds hold:

n(n—1)—(n—2)exp (Hl/Q(X | Y)) +24/exp (Hl/Q(X | Y)) (n—1) (n — exp (Hl/Q(X | Y)))

(459)

n

PX| V)21 1+ y/exp (— Ha(X |Y)) (7:1 1) (n —exp (H2(X | Y))) o

20Note that g2 (v, 0,n) is undefined if a € (0,1) and g2(a, 1,n) is also undefined if o > 2. In [22, Theorem 7], the limiting value was
considered as Pr(X #Y) — 0.
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with n = |supp(Px)|.
Proof of Corollary 3: Let X be a discrete RV, and let Y be an arbitrary RV. It follows from Theorem 8§ that
Hoo(X 1Y) < Hoo(Ua) | Vi) (461)

= mAmtra-Na+ m)*l} (462)

[/ (1 (1/e)=1 _ N (X |Y No(X |Y) = mt/e)-1
N (1+m) _ ( |,) m-1 4 (X | )7 m N +m)!
| (1+m)(1/o¢) 1 pp/a)—1 (1+m)(1/a) 1 _ pp@/a)—1

(463)
r m—l (1 + m)(l/a)—l _ m(l/a)—l (1 + m)—l (1 + m)—l _ m—l
=—In ( (1+ m)(1/a)71 — m/a)-1 ) + No(X |Y) <(1 T m)(1/a)71 _ m(l/a)l)]
(464)
I aEm)e e\ |
=~ _(m (1+m)t> —ml/a (14 m) Na(X Y) m (1 +m)t/e —mb/e(m+1)
(465)
B m (14+m)t/* —m'/* (14 m)
_ln|:(1+m)1/°‘—m1/a—Na(X|Y):| (466)

| exp (Ha(X [ V)| (1+ | exp (Ha(X | Y))J)l/a — | exp (Ha(X | Y))Jl/a (1+ [ exp (Ha(x [ V) ])

=In
1/« 1/« 11—«
(1 + {exp (Ho(X | Y))J) - {exp (Ho(X | Y))J —exp (T Ho(X | Y))

467)

for every a € (0,1) U (1,00). Along with (467), the equation

1
H, X|Y)=h|—F— 4
<1 = [ 49
yields (457).
On the other hand, we suppose that |supp(Px)| = n for some n € N. It follows from Theorem 5 that

Ho(X |Y) > HOO(vn(Ha_l('vn 1 Ho(X 1Y) (469)
=—InH; (v, : Ho(X | Y)) (470)

for every a € (0,00). Combining (468) and (470), we have (458). Finally, Inequalities (459) and (460) can be
obtained by substituting (458) into the closed-forms of Fact 1. This completes the proof of Corollary 3. |

In Fig. 4, we illustrate feasible regions of pairs (H,(X | Y), P.(X | Y)) established by the upper and lower
bounds on Corollary 3. In this subsection, we examined interplay between H,(X | Y) and Po(X | V) as a
generalization of Fano’s inequality. In the next subsection, we further consider applications of the results of this

study to other information measures.
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Fig. 4. Plot of the upper and lower bounds on Pe(X | Y') with a fixed Ho(X | Y) in the case of [supp(Px )| < n = 6 (cf. Corollary 3).

B. Other Related Information Measures

We now consider the Bhattacharrya parameter [25, Definition 17] of X given Y, defined by

1
Z(X|Y) ::|X|7—1

Z E{\/wa(f |Y) Pxy(2' | Y)],
z,x’ €X:
r#x’

A71)

where X is an RV taking values from a finite alphabet X, and Y is an arbitrary RV. This quantity Z(X | Y) is

useful to analyze rate of polarization for |X|-ary polar codes [25, Section VII-B], [31, Section 4.1.2]. After some

algebra, we have

)
Hipp(X [Y) 2 ImNyo(X | Y)

®) [
CIE[|Pxyy (-1 V)2

@

zeX

zlnE:<Z \/ Pxy(z]Y)

