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Abstract—We prove that for any positive integers n and k such
that n >k > 1, there exists an [n, k] generalized Reed-Solomon

(GRS) code that has a sparsest and balanced generator matrix
(SBGM) over any finite field of size ¢ > n+ [ML where

sparsest means that each row of the generator matrix has the

least possible number of nonzeros, while balanced means that the
number of nonzeros in any two columns differ by at most one.
Previous work by Dau et al (ISIT’13) showed that there always
exists an MDS code that has an SBGM over any finite field of
size ¢ > (}'~), and Halbawi et al (ISIT’16, ITW’16) showed that
there exists a cyclic Reed-Solomon code (i.e., n = ¢ — 1) with an
SBGM for any prime power ¢. Hence, this work extends both of
the previous results.

I. INTRODUCTION

Maximum distance separable (MDS) codes, especially
Reed-Solomon (RS) codes, with constrained generator matri-
ces are recently attracting attention for their applications in
the scenarios where encoding is performed in a distributed
way [1]—[11]. Examples of such scenarios include wireless
sensor networks [[1l], cooperative data exchange [3], [4], [T,
and simple multiple access networks [2]], [6]. An interesting
problem of this topic is how to construct MDS codes that
have a sparsest and balanced generator matrix (SBGM), where
sparsest means that each row of the generator matrix has the
least possible number of nonzeros, while balanced means that
the number of nonzeros in any two columns differ by at most
one [[I]]. More specifically, in an SBGM of an [n, k] MDS
code, the weight of each row is n — k 4+ 1 and the weight of
each column is either [k(n;kH)J or (k("fnkﬂ)].

In general, for every MDS code we can easily find a sparsest
generator matrix. The difficulty of this problem is to ensure
that a sparsest generator matrix is also balanced. In [1]], it was
shown that there always exists an MDS code with an SBGM
over any finite field of size ¢ > (2:}) for any n > k > 1.
The authors in [9]] constructed an [n, k| cyclic Reed-Solomon
code (i.e., n = ¢ — 1) that has an SBGM for any prime power
q and any k such that 1 < k& < n. However, it was left as
an open problem whether there exists an [n, k], generalized
Reed-Solomon (GRS) code with an SBGM for k < n < g—1.
In this paper, we extends the results in [1I, [9] by proving that
for any positive integers n and k such that n > k > 1, there
exists an [n, k] generalized Reed-Solomon code that has an

SBGM over any finite field F, of size ¢>n + [EG=11,

n

A. Related Work

MDS codes with more general constraints on the support
of their generator matrices were studied in [2], [4], [5]. A
conjecture, called GM-MDS Conjecture, was proposed in
stating that given any k x n binary matrix M = (m; ;) that
satisfies the so-called MDS Condition, there exists an [n, k],
MDS code for any prime power ¢ > n + k — 1 that has a

generator matrix G = (g; ;) satisfying g;; = 0 whenever
m;; = 0, where the MDS Condition requests that for any
r€{1,2,---  k}, the union of the supports of any r rows of

M has size at least n — k + 1 Unfortunately, the GM-MDS
Conjecture is proved to be true only for some very special
cases, that is, a) the rows of M are divided into three groups
such that the rows within each group have the same support
[2]; or b) the supports of any two rows of M intersect with
at most one element [3]]; or ¢) & < 5 [10].

II. PRELIMINARY

For any positive integer n, [n] := {1,2,--- ,n}; if n <0,
[n] is the empty set. For any set A, |A| is the size (i.e., the
number of elements) of A. We denote by [, the field with
q elements, where ¢ > 2 is a prime power. The support of a
row/column vector over [ is the set of its nonzero coordinates
and the weight of a row/column vector is the size of its support.

A multiset S with underlying set {s1,s2,---,sp} is a
set of ordered pairs S = {(s1,n1),(s2,n2), -+, (sz,nL)}s
where each n; > 0 is an integer, called the multiplicity of
s; and denoted by n;, = multg(s;). We also denote S as
S = {s1,-++,81,82,""* ,82, -+ ,8L, "+ ,S.}, where each
s; appears m; times in S and is also called an element of
S. The size |S| of S is the sum of the multiplicities of
its different elements, i.e., |S| = Zle n;. Any subset Sy
of {s1,82,--+,sr} can be viewed as a multiset such that
multso (Si) =1if s; € Sy, and multso (Si) =0if s; §é So. If
S" = {(s1,m1), (s2,m2), -+, (sp,mr)} is another multiset,
not necessarily S’ # S, the union of S and S’, denoted by
Sus,is {(31,n1+m1), (82, n2+m2), s (SL, nL—I—mL)}.

