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Abstract—We study the problem of minimizing the time-
average expected Age of Information for status updates sent by an
energy-harvesting source with a finite-capacity battery. In prior
literature, optimal policies were observed to have a threshold
structure under Poisson energy arrivals, for the special case of
a unit-capacity battery. In this paper, we generalize this result
to any (integer) battery capacity, and explicitly characterize the
threshold structure. We obtain tools to derive the optimal policy
for arbitrary energy buffer (i.e. battery) size. One of these results
is the unexpected equivalence of the minimum average Aol and
the optimal threshold for the highest energy state.

Index Terms—Age of Information; age-energy tradeoff; thresh-
old policy; optimal threshold; energy harvesting; battery capacity

I. INTRODUCTION

The Age of Information (Aol) was proposed in [1], [2]] as a
performance metric that measures the freshness of information
in status-update systems. For a flow of information updates
sent from a source to a destination, status age is defined as the
time elapsed since the newest update available was generated
at the source. That is, if u(¢) is the largest among the time-
stamps of all packets received by time ¢, status age is defined
as:

At) =t —ul(t), (1

The Age of Information (Aol) usually refers to the time-
average of A(t). Aol is a particularly relevant performance
metric for status-update applications that have growing impor-
tance in social networks, remote monitoring [3], [4], machine-
type communication (smart cities, industrial manufacturing,
telerobotics, IoT).

Aol was analyzed under various queueing system models,
service disciplines and queue management policies in recent
literature (e.g., [S]-[12]. The control and optimization of Aol
for an active source that can generate updates at will, was
studied in [13], [14].

The relation of energy and Aol was studied as early as 2015:
The problem of Aol-optimal generation of status updates when
the source is constrained by an arbitrary sequence of energy
arrivals was formulated in [[15], resulting in the optimal offline
solution and an online policy. The study in [16]] considered the
optimization of Aol under a long-term average rate of energy
harvesting, when update transmissions are subject to random
delays in the network. Both studies observed that Aol-optimal
policies tend to be lazy, in the sense that they may intentionally
impose a waiting time before sending the next update. That
is, for maximum freshness, one may sometimes send updates

at a rate lower than one is allowed to- which may be counter-
intuitive at first sight.

The online problem in [15] was extended to a continuous-
time formulation with Poisson energy arrivals, finite energy
storage (battery) capacity, and random packet errors in the
channel in [[17]]. An age-optimal threshold policy was proposed
for the unit battery case, and the achievable Aol for arbitrary
battery size was bounded for a channel with a constant error
packet error probability. Optimal threshold policies for the unit
battery and infinite battery capacity cases were found for a
channel with no errors, in the concurrent study in [18]]. The
problem of characterizing optimal policies for arbitrary battery
sizes remained open.

In [19], the offline results in [[17] were extended considering
fixed non-zero service time and the result is used to obtain
a solution for the two-hop scenario. Another offline problem
under energy harvesting was investigated in [20] where the
transmission delay of an update is controlled by energy
consumed on its transmission.

This paper extends [17], making the following contributions:

« A more general description of the policy space for age-
optimal scheduling, including threshold policies with age-
based thresholds that are monotone in energy state, is
formulated.

« Following the study in [17], it was conjectured that for
any battery size, the optimal threshold on the age for the
highest energy state is actually equal to the minimum
Aol. This conjecture is proved to be correct.

o Optimal thresholds are obtained numerically for integer
battery size up to 5.

II. SYSTEM MODEL

Consider an energy harvesting transmitter that sends update
packets to a destination, as illustrated in Fig [l Suppose that
the transmitter has a finite battery which is capable of storing
up to B units of energy. Transmission of each update packet
consumes a unit of energy. Let E(¢) denote the amount of
energy stored in the battery at time ¢. The timing of status
updates are controlled by a sampler which can monitor the
battery level E(t) at all time ¢. We assume that when an update
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Fig. 1. System Model.

is given to the transmitter, it is instantaneously transmitted .

Let Ny(t) and Ny (t) denote the number of energy units
that have arrived and the number of updates that have sent
out by time ¢, respectively. We assume that the energy arrival
process is Poisson with a rate py. Energy arriving while the
battery is full is lost (cannot be stored or used).

