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Abstract

The problem of private information retrieval (PIR) is to retrieve one message out of K messages
replicated at IV databases, without revealing the identity of the desired message to the databases. We
consider the problem of PIR with colluding servers and eavesdroppers, named 7-EPIR. Specifically, any
T out of N databases may collude, that is, they may communicate their interactions with the user to
guess the identity of the requested message. An eavesdropper is curious to know the database and can tap
in on the incoming and outgoing transmissions of any E databases. The databases share some common
randomness unknown to the eavesdropper and the user, and use the common randomness to generate the
answers, such that the eavesdropper can learn no information about the K messages. Define R* as the
optimal ratio of the number of the desired message information bits to the number of total downloaded
bits, and p* to be the optimal ratio of the information bits of the shared common randomness to the
information bits of the desired file. In our previous work [1l], we found that when E' > T, the optimal
ratio that can be achieved (hence is the capacity) equals 1 — % In this work, we focus on the case when
FE < T. We derive an outer bound (converse bound) that R* < (1 — %) L%)KH We also obtain

1=(%)
&(=(%)")

a lower bound (converse bound) of p* > = ——<w=y- For the achievability, we propose a
(1—W)(1—W'(W) )

T
scheme which achieves the rate (inner bound) R = 171 (EN)K - K_EN The amount of shared common
N
. . . LZ(1-(%)¥ . .
randomness used in the achievable scheme is N T ( = (le ) ) times the file size. The gap between
TN KN\ \N

the derived inner and outer bounds vanishes as the number of messages K tends to infinity.

I. INTRODUCTION

In the situation where a user wants to retrieve a file (message) from a remotely stored database,
the nature of the data might be privacy-sensitive, for example medical records, stock prices etc.,

such that the user does not want to reveal the identity of the data retrieved. This is known as
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the problem of private information retrieval (PIR). In some cases, the privacy of the database
needs also to be preserved. For example, if a user wants to retrieve his/her medical data from
a database, it is hoped that the user obtains no information about other users’ medical records.
This is known as the problem of symmetric private information retrieval (SPIR).

The problem of PIR and SPIR was firstly studied in the computer science literature. In [2],
[3], it is shown that if the messages are stored at a single database, the only possible scheme
for the user is to download all the messages to guarantee information-theoretic privacy, which
is inefficient in practice. It is further shown that the communication cost can be reduced in
sublinear scale by replicating the database at multiple non-colluding servers [3]. To further
protect the privacy of the database such that the user obtains no more information regarding the
other messages besides the requested message, the problem of SPIR is introduced [4]. In [2]—
[4], the collection of messages stored at each database is modeled as a bit string, and the user
wishes to retrieve a single bit. In these works, the communication cost is measured as the sum
of the transmission at the querying phase from user to servers and at the downloading phase
from servers to user.

When the message size is significantly large and the target is to minimize the communication
cost of only the downloading phase, the metric of the downloading cost is defined as the number
of bits downloaded per bit of the retrieved message, and the reciprocal of which is named the
PIR capacity. A series of recent works derive information-theoretic limits of various versions
of the PIR problem [5]-[11] etc. The leading work in the area is by Sun and Jafar [3]], where
the authors find the capacity of the PIR problem with replicated databases. In subsequent works
by Sun and Jafar [6], [7]], the PIR capacity with duplicated databases and colluding servers, and
the SPIR capacity with duplicated (non-colluding) databases are derived. In [8]-[10], Banawan
and Ulukus find the capacity of the PIR problem with coded databases, multi-message PIR
with replicated databases, and the PIR problem with colluding and Byzantine databases. In
our previous works [1], [11], [12], we derive the capacity of the SPIR problem with coded
databases, linear SPIR with colluding and coded databases, and the SPIR problem with Byzantine
adversaries and eavesdroppers.

Another series of works focus more on the coding structure of the storage system, and study
schemes and information limits for various PIR problems with coded databases [13]-[17]. In [13],

PIR is achieved by downloading one extra bit other than the desired file, given that the number
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of storage nodes grows with file size, which can be impractical in some storage systems. In [14],
storage overhead can be reduced by increasing the number of storage nodes. In [15], tradeoff
between storage cost and downloading cost is analyzed. Subsequently in [16], explicit schemes
which match the tradeoff in [15] are presented. It is worth noting that in [8]], the capacity of
PIR for coded database is settled, which improves the results in [[15]], [16]. Recently in [17], the
authors present a framework for PIR from coded databases with colluding servers.

In our previous work [1], we studied the problem of SPIR from replicated databases with
colluding databases and eavesdroppers, named 7-ESPIR. Briefly speaking, a user wants to retrieve
one file out of K files that are replicatively stored at /N databases. Any 7' out of the /V servers
may collude, that is, they may share their communication with the user to infer the identity
of the requested file. A passive eavesdropper is curious to know the database and can tap in
on the incoming and outgoing transmissions of any F servers. In the problem of T-ESPIR, it

is required that the user learns no information about the database other than the requested file.

In [[1], we show that the information-theoretical capacity of the T-ESPIR problem is 1 — w,
if the databases share common randomness with amount at least % times the file size.

In Section VI.B in [1]], we discussed that if database-privacy is not required, i.e. the user can
learn information about the other files, and when E > T', the capacity of the T-EPIR problem

. E
1s 1 -

In this work, we continue the study of the T-EPIR problem when E' < T'. We derive an outer
_E (T\K-1
bound (converse bound) that R* < (1 — %) % We also obtain a lower bound (converse
-\~
E T

K
E_(L
bound) of p* > - N( () ) . For the achievability, we propose a scheme which achieves

the achievable scheme is ——— times the file size. The capacity of T-ESPIR when
E < T remains an open problem. In Section [II, we discuss four special cases in which the
capacity is known or can be easily derived, and reveal that our outer bound is tight for the four
special cases. On the other hand, the inner bound is tight for three cases but one, namely, when
E =T, the derived inner bound does not match with the capacity at this point. For illustration,
we plot the results in Figure [1] and Figure 2] for some chosen parameters. It can be observed

from the figures that the gap between inner and outer bounds decays and vanishes as K tends

to infinity.
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II. MODEL
A. Notation

Let [m : n| denote the set {m, m+1,... ,n} for m < n. To simplify the notation, denote the
set of random variables {X,,, X;41,..., X, } by Xj.y). For an index set Z = {i1,42,..., 05},
denote the set of variables with the index set { X : ¢ € Z} by Xz. For a matrix S, let S[:, Z] denote
the submatrix of S comprised of the columns corresponding to the index set Z. The transpose of
matrix G is denoted by G*. Let ~ denote the statistical equivalence between random variables,

that is, if X ~ Y, then X and Y are identically distributed.