Let P [z] denote the set of polynomials in F,[z] of degree
less than k, including the zero polynomial, where z is an
indeterminant. Then Py[z] is a k-dimensional vector space
over [, according to the usual addition and multiplication of
polynomials. Let ¢ > n > k and ay, a9, - - - ,a, be n distinct

! Another conjecture which is equivalent to the GM-MDS Conjecture was
proposed in [4].
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elements of Fy. The [n, k] generalized Reed-Solomon (GRS)
code defined by aj,as, - ,ay, is [?]:

C= {(f(al)vf(UQ)v e 7f(an)); f € ’Pk[l']}

The code C is an MDS code, i.e., the minimum distance of C

is d=n—k+1. A generator matrix G of C is said to be sparsest

and balanced if G satisfies the following two conditions:

(P1) Sparsest condition: the weight of each row of G is
exactly n — k + 1;

(P2) Balanced condition: the weight of each column of G is
cither |_ k(n nkJrl)J or [»k(n k+1)-|'

n

A GRS code that has a sparsest and balanced generator matrix
(SBGM) is simply called a sparsest and balanced GRS code.

III. EXISTENCE OF SPARSEST AND BALANCED GRS
CODES

In this section, we prove that there always exists a sparsest
and balanced [n, k] GRS code for any n > k > 1. Formally,
we have the following theorem.

Theorem 1: For any n >k > 1, there exists an [n, k] gen-
eralized Reed-Solomon code that has a sparsest and balanced
generator matrix over any field I, of size ¢>n+| kk— 1)]

Clearly, [1,1,---,1] is an SBGM of the [n, 1] GRS code;
and the identity matrix is an SBGM of the [n,n] GRS code.
Hence, in the following, we only need to consider the case of

n>k>2.

Before proving Theorem [Tl we first prove two lemmas.

First, let &« = (aq, @2, -+ ,ay) be an n-tuple of distinct
indeterminants. For each subset Z of [n] and 0 < ¢ < |Z|,
let s(g)( ) be the (th elementary symmetric polynomial with
respect to {e;;j € Z}. That is,

s () =1,
and for 1 < /¢ < |Z],

s =

UCZ and |U|=¢

[T
JEU
Then we have the following lemma.
Lemma 1: Suppose n > k > 2. There exists a k X n binary
matrix W = (w; ;) satisfying the following four conditions:

(1) The weight of each row of W is k — 1;

(i) The weight of each column of W is either Lk(k_l)J or
(250
(iii) ¢(ex) £ 0, where
spl@)  sglle) o sh(e)
syl@)  splle) o sy
=] P P o G | O

k—1
sy V(@)

and Z; is the support of the ith row of W, Vi € [k];

(iv) The degree of each «; in £(a) is at most (@]

Proof: First, consider n > k(k—1). In this case, we have
[@1 = 1. Let W = (w; ;) such that w; ; = 1 for each
i € [k]and each (i—1)(k—1)+1 < j <i(k—1),and w;; =0
otherwise. Then we have Z;, = {j € [n]; i —1)(k—1)+1 <
j<i(k—1)}, and Z1, Zs, -+ , Z), are mutually disjoint. It is
easy to check that W satisfies conditions (i) — (iv).

In the following, we consider the case that k(k — 1) > n
Since we have assumed n > k > 2, then we always have

k(k—1)>n>k>2.
For convenience, we write k(k — 1) as
k(k—1)=an+r (2)
where 0 < r <n — 1, and let
6: (617525"' ;671)
r (a+1)’s n—r rs
——
:(a+15"'7a’+17 av"'aa)' (3)

Here we point out some simple facts about a and 4. First,
since k(k —1) >n >k > 2, if r = 0, then

bl V(k—l)J _ V(/{n—w S

n

if 0 <r <n-—1, then
{MJ <a+1_[w—‘ <k-1.
n n

So we always have
5j€{v(kn_ 1)J 7V(kn— 1)"} @)

2<a+1<k-1. %)

1<a=

and

Moreover, by @) and (@), we have

253 (a+Dr+an—r)=an+r=~kk—-1). (6)

j=1

Construction of W: The binary matrix W is constructed
by the following three steps.

Step 1. List the elements of the multiset

S={(1,k-1),(2,k—=2),--- ,(k—1,1)}
in a sequence
S=1,2--- k—1,1,2,---  k—2,---,1,2,1
~—
=C,C2," " ,CK (7)
where
k—1
k(k—1)
K= (= ——. 8
> 5 ®)



Then construct subsets S1, 52, -, S, of [k] by Algorithm 1.
Step 2. List the elements of the multiset

T={(kk-1),k-1k=2),---,(2,1)}
in a sequence
T=kk—1,kk—2k—1k - --,2,3,---,k
——— —-— — ——
=e1,€2, ", €K ©)
and let
0 = (01,02, ,0n) = & = (|S1;[S2],-- -, [Snl)-  (10)

Then construct subsets 74,75, - - - , T, of [k] by Algorithm 2.
Step 3. Let W be the k x n binary matrix such that for each
j € [n], Y; = S; UT] is the support of the jth column of W.