The system starts to operate at time ¢t = 0. Let Zj
denote the generation time of the k-th update packet such that
0=2y0 <7y £Z, <.... An update policy is defined by
a sequence of update instants m = (Zy, Z1, Za, ...). In many
status-update systems (e.g., a sensor reporting temperature []),
the update packets are only sent out sporadically and the
packet size is quite small. Hence, the duration for transmitting
a packet is much smaller than the difference between two
subsequent update times. Motivated by this, we assume that
the packet transmission time can be approximated as zero.
With this assumption, the age at a status generation is zero,
i.e. A(Zy) =0 for any k, and the age at any time ¢ is:

At) =t —Zny@),t > 0. 2

The battery level before the (k4 1)-st update instant is given
by the following:

E(t) = min{(E(Z) — 1)" + Nu(t) — Nu(Zx), B},

t € (Zk, Zis1l, (3)

We first define the set of energy-causal update policies:

Definition 1. A policy 7 is said to be energy-causal if no
update packet is sent out when the battery is empty, i.e.,
E(Zy) > 1 forall k> 1.

The information available up to some time ¢ is represented
by Ft = c({(Nu(t'), Ny(t')),0 < ¢ < t}) which is the o-
field generated by the sequence of energy arrivals and updates,
ie., {(Nu(t'), Nuy(t')),0 <t' < t}. The set of online update
policies is defined as follows:

Definition 2. An energy-causal policy is said to be online if
no update instant is determined based on future information,

IThis corresponds to an assumption of instantaneous service, i.e, the
duration of packet transmission is ignored. This is an appropriate model
for sporadic transmissions (e.g., a sensor reporting temperature) where the
time between two updates is typically much larger than a packet transmission
duration.

i.e., does not depend on future events, i.e., {Z; <t} € F; for
all t > 0 and k > 1.

Let II denote the set of online update policies. The time-

average expected age can be expressed as:

_ 1 tr

A =1lim sup —E [ A(t)dt} . 4

ty—oo Uf 0

Let X} represent the inter-update duration between updates
k—1 and k, ie., Xy = Zx — Zi—1. Then, the time-average
expected age in @) can be equivalently expressed as:

Ny (ty)

X2+ (ty — Znpap)?| - 9
k=1

The goal of this paper is to find the optimal update policy for
minimizing the time-average expected age, which is formu-
lated as: _
min A. (6)
mell

ITII. MAIN RESULTS

We begin with a result guaranteeing the existence of
threshold-type policies that are optimal. We define such poli-
cies as follows:

Definition 3. An online policy is said to be a threshold policy

if:

Zky1 = inf {t > 7k At) > TE(t)} , 7

where T, denotes the threshold for sending an update when
the battery level is { for ¢ =1,..., B.

Let II7  II be the set of threshold policies. First, we note
the following:

Theorem 1. There exists a threshold policy © € TIT that

solves (6)).

In our search for an optimal policy, we can reduce the space
of policies further,

Definition 4. A threshold policy is said to be a monotone
threshold policy if T < ... <71 < 7y

Let IIMT be the set of monotone threshold policies. The
following is true:

Theorem 2. There exists a monotone threshold policy m €
IIMT that solves (0).

Theorem 2] implies that in the optimal update policy, update
packets are sent out more frequently when the battery level is
high.

To understand the time evolution of A(t) and E(t) for
policies in IIMT, consider the illustration in Fig. It can
be seen from Fig. [2| that when Z,j = 7, the next update
of a policy 7 € IIMT occurs before than some time t' €
[Zk + Ty Zi + Tm—1] if and only if there occur m — j energy
arrivals before than #’. Accordingly, for policies in ITMT,
the cumulative distribution function (CDF) of inter-update



Fig. 2. An illustration of the state space and transitions for a policy in TTMT.

durations, Pr(Xy41 < = | E(Z]) =
as:

j) can be expressed

Pr(Xp1 < | B(ZH) =) =
0, if x <7p
Pr(Yi—; <z), if 7 <2 < 7ype1,¥m € {2,...,B}8)
Pr(Yi_; <z), ifnn<z

where Y; obeys the Erlang distribution at rate puy with
parameter 4, for ¢ > 1, and Y; = 0 for ¢ < 0. From (g),
an expression for the transition probability Pr(E(Z;" ;) = |
E(Z;) =j) fori=0,1,...,B —1 can be derived:

Pr(E(Z{,) =i| E(Z))=]) =
{Pr(YBj < 75-1), ifi=B-1

9
PY(Y1+i_j < Ti) — Pr(}/é+i_j < Ti+1), if i< B— 1( )

Hence, energy states sampled at update instants can be
described as a DTMC with the transition probabilities in (@).
When thresholds are finite, this DTMC is ergodic as any
energy state is reachable from any other energy state with
positive probability in B — 1 steps.