B. Problem Description

Replicated databases: A collection of A independent messages (files), denoted by Wy, ... Wk,
are replicatively stored at /N databases (nodes). Each message consists L information bits.

Therefore, for any k € [1 : K],
HW) =L ; HW,...,Wg)=KL.

User queries: A user wants to retrieve a message W, with index x from the database, where the
desired message index x follows some prior distribution among [1 : K]. Let &/ denote a random
variable privately generated by the user, which represents the randomness of the query scheme
followed by the user. The random variable I/ is generated independently of the messages and
the desired file index. Let the realization of the file index x be k, based on the realization of the
desired file index & and the realization of U, the user generates and sends queries to all nodes,
where the query received by node-n is denoted by ng I Let Q= [ng }]ne[lz N,ke[1:x] denote the
complete query scheme, namely, the collection of all queries under all cases of desired message
index. We have that H(Q|U) = 0.

Common randomness: Let random variable S denote the common randomness shared by all
databases, the realization of which is known to all the databases but unavailable to the user and
the eavesdropper. The common randomness is utilized to protect the system-privacy (@) below,
that is, to prevent the eavesdropper from learning the messages.

Database answers: The databases generate answers according to the agreed scheme with the

user based on the received query Q[f }, the stored messages W);.k], and the common randomness
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S. The answer generated and sent to the user by node n is denoted by A
Eavesdropper: A passive eavesdropper can tap in on the incoming and outgoing transmissions
of E nodes in the system. The eavesdropper is “nice but curious,” in the sense that the goal of
the eavesdropper is to obtain some information about the database, without corrupting any trans-
mission. The user has no knowledge of the identity of the nodes tapped on by the eavesdropper.
T-EPIR: Based on the received answers AFIC] N and the query scheme O, the user shall be able to
decode the requested message W), with zero error. Any set of 7" databases may collude to guess
the requested message index, by communicating their interactions with the user. Two privacy
constraints must be satisfied:

e User-privacy: any T colluding databases shall not be able to obtain any information regard-

ing the identity of the requested message, i.e.,
I(r; QY A Wik, 8) = 0,¥T € [1: N,|T|=T. (1)
« System-privacy: For any set of databases £ with size at most F, and for any k € [1 : K|:
I(Wirg; Qe s Ag') = 0. 2)

Definition 1. The rate of a T-EPIR scheme is the number of information bits of the requested

file retrieved per downloaded answer bit. By symmetry among all files, for any k € [1 : K],

Ryepir A M
_ S, H(AY)

The optimal rate of T-EPIR schemes is denoted by Rj.ppr. The capacity Crgpig is the supremum
of Rrepir over all T-EPIR schemes.

Definition 2. The secrecy rate is the amount of common randomness shared by the storage nodes

relative to the file size, that is
PT-EPIR £ &
_ H(Wry)

III. MAIN RESULT

In this section, we summarize the main results of this paper.

Theorem 1 (Capacity when E > T). For T-EPIR with K files replicated at N databases, where
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any T’ nodes may collude and an eavesdropper can tap in on the communication of any E nodes,
when E > T, the capacity is

E E
1—=%, if preer 2 -5

Crepir =
0, otherwise

Remark: For the detailed proof of Theorem [Il we refer to Section V and Section VI.B of

our previous work [1].

Theorem 2 (Outer Bound when E < T'). For T-EPIR with K files replicated at N databases,
where any T' nodes may collude and an eavesdropper can tap in on the communication of any

FE nodes, when EE < T,

* = T\ 1— £. (2K
Rigpir < Rrppir = <1 — N) 1N_ ((%N))K 3)

The secrecy rate, i.e. the ratio of the amount of common randomness to the file size is at least
E T\K
N(l_(ﬁ) )

PTEPIR = (1_%)<1—%'(%)K71)'

Remark: The proof of the outer bound is in Section The outer bound is tight, that is, it
can be achieved and is hence the capacity of the problem for the four special cases below.
o Case 1 (' =T): From Theorem [I} the capacity is Cr.gpr = 1 — % when E/ = T'. The outer

. e 1- 2. (Z)F
bound in Theorem 2 is Rrppr = (1 — %) % =1- % =1- % = Crepr When
E=T.

N

o Case 2 (E = 0): When there is no eavesdropper, i.e. E = 0, the problem reduce to the TPIR

1-T
N . The outer

K-1 1_(%)
_ _E (T\K- _T
bound in Theorem 2 is Rrepr = (1 — L) ! 1N ((va))K = - 1( TN)K = Crpir When E = 0.
-~ -~
o Case 3 (K — 00): In our previous work [[1], we derive the T-ESPIR capacity to be Crgsplr =

problem in [6], where the authors derive the capacity to be Crpr =

1— w =1- % when £/ < T. As with all previous works for various scenarios of
the PIR and SPIR problems, the PIR capacity reduces to the SPIR capacity when the
number of files K — oo. The intuition is that, when the number of files increases, the
penalty in the downloading rate to protect database-privacy for SPIR decays. When there

are asymptotically infinitely many files, the information rate the user can learn about the
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database from finite downloaded symbols vanishes. When the number of files /K tends

o . — . 1-E.(Z)F
to infinity, the outer bound tends to limg o Rrepr = limg oo (1 — %) % =
-~

1 — L = Creser.

e Case 4 (1" = N): When all databases collude, that is 7' = N, if furthermore £ =T = N,
the capacity is 0 because the eavesdropper receives the same information as the user. If the
user can decode Wy, so does the eavesdropper. Hence, the problem is non-trivial only if
E' is strictly smaller than 7". Suppose each file consists L = N — E symbols from a large
enough finite field Iy, denoted by row vectors W,E:L} for k € [1: K], consider the scheme
below.