)]

s[5 Py V) Py @ V)]

~xa’eX

zlnE-Z (PX|Y(:C|Y)+

“reX

=1n(1+114:{ >

z,x €X:x' Fx

472)

(473)

474)

(475)

Z \/PXIY(CC |'Y) Pxy (2" | Y))}

' €X:x'#x

(476)

Din(14+ (X - 1) 2(X | V));
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therefore, our results can be applicable to Z(X | Y). Fortunately, if a = 1/2, i.e., in the case of (478), our results
can be expressed in closed-forms by Facts 1 and 2. In the following corollary, we show sharp upper and lower

bounds on Z(X |Y) with fixed Po(X |Y) and |X|.

Corollary 4 (Sharp bounds on Bhattacharrya parameter with a fixed average probability of error). Let X be an RV

taking values from a finite alphabet X, and let Y be an arbitrary RV. Then, it holds that

(sl e 2D (e -el2al) ) s oo = (=) ey 20

479)

Jorevery 0 <e; < P(X|Y) <ea < (JX] - 1)/|X|

Proof of Corollary 4: Tt follows from (430) of Corollary 2 and (478) that

1172 et [ L)) (- a9 [ ) - L (a6 L))

- (el ) - e ol o ) -

- IXll— : {%_J n (1 + {ip (1 —(1—¢) hieD - 1] (482)

for every € € [0, P.(X | Y)]. In addition, it also follows from (431) of Corollary 2 and (478) that

Z2(X|Y) < Wl_l:(\/1—5+\/(|2(|—1)a)2—1} (483)

- W{ 1 :((1 —2)+2y/(A - Del—2) + (4] - 1)e) - 1] (484)

— o |PVIRT = D=2+ (41 - 2 85)

- <:§::i> e+2 7;1:51) (486)

for every £ € [Po(X | V), (|| = 1)/|X|). This completes the proof of Corollary 4. n

In Fig. 5, we illustrate a feasible region of pairs (P.(X | Y),Z(X | Y)) established by the upper and lower
bounds of Corollary 4. In a similar way to the proof of Corollary 4, we can also derive sharp upper and lower

bounds on P,(X | Y) with fixed Z(X | Y) and |X|, as shown in the following corollary.

Corollary 5 (Sharp bounds on minimum average probability of error with a fixed Bhattacharrya parameter, see also

[25, Lemma 22]). Let X be an RV taking values from a finite alphabet X, and let Y be an arbitrary RV. Then, it
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Fig. 5. Plot of the upper and lower bounds on Z(X | Y') with a fixed Po(X | Y) in the case of |X| = 4 (cf. Corollary 4).

holds that

(X -1
|X[?

(2 () - 22X | Y) -2/ ZX V) T (X - DZ(X | Y)))
(12 = 1) Z(X | V) = 2[1+ (X - ) Z(X | V)

[H(m 1) Z(X | Y)J (1+ L1+(|X| 1) Z(X | Y)J)'
(487)

SE(X|Y)<1+

Proof of Corollary 5: Let X be an RV taking values from a finite alphabet X', and let Y be an arbitrary
RV. For simplicity, let Z = Z(X | V), let ¢ = P,(X | Y), and let n = |X|. Substituting o« = 1/2 and
exp(Hy2(X |Y)) =1+ (|X] =1)Z(X | Y) (see (478)) into (457), we have
c<]_ A+1+m-1DZ])>-[1+n-1)Z*-1+(n-1)Z2)
- 1+ (n-1)Z]0+|1+n-1)Z])2-[1+(n-1)Z]2Q1+[1+(n—-1)Z])
m=1)Z-211+(n-1)Z|
1+ -1)Z](1+[1+(n-1)Z])

which is the upper bound of (487).

