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Abstract

A functional k-PIR code of dimension s consists of n servers storing linear combinations of s
linearly independent information symbols. Any linear combination of the s information symbols can be
recovered by k disjoint subsets of servers. The goal is to find the smallest number of servers for given k
and s. We provide lower bounds on the number of servers and constructions which yield upper bounds
on this number. For k£ < 4, exact bounds on the number of servers are proved. Furthermore, we provide
some asymptotic bounds. The problem coincides with the well known private information retrieval
problem based on a coded database to reduce the storage overhead, when each linear combination
contains exactly one information symbol.

If any multiset of size k of linear combinations from the linearly independent information symbols
can be recovered by k disjoint subset of servers, then the servers form a functional k-batch code.
A functional k-batch code is a functional k-PIR code, where all the k linear combinations in the
multiset are equal. We provide some bounds on the number of servers for functional k-batch codes. In
particular we present a random construction and a construction based on simplex codes, WOM codes,
and RIO codes.

I. INTRODUCTION
A. General Background

A Private Information Retrieval (PIR) protocol allows a user to retrieve a data item from a
database, in such a way that the servers storing the data will get no information about which
data item was retrieved. The problem was introduced in [7]. The protocol to achieve this goal
assumes that the servers are curious but honest, so they don’t collude. It is also assumed that
the database is error-free and is synchronized all the time. For a set of k servers, the goal is to
design an efficient k-server PIR protocol, where efficiency is measured by the total number of
bits transmitted by all parties involved. This model is called information-theoretic PIR; there is
also computational PIR, in which the privacy is defined in terms of the inability of a server to
compute which item was retrieved in a reasonable time [19]. We continue to consider only the
information-theoretic PIR.

The classic model of PIR assumes that each server stores a copy of an s-bit database, so the
storage overhead, namely the ratio between the total number of bits stored by all servers and the
size of the database, is k. However, recent work combines PIR protocols with techniques from
distributed storage (where each server stores only a coded fraction of the database) to reduce the
storage overhead. This approach was first considered in [27], and several papers have developed
this direction further, e.g. [2], [9], [10]. Our discussion on PIR will follow the breakthrough
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approach presented in [15], [16]], which shows that n servers (for some n > k) may emulate
a k-server PIR protocol with storage overhead significantly lower than k. The scheme used for
this purpose is called a k-PIR and will be discussed in the next paragraph.

The s-bit database S is considered as the information bits of a linear code of length n and
dimension s. This code has an s x n generator matrix G. The linear combinations related to
the codeword SG are stored in the n servers. In other words, the i-th server stores the linear
combination generated when the s-bit information word is multiplied by the i-th column of G.
The generator matrix G represents a k-PIR scheme if there are & pairwise disjoint subsets of
[n] = {1,2,...,n}, R, Ry, ..., Ry, such that the sum of the columns of G related to each such
subset is the data item (out of the s data items) which the user wants to retrieve. Using these k
subsets any known k-PIR protocol can be emulated with the given n servers. The advantage of
this scheme is a smaller amount of storage used for a k-PIR protocol. The goal in the design
of such a PIR scheme is to find the smallest n, given s and k. This problem was considered in
several papers, e.g. [1], [15], [16], [21], [23], [29], [34].

In all the PIR protocols known in the literature, the user wants to retrieve one out of the
s information bits of the database. As will be described in the sequel, PIR codes and their
generalizations are similar to other concepts in coding theory. For example, there is also the
similar requirement for codes with availability [24], which are important in applications of
distributed storage codes. In some of the related applications, it is quite natural that it will be
required to retrieve a linear combination of the s bits of information symbols. Such a scheme
will be called a k-functional PIR code (this is some abuse of definition since for the private
information retrieval application such a retrieval of linear combinations is not required). Given
s and k£ we would like to find the smallest n for which a functional k-PIR exists. This is one
of the two targets of the current paper.

The definition of a k-PIR code appears to be a special case of a k-batch code. The concept
of a batch scheme was first proposed by Ishai et al. [18], which was motivated by different
applications for load-balancing in storage and cryptographic protocols. Originally, batch codes
were defined in a very general form, i.e., s information symbols are encoded into n-tuples of
strings where each string is called a bucket. Each bucket contains a few linear combinations of
the information symbols. A single user wants to retrieve a batch of k distinct data items (out of
the s data items) by reading at most ¢ symbols from each bucket. The goal in the design of a
batch scheme is to find the smallest total length of all the buckets, given s, k, ¢t and n.