The databases generate K E uniformly i.i.d. symbols from IF;, denoted by K length-£ row
vectors SE:E] for k € [1 : K]. Let GF*Y be the generating matrix of an (N, E)-MDS
code. The databases operate the (N, E)-MDS code on the common randomness vectors
to obtain K length-N vectors SN = SIPFIGEN for | e [1 : K], such that any E
symbols from S E:N} are uniformly identically distributed over IF,. For each k, let AE:N} =
(o< Ely ) SENT Ghere 012 is a length-E zero vector, the user downloads A" from
database n for each file index k. It can be checked that the user can decode W, (in fact the

user can decode all files), and both user-privacy and system-privacy are guaranteed. The

rate achieved by the scheme is J=Z.
) ) o 1_2(2)1(71 1_2(2)1(71
The outer bound in Theorem 2l is Ryppr = (1 — &) —p— = — 0 o =
1-(%) L5+ (F)

&

I}W = % when 7" = N, which is achieved by the scheme above.

Theorem 3 (Inner Bound when E < T'). For T-EPIR with K files replicated at N databases,
where any 'I' nodes may collude and an eavesdropper can tap in on the communication of any

E nodes, when £ <T,

T
Riepir 2 Rrppir = 1— (%N)K KN @

Remark: The inner bound is achieved by the scheme described in Section We discuss
below the rate achieved by our scheme for the four special cases discussed above in which the

outer bound in Theorem [2] is tight.
« Case 1 (E = T): The capacity of T-EPIR is Crgpr = 1 — £ = 1 — L when E = T, that is,
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Fig. 1: Plot of the bounds as functions of %

the rate of 1 — % can be achieved by the scheme in our previous work [1]. When £ =T,

1-L E _ 1-% T _
(K T KN T Bk KN

T
ﬁ . (1 — e (E () + e+ (%)K)>, which is strictly smaller than 1 — L when

the rate achieved by the scheme in Section [V]is Ry ppr =
N

T # N. Therefore, our scheme in Section [V]is not optimal when £ = T'. In other words,

the inner bound in Theorem [3]is not tight for the case £ = T.

o Case 2 (E = 0): When there is no eavesdropper hence £/ = 0, the rate achieved is Ry ppr =

_T _T
1—1(% o % = ﬁ, which matches with the TPIR capacity derived in [6], hence is

optimal.

o Case 3 (K — o0): When the number of files K tends to infinity, img o Ryppr =

T
limp_ oo (;ﬁ — K—b;\,) =1- % Hence, the inner bound tends to the T-ESPIR capacity
as K — oo.
o Case 4 (I' = N): When all databases collude hence 7' = N, the rate achieved by the scheme

1-L E __E _ N-E

in this work is ET—EPIR = T(1)E T KN = % RN — BN which matches the outer bound
N

when 7' = N, hence is optimal.

In Figure Il and Figure [2] the results of Theorems [I} 3] are plotted for several sets of parameters.

It can be observed from the figures that when the number of messages K increases, the gap

between the inner and outer bounds decays and vanishes as K — oo.
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Fig. 2: Plot of the bounds as functions of %

IV. OUTER BOUND WHEN £ < T

In this section, we derive the outer bound presented in Theorem [2| for the PIR problem with
T-colluding databases and E-eavesdropped databases when £ < T'. We start from the case when
K =1 and K = 2, then generalize to the case of arbitrary K in Section [V-C

A. K =1 Message

For any set of nodes £ C [1: N| with || = E,

L= H(W)) = HW|Q) — H(W:|A[,,, Q) (5)
= I(W;; ALy [Q) (©6)
= H(AY Q) — H(A W1, Q) ()
< H(AR|Q) — H(AZ Wy, Q) (®)
= H(A} y|Q) — H(A]Q), )

where (9) follows from system-privacy (2). Averaging over all £ with size E from [1 : N]|, we

have that
1
L<H(ANQ) - = Y. H(AY|Q). (10)
(E) EC[1:N]

|€|=E
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By Han’s inequality [18]],

1 FE
D H(AQ = TH(AIQ). (11)
(E) EC[1:N]
E|=E
Therefore, L < (1 — %) H(AH]:NHQ)and hence R = L < [ﬁ <1-— %

S HAY) T OH(AR Q)

B. K =2 Messages

For any set of nodes 7 C [1 : N] with |T| = T, because of user-privacy, we can ignore the

requested file index of Ar,

L= H(W) = H(W) — HWi|Af,, Q) (12)
= H(AY |19 — H(A "1, Q) (13)

< H(A1Q) — H(Ar|Wh, Q) (14)

< H(A Q) — L H(A W, ) (15)

where the last step (13) is obtained by averaging over all 7 with size 7' and applying Han’s
inequality, similarly as (I0) and (L)) in Section hence, we have that

N
H(AR (W1, Q) < = (H(Afl Q) - ). (16)

For any set of nodes £ C [1 : N| with || = E, and any set of nodes 7 C [1 : N| with
TI=T

oL = H(W,, W) (17)
= H(Wy, Wa|Q) — H(W1, Wal AL}y, Ay, Q) (18)
= I(W3, Wa; Al Ay | Q) (19)
= H(Al v, A | Q) — H(ALy, ARy W7, W3, Q) (20)
< H(A ;AR | Q) = H(Ag| W1, W, Q) 1)
= H(Ally, Al Q) — H(4¢|Q) (22)
= H(A[y|Q) + H(AT | AllLy, Q) — H(4¢|Q) (23)
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= H(AH N]‘Q> + H(Aﬁ N]‘A[l N Wi, Q) — H(Ag|Q) (24)

< H(A[ | |Q) + H(A[ | A7, W1, Q) — H(Ag|Q) (25)
= H(AN1Q) + H(AZ W1, Q) — H(A7|W,, Q) — H(A¢|Q) 26)
T
< H(Afy|Q) + ( N) H(AZ W1, Q) — H(A¢|Q) @7
T\ N
H(Aly|Q) + (1 - N) = (H(AllyQ) — 1) - H(4|Q) (28)
[ T\N (1] L0
<o+ (1-5) 7 (B0 - 1) - grelje @)
N F N
= (T - N) H(AH}:N”Q) - (T - 1) L, (30)

where in we can omit the message index because £ is a set with size £ < T . 22) follows

from system-privacy @). (@24) is due to the fact that the user can decode W; from AM and Q.

[1:N]
7)) is obtained by averaging over all 7 with size 7" and applying Han’s inequality. (28)) follows
from (16). (29) is obtained by averaging over all £ with size E and applying Han’s inequality.