Algorithm 1
Input: S=ci,cp, -+ ,cx, and § = (61,02, - - -
Output: 51,855, ,5,;
Initialization: L = 0,5 = 0;
1: while L < K do

,(Sn);

2 i1=J+1

3 if L < Ze as1 ! then

4: S = {CL+17 7CL+5]'};

5 else if Zz m+1£ <L < Z?;;E for some
m € [a] ={1,2,--- ,a} then

6 Sj = {CL+1v"' 7CL+m};

7 end if

8 L=L+|S;|;

9: end while

10: if j<n

11: Sjp=--=8,=0

12: end if

Algorithm 2
Input: T =eq,es, - ,ex, and 6 =
Output: 171,715, - ,Ty;
Initialization: L =0,j = 1;
1: while L < K do

(61792a e agn)7

2 i=7+1

3 Ty ={ery1, - ,erLto,};
4. L=L+|T}|;

5: end while

Two examples of our construction are given in Section IV.
Moreover, we have the following three claims.

Claim 1. For each j € [n], S; is a subset of [k] and, when
viewed as multisets, we have u;\ilsj = S, where \; is the
value of j at the end of the while loop of Algorithm 1.

Claim 2. For each j € [n], T} is a subset of [k] and S,NT; =
(). Moreover, when viewed as multlsets we have LI 1T T.

Claim 3. Let X* = {(1,|51]),(2,]S2]), -+, (A1, |Sx, 1)}
Then there exist a unique ¢* € ./, and a unique
(X7, X5, , X}) € Xpw such that X* = X{UXSU- - -UXY,
where .7}, denotes the permutation group on [k] and, for each
o € Y, X, denotes the set of all tuples (Xl,XQ,- , Xk)
such that X; C Z; and | X;|=0(i) —1,i=1,2,--- | k.

The proof of Claims 1 — 3 are given in Appendices A —
C, respectively.

Note that for each i € [k], multg (i) = k — 1. Then by
Claims 1 and 2, each i € [k] is contained by k — 1 sets in the
collection {Y7,Y5,---,Y,}, where Y; (j € [n]) is the support
of the jth column of W by our construction. So each row of
W has weight k£ — 1, hence condmon (1) is satisfied.

For each j € [n], by @), §; € {| == 1)J (k(k_l)ﬂ So by
Claims 1, 2 and Algorithm 2, the welght of the jth column of
W is [Y;]| = |S;| + T3] = 6; € {Lk(k L) J,(k(k U1}, hence
condition (ii) is satisfied.

For any multiset X = {(1,¢1),(2,02),---,(n, )}, let

n
_ 45
= H ay -
j=1
Then from (I), we have

k

S sen(@) [Ts5 " (e)
oES L =1
>

= Z sgn(o)
(Xl,X2,~~~ ,X}C)GXO

oS

= > sen(o)
0€ESy (X1,X2, -, Xp)EXS

()

aXlaXQ . Xk

Q

a}(ﬂ_l)(gl_l'“u)(;C

eE))

where sgn(o) denotes the sign of the permutation o. By
Claim 3, there exist a unique o* € .7, and a unique
(X7, X3, -+, X[) € X such that X*=X7LUXFU- - LUX]
So by (D, sgn(c*)aXiX20UXL is a non-zero monomial
in {(a). Hence, £(a) # 0 and condition (iii) is satisfied.

Note that X; C Z;, Vi € [k], and each column of W
has weight either Lk(kn_l)J or (k(kn_ln, ie., each j € [n]
is contained by at most (@] sets in {Z1, 22, , Z},
where Z; is the support of the ith row of W. So in (),
the degree of aj in each aX15X20UXk js at most [EE—1)7,
Hence, the degree of o; in () is at most [ (k= 1)] Hence,
condition (iv) is satisfied, which completes the proof [ ]

Lemma 2: Suppose (o, aa,- -+, ) is a nonzero poly-
nomial over the field IF, such that the degree of each «; is
at most m (m > 1). If ¢ > n + m, then there exist distinct
ai,as, - ,a, € Fy such that £(ai, a2, - ,a,) #0.

Proof: Similar to the Schwartz-Zippel Theorem, this
lemma can be proved by induction on the number of inde-
terminants n. First, for n = 1, {(a) has at most m zeros in
F, because the degree of v is at most m. So there exists an
a1 € Fy such that {(a1) # 0, provided that ¢ > 1 + m.