Next, we show the main structural result satisfied by the
thresholds of any optimal policy in ITM™,

Theorem 3. An optimal policy for solving (6) is a monotone
threshold policy ™ = (15, ..., T}) that satisfies the following
property: The threshold T3 for sending an update packet
when the battery is full is equal to the minimum time-average
expected age, i.e.,

Th = Ar =minA,. (10)

mell

This follows from the following two results:

Lemma 1. Consider non-negative random variable X, if:

Pr(X <z)=
0 ;< Tp,
Fi(z) ;m<z<m_1,Yie{2,.., B},
Fi(zx) ;1 <u,

where 75 < ... < 7o < 71 and F;(x) is the CDF of a non-

negative random variable for every i € {1,..., B}, then:

0 E[X?] =2n 0 E[X].

8Ti Ti

Corollary 1. The inter-update intervals, X, for any © € IIMT

satisfy the following:
0

o = 2TiiE[X | 3],Y(i,5) € {1,2,..., B}2.

8Ti
1D

Note that the transition probabilities (@) do not depend on
7B hence the steady-state probabilities obtained from (@) also
do not depend on 75. This leads to a property of 75 which is
shown in Theorem 3] The unit-battery case , i.c., B = 1 case
was solved in [18] and [17], hence we skip the case B =1
and continue with the case B = 2 where we can show the
result below:

E [X? | ]

Theorem 4. When B = 2, the average age A can be expressed

as:
A =
cx2
Pte” *2[az+1+p1 (034202 +2)]—e “Hoy+1+p1 (o] +ai+1)] (12)
pa(azte2[1+p1 (az+1)]—e~*1[1+p1ai])
where
e ™M
1 =
p 1—e @y’
and

a1 = UHTL, Q2 = UHT2.
IV. NUMERICAL RESULTS

For battery sizes B = 1,2, 3,4, 5, the policies in IIMT are
numerically optimized giving Aol versus energy arrival rate
(Poisson) curves in Fig

Fig. 3. Aol versus energy arrival rate (Poisson) for different battery sizes
B=1,23,4,5.

V. CONCLUSION

This paper explored the age-energy tradeoff for status
updates sent by a finite-battery source that is charged intermit-
tently by Poisson energy arrivals. The objective was to design
a policy for the source to send updates to minimizing average
status age using the given energy harvests, known and used



TABLE I
OPTIMAL THRESHOLDS FOR DIFFERENT BATTERY SIZES FOR pt = 1

71 T2 73 T4 5 A
B=11]090]| - - - - 0.90
B=2]|15 072 | - - - 0.72
B=31]15 1.2 0.64 | - - 0.64
B=4]15 1.2 096 | 0.604 | - 0.604
B=5115 1.2 0.96 | 0.9 0.582 | 0.582

in an online manner. A threshold policy is one that transmits
when age exceeds a particular threshold for any battery state. It
is shown that there is an online energy-causal threshold policy
with monotone thresholds that optimally solves the problem.
In particular, the smallest of the thresholds, the one used when
the battery is full, has a value that matches the optimal average
age.
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APPENDIX
A. The Proof of Theorem[l|
Consider the problem in below for some h < oo:
Zpr1+h
minE / A(t)dt| Zy, = 2z, F., (13)
mwell Zn

In order to solve (I3), let us define a cost function Jj.. 7,
for some time w > z which is defined as:

* pp—
Jh;w.,]:w T

minE

Ziy1+h
n / AW)dt|Zisr > w, Fu | Ny(w™) = k.
S

w

(14)

This represents the minimum cumulative age in [w, w + h]
that is achievable by online policies given JF,,. In fact,

Lemma 2. The cost function J;.,, z depends only on A(w)
and E(w) , ie, Jy., » = Jp. 7, if and only if A(w) =
A(w') and E(w) = E(w').