Therefore, we have that (£ — £) H(AH]:N”Q) > (£ +1) L and

R = < <

L L 1-£.Z
N oy = 1] = T 1)
D on—y H(AW)  H(Ap Q) T

C. K > 3 Messages

For any set of nodes 7 C [1 : N| with |T| = T, and its compliment set 7 = [1 : N\ 7, and
for any k € [2: K],

H (A[—” |AT, W1, Q) (32)

= H( |W[1 k1], Q) — H(A7r|Wip—1], Q) (33)

< (1 - %) H(AR Wiy, Q). (34)

where the last step follows by averaging over all 7 with size 7" and applying Han’s inequality.
From AH] N AF;_]\}}], the user can decode W;.,_1), hence

(k= 1)L = I(Wpan; Ay, - AT 1Q) (35)

= H(AL v, ATGIQ) = H(AL - AT Wi, Q) (36)
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H(AD s Aal1Q) = H(A7 Wiy, Q) 37)

k- T k
ﬂm, .. ,Ah: Nl]HQ) _ NH(AMNHWM_”, Q), (38)

where in (37), we can omit the message index of A7 because from user-privacy, the answers of
any 7' databases are independent of the message index. Similar as above, the last step follows
by averaging over all 7 with size 7" and applying Han’s inequality. Because A7 is independent
of the message index, we can set the index to % in the last step.

Therefore, from and (38)), for any k € [2: K],

H(AY A, Wipg-, Q) (39)
§<1—%0}ﬂAmmHmM4bQ) (40)
< (1 - %) % (H(A{ﬂm, LA = (k- 1)L) (41)
_ (% . 1) (H(AT, AW AR gy - 1)L) 42)
_ <% _ 1) (Al IQ) + H(AD, . AL Az, AW W1, Q) — (k ~1)L) 43)
< <¥ - 1) (H(AH!N”Q) + HAZ L AE A W, Q) — (k- 1)L) (44)
< (% - 1) (H(ALL|Q) + H(AZ A7, W1, @) + -+ + H(AE™ | A7, Wiy, Q) — (k= 1)L)

(45)

where holds because from Ar, A[?l] and Q one can decode ;. The last step is obtained

by repeating the chain rule and by the fact that from A, Ag and Q one can decode W; for
i=[2:k-2].
For any set of nodes £ C [1: N| with || = E,

KL= H(W.r) (46)
= I(Wik: Ar, ALY, Al Q) (47)
= H(Ar, AL A1) — H(A7 AT AW, Q) (48)
< H(Ar, AL . AN Q) — H(Ae| Wik, Q) (49)
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= H(Ar, AL, AlY|Q) — H(4¢|Q) (50)

= H(A[\|Q) + H(AZ, . Al Al Q) — H(A]Q) (51)
= H(Afy|Q) + H(AZ, . AT AlL L Wi, Q) — H(4¢|Q) (52)
< H(AY Q) + H(AZ, ... Al A7 Wy, Q) — H(4:|Q) (53)
= H(AY Q) + H(AZ Az, Wy, Q) + H(AZ, . AMAY A7 Wi, Q) — H(Ae|Q)  (54)
= H(AY Q) + H(AZ| A7, Wy, Q) + H(AZ . AT A Ar Wi Wy, Q) — H(A¢|Q)
(55)
< H(AL\|Q) + H(AZ| A7, Wy, Q) + H(AZ . AN A7 W Wy, Q) — H(A6|Q)  (56)
< H(AH],N Q) + H(AZ|Ar, W1, Q) + H(AZ | A7, Wi, W», Q) + ... (57)
+ H(A |Ar, Wi 1), Q) — H(A¢|Q) (58)
< H(A1Q) + H(AZ A7, W1, Q) + H(AZ | Ar, Wy, Wa, Q) + -+ + (% — 1) (H(ARN Q)+
(59)
H(AZ| A7, Wi, Q) + -+ H(AZ A7, Wink—2,Q) = (K —1)L) — H(4¢]Q)  (60)
= (AL Q) + HAZ| A7 Wy, Q)+ 4+ H(AL ™ A, Wik s, Q) (1)
(7-1) -z -nasio) (©)

T
< <¥)K_l H(AY, Q) — H(As]Q) - (1 _ %) [%(K L+ (%)2 (K—2)L  (63)

K-1
++(¥) 1] (64)
N K ()F - X
= (T) H(AH]:N}IQ) — H(A:]Q) — Tﬂi_lTL — (K -1)L (65)
T
N\E-l o NE N
< ((T) - N) H(AH]:NHQ) - (@7_1711; - (K B 1)[” (66)
T

where (50Q) is due to system-privacy [@). Steps (51)-(58)) follows by repeating the chain rule and by
the fact that from A7, Ag and Q one can decode W fori = [1 : K—1]. Step (60) follows by using
inequality (43)) for k£ = K. By iteratively using inequality (43) for k = {K — 1, K —2,...,2},
we obtain (64). The last step follows by averaging over all £ with size F and applying Han’s
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inequality.

Therefore, < (%)K_l — %)H(AH]:NHQ) > (?:_1[/, and hence
Re_ L L S(&g& -
S HAD T HA e TA\T ) ()1
- (1 _ Z) 1- % ) (%)K_l (68)
N (H"
= Rrepr- (69)

To obtain a lower bound on the amount of common randomness needed to guarantee system-

privacy, for any set of nodes £ C [1 : N| with size |£]| = E,

0= I(Ag; Wik Q) (70)
= H(A:|Q) — H(Ae|Whik, Q) (71
= H(Ag|Q) — H(Ae| Wik, Q) + H(Ae|[Wiiky, S, Q) (72)
= H(A:|Q) — I(S; Ae| Wik, Q) (73)
= H(A¢|Q) — H(S|Wi.k), Q) + H(S|Ae, Wik, Q) (74)
> H(A¢|Q) — H(S), (75)

where holds because Ag¢ is a deterministic function of W;.x}, S and Q. By averaging over

all £ with size £ and applying Han’s inequality,

H(ANQ) (76)

> — L. (77)
-5 (=% ®)
Therefore, pree = “7 > (1_53 gi:(j()z;“)

DRAFT



15

V. INNER BOUND WHEN F < T

In this section, we present an achievable scheme for the case when the eavesdropper can tap
in on any E databases where £/ < T'. The scheme is modified from the TPIR scheme in [6], by
downloading K rounds where each round use the scheme in [6]] with different part of the files
and different part of the common randomness generated by the databases. The three principles
in [6] still apply in our scheme.