A stronger variant of batch codes [18] is intended for a multi-user application instead of a
single-user setting, known as the multiset batch codes. In this variant we have k different users
each requesting a data item, where some of the requests are allowed to be the same. Therefore
all the k requests constitute a multiset of data items (each being one out of the s data items,
replications allowed). Moreover, each bucket is allowed to be accessed by at most one user. A
special case of a multiset batch code is when each bucket contains only one symbol. This model
is called a primitive multiset batch code (18] (or a k-batch code in short) and it is a family
of batch codes that was most studied in the literature. In the rest of this paper, we restrict our
definition of batch codes only to primitive multiset batch codes. Similarly as for a PIR code, a
batch code is represented by an s X n generator matrix G. It is a k-batch scheme if there are
k pairwise disjoint subsets of [n]|, Ry, Rs, ..., Ry, such that the k£ sums from each subset of the
columns in G constitute a multiset of data items which some k& users want to retrieve. Hence,
the requests in a k-PIR are a special case of the requests in a k-batch when the multiset contains
only one specific item £ times. Therefore a k-batch code can always work as a k-PIR code but
not vice versa. The goal in the design of a batch scheme is to find the smallest n, given s and k.



This problem was considered in several papers, e.g. [1], [S], [18], [25], [30].

Similarly as our generalization of PIR into functional PIR, by setting the requests to be a
multiset of linear combinations of the s bits of information symbols, a batch code is generalized
into a functional batch code. Given s and k we would like to find the smallest n for which a
functional k-batch code exists. This is the second target of the current paper.

A special case of batch codes, called switch codes, were recently studied for network applica-
tions [3]], [6], [31]-[33]. This family of codes was first proposed by Wang et al. [33] and these
codes were designed to increase the parallelism of data writing and reading processes in network
switches. A network switch is required to write n incoming packets and read k outgoing packets
while using m memory banks, each able to write and read one packet per time unit. Each set
of n packets written to the switch simultaneously is called a generation. The objective is to
store the packets in the banks such that every request of & packets, which can be from previous
generations, can be handled by reading at most one packet from each bank. Even though batch
codes and switch codes were proved to be equivalent [5], switch codes are commonly designed
for the special case of £k = n, which balances the output and input switching rates.

A related family of codes to functional batch codes is the family of random I/O (RIO) codes.
This family of codes was recently introduced by Sharon and Alrod [28] and provides a coding
scheme to improve the random input/output performance of flash memories. An (n, M, t) RIO
code stores ¢ pages in n cells with ¢ + 1 levels such that it is enough to sense a single read
threshold in order to read any of the ¢ pages. Sharon and Alrod showed in [28] that the design
of RIO codes is equivalent to the design of write-once memory (WOM) codes [11], [17], [26],
[35]]. The latter family of codes attracted substantial attention in recent years in order to improve
the lifetime of flash memories by allowing writing multiple messages to the memory without
the need for an erase operation. However, while in WOM codes, the messages are received one
after the other and thus are not known in advance, in RIO codes the information of all logical
pages can be known in advance when programming the cells. This variant of RIO codes, called
parallel RIO codes, was introduced in [36]]. A recent construction of parallel RIO codes [37] used
the coset coding scheme [11] with Hamming codes in order to construct parallel RIO codes. In
fact, this construction is equivalent to the requirements of functional batch codes, and thus every
functional batch code can be used as a parallel RIO code as well. The other direction does not
necessarily hold since parallel RIO codes do not have to be linear, as opposed to functional batch
codes. The codes from [37] gave two constructions of functional batch codes (which are parallel
RIO codes) with the following parameters: (s =3,k =4,n=7) and (s =4,k = 8,n = 15).