Proof. This is due to the following facts that , for any Zy; >
w, (1) given A(w) the cumulative age in [w, Zy11 + h], i.e.
wa’““Jrh A(t)dt depends only the information on the updates
in [w, Zg41 + h] and (2) given E(w), the evolution of the
battery state in [w, Z41+h] is determined only by the updates
and energy arrivals in [w, Zx41 + h] and the distribution of
energy arrivals is identical for any [w, Z;11 + h]. O

Hence, we can use the notation J;(a,f) := J;., » where
a = A(w') and £ = E(w™). Now, considering the case
Zi+1 = w, define the following function:

Jp =

Ziy1+h
IniII_IIE / A(t)dt\Zyy1 = w, Fu |, Nu(w™) = k.
e w

15)

Notice that A(wt) = 0 as w = Zjy1, accordingly, by
Lemma 2] J,, is only a function of E(w™), i.e., J, = Ju(£)
where £ = E(w™). Notice also,

Zk+1th
E / AWt Zi 1, For | = (B (Zin) — 1),

Zgt1
(16)
for any Zj1 of a policy m € II and the equality is achieved
for the policies that solve (I3)).
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Accordingly, Z 1 of the policy solving (13) is the optimal
stopping time of the following stopping problem for a given
z, h and F.:

max E[Gy, | Zy = 2z, F2],

17
weM ( )

where 91, is the family of stopping times such that 901, =
{lw>z:{w<t}e RVt >z} and G = (Gi)i>, is a
stochastic process having the following definition:

Gy =

Zg+1+h
~minE / AWt Zen =t ED)| . as)
or alternatively,
Gy = —%(t—z)z—Jh(E(t)—l), (19)

where Jp,(—1) := oco.

If exists, the optimal stopping time w* for (I7)) is given by
the following stopping rule [21, Theorem 2.2.]:

w* =inf{w > z: Gy = Sy}, (20)
where S is the Snell envelope [21] for G:
Sw = esssupE [Gy | Fu) - (21)

w’ €Ny

Notice that the Snell envelope can be written by substituting

(18) in @I) as follows:

Sw =
Zpy1+h
esssup [ —minE / A)dt| Zyaq = w', Fu | |-
w €My well o
(22)
hence,
Sw =
Zpt1+h
- miﬁlE / A)dt|Zg41 > w, Fu | - (23)
S 2

Accordingly, using the definition of J;(a, £), we can write:

Sy = —%(w —2)? = Ji(w — 2z, B(w)). (24)

Therefore, the optimal stopping rule in (20) is equivalent
to:

w* =inf{w > z : Jh(E(w) —1) = J; (A(w), E(w))}, (25)

Next, we show that the stopping rule in 23)) is a threshold
rule in age. In order to show this, let us define the function
pn() : {-1,0,1,..., B} — [0,00) such that:

pn(f) =inf{la >0: Jo(£ - 1) = J;(a,?)}.

Consider J;(a’,¢) for some a’ > pp,(¢) which is larger than
or equal to J; (a,?) as J; (a,¢) is non-decreasing in a. On the
other hand, J}(a’, ¢) is smaller than or equal to J; (¢ —1) for

any a > 0 as:

Jr(ad',0)

Zg+1+h
< IIE%IIE / At)dt| Zgy1 = w, B(w) =4
=Jn(¢ —1),

where the inequality is true as the expectation is conditioned
on policies with Zy 1 = w.

Accordingly, Jj(a',¢) = Jp(¢ — 1) for any ¢ €
{0,1,2,..,B} and @’ > pp(¢). Therefore, the stopping rule
in (23) is equivalent to:

w* =inf{w > z: A(w) > pp(E(w))},
for £ € {0,1,2,.., B}.

(26)

We showed that the stopping rule in (26) gives the optimal
stopping time w* which equals to Zy4; of a policy solving
(13) for any finite h. Now, we show that the optimal stopping
rule with the same structure also gives a solution to (6).