1) Symmetry across databases

2) Symmetry of file indices within the queries to each database

3) Exploiting the side information of undesired files to retrieve the desired file information
Specifically, the new ingredient of our scheme lies in iterating the scheme in K rounds to ensure
each file is mixed with the common randomness in the same way, hence to fulfill principle
2. In the following, we firstly introduce five examples. We explain in details of the examples
in Section [V-A] and Section about the decodability of the scheme, the guarantee of user-
privacy and system-privacy, and only show the construction of the other three examples. Finally
in Section [V-F, we show the scheme for general parameters of N, K, T, E.

We first reprise the following lemma from [6]]. The lemma states that by multiplying determin-
istic full rank matrices on uniformly i.i.d. random matrices, the statistics of the random matrices

remain unchanged. The proof can be found in [6].

Lemma 4 ( [6]). Let S1,Ss,...,Sk € IF?I‘X“ be K random matrices, drawn independently and
uniformly from all o x « full-rank matrices over I. Let G, Go, .. ., GKIFqBXB be K invertible
square matrices of dimension (3 x (3 over T, where 3 < . Let 1;, Ty, ..., Ix € NP be K

index vectors, each containing 3 distinct indices from [1 : |, then

(81, 71G1, 82, o] G, - . Sk, Zk]Gik) ~ (Sal:, (12 B)], Saft, (12 B)], ..., Sk, (1: B)])
(78)
where S;[:,Z;| denotes the a x 3 matrix comprised of the columns of S; with indices in Z;, and

~ denotes the relation that the random variables on both sides are identically distributed.
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DB1

DB2

DB3

agr)7 ag‘)

b:(lT) ’ bg”)
o+ )

ai()’r)’ aé(;")

bé?“) , b[(;“)
o)+ 1)

aér)’ ag")

bg”)’ bé?“)
aér) + bér)
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TABLE I: The download scheme for each round r, where r = 1 and r = 2.

A. Example: N = 3 databases, K = 2 files, T' = 2 colluding databases, F/ = 1 eavesdropped

database

Suppose each file contains L = 13 symbols from a sufficiently large finite field I, W) =
W1[1;13} and Wy = W2[1:13] are represented as length-13 vectors over I',. W.l.o.g., assume the user
wants to retrieve Wj.

The user downloads in two rounds, with 15 symbols in each round as described in Table [I
and with detailed formulation below. The databases generate 10 uniformly random symbols, 5
for each round, denoted as (S[(llz)S}, S[(l2 )5]) The scheme achieves the rate R = 13/30.

Let {\1,..., Ao} be 9 distinct nonzero elements from IF,. Let G[71X:79] and G[28X:§] be two gener-

ating matrices of MDS codes as follows,

(11 1]
M A o N
GEX:%: S (79)
A0 A3 A6
1 1 ... 1
Gig = N \ - diag(\[, AL, .. A]) (80)
1 A2 ... A9
[\ AT AT
N )\; )\Z AZ ' 1)
SN A

Let G =[G Ggl", then G is a 9 x 9 invertible matrix. Similarly, let GT' and G
be composed of the first six rows and the last three rows of G respectively.

The user privately generates matrices S1,So, S3, S, € ]ngg uniformly and independently from
all 9 x 9 invertible matrices over IF,.

Let G be the generating matrix of a (9,6)-MDS code.
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Round 1:

affy = (WGl + 1sVs1GEg ) ) (82)
by = (WG + 1878 si)GE ) Sall, (12 6))G8 (83)
Round 2:
alfy = (WIGgs + 895216 ) Ss (84)
b2, = (ng G + s s ]GM) Su[:, (1: 6)]G° 85)

Correctness: In round 1, the user can solve b(;)g from b(ll)6 because G$*? is the generating

matrix of a (9,6)-MDS code. Therefore, the user can cancel the interference ') and obtain

[7:9]
afm)g}. From afl)g], the user can solve W™, because a[l o = [Wl[1 iR S(l |GS;, where G and
S; are invertible matrices. Similarly in round 2, the user can solve Wl[ . Hence, the user can
solve all 13 symbols of W;.
User-privacy: Any 7' = 2 databases may collude and observe the queries composed of 6 symbols

from a( and b(

[1:9] [1:9] for each round. Let Z,,7, denote the indices of the symbols observed by

the colluding databases,

(. a0 0) (86)

= (W8S GSI[L ), TSP PSP GSol, 2, (87)
WSS PSU)GS L (1 66T ), (W TSP 5P GS, L (12 6)]GS T, )

(88)

~ (A T8SP18L (12 6), [ ISP P SPTSg L (1 6), (89)

WS S0OS]SaE (1: 6)), [WH TSP P8 (1 6)). 90)

The two rounds of download can be randomized by the user. Therefore, the symbols observed
by the two databases are obtained by random mappings from linear combinations of W; and
W5 and the random symbols S[(f;)au S [(12 )5} generated by the databases in the same way, where the
randomness of the mapping is privately generated by the user and unavailable to the databases.
Hence, user-privacy is guaranteed.

System-privacy: The eavesdropper can tap in on an arbitrary database. Because the scheme
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is symmetric across the databases, w.l.o.g., assume DB1 is eavesdropped. In round 1, from
equation (82) agl), agl) are constructed by adding linearly independent combinations of Sf), Sél).
Similarly from equation (83, bgl), bél), b(71) are constructed by adding linearly independent com-
binations of S?(,l), Sﬁl), Sél). Specifically, denote the five answers from DB1 in round 1 by A%}Bl,

the linear combinations of the S [(11:)5} added to the answers are constructed by,

[ETLIAE 2)]]M 02 [argsil 7]}2”
R R T LI R e
052 [Gf;;]sz[;, (1:6)]GSL;, (1,2, 7)]}

oD
It can be checked that the 5x 5 matrix in (@1)) is invertible. Therefore, H (A(Dlgl) =H (A(DlaBl |Wy, Wy) =
5logq. Hence, I (Aggl; Wi, Ws) = 0. The construction of symbols for round 2 are in a similar
way, by adding linearly independent combinations of S[(f )5]. Because the 10 symbols S[(llz)S}, S[(f )5}
are independently and uniformly chosen from IF,, we have / (A(Dlgl,Aggl; Wi, W5) = 0 and

hence the eavesdropper obtains no information regarding the database 17, Ws.