Now assume that n > 1, ¢ > n + m and the induction hy-
pothesis is true for polynomials of up to n — 1 indeterminants.
Consider the polynomial (o, as, -+, a;,). Without loss of




generality, assume the degree of o in £ is ¢ (1 <t < m).
Then we can factor out «r; and obtain

t
5(0[1,0[2, e ,O[n) - Zaig’i(OQa T aan)v
=0

where & (o, -+ ,a,) # 0. Clearly, the degree of each
a; (2 <i<mn)in & is at most m. The induction hypothesis
implies that there exist distinct as,---,a, € F, such that
& (ag, - -+ ,an) # 0. Then the polynomial

n(ar) = &(ar,a, -+ ,an) = Y ai&ilag, - a,) #0
1=0

and has degree ¢. Note that ¢ > n + m > n + t. There exists
an a1 € F,\{az,---,a,} such that

g(alaa@a to ;an) = 77(@1) }é 0.

This completes the induction. [ ]

Now we are able to prove Theorem [1l
Proof of Theorem[Il Let W be a k x n binary matrix
satisfying conditions (i) — (iv) of Lemma [l By Lemma 2]

if ¢ >n-+ [@1, there exist distinct a1, ag,- -+ ,a, € Fy
such that £(a1, a9, - ,a,) # 0.
For each i € [k], let
fite) = [ (@ —ay) (12)
JE€Z;

where Z; is the support of the ith row of W. Clearly, f1(z),
fa(x), -+, fr(z) € Prlz]. Moreover, f1(z), fo(z), -+, fu(z)

are linearly independent in Pj[x], which can be proved as
follows. By (12), we have

fite) = [ @ = ay)
JEZ;
k—1
_ kal_kz H aj (_l)lxkflfl
=1 |UCz;,|U|=t \jeU
k—1
2Rl + S(Zi)(aha% ,an)(—l)gxk’l’g
=1
for each i € [k]. Denote ¢; s := s(Zi)(al, as, -+ ,ay) and
O =
1 1 1
—C1,1 —C2,1 —Ck,1

(=D ep it (1P Lleg sy (—1)FLep

Then f1(x),f2(x), - - -, fx(z) are linearly independent in Py, [x]
if and only if det(C) # 0. From (d), we can easily see that

g(a’lu ag, - - 7an) = (—1)1+2+”'+(k_1)det(0).

Since &(ay,as, - ,a,) # 0, then det(C') # 0. Hence,
fi(x),fa(x), -, fr(z) are linearly independent in Py [x].

Now, let C be the GRS code defined by aq,as,- - ,a, and
fi(ar)  fi(az) fi(an)
| fela)  falaz) fa(an)
frlar)  fr(az) fr(an)

Since fi(x),fa(x), -+, fr(x) are linearly independent in

Prlz], then G is a generator matrix of C.

By assumption, W satisfies conditions (i) and (ii) of Lemma
[[l that is, the weight of each row of W is k — 1 and the
. L k(k—1) k(k—1)
weight of each column of W is either [ ==—*] or [==——].
Moreover, by (I2), for each i € [k] and j € [n], fi(a;) =0 if
and only if j € Z;, that is w; ; = 1 (because Z; is the support
of the ith row of W). So according to the construction of
G, the number of zeros in every row of G is k —k%k ar11§1 the

number of zeros in every column of G is either |[~=—=| or

[@] Equivalently, the number of ones in every row of G
is n — k4 1 and the number of ones in every column of GG
is either Lk("_nkH)J or [H=ktD) 1 So @ satisfies conditions
(P1) and (P2), hence is an SBGM of C. [ |

IV. EXAMPLES OF THE CONSTRUCTION

As an illustration of our construction, consider the following
two examples, which reflect two typical cases of the output of
Algorithm 1.

Example 1: Letk = T7andn = 10. Then k(k—1) = 4n+2.
Soa=4,r=2, L@J =4 and (@] = 5. According
to (@), we have

6 =(5,5,4,4,4,4,4,4,4,4)

and according to (7)), we have

5=1,2,3,4,56,1,2,3,4,51,2,3,4,1,2,3, 1,2, 1.
—_— Y~ =

By Algorithm 1, S is divided into Si,--- , Sg as follows:
1,2,3,4,5,6,1,2,3,4,5,1,2,3,4,1,2,3, 1,2, 1 (13)
—_———— ——— —— ——

S1 Sa Ss Sa Ss Se
and S; = --- =5, = (). Hence,
(|Sl|7 |52|7 ) |S7l|) = (57574747 27 170707070)
and according to (I0), we have
0 =36 — (|51],152],- -+, [Sal)
=(0,0,0,0,2,3,4,4,4,4).