B. General Description of the Problem

Assume there are n servers, each storing a linear combination of s linearly independent items.
Each of these s items will be called an information symbol. Each linear combination which
consists of at least one of these information symbols will be called a coded symbol. There are k
users who want to retrieve k& linear combinations of items from these servers. Each such linear
combination which a user wants to retrieve will be called a request. Each user has exactly one
such request and he should approach a set of servers to obtain his request. The set of servers
which are approached by two different users must be disjoint. We would like to know the smallest
number of servers which is required to satisfy any k requests of the k users. This scheme will
be called a functional k-batch code (functional k-batch for short, and similarly done for the
related concepts). If each request contains exactly one information symbol, then the scheme will
be called a k-batch code.
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If the k requests are the same (linear combination) then the scheme will be called a functional
k-PIR code and furthermore if these k requests contain the same information symbol, then the
scheme will be called a k-PIR code. This definition for k-PIR coincides with the definition for
k-PIR given in [[135], [16] for a single user. Let F'B(s, k) (B(s, k), F P(s, k), P(s, k), respectively)
be the minimum number of servers required for s items and k requests for functional k-batch (k-
batch, functional k-PIR, k-PIR, respectively). Next, we present the formal definition for functional
k-batch code (k-batch code, functional k-PIR code, k-PIR code, respectively).

A functional k-batch code of length n and dimension s consists of n servers and s information
symbols {1, s, ..., xs}. Each server stores a nontrivial linear combination of the information
symbols (which are the coded symbols), i.e. the j-th server stores a linear combination Y,
1 < 5 < n. For any request of k linear combinations vy, vy, ...,V (not necessarily distinct)
of the information symbols, there are k pairwise disjoint subsets R, Rs,..., Ry of [n| such
that the sum of the linear combinations in the related servers of R;, 1 < j < k, is v;, i.e.
Y e R, Y, = v;. Each such v; will be called a requested symbol and each such subset R; will be
called a recovery set. A functional k-batch code can be also represented by an s x n matrix G
in which the j-th column has ones in positions %1, 2o, . . ., 2, if and only if the j-th server stores
the linear combination x;, + z;, + - - - + ;.

To summarize, a k-batch code is defined similarly to a functional k-batch code, where each
one of the requests vy, vy, ..., Vv, contains exactly one information symbol. A functional k-PIR
code is defined similarly to a functional k-batch code, where all the v;’s equal to one linear
combination v. A k-PIR code is defined similarly to a functional £-PIR code, where the linear
combination v contains exactly one information symbol.

By these definitions, a (functional) batch code is also a (functional) PIR code (where all
the requests are equal) and a functional batch (PIR, respectively) code is also a batch (PIR,
respectively) code, but not vice versa. Thus, we have the following relationships among these

four families of codes.
functional k-batch code
k-batch code functional £-PIR code
k-PIR code
C. Basic Results

Our goal in this paper is to obtain lower and upper bounds on F'B(s, k) and F'P(s, k), since
relatively good bounds on B(s,k) and P(s, k) are known from the literature. Some of these
bounds on B(s, k) and P(s, k) were derived in [1]], [5], [15], [20], [23], [25], [30], [34] and are
summarized as follows.

Lemma 1:

1) For each s > 1, P(s,2°71) = 2° — 1 [16].

2) For each s > 1, B(s,2°71) = 2° — 1 [33].

3) When £ is a fixed integer, P(s, k) = s + O(+/s) [15], [23], [34].

4) B(s, k) = s+ O(y/5) for k = 3,4,5 [, [30].

5) B(s,k)=s+ O(y/slogs) for k > 6 [30].

6) B(s,s'/?) < 2s [23].




7)
8)
9)
10)
11)
12)
13)
14)
15)

B(s,s%) < s+ /8 for 7/32 < e < 1/4 [29].
B(s,s%) < s+ s% for 1/5 < e < 7/32 [23].

B(s, s) < 2s'5 [3].

P(s,+/5) = s + O(s1°€3/2)) [20].

P(s,5°) = s+ O(s"°¢), 0 < € < 1/2 [20].

B(s,k =0(s%)) =s+o(s), 0 <e < 1[I
P(s,k=0(s°)) =s+o(s), 0 <e<1[.

B(s,k = o(n'/3/logn)) = s + O(k*2\/nlogn) [22].

For k < £n'/®*1 (s a positive integer, B(s, k) = s + O(kn251) [22].

For a binary vector v, let supp(v) denote the support of v, i.e., the set of nonzero entries

of v.

Some simple bounds on F'B(s, k) and on F'P(s, k) are derived in the following theorem.

Theorem 2: If s and k are positive integers, then

1)
2)
3)
4)
5)
6)

1)
2)

3)

4)

5)

6)

For k > 1, F'B(s,k) > FB(s, k —1).
For k > 1, F'P(s, k) > FP(s, k —1).
For s > 1, FP(s,1) = FB(s,1) =s.
For s > 1, FP(s,2) = s+ 1.
For s > 1 and k > 1, FP(s,2k) = FP(s,2k — 1) + 1.
For s > 1 and k > 1, FP(s,k) < FB(s, k).