B. Example: N = 4 databases, K = 2 files, T' = 2 colluding databases, F = 1 eavesdropped

database

Suppose each file consists of L. = 13 symbols and is represented as a length-13 row vector over
a sufficiently large field F,, denoted by Wy = W{""* and W, = W1'". The user downloads
two rounds. For each round, the user downloads 12 symbols. The databases generate 6 uniformly

random symbols S[(f:):,)], S The scheme achieves the rate R = 13 /24.

[1:3]"
The user privately generates matrices Sq, So, S3, S4 € IFSXS uniformly and independently from

all 8 x 8 invertible matrices over I,.

Let {\1,...,As} be 8 distinct nonzero elements from I,. Let G be a 8 x 8 matrix defined as
follows, i i
11 ... 1
Al A2 oA
e P ©2)
AT A AT

X8
[1:7]

first 7 rows and the 8th row respectively, such that G = [GFIX:% G[lsTg]T. Similarly, let G?lxﬁs]

it is direct that G is an invertible matrix. Let G and G[lgf be matrices composed of the
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and G[27X:88} be matrices composed of the first 6 rows and the last 2 rows respectively, such that

G = [G?ﬁé G?;;]T. The matrices GFIX:%, G[18T8, G?IX:(% and G[27>:<§ are generating matrices of MDS

codes with corresponding dimensions.

Let G{*® be the generating matrix of a (8,4)-MDS code.

DBI1 DB2 DB3 DB4

o o) ol ol

) ) ) )
a0 a6 | ) b | ol 48

Round 1I:
ay = (W76RS +sial) s, ©3)
by = (W96 + 180S0 GES ) Sl (15 )G (94)

Round 2:
afy = (WFags + 5781625 s (95)
by = (WIGES + SPG L) Sl (1: 9GP (96)

C. Example: N = 4 databases, K = 2 files, T' = 3 colluding databases, E = 1 eavesdropped

database

Suppose each file consists of L. = 25 symbols and is represented as a length-25 row vector over
a sufficiently large field I';, denoted by W; = W1[1:25] and Wy = WQ[L%]. The user downloads two
rounds. For each round, the user downloads 28 symbols. The databases generate 14 uniformly

() 'S The scheme achieves the rate R = 25 /56.

random symbols 5[1:7], L

The user privately generates matrices Sy, S, S3,S, € Fi%'° uniformly and independently

from all 16 x 16 invertible matrices over IF,.

Let {\1,..., A6} be 16 distinct nonzero elements from F,. Let G be a 16 x 16 matrix defined
as follows, i i
1 1 1
Al A A
G, = | 7 ©7)
BT
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it is direct that G is an invertible matrix. Let Gll?’ fglf and G‘[O’ljlfq be matrices composed of the first

13 rows and the last 3 rows respectively, such that G = [G113 T?}f G?ﬁlfﬁ}] . Similarly, let G[lfleﬁ

and G41§1166 be matrices composed of the first 12 rows and the last 4 rows respectively, such

12x16 4%x16 13x16 3x16 12x16 4x16 .
that G = [G 112] G 113 16] The matrices Gr[1 13 > G[14 16]° Gr[1 1) and G[13 16 are generating

matrices of MDS codes with corresponding dimensions.

Let G}**'® be the generating matrix of a (16, 12)-MDS code.

DB1 DB2 DB3 DB4

a0, | ) | a0 | o]

bi" ,bé" LA IR U biﬁ’,bi’i’,bi’;’

a13 bgg aﬁ)—l—bﬂ) ag?"‘bgg) a16 bg%
Round 1:
afthg = (WG + s sVsIGhl ) 8, 98)
1) 14:25 1 1 1 1
b = (WPIGHE + (S80S SIGR ) Sl (1 12)GI10 (99)
Round 2:
aithg = (WG + (8PP 5P sPIG R ) Ss (100)
b = (WEG0 + (ST SPSPIGRN, ) Sali, (1:12)]G° (101)

D. Example: N = 4 databases, K = 2 files, T' = 3 colluding databases, E = 2 eavesdropped

databases

Suppose each file contains L = 18 symbols and is represented as a length-18 row vector over
a sufficiently large field I';, denoted by W; = W1[1:18] and Wy = W2[1:18]. The user downloads two
rounds. For each round, the user downloads 28 symbols. The databases generate 28 uniformly
random symbols 5[1 14 S[(1 )1 4- The scheme achieves the rate R = 18/56 = 9/28.

The user privately generates matrices Sy, S;,S3,S, € F;°*'% uniformly and independently
from all 16 x 16 invertible matrices over I,.

Let {\1,..., A6} be 16 distinct nonzero elements from F,. Let G be a 16 x 16 matrix defined
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as follows,

1 1 ... 1
Mo A A

G 1 2 16 ’ (102)
A% AR

it is direct that G is an invertible matrix. Let Gllofolf and G 1X1 16] be matrices composed of the
first 10 rows and the last 6 rows respectively, such that G = [Glloi)lf G‘r61X11166 |*. Similarly, let
G?lxglf and ngxllg] be matrices composed of the first 8 rows and the last 8 rows respectively,
such that G = [GSX16 Gfgxllg] The matrices Glloi)lf, Gr61X11166 G?lxslf and G?Q 1) are generating
matrices of MDS codes with corresponding dimensions.

Let G12*'% be the generating matrix of a (16, 12)-MDS code.

DB1 DB2 DB3 DB4

Rl PR PP PO

bY ,bg”,b“’ bi”,bé”,bé” o by by bgg,bg?,bgg

a13 bgg a14 + b14 a%) + bgg) a’16 bg’é
Round 1:
afihg = (W GHGR + Sy GRily ) S (103)
b (W[“ et S[S}M]Gf;fg) S,[:, (1 : 12)]G12x16 (104)
Round 2:
athe = (WG + 5P, Gh ) Sy (105)
b = (WEIGI0 + ST GO ) Sl (1 12)) G120 (106)

E. Example: N = 3 databases, K = 3 files, T' = 2 colluding databases, ' = 1 eavesdropped

database

Suppose each file contains L = 62 symbols. Let the symbols of each file be randomly permuted
(the randomness is generated privately by the user) and be represented as a length-62 row vector
over a sufficiently large field IF,, denoted by W, = Wit W, = Wit and wy = WiF% The

user downloads three rounds. For each round, the user downloads 57 symbols. The databases
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generate 57 uniformly random symbols, 19 for each round and denoted as i [1:19]" S[(l2 1] S 13 )19],

for protecting the database from the eavesdropper. The scheme achieves the rate R = 62/171.