(488)

=1+ (489)

On the other hand, consider the right-hand inequality of (479). We readily see that

7z < (”2)5+2 e(l-¢) (490)
1 n—1
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— Z—<n2>s§2 cl-¢) (491)

n—1 n—1

2
— ZQQZ(n_Q)eJr(H) g dellzg) (492)

-1 n—1 n—1

2
_ 4 _ 4
— no2\ 2oz (22, 4 V2o (493)
n—1 n—1 n—1 n—1

By the quadratic formula, we have

3

— -1
r <2+ n—2)Z-2y0-2)1+( n—1)Z)> <e<” <2+(n—2)Z+2\/(1—z)(1+(n—1)Z));
n
(494)
and the left-hand inequality is indeed the lower bound of (487). This completes the proof of Corollary 5. |

Corollary 5 is equivalent to [25, Lemma 22]; and thus, this study gives an alternative proof of it. Note that
Corollary 5 also shows same feasible regions as Fig. 5.

So far, in this section, we presented applications of the sharp bounds on Hg(X | Y) with a fixed H,(X |Y) in
the case of either & = oo or § = co. However, the results of this study enable us to consider the sharp bounds
on Hg(X | Y) with a fixed H,(X | Y) in the case of that both « and § are finite orders. As an example, the
following corollary shows sharp bounds on Hy(X | Y) with a fixed H;/5(X |Y).

Corollary 6. Let X be a discrete RV, and let Y be an arbitrary RV. Then, it holds that

Hy(X | Y) < 1nﬂexp (Hio(X | V) | (14 | exp (Hyo(X | Y))J)}

— 9 <1+ {exp (Hy/o(X | Y))J)s/z B {exp (Hy/o(X | Y))J3/2

+exp (Hyjp(X | V) (ﬂexp (Hyja(X | Y))J _ \/1+ {exp (Hypo(X | Y))D

(495)
In addition, if |supp(Px)| = n for some n € N, then the following lower bounds hold:
o if0< Hypp(X|Y)<2In(1++vn—1)—In2, then
—1
Hy(X |Y) 2 In - L 496)
nH1/2( 3H1/2(X|Y)) 2H1/2( :H1/2(X‘Y))+1

where Hl/Q(vn :+) is already shown in Fact 1, and

o if2In(1++vn—1)—1In2 < Hyjp(X |Y) < lnn, then
Hy(X |Y) 221n[n—2ﬁ} +ln[n(n—l)}
—21n{2+exp(H1/2(X|Y))<2\/m-n)+n(n—\/Tﬁ—2)} (497)
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Fig. 6. Plot of upper and lower bounds on Hz(X |Y') with a fixed Hy /5(X | Y) in the case of [supp(Px )| < n = 8 (cf. Corollary 6).

Proof of Corollary 6: Let X be a discrete RV, and let Y be an arbitrary RV. It follows from Theorem 8 that
(498)

Hy(X |Y) < Ha(Uqyay | Viny2))
- —2ln:)\m_1/2+(1—)\) (1+m)_1/2} (499)
— %I -((1 +m) = Ny (X | Y)) m2 4 (Nl/Q(X 1Y) — m) (1+ m)_l/g] (500)
- 2 -((1 +m) = Ny jo(X | Y)) m~2 4 (Nl/Q(X 1Y) — m) (1+ m)1/2] (501)
m (14 m) (502)

=2 (Tt m) — N p(X [Y))VI+tm+ (N jo(X |Y) —m)ym
=In[m (1+m)] - 21n[((1 +m) = Nup(X [ V))VIFm+ (Nipp(X |Y) - m)\/%} (503)

- 1n[m (1+ m)} —2ln {(1 +m)32 = mP? Ny (X | Y)(\/% - m)] (504)

(505)

Substituting (351) into (504), we obtain (495).
On the other hand, we suppose that supp(Px) is finite. Let n = |supp(Px)|. By Fact 2, the following identities

hold:
i} 1
DRAFT
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t"(n;1/2,2) = [[vn(p*(n;1/2,2))]1/2
= [lvn(1/2)[l1/2
([15)
=3 (1 + x/m) :

[on(p*(n51/2,2))]l2 = [lva(1/2)]2

Hypo(vn(p*(n;1/2,2))) = Hyja(vn(1/2))

= ln<; (1 + \/m)2>

—21n(1+\/nf) In2.