Moreover, according to (@), we have

T=176,7,56,74,506,73,4,56,72,3,4,5,6,7.
~ e —— — — — / — —

Then by Algorithm 2, we have T} = --- = T = () and T is

divided into 1%, --- , T as follows:

7,6,7,5,6,7,4,5,6,7,3,4,5,6,7,2,3,4,5,6,7.
N e e —— N——

Ts Te T7 Ty Ty T1o



So we obtain

S

Il
O O
O = O ==
[ el el
O OO R R~ =
—_—_0 O O ==
== -0 O O =
=== O OO
—_ O R =)= OO
—= =0 OO F=O
e i i e N en R an R e}

We can easily check that Claims 1 and 2 are true. We now
check that Claim 3 is true. From (13, we have A\; = 6 and

X" = {(17 |Sl|)v (27 |52|)a T 5(67 |S6|)}
={(1,5),(2,5),(3,4),(4,4),(5,2),(6,1)}.
Suppose
X" =X;uXju---uX;

for some o* € ., and some (X{, X3, -, X}) € Xy We
show that o* and (X7, X3, -, X;) are unique as follows.

First, note that for each j € {1,2,3,4}, multx-(j) equals
the weight of the jth column of W. Then considering the
first four columns of W, we have {1,2,3,4} C (N?_, X7),
{1,2,4} C X, {1,3} € X? and {2} C X¢. So it must be
that *(7) = 1 and X7 = (). Recursively, we obtain o*(6) = 2
and X = {2}; 0*(5) = 3 and X7 = {1,3}; 0*(4) = 4 and
X; ={1,2,4}. And hence, we have c*(i) € {5, 6, 7} for each
xS {1, 2,3}, and multx;uxguxgu){z (]) =0 for j = 5,6.

Further, consider the first five columns of WW. Since
multx;uxguxgu){z (5) = 0, then multxfuxguxg (5) =
multy-(5) = 2 and {1,2,3,4,5} C (XN X3).So 0*(3) =5
and X3 = {1,2,3,4}. Similarly, considering the first six
columns of W, we can obtain ¢*(2) = 6 and X; =
{1,2,3,4,5}. And finally, we can obtain ¢*(1) = 7 and
X;={1,2,3,4,5,6}.

Hence, 0* € % and (X7, X3, -+, X}) € X, are
uniquely determined. That is, Claim 3 is true.

As discussed in the proof of Lemma [Il W satisfies condi-
tions (i) — (iv) of Lemmal[Il

Example 2: Letk = 7 and n = 13. Then k(k—1) = 3n+3.
Soa=3,r=3, M= 1)J =3 and (@] = 4. According
to (@), we have

0 =(4,4,4,3,3,3,3,3,3,3,3,3,3)
and according to (7)), we have

§=1,2,3,4,5.6,1,2,3,4,51,2,3,4,1,2,3, 1,2, 1.
—_— Y =

By Algorithm 1, S is divided into Sy, - -, S7 as follows:

1,2,3,4,5,6,1,2,3,4,5,1,2,3,4,1,2,3, 1,2, 1 (14)
———— ——— ——
S1 Sa S3 Sa Ss Sg St
And Sg = --- = S,, = (). Hence,
(|51|7 |S2|7 T 7|Sn|) = (474747373727 1707070707070)

and according to (I0),
0 =26—(|51],[S2,- -, |Snl)
=(0,0,0,0,0,1,2,3,3,3,3,3,3).
Moreover, according to (9), we have

T=176,7,56,74,506,73,4,56,72,3,4,5,6,7.
~ e —— — — — /  —

Then by Algorithm 2, we have T} = --- = T5 = () and T is

divided into Tg, - -- , T3 as follows:
7 6,7.5,6,7,4,5,6,7,3,4,5.6,7,2,3,4,5,6,7.
VN S N N W a7
Ts Tz Ts Ty T1o T11 T12 Tis

So we obtain

111011 10O0O0O0O0O0
11011 100O0O0O0T1TO0
1 011 100O0O01O0T1O0
W=|1011000O011O010O0
0110000110101
0100001110101
1000001110110 1]

We can check that Claims 1 and 2 are true. Moreover, let

X" = {(L |Sl|)a (27 |S2|)7 H) (7a |S7|)}
= {(17 4)7 (27 4)7 (37 4)7 (47 3)7 (57 3)7 (67 2)7 (77 1)}

and suppose X* = X{ U X35 U---U X} for some 0" € .7
and some (X7, X5, -, X}) € A,~. Then similar to Example
[[l we can obtain o*(i) = k —i+ 1, Vi € [k], and X5 = 0,
Xg = {2}, X ={2,3}, X5 ={1,3,4}, X5 = {1,3,4,5},
X5 =1{1,2,4,5,6}, X7 ={1,2,3,5,6,7}. So both 0* € .7},
and (X{, X3, -, X}) € A,~ are unique and Claim 3 is true.