Let {\1,..., Aor} be 27 distinct nonzero elements from F,. Let G be a 27 x 27 matrix defined
as follows, i i
1 1 ... 1
A A A
g=|"" 7o (107)
o L)

it is direct that G is an invertible matrix. Let G118 T82]7 and G?lf) 277] be matrices composed of the first

18 rows and the last 9 rows respectively, such that G = [Gllgﬁf]? G91§2277] Similarly, let G[211§127

and G62>;2277 be matrices composed of the first 21 rows and the last 6 rows respectively, and

G[2135327 and G42z2277} be matrices composed of the first 23 rows and the last 4 rows respectively.

18%27  (9x27 21x27  (\6x27 23x27 4x27 - -
The matrices G 1§ ° G [19:27]° Gr[1 1] G[22 97> G (123 and G[24 o7 are generating matrices of

MDS codes with corresponding dimensions.

F27X27

The user privately generates 9 matrices Sfll:)g}, s ,SS 3] uniformly and indepen-

[1:3]
dently from all 27 x 27 invertible matrices over I,.
Let G1**'® and G5*? be the generating matrices of a (18,12)-MDS code and a (9,6)-MDS

code respectively.

DBI DB2 DB3
at”,a5” a0l | ol a0l 0" | a,afy), ), ol
NN N S RN CN A RN N
&7 e ) )| e, ci’& el

all) + b7 %5+b’ ¢4l
+ b7 aly + bl aly + bfy
0rd) | dgad) | e
M+W @l | edd
b 4 o) b 4 o) b 4 o)
%+N’ %+N’ by + )
al) + 058 40 Al el el + )
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Round 1:
iy = (WG + SG Gl ) st (108)
bfll 18] (W[lg 39](;’[211;127 S[(llo 15]GF2X22277]) S (1:12)) G128 (109)
oo = (WA GEST + 50,5 G ) 841 (131 18))GS0 (110)
clihy = (WA PGELT + 8010 Gt ) ST (1 12 G128 (111)
llyan = (WA GELT 4 S0 G ) SV (13 :18))GE (112)
Round 2:
althy = (WG + 55 1 Gl ) S (113)
bflz 18] (W[4O 62](;’[2135327 S[(126 19]G?2f12277]) SP[:, (11 12)] G (114)
biaam = (WEOPGEST + 500,10 Gl ) SPL (13 :18))GS0 (115)
f11)18 <W31 18]G[118T827 + S[(129]G?1X92277]> S (1:12)]G® (116)
ligan = (WIMIGHET + S0y GH ) SPL (13 18))GE (117)
Round 3:
atn = (WG + 55 1, Gl ) S (118)
b = (WG + SO GhE ) SPL (1: 12))G12 (119)
binom = (WG + 50, Gl ) SPL (13 1 18) G (120)
ithy = (WIGHT + 50,5 G ) SV (1 1) G128 (121)
o = (WA GHT + S04 Gty ) 571 (131 18)/G (122)
Correctness: For each round, the user can recover 613 18] and CE13 18] from b1 1:12] and Cg;)u}-

(r)

Therefore, the user can cancel the interference and solve Q13,04

(r) (r)
[25:27] [25:27]°

Similarly, the user can recover

(r)

and ¢},

and cancel b[25 o7 TC and obtain a because bflg 27] are generated from the
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same (9,6)-MDS code. Hence, the user can solve aﬁ?m for all three rounds. For round 1, we

haveafl1 27] [Wll 18] S[(11 9]] ( ). Because G and Sgl) are invertible matrices, the user can solve
18 symbols W1 . Slmllarly, the user can solve Wflg:gg} and W1[40:62] for both round 2 and
round 3. Hence, the user obtains all 62 symbols of ;.

User-privacy: Any 7' = 2 databases may collude and observe the queries composed of 18
symbols from afl)m, 12 symbols from both ") 1:18] and c[1 18)° and 6 symbols from both b") 119:27]

and ¢! for each round. Let Z,, 7y, 12, Zy 6, L 12, L ¢ denote the indices of the symbols observed

[19 27]
by the colluding databases,

o, o, ¥
1 1 2) 2) 3 3
(b(Ib)m’ b(Ib)e)’ (b(zb 12’ b(Zb 6> (b(Ib)m’ b(Ib)e) (123)
(C(Ilc)m’ C(Il)e) (C(Ii)m’ C(Ic)e) (C(Igc)m’ C(I:i)e)
[1:18] (1) [19:39] 40:62]
[Wl ]S[(l 9]] GS [ ] [Wl S [10:15] } GS [ ] [Wl[ S [16:19] } GS [ ]

(W80 15 1 GSSVT, (11 12)] G 8], T o], (W3 27S10 15 ] GSEVL, (13 1 18))GS*O:, T, 6))
([ 5{126 19]]GS(2 [ (12 12)|GI 8], T, o], W35S 19](;552 1, (13 : 18)]GS*°[:, T 6])
= [W[l 18] ¢ }GS(?’ [ (1 12)]GI28[:, 7, 1), [W[l 18] S[(lggﬂ [’(13 18)|GS*[:, T, 6))

} (

([l S[% 9
(W95 G
(75 50.15] G

)
)
)
GSY[1, (1 12)]GI2 [, Z o], [W 810 1] GSEY [, (13 £ 18)]GS 1, Z.4])
GSP[, (1:12)|G1x18 ,1012,[W[118S[(129]}GS3 1, (13 : 18)|GSX°[:, Z,.4])
GSV[ (1:12) I, [Ws GSSV[:, (13 1 18)]GS°[:, Z,])
(124)

1015}

*9

Q

[1:18] (1)
(Wi,

}Gs (11 18) SPL: (1:18)], [W[406251619]GS [, (1:18)]

[10:15]

’ [Wl[lg 39] ¢(2)
(

[19:39] (1)
W, S [10: 15]}

[:, (13 : 18)])
Wi 62]5[(126 19 GSY[1, (13 1 18)))
(

WQ“ZH”S ul G GSYL, (131 18)))

Gsy’
GSY

~ (W25

[40:62] ov(1)
( [WS S [16:19]

[1:18] (2)
(w35t

( [W3[19:39} g®

[10:15]

W[40 62]S[(llﬁ 19]}(;'8(1 [+, (13 :18)])
Wy S 1 GSPLL (13 : 18)))
W[1939]S(3 }GS(?’[ (13 : 18)])

[10:15]

[ T S o —
— — — —

(125)
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[1:18] o(1)
Wy sy,

[19:39] ov(1) (1)
[W2 S[lO 15]} GS,

[40:62] (1) (1)
[Wi% 5[16 19]} GSS

1GS{VL, (1:18)], W8 TGS, (10 18)], WSl o] GSPL (1:18)]

L (10 18)], (WS g 1GSEL (1:18)), [ S, 1 GSEVL: (1:18)]

L (L 18)], (WIS 1 GSEL (10 18)), s ] GSEL (1:18))
(126)

[
[

The user can randomize the three rounds of downloading. Therefore, the symbols requested at
the two colluding databases are mapped from the symbols of each file and the Si(r)’s in the same
way. Hence, user-privacy is guaranteed.