Hence, it follows from (322) and (323) that
H(1/2,2) = (2In(1 +vn — 1) — In2,1nn],
HP)(1/2,2) = [0,2In(1 +vn — 1) — In2],
respectively, where note that if n = 2, then
HE (1/2,2) =0,
1 (1/2,2) = [0,1n2).
If n>3and Hy)o(X |Y) € 7—[,@(1/2, 2), then it follows from Theorem 7 that
Hy(X |Y) = Ha(S(1/2,2) | T(1/2,2))

= —2In (]_—5) 71/24’6“”11(]9(1) H }

:—2111 (1-9 \/7—0—5
n—1

:_ZIH_(QNUQ(X | Y)—2\/m—n) \/}L (n;v;/%)

n—2yn—1

1n[n—2\/m] —21n[2N1/2(X [Y)—2vn-T-n_ (n=NisX|Y))vn

vn
[n—Z\/nj}—i—Zln[ n—l)}

2111{ 2N, /2(X |Y) 72\/ﬁ—n)\/n7 +(an1/2(X\Y)) ]

= 21n[n—2\/nj} —|—1n[n n— 1)}
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(506)

(507)

(508)

(509)

(510)

(511)

(512)

(513)

(514)

(515)

(516)

(517)

(518)

(519)

(520)

(521)

(522)

(523)

(524)

(525)
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—ZIn{Nl/g(X|Y)(2\/7ﬁ—n)—2(n—1)+n(n—m>} (526)
:2ln[n—2\/H} —Hn[n(n— 1)}
—21n{2+exp (Hyja(X | Y))(2m—n) +n(n— \/m—2)} (527)

thus, we have (497). Moreover, if n > 3 and H; /2(X |Y) e 7—[5}”(1 /2,2), then it also follows from Theorem 7 that

Hy(X [Y) > Ha (S22 | T1/2,2)) (528)
= Ha (v, (Hy (v, 2 Hjo(X |Y)))) (529)
1= H (v Hy (X | V)
——In (Hl—/g(vn L Hyjp(X | Y))? + ( 172 — 11/2( ) ) (530)
n—1
—1 _ _ . (531)
" <nHl/12(vn DHyyo(X | Y))2 = 2H (v Hipp(X | Y)) + 1)

Finally, if n = 2, then Theorem 6 also yields (531). Hence, we have (496). This completes the proof of Corollary 6.

|

Analogously, we can also establish closed-form sharp bounds on H;/o(X | Y) with a fixed Ho(X [ Y) in a
similar way to the proof of Corollary 6.

Furthermore, since H, (X | Y) is closely related to Gallager’s reliability function Ey [14] and o-mutual information

[21], [35] (cf. [2], [41]), we can also establish sharp bounds on them in some situation, as with [29, Theorem 5].

APPENDIX A

PROOF OF LEMMA 4

Proof of Lemma 4: The identity g(n, z;7,s) = —g(n, z; s,7) is trivial from the definition (55). Hence, suppose
throughout this proof that 0 < r < s < oo, and we only consider the function g(n, z;r, s). We first prove the first
assertion of Lemma 4 for z € (0,1). It is clear that if z € (0,1), then r — 2" is strictly decreasing for r € R.
In addition, for each fixed z € (0,1) U (1, 00), the function r — In, z is strictly decreasing for r € R (cf. [29,

Lemma 1]). Therefore, we obtain

g(n, z;r, s) ) (Z'+(n—1)In,z— (2°+(n—1)) Ing 2 (532)
>("+(n-1) In,z— (2" 4+ (n—1)) In, 2 (533)
=0 (534)

forevery n € N, z € (0,1), and 0 < r < s < oo, which is the first assertion of Lemma 4 for z € (0, 1).