First, consider:

Lemma 3. The function py,(€) is uniformly bounded such that:

sup pn(f). (27)

h>0,0>0

Pmaz =

We will show that this lemma implies Pr(X; > z) €
O(e "H#%) when Zpi1 = w*. This follows from the fact
that, when Zy+1 = w*, X > pmax + 24 for some z4 > 0
is possible if and only if, for some time ¢, E(t) = 0 and
A(t) = pmax + x4, Which occurs when there is no energy
arrival during p,nq. + @4 units of time. This also shows that
Pr(Zgt1 <oo| Zp=2)=1.

Next, we show that:

Lemma 4. When Zj1 = w™*,

1 Zk+1+h
lim —E / A(t)dt|Z, = 2z, F,
h—o0 h >
h
= lim —-E A)dt|Zy, = 2z, F. | , (28)
h— o0 o

Proof. This equality can be shown considering: (i) the case
(<) and (ii) the case (>):



(i) For the case (<), consider:

Zpt1+h
/ A(t)de

Zk

_E l / BN

Zk

Zg+1+h
/ A(t)dt
Zy
h(a+1)
<E / A(t)dt
Zg+1+h
/ A(t)dt

Zy,
Zy

E

Zkaka]

Zkv]:ZkaZk-i-l < hq Pr(Zk-i-l < ha)

+E Zi, Fzyr Zit1 = ha |Pr(Zis1 > ha)

Zkv]:ZkaZk-i-l < hq Pr(Zk-i-l < hoz)

+]E Zk7]:Zk7Zk+1 2 ha Pr(Zk-‘rl Z ha)7

where h, = ah for some « € (0,1).
The term for the condition Zy41 > h,, vanishes as h — oo,
in order to see this consider:

Zk+1th
/ A(t)dt

Z

E Zy Fzs Zie+1 = ha | Pr(Zk41 > ha)

g%(E[X,ﬂszha—z}+h2)Pr(szha—z).

For Zj;41 = w?*, the upper bound goes to zero when h —
o as Pr(Xy > ho — 2z) € O(e #ha) and consequently
E[X? | Xk > ha — 2] € O(h2).

Accordingly,
1 Zg+1+h
lim —E / A()dt|Zy, = z, F
h—oo h o
1 h(OLJrl)
< lim —E / A)dt|Z, =z, F.| ,a € (0,1).
h—oo h .
(29)
As the inequality is true for any « € (0,1):
1 Zk+1th
lim —E / A(t)dt| Zy, = z, F,
h— o0 >
1 h
< lim -E / A(t)dt | Zy = 2, F.| . (30)
h—oo h o
(i1) For the case (>), it can be seen that:
1 Zk+1+h
lim —E / A(t)dt| Z, = z, F,
h—oo h o
h
> lim —E A(t)dt| Zy, = z, F,
h— o0 >
(|

Therefore, (28) is true and by (28) and (26), a solution to
the following problem,

1 h
min lim —E / A(t)dt

mell h—oo h

Zk_zv]:z‘| I (31)

satisfies:
Zyr1 = inf{w > z : A(w) > p(E(w))}, (32)
where p(¢) := limp_,o0 pp(£).

Notice that:

E[:Am¢

Zy,

=E l]E A(t)dt|Ze, Fz,

] /Zj A(t)lzk,fzk]] |

Therefore, conditioned on Z;, and Fz,, minimizing A =
ty

A(t)dt| corresponds to solving (B3I,

0

: 1
limsup; EE

. 0 .
which means a threshold policy solves (€) as (32) (where
p(0) = 1) is satisfied by a solution to (GI).

B. The Proof of Theorem

Theorem [ follows from the proof of Theorem [I] and the
following lemma:

Lemma 5. J,(¢) — J;(a,¢ + 1) is non-increasing in { €
{0,1,...,B—1} for any a > 0 and h > 0.

Proof. First, consider the problem in below for some ¢ &
{0,1,..,B—1} and and h > 0:

Zpy1+h
minEy |minE / A(t)dt| Zig1, E(Zggr) =0+ V
v well Zrt1
(33)
s.t. E[V] = 1. (34

where V is a discrete r.v. that takes values in {0,1,...,B —
0—1}.

The problem in (33) is solved when Pr(V = 1) = 1 as
this case maximizes the prior knowledge on V. Accordingly,
considering the case Pr(V = 0) = Pr(V = 2) = % which
is suboptimal in (33), it can be seen that J(¢) constitutes a
convex series in £:

B+ S SO T IET), 39

for any ¢ € {0,1,...,B—1} and h > 0.