System-privacy: Similar as in the example in Section [V-A] the answers from any database is
composed by adding linearly independent combinations of 5[1 19] for each round. Therefore,
the eavesdropper obtains no information regarding the database W5, W5, W3 and hence system-

privacy is guaranteed.

F. For arbitrary N, K, Tand E (E<T)

Denote J =

N=T—. and suppose each file comprises L = KN¥ — EJ = KN¥ — ENK TK
symbols from a large enough finite field. The user downloads K rounds, with N.J symbols
per round. The database generates K E'J uniformly random symbols, denoted by 5[1 FJ) where
r=1[1:K].

Divide [1 : L] and [1 : EJ] into K disjoint sets in the following way,

: = 1 2 . K-1 K
1:L 14% U 14Y U U w U w (127)
N~~~ N~~~ —— N~~~
size NE_ENK-1 size NKE_ETNK—2 size NKE_ETK-2N size NE_ETK-1
[1 : EJ] == 81 U 82 Uu... U SK—l U SK (128)
~—~— ~—~ N—— N~~~
size ENK—1 size ETNK—2 size ETK—2N size ETK-1

such that |W;|+|S;| = NX. Therefore, W,"" = {W)"', ..., W)¥*} and 5[1 ) = {S‘(S?, e S‘(SQ}
Let {\1,..., A\yx} be N¥ distinct nonzero elements from IF,. Let G be a N¥ x N¥ matrix

defined as follows,

1 1 1
A A oA
G=| " R (129)
)\NK—l )\éVK—l )\NK—l
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it is direct that G is an invertible matrix. In the following, we divide G into K pairs of matrices
) K _ K ) K .
{G%AXN ,G';MN } fori = [1: K|, where G%Z|XN is composed of the first |W;| rows of G
) K .. .
and G§Z|XN is composed of the last |S;| rows of G. It is direct that these 2/ matrices are gen-
. . . . . . _ WX NE - S| x N
erating matrices of MDS codes with corresponding dimensions, and G = [G,,, Gg. ]

For each round r and each file index k&, let Vk(r) be the length-N¥ vector defined as follows,

(7') _ Wk+r71 mod K |Wk+'r71 mod K‘ XNK (T) ‘Sk+r71 mod K‘ XNK
Vk - Wk GWkarfl mod K + SSk«krfl mod KGSkJﬁrfl mod K (130)

_ Wll/vk+7“71 mod K S(T)

- Sk+’r71 mod K

] G, (131)

therefore, the K index set pairs (WV;, S;) is rotated in all K round for each file index k£ € [1 : K.
This is to assure user-privacy.
The user privately generates K2 matrices S\, S S e FN"*N" yniformly and
p ye8 K] D[LK] 0 D[LK] q y
independently from all N¥ x N¥ invertible matrices over IF,.

Suppose the user wants to retrieve W;. For any undesired file index k& € [1 : K]\ {l},
there are A = 25~2 distinct subsets of [1 : K| which contain k¥ and do not contain /, denoted
by Ki,Ks,...,Ka. For i € [1 : A], let oy = N(N — T)KI=1TE=IKil - choose A matrices

(0% EOC (63 Ea . . . .
Glle L...,.G AAXT ® be the generating matrices of the MDS codes with corresponding
dimensions.

For each round r, apply the scheme in [6] for V[Y;q as described in (I31)). For any undesired
file index k € [1: K]\ {l},

") _ [ L) KL KL KL KL [KLG)
X = o Toum ' T oy ! T xchu{z}] (132)
— N —_
G T 0 0
0 GoXTr 0
= VSO (1: TNEY) . 2 ' . : (133)
OzAXﬂOcA
0 0 0 G277

where the length of a:,[é’(r) is oy = N(N — T)K=17K=IKil and the length of :):E?LS@} is T=Lay.

For the desired file index [, there are § = 25~ distinct subsets of [1 : K] which contain /,

denoted by L1, Ls, ..., Ls. Let

X0 = [alb0) 00 0] _ g, (134)
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where the length of =" is N(N — 1)/l -1pK-I4,
For each non-empty set IC € [1 : K], the queries associated with K is generated by

o) =y (135)

kek

For all K rounds r € [1 : K], distribute the queries for each I evenly among the N databases,
and the construction of the queries is completed.
Decodability, User-privacy, System-privacy, and the Achievable rate

From [6], for each round, the user can cancel the interference of the undesired files hence
obtain V}(r) for all K rounds. Furthermore, from (I31)), the user can solve for a different set
of symbols W'IWZ' each round, hence the user can obtain all the symbols of the desired file
W = e

To see why user-privacy is guaranteed, similarly as in [6], any 7" colluding servers observe
queries comprised of TN%X~1 symbols of X ,Fj") for each round. Denote the index set of X ,Fj")

observed by the colluding servers by Z,, we have that for all £ € [1: K],
Xy ~ VIS, (1 TN, (136)

From (131), Vk(r) are constructed from disjoint set of symbols of W} in an iterative way through
the K rounds, and because S,(f)[:, (1 : TN%-1)] are independently and identically distributed,
user-privacy is guaranteed since the colluding databases observe symbols constructed from all
W)’s through the same random mapping.

System-privacy is guaranteed because from (I128) and (I31)), for each round the E.J queries
and answers observed by the eavesdropper is constructed by adding independent linear combi-

nations of £J independent uniform symbolsS[(f:)E e

Therefore, the eavesdropper can obtain no
information regarding the database W/.x).

The rate achieved by the scheme is

K_ 7K
R L :KNK—ENN_;ﬁ _ 1-Z _E _ (137)
KNJ KNMIE 1—(D)yx KN TR

LT RN BN TR - & (-
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