We next consider the second and third assertions of Lemma 4 for z € (1, 00). Consider two functions
filz;r,s) = 2"1n,. 2z — 2% In, 2, (535)

fa(n, z;7r,8) == (n—1)(In, z — In, 2) (536)
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satisfying
g(n,z;r, ) = fi(z;m,s) + fa(n, z; 1, s). (537)

Direct calculations show the following derivatives:

Ofi(zir,s) 535 0 (. s
SR (z In, z — 2° In, z) (538)
0z" - 0ln, z 0z° s 0Ingz
:((%)lnrz—i—z ( ER >—(az>lnsz—z( ER ) (539)
=r2" M, z+2 2T —s2 gz — 25270 (540)
=rz" 'ln,24+41—52"tlngz—1 (541)
=rz" tIn,z—s2"1Ing 2 (542)
1-r 1-s
_ r—1 7% -1 _ s—1 % -1
e vt E e w (543)
__r r—1 _ _ S s—1 _
= (2 1) — 1(2 1) (544)
0 fi(z;r, ) s44) O r 1 s 1
Zhierd @ 2 (Lor-y- 2 ) (545)
r 0271 S 02571
r—l( 0z )s—l( 0z > (546)
=722 5272, (547)
dfa(n, z;7,5) (536 O
5, = 3, ((n — 1)(1nr z — Ing z)) (548)
Jdln, z Jlng z
-0-n[(52) - (52) o
=(n-1)(z""-27), (550)
9% fa(n, z;7,8) (5500 O s
SRR S (-1 (7 -7 (551)
0z~ " 0z7°
-0-v[(5) - (%) o
= (n— 1) (527 0F9) =40}, (553)
We readily see that
g(n, 1y, s) ) ((zr +(n—1)) In, 2= (2°+ (n—1)) Ing z)‘ » (554)
=(14+Mn-1)) (In.1) = (1+(n—1)) (Ing1) (555)
~—— ~——
=0 =0
=0, (556)
lim g(n,z;7,s) D fim ((ZT +(n-1)In,z— (2*+(n—1))In z) (557)
Z—r00 ’ B Z— 00 " s
= lim z (zT_l In,z—(n—-1) (hlr Z) — 2 gz 4+ (n—1) (hls Z)) (558)
Z—00 z z
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@ Jim 2 (zr_l In, z — z°"% In, z)
Z—r00

i = (. (5) =0 ()

. Ingu —In, u
= lim ( ——
u—0+ U

©

®)

—o0,
dg(n, z;r, s) 37 Of1(z;7,5) n Ofa(n, z;r, s)
82 z=1 B 8z z=1 6Z z=1
(544) r r—1_ 1y _ 9% s—1 _
ik (r_l(z -2 1)> B -

G0 (T a1 NS aq
_<T_1(z - (s 1))

r s
11—
9g(n,z;r,s) (537) Pfi(zr,s) 0% fa(n,z;r,s)
o (PGEY| ) P (Hgnet - SEGA)|
(547 2 ee2)  2fa(nzims)
_sgn<<rz Sz )—|— 9.2 .

2 5on ((r 272 — 82572) +(n—1) (s z— (1) _ rz(l”)))

sgn ((r =)+ (n—=1) (s =)
= sgn(n — 2) sgn(s — )

0 ifn=2,

1 ifn>3

for every n € N>o and 0 < r < s < oo, where (a) follows from the limiting value

0 if ¢g>0,
. In, x
hm( ! ) 1 if¢g=0,
T —00 €T

oo if ¢ <0,

(b) follows from the fact that

and (c) follows from the limiting value

lim (lns u — In, u) =

u—0+
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(560)
(561)

(562)

(563)

(570)

(571)

(572)

(573)

(574)

(575)