Now, consider the alternative formulation of J}(a,¢+ 1) in
below:

oo

o0
E K, o)x
Zy+1€My p ~/w ( ’ )

min
=0

[(2’ —w)(a+ ZI%) + Jp(min{l + o, B — 1})] dz',
(36)
where K (w',0) = Pr(Zy41 = 2/, Nu(2') — Ng(w) = o).

Ji(a, 0+ 1) =




Similarly,

J}t(a’€+2)_zk§i€%ﬁw;/w K(w/7g)><
2 —w
[(2’ —w)(a+ )+ Jp(min{l+1+0,B — 1})} dz'.

(37

Now, let K*(w', o) be the distribution corresponding to the
update time Zy1 € 9, that is optimal in (37), which means:

J;(a,e+2)zz/ K*(w',0)x
o=0"W

/

[(z' —w)la+—2) ¢ Jy(min{l+ 1 +0,B — 1})} dz'.
(38)
Combining (39) and (B8) gives:
Ji(a, b+ 1) — Ji(a, £ +2) < Z/OO K*(w',0)x
o=0"W
[Jn(min{l + o, B — 1})— Jp(min{l + 1+ 0, B — 1})]dz".
(39)

As o > 0, the below inequality holds due to (33):
Jp(min{l 4+ 0,B —1}) = Jp(min{f{+1+0,B —1}) <

Jn(l) = Jp(£+1). (40)
Hence,

Ji(a, b+ 1) = Ji(a, 0 +2) < Jp(£) = Jp(€+1), (41)
which means:

Il +1) = Jp(a, +2) <€) — Jp(a, £ +1). (42)

This lemma shows that p(£) is non-increasing in ¢ for an?/
h >0 as:

0=Jn(l=1) = J5(pn(0),£) < Jn(€=2) = Jy(pn(€), £ = 1),

hence pp (¢ — 1) > pp(£).

As 7 = limp 00 pr(€) for an optimal policy and pp(¢) is
non-increasing, thus a policy with 75 < ... < 7y < 77 solves
().

C. The proof of Lemma[ll

Taking 7511 = 0 and 79 = oo, consider:

0 0
8Ti 8Ti
5 B

/Ti2
aTi i=0 Ti2+l
0 /Tf
(977 Ti2+1

+/“fwxzﬁwm

i

E [X?] /O h Pr(X? > z)dx

Pr(X > V/z)dx

Pr(X > Vz)dx

for any ¢+ = 0,1, ...
Similarly,

9 o[
fr— >
T EX] = 5| /T Pz e

fori=0,1,..., B. ~ 5
Let Fi(z) =1 — F;(z) and F/(z) = [; F;(2')da’. Then,
Ti2 Ti2—1

/2 Pr(X > z)dx + /2 Pr(X > Vz)dz =

i+1 i

=2, F] (1) — Qi(7]) — 21 B (1ig1) + Qi(720)+
+2r 1 B (i) — Qia (7)) — 2m P (1) + Qi (7)),
@ B (/a') dz.

where Q;(x) =

=l =
Accordingly,
0 ~ = Fl(;
B [X?] = 25y () + 2/ () - T (27,
aTi Ti
5 . FL (7
— QTiFifl(Ti) — 2Fi1—1(7-i) + L(T)(2Tz)

— 27-1-(1*:‘1-(7'1‘) - Fi—l(Ti))
0

for:=0,1,...,B.

Lemma 6. The DTMC with the transition probabilities in (9)
is ergodic for monotonic threshold policy where Ty is finite.

D. The Proof of Lemma

Consider an energy state j in [0, B — 1]. We will show
that any other energy state ¢ is reachable from j in at most
B — 1 steps with a positive probability. For ¢ > j, the higher
energy state ¢ is reachable from j in one step with a positive
probability as for i = B — 1, Pr(Yp—; < 7p_1) is strictly
positive and for j <1< B — 1:

Pr(Yiqi—j <7) —Pr(Yoqi—j < Tig1) >
PI‘(YlJri,j < TfL'Jrl) — PI‘(}/QJFZ',J' < Ti+1) >0,

as 7,41 < 7;and i —j > 0.