V. CONCLUSION

We show that for any n > k > 1, there exists an [n, k]
sparsest and balanced GRS code over any field I, with size
g>n+]| h(k— 1)] It is still an open problem whether [n, k]
sparsest and balanced GRS codes exist when the field size ¢
satisfies n +1 < g <n+ (@]

APPENDIX A
PROOF OF CLAIM 1

In this appendix, we are to prove Claim 1.
By @ and (@), we have §,<a+ 1<k —1 for each £ € [n].
Then there exists a unique A,4+1 € [n] such that

Aat1—1 Aat1
Z 5e<22<25¢ (15)
l=a-+1
According to Algorithm 1, we have
|S7| = 5,7'7 VJ € {1727 )\a-l-l} (16)

and each of S1,S2,---,S,,, is a subset of [k]. Moreover,
since §) ., < a + 1, then from (13, we obtain

k—1
Z f) + to

l=a-+1

a+1

a+1

ZiS«l—fée (



for some to€{0,1,- -
two cases.
Case 1. to € {1,2,--- ,a}.
Then according to Algorithm 1, we have
e For j=MA,11+and 1 </ <a—t,

,a}. We need to consider the following

Sj = {t0+15t0+25 o 'aa_é—i_la 1725 o '7t0}

={1,2,---,a— L0+ 1} (17)
e Forj=Xq1+landa—ty+1</l<a—1,
S;={1,2,--+ ,a—{} (18)

Moreover, A; := A\g+1 + a — 1 is the value of j at the end of
the while loop of Algorithm 1 and

(|Sl|7 |S2|7 Tty |S>\1 |) =
(617 Tty 5>\a+17a7 G/—l, T t0+17t0_17 Y 27 1) (19)
Case 2. to = 0.
Then according to Algorithm 1, we have
e For j = A\y+1+ ¢ and { € [a],
S; ={1,2, ya—L0+1}. (20)

Moreover, A := A\g+1 + a is the value of j at the end of the
while loop of Algorithm 1 and

(ISl 15215 -+ 15X 1) =

(01, 0 a,a—1,--+,21). 21

a+17

In both cases, clearly, each of Sy, 11,---,S5), is a subset
of [k]. Moreover, we have \; < n, which can be proved by
contradiction as follows. Suppose A\; > n. Then we have

A1 a n a
SIS WED STIES 31
j=1 =1  j=1 =1

Moreover, since §; < a+1 for all j € [n] (see (@), then from

(1) and @21), we have

n a n

SNosi+d e > g
=1

J=Xat1+1 Jj=Xat+1+1
From the above two inequalities, we have

A1 a n
SIS+ 6> 6 =k(k—1)
j=1 (=1 j=1

where the last equation comes from (6). However, combining
the facts E;;l |Sj|=K= @ and a<k—1, we have

Z|S|+Zé<

which contradicts to 22). Hence we proved that A\; < n.
Further, according to Algorithm 1, we have

=5, =0.

(22)

k—

DNE

=1

Sy = (23)

So in Case 1, we have

(ISl 1521, -+ 1Sn]) =
n—A>Aj zeros
——
(517"' 56)\a+17a5a_1"'at0+17t0_1a"'72517 Oa 70)
(24)
where tp € {1,2,--+ ,a} and \y = A\y41 + a — 1; in Case 2,
we have
(I1S1], [S2l, -+ |Sn]) =
n—A>Aj zeros
——
(01, ,0npsrr@a—1--2,1,0,---,0) (25)

where A\; = A\s41 + @ — 1. In both cases, each S; is a subset
of [k] and, as multisets, LI}_;S; = I_I?;lSj =5.

In Example [l we have a+1 = 5. From (13)), we can obtain
X¢ =2, A5 = 3 and tg = 3. So this example falls into Case 1
and \; = \y41 +a—1=6.

In Example 2] we have a+1 = 4. From (I4), we can obtain
A¢ = 2, A5 = 3, \y = 4 and tp = 0. So this example falls
into Case 2 and A\ = Agy1 +a=7.

APPENDIX B
PROOF OF CLAIM 2

To prove Claim 2, we continue considering the two cases
discussed in Appendix A.

First, consider Case 1. We need to divide this case into the
following four subcases according to the value of 7.

Case 1.1: » < \gy1.

Then by @), (I0) and @4), we have

0 =36 —(|51],[S2], -+, [Sal)
Aa+1 zeros
——
:(07 7050715"' ,a—to—l,a,—to—Fl,
a_27a_176)\1+17"' 7577,)
where 0,41 = --- = J, = a. That is,
0, 1§j§)\a+l;
9. — é—l, j:)\a+1+€and1§€§a—t0;
o L, j=Xat1+flanda—tg+1</l<a—1;
5]-:(1, MF+1<j<n.
(26)
According to Algorithm 2, we have
e For 1 <j<A1+1,T;=0;
e For j=MA,41+ ¢ and 2 < /¢ < a—ty,
T; ={k—({—-1)+1,k—({—1)+2,-- - k}
={k—0+2,k—0+3, - k}; 27
e Forj=XAy1+landa—ty+1<{l<a—1,
Tj:{k—(a—to)-i-l,-" ,k,k—f-ﬁ-l,-" ,k—(a —to)}
={k—0+1,k—0+2,--- Kk} (28)



e Finally, T, 41,7\ +2,-+,T}, are obtained by dividing
the sequence

k_(a_t0)+1,...7]€,k_a_|_1,...7k,...72,...,k

——
into n — A; segments of length a, and 7T, 4; is then
formed by the elements of the jth segment, 1 <j <n—\;.