Proof:
If any server is removed from a k-batch code then the remaining servers form a (k — 1)-
batch code and hence F'B(s, k) > FB(s,k— 1) for k > 1.
If any server is removed from a k-PIR code then the remaining servers form a (k —1)-PIR
code and hence F'P(s,k) > FP(s,k—1) for k> 1.
If FP(s,1) < s or F'B(s,1) < s then the rank of the information stored by the symbols
is less than s and hence there is a linear combination not in their spanned information
that cannot be recovered, a contradiction. Hence, F'P(s,1) > s and F'B(s,1) > s. An
1-PIR code (1-batch code) of length s is constructed by storing the information symbol z;,
1 < j < s, in the j-th server. Therefore, F'P(s,1) < s and F'B(s,1) < s and the claim
follows.
Since F'P(s,k) > FP(s,k—1) for k > 1, it follows that F'P(s,2) > s+ 1. Consider the
code of length s + 1, where the j-th server stores the information symbol z;, 1 < j <s
and the (s + 1)-th server stores a parity symbol o = ) z;. For any requested symbol v,
let supp(v) be its support set. The requested symbol v can be recovered from the servers
indexed by its support set and simultaneously by the remaining servers, since the sum of
the symbols from all servers is zero, i.e., V.= i o) T = D iam(v) Li T -
From the previous parts of the theorem we have FP(s,2k — 1) < FP(s,2k) — 1. On
the other hand, suppose we have a functional (2k — 1)-PIR code with F'P(s,2k — 1)
servers. Add a server storing a global parity symbol, i.e., the sum of the symbols in the
other servers. Any requested symbol can be recovered (2k — 1) times in the same way
as in the functional (2k — 1)-PIR code. It can be recovered one additional time by using
all the remaining servers, since the global parity implies that the sum of the symbols
from all servers is zero. This implies that F'P(s,2k) < FP(s,2k — 1) + 1 and thus,
FP(s,2k) = FP(s,2k—1)+ 1.
Follows from the observation that a functional k-batch code can serve as a functional
k-PIR code.
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Another basic result concerning PIR and batch codes with s information symbols and 7
servers is related to their presentation via a binary s X n matrix G whose columns represent the
information in the servers. In other words, the entries on the i-th column of G have ones which
relate to the information symbols used in the coded symbol stored in the :-th server. A code
in which each information symbol is stored in a server will be called systematic. An intriguing
question is whether for all PIR codes and/or batch codes there are related systematic codes with
the same parameters? We conjecture that this is indeed the case, but there is no proof for this
property for k-PIR and k-batch and it is left as an open problem. We can solve this question in
the case of functional PIR and functional batch.

Lemma 3: If there exists a functional £-PIR (batch) code C of length n and dimension s, then
there exists a systematic functional k-PIR (batch) code of length n and dimension s.

Proof: Assume first that C is a functional k-PIR code that is represented by an s X n matrix
G. If rank(G) < s, then there exists a nonzero vector v not in the column space of G which
cannot be recovered, a contradiction. Therefore, rank(G) = s. Assume w.l.o.g. that G = [A B,
where A is an s X s matrix, B is an s X (n — s) matrix, and rank(A) = s, i.e., A is an invertible
matrix. We claim that G’ = [A"'A  A~!'B] is also a matrix representing a functional k-PIR
code C'. For each request v (for the code C’), consider how Av is recovered k times using C.
For any set of columns in G summing up to Av, we use the columns in G’ with the same
indices. These columns sum to A~'Av = v. Therefore, a systematic functional k-PIR code of
length n and dimension s is obtained.

A similar proof works if C is a functional k-batch code. [ ]

Some more simple bounds on F'P(s, k) are given in the following theorem.

Theorem 4: 1If s,t, sy, s9, k1, ko are positive integers, then

(1) FP(s,257%) =2 — 1.

(3) FP(81+82, )S (81, )+FP( ,k‘)

(4) FP(rt,2") <2t(2" —1).

Proof:
(1) By Lemma [I(1), we have that F'P(s,2°7') > P(s,2°7!) = 2° — 1, so we only need to
show that F'P(s,2°71) < 2% — 1. Indeed, a functional 2°71-PIR code is obtained from an
s X (2° — 1) matrix whose columns are all the columns of length s. Each request v can
be recovered 2°~! times, by 257! — 1 pairs (u,u + v) and by v itself.