Similarly, the energy state ¢ = 7 — 1 for j =1,....,B -1
can be reached from j with a probability 1 — Pr(Y; < 7;)
which is stricly positive as 7; is finite. This means that any
state ¢ < j can be reached from j in at most B — 1 steps with
a positive probability.

Lemma 7. For monotonic threshold policies with finite Ty, the
following is true:

. 1
lim —
n—+oco n

n B-1
Y Xe=> E[X|jIPr(E=j) wpl (43)
k=0 7=0

1 n 1 B-1 . .
o I;OE[X;%] =5 2 E[X*|j]Pr(E =), 44)

Jj=0

lim
n—-+oo



where Pr(E = j) is the steady-state probability for energy
state j, E[X |j] £ E[Xy | E(Zx) = j] and E [X? | j] £
E[X} | BE(Zk) = j].

Proof. Consider:

1 n —1 L]
D SRS S SRR 3 E N
k=0 JOke[On JOéO
E(Zk)=]

where L; is the number of ks in [0, n] such that E(Zy) = j
and Xy; is a r.v. with the CDF Pr(X,,; <z) =Pr(X, < z |
E(Z,) = j).

Note that the sequence Xo.;, X15,..., X5 is i.i.d. for any
7 and their mean is bounded as all thresholds are finite, hence:

L;
1 J
L}g)noo—z%Xej—E[XU] ,w.p.1.

Due to the ergoditicity of E(Z})s (Lemma [G):

L.
lim 2 = Pr(E = j),w.p.1.
n—oo N
Therefore,
1 n B—l
RS ST DTES
k=0 j=0 Lj =0
B-1
= E[X | j]Pr(E = j),w.p.1.
7=0

Similarly,

n L
.1 ) , L; 1
Jim = EIXE] = lim Z e Z
k=0 Jj=0 =0

B—-1

> E([X?|j]Pr(E =
j=0

J),w.p.l.

E. The proof of Theorem

By Lemma [§] and Lemma[7] the average age can be written
as follows:

Zg =0
25 E
Define D(7) as in below:

E[X?]j]P
(X |j]P

A (B = j)

Y

E[X?]j] - 2AKE[X | j]) Pr(E = j),

=0
where AB = min A.
well
By Lemma [Tt

9
2 . _ .
o X 17 =25 —B(X | j].

Accordingly, as a% Pr(E=j)=0,

iD(7') 2(rg — A¥) Z E[X [ j]Pr(E = j),

aTB =0
%D(T) can be also written as:
0 ——
—D 2(r — AY)——
aTB ( ) (TB B )67_35
B—1
where X = > E[X | j]Pr(E = j).
j=0

It can be seen that % > 0 for any 75 > 0 which means

52=D(7) can only change its sign around 75 = A}. As

D(7) > 0 and D(arg mmTB rermvr A) = 0 by its definition,
for 7 that achieves AB ,TB = Ag[.

F. The Proof of Theorem
By Lemmal[§l and Lemmal[7] A for B = 2 is the following:
A= 1E[X?|j=0]Pr(E=0)+E[X?|j=1]Pr(E=1)
2 E[X|j=0Pr(E=0)+E[X|j=1]Pr(E=1)
(45)

The probability of being in £ = 1, i.e. Pr(E = 1) can be
solved using:

1
Pr(E=1) =Y Pr(B(Zy11) = 1| BE(Zy) = j) Pr(E = j).
j=0

Combining @6) and (),

(46)

e HHTL

Pr(E=1)= (47)

1— e*#HTlluJHTl ’
Now, we can obtain E [X? | j], E[X | j] using (8). Combin-
ing these with @7) and substituting in (#3) gives @).

Lemma 8. For a threshold policy where 11 is finite, the
average age A is finite (w.p.1.) and given by the following
expression.
A o %12};:0 E[X?]
n ZZ:O Xk
Proof. The proof is a generalization of Theorem 5.4.5 in [22]
for the case where X s are non-i.i.d. but the limits still exist

(w.p.1.). When Xjs are i.i.d. with E[X;] < oo and E[X?] <
o0, the convergence (w.p.1.) of the limits is guaranteed. [l

wp.1. 48)

11mn~>+oo
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