Clearly, each T is a subset of [k]. Moreover, since

z":aj Zzn:@—i|5j|= M-l g
P | 2

which is equal to the length of T. So Algorithm 2 always
divides T into T4, T>,--- , T}, of size 01,62, - ,0,, respec-
tively. Hence, as multisets, we have I_I;»llej =1T.

Note that 7; = ) for 1 < j < Ag41 + 1, and S; = 0 for
A +1 S] <n. So SjﬁTj :(/)forj S {1, ,/\a+1+1}U
{\ +1, -+ ,n}. Moreover, for A\, 11 + 2 < j < Ay, by (CD),
(18), @0), @7 and @28), we have

max(S;) <a—{0+1<k—{+1<min(T}).

So S;NT; =0 for j € {\a41+2, -+, A1 }. Hence, we have
S;NT; =0 for all j € [n].

Case 1.2: /\a+1 <r< )\a+1 +a —to.

Then r = A\g41 +t1, where 1 <t; < a —tp, and

0, 1< < Aatrs
l J=MXap1+Land 1 <<ty

0= 0—-1, j=Xp1+Llandt; +1 <0< a—to;
‘, j=Xar1+landa—tg+1<l<a—1;
dj=a, M+1<j<n

According to Algorithm 2, we have

[ FOI'lSjS)\aJrl, Tj :m,

e For j=MXg41+Cand 1 <V <ty,
T; ={k—0(+1,k—(+2,--- k};

e Forj=Mp1+land ty +1 <0 < a—ty,

Tj={k—l+1,k—0+2, - kP\{k—l+t1+1};

e Forj=Mgy1+flanda—ty+1</l<a—-1
Tj={k—{+1,k—0+2, - k};

e Finally, T, 41,7, 42, "

the sequence

k—(a—to—t1)+1, - k,k—a+1,-- k-2, - k
——
into n—\; segments of length a, and T, is formed by
the elements of the jth segment, 1 <j<n-—A\;.
Case 1.3: A1 +a—tyg <r < A
Then r = A\g41 + 2, where a —tp+1 <ty <a—1, and

-,T), are obtained by dividing

0, 1<7 < Aats

l, jJ=Xgt1 +Lland 1 <V <a—tg;
0; =X 0+1, j=Xg1+landa—ty+1<l<ty;

/, j=Xat1 +land ta+1<l<a-1;

dj=a, M+1<j5<n.

According to Algorithm 2, we have

e For1<j <A1, T; =0;
e For j=MAp1+fand 1 < /0 < a—ty,

T; ={k—0(+1,k—(+2, - k};
e Forj=Mp1+land a—ty+1 <0<ty
Tj={k—{,k—0+1,- - k};
e Forj=Mgp1+landto +1</(<a—1
Tij={k—{, k—L+1, - E}\{k—a+to—L+t2};

e Finally, T, 41,7 +2,+,T}, are obtained by dividing
the sequence
k—2a+to+to+1,--- k k—a,--

ke 2,0k

——

into n—\; segments of length a, and T, is formed by
the elements of the jth segment, 1 <j<n-—A\;.

Case 1.4: \; <r <n.

Then by @), (I0) and @4), we have

0, 1<j < Aat1;
L, j=Xay1+land 1 <0 < a— t;

B {+1, j=Xa+1+landa—to+1<l<a—1;
éjﬁa—i—l, MF+1<j5<n.

According to Algorithm 2, we have

e For1<j <A1, T; =0;
e For j=Mp1+fand 1 <0 < a—ty,

T; ={k—0(+1,k—(+2, - k};
e Forj=Mp1+landa—ty+1<l<a—-1
Tj={k—{,k—{+1,--- k};

e Finally, T, 41,7\, +2, -+, T}, are obtained by dividing
the sequence
k—(a—to), - k. k—a,--

ke 2,k

——

into n—\; segments of length a, and T, 4; is formed by
the elements of the jth segment, 1 <j<n—A\;.

For all of these subcases, similar to Case 1.1, it can be

verified that for each j € [n], T is a subset of [k], S; NT; = 0)
and, when viewed as multisets, we have I_Ig?:lTj =T.

Next, consider Case 2. We need to divide this case into the

following three subcases according to the value of r.