(576)
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for every 0 < r < 5 < 00.
In particular, if n = 2, then we get
0%9(2, 27, 5) (537) Pfilz;r,s)  0%fa(2, 257, 8)

577
072 072 072 (577)
2 2 2
gall (r 2772 — 82572) + 0122, %1,5) fz(a,jy?", *) (578)
z
2 (r 272~ szs_z) + (s Zz~(+s) _ rz_(lw)) (579)
r(2" — 217" — s (2% — 2179
- . (580)
_ r_ J1—r
@ (r=s) (ZQ > (581)
z
(b)
<0 if r>1/2 (582)

for every z € (1,00) and 1/2 < r < s < 0o, where (a) and (b) follow from the facts that

1=t jg strictly increasing for ¢ € R,

« for each fixed z € (1,0), the function ¢t — z* — z
e 7 — s < 0 whenever r < s,
o (2" —=2"")|4m1/2 = vz — /z =0 for every z € [0, 0).

It follows from (567), (573), and (582) that for each fixed 1/2 < r < s < oo, the function z — ¢(2,z;r,s) is

strictly decreasing for z € [1,00); and therefore, we observe from (556) that
9(2,2z;7,8) <0 (583)

for every z € (1,00) and 1/2 < r < s < 0o, which is the second assertion of Lemma 4.
We further consider the third assertion of Lemma 4, i.e., the case: n € N>3. It follows from (567) and (573) that

for any n € N>3 and 0 < r < s < oo, there exists n(n; 7, s) € (1,00) such that

. 0 if z=1,
sgn (89 (”’az’r’s)> - (584)
z 1 if 1 <z<n(nrs),

which implies that z — g(n, z;r, s) is strictly increasing for z € [1,7(z;r, s)]. By this strict monotonicity, it follows
from (556) that
0 if z=1,

sgn (g(n, z, s)) = (585)
1 if1<z<nlnrs).

for every n € N>3 and 0 < r < s < oo. From (562) and (585), the intermediate value theorem shows that for any

n € N>z and 0 < r < s < oo, there exists ((n;7,s) € (m1(n;r,s),c0) such that

0 if z=1or z=_(n;rs),
sgn (g(n,z;r, s)) = (586)
1 if 1 <z<{(n;r,s).

It is clear from (586) that

<
Ee <0 (587)

z=((nir,s)
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for every n € N3 and 0 < r < s < 0o. Since

g(n, 77, 8) 2 fi(zm8) + faln, zirs) (588)
L fizirs) + (= 1) (In 2 —nyz) (589)
29 filzyrys) + (n—1) f2(2, 251, 8), (590)

we get from (586) and (587) that

fi(C(nsry )i s) = =(n = 1) f2(2,C(ns 7, 5); 7 5), (591)
8f1(Z;’I",S) < 8f2(2,2;7“,3)
Ohi(ziris) < —(n—1) 22EET) (592)
0z z=((n;r,s) 0z z=((n;r,s)

for every n € N>3 and 0 < r < s < oo. Since (582) shows
0?fi(z;r,8) - 782f2(2, Z;7,S)

593
0z2 0z2 (593)
for every z € (1,00) and 1/2 < r < s < 00, it follows from (592) that
Of1(z;r,s) 0fa(2,z;1, )
— < —(n-1) =1 594
0z (n ) 0z (594)
for every n € N>3, 2 > (1(n;7,8), and 1/2 < r < s < oo; thus, we have from (591) that
fi(zir,s) < —(n—1) f2(2, 27, 5) (595)

for every n € N3, z > ((n;7,s), and 1/2 < r < s < oo. Therefore, combining (586), (590), and (595), we have

=1 if {(n;m,8) < 2 < o0,
sgn (Q(n,zﬁ“a 3)) =40 ifz=1o0rz=_(n;rs), (596)
1 ifl<z<(nrs)
for every n € N3, z € [1,00), and 1/2 < r < s < oo, which is the third assertion of Lemma 4. This completes

the proof of Lemma 4. [ |
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