Case 2.1: » < A\gy1.

Then by @), (I0) and 23), we have

Oa 1§j§Aa+l;
0j=q¢0—1, j=Xy1+fand 1<V <gq;
dj=a, M+1<j<n

According to Algorithm 2, we have

e For 1 <j<A1+1,T;=0;



e For j=MA,41+¢and 2 </ <q,
T; ={k—0+2,k—(+3, - k};

e Finally, T, 11,1, 42, "
the sequence

-, T, are obtained by dividing

2,k

N——
into n—\; segments of length a, and T, is formed by
the elements of the jth segment, 1 <j<n—A\;.

Case 2.2: A\ <71 < Aq.

Then r = A\g4+1 +t1, where 1 <¢; < a and

3

k_a+17...,k7...
—_———

0, 1< < Aayis
0. — L, j=Xat1 +land 1 <0 <ty;
) e—1, j=Xepi+landt +1<0<a;
d0j=a, M+1<j<n.

According to Algorithm 2, we have
e For1<j <A1, T; =0
o For j=MA,11+Cand 1 <0<ty

T; = {k—l+1,k—0+2, - k};
[ ] Forj:)\a+1+€andt1+1§€§a,
Tj = {k—04+2,k—0+3,- - kP\[k— L+t +1};

e Finally, T, 11,1, +2, "
the sequence

-, T, are obtained by dividing

k—a—l—tl—l-l,-~-,k,k—a—|—1,~-~,k,-~- 72’...7]€
N—_——

into n—\; segments of length a, and T, is formed by
the elements of the jth segment, 1 <j<n—A\;.

Case 2.3: \{ <r <n.

Then by @), (I0) and @3), we have

07 ISJS)\G+1;
9j: 6, j:)\a+1+€and1§€§a;
6j§a+1, AM+1<5<n

According to Algorithm 2, we have
[ FOI'lSjS)\aJrl, Tj :m,
e Forj=MA41+fand 1</l <a,

T; = {k—l+1,k—0+2,---  k};

e Finally, T, 11,1, +2, "
the sequence

k—a, -k k—a—1,-- k-

-, T, are obtained by dividing

2,k
——

into n—\; segments of length a, and T, 4; is formed by
the elements of the jth segment, 1 <j<n—A\;.

)

For all of these subcases, similar to Case 1.1, it can be
verified that for each j € [n], T is a subset of [k], S;NT; = ()
and, when viewed as multisets, we have U, T; = T

Combining all of the above discussions, we proved that
each T} is a subset of [k], S; N T; = 0 and, when viewed
as multisets, L, 75 =T

APPENDIX C
PROOF OF CLAIM 3

We again consider all the cases and subcases discussed in
Appendices A and B.

We use the notations A\; and \,; with the same meaning
as in Appendices A and B. We further define \; for all j €
{2,---,atU{a+2,--- ,k—1} as follows.

For Case 1, let

Aat1+a—7+1, iftg+1<j<aq;
Y e (29)
Aat1+a—7, it 2 <5 <to.
And for Case 2, let
Aj=Xq1+a—-j+1, V2<j5<a. (30)

Foreach j € {a +2,--- ,k — 1}, let A; € [n] be such that

Aj—1 k—1 Aj
Dh<d <> 5 31
=1 =5 =1

Note that by (@) and (3, we have §; <a + 1<k — 1 for each
j € [n]. Then for each j € {a+2,--- ,k — 1}, it is easy to
see that \; is a uniquely determined value.

As an illustration, consider again Example [Tl Note that k =
7 and a = 4, and in Appendix A, we have obtained \s = 3
and Ay = 6. Now we can further obtain \¢ =2, A3 =\, =4
and Ay = 5. In general, for Case 1, by 29) and (3I), we
always have

A1 <o < Aigm1 < Ay = Agpp1 < - < g

For Example 2] note that K = 7 and a = 3, and in Appendix
A, we have obtained Ay, = 4 and \; = 7. We can further obtain
A¢ =2, A\s = 3, A3 = 5 and Ay = 6. In general, for Case 2,
by (30) and (B1)), we always have

/\k71<)\k72<"'<)\2<)\1-

Now let X* = {(1,|51]),(2,]S2]), -, (A\1,|Sx )} and
suppose X ™ is represented as X* = X| U XJ U --- U X}
for some o* € .%; and some (X, X5, -+, X}) € X,-. Then
for all subcases as discussed in the proof of Claim 2, it is a
mechanical (but somewhat tedious) work to check, just as in
Example [1 that

Xr=0
and
X =Z;n{1,2,--- N}, Vie{l,2,--- k—1}.

Hence, 0* : i — k—i+1, Vi € [k], is the unique permutation
in 7 and (X{, X3, -, X}) is the unique choice in A-.
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