(2) This result follows immediately by concatenating the matrices which represent the func-

tional k;-PIR code and the functional k,-PIR code with s information symbols.

(3) Assume A and B are the matrices which represent the functional k£-PIR codes which attain

A0
FP(sy,k) and FP(s9,k), respectively. The matrix 0 B represents a functional k-

PIR code with s; + s, information symbols.
(4) By (1) and (2) we have that F'P(r,2") < 2(2" — 1) and applying it ¢ times we obtain
FP(rt,2") < 2t(2" —1).
|
Our first target in this paper is to improve on Theorem [4(4).

D. Our Contribution and Outline

In the rest of the paper new lower and upper bounds on FB(s,k) and FP(s, k) will be
presented. In Section [l a construction of functional k-PIR codes with k being a power of



2 is presented. Proper puncturing of the code obtained by the construction yields functional
k-PIR codes for arbitrary k. In Section [[IIl we provide several lower bound on F'P(s, k). First,
in Section a general asymptotic lower bound using a counting argument is proved. This
argument is applied also on specific values of s and & to get nontrivial lower bounds on F'P(s, k).
An improved lower bound for k£ = 3 and k = 4 is presented in Section [II-Bl This lower bound
is in fact tight. A table on the asymptotic and specific lower and upper bounds for F'P(s, k) is
also given. A random construction of functional batch codes is given in Section Bounds on
the length of functional batch codes are given in this section too. In Section [V we study the
performance of simplex codes when used as functional batch codes. Conclusions and problems
for future research are outlined in Section [V

II. A CONSTRUCTION OF FUNCTIONAL PIR CODES

In this section an explicit construction of functional k-PIR codes when £ is a power of 2, is
presented. The code which has rt information symbols will be represented by two (¢ + 1) x 2"
arrays. One array will be defined in the construction and the second array will be defined in
the proof for the correctness of the construction. In the first array, each entry, except for the
entries of the last column, represents the content of different servers. The last column of the
array contains zeroes. In the second array, each column represents a recovery set. The second
array is obtained from the first array by a permutation defined via a translation induced from
the requested symbol. By puncturing p times this code of length 2", a functional k-PIR codes
for k = 2" — 2p will be obtained.

Construction 1: Let {x; :1<1<t,1<7<r}bethesetof s = rt information symbols. Let
T be a (t+1) x 2" array whose last column consists of zeroes. The columns of 7 are indexed by
the elements of the power set 2"l The i-th row, 1 < i < ¢, contains the 2" linear combinations
of the symbols {xg : 1 < j < r}. In particular, the entry on the column indexed by A € 2lr]
contains the linear combination 'y = >7._, # (note that z}, = 0). Finally, the (¢ + 1)-th row is
a parity row, where the entry in the column indexed by A is X, = >I_ 2/, =3/ 3" iea .
This entry will be called the leader of the column. Note that only the entries of the column
indexed by @ do not correspond to information stored in a server. The parity of this column
which is zero is stored in the (¢ + 1)-th row and it is also called a leader. Each other symbol
in the array 7 is stored in a different server. The array 7 contains all the n = (2" — 1)(t + 1)
symbols and hence it will be called the stored symbols array.

By Theorem M F'P(rt,2") < 2t(2" — 1). In the next theorem this upper bound is improved.

Theorem 5: The code of Construction [Iis a functional 2"-PIR code. Therefore, F'P(rt,2") <
(2r—=1)(t+1).

Proof: Let v be the requested symbol, i.e., v is a linear combination

VZVl—I—Vz—I—---—I—Vt,

where each v is a linear combination of the information symbols {:c; 1<ji<rh1<i<t.
We also define v+ = 0.

Given the (¢ + 1) x 2" stored symbols array 7, we construct a new (¢ + 1) x 2" array RY as
follows. The rows and the columns of RY are indexed exactly in the same way as the rows and
columns of 7 are indexed. To the symbol in 7 in the entry on the i-th row, 1 < i < ¢+ 1, and
the column indexed by any subset A of 2["!, we add v’ to obtain the corresponding symbol in
RY in the same entry. The array RY will be called the recovery array for v since each column
contains the content of the servers which form one of the recovery sets. Note, that the i-th row
of RV, 1 < i <t+1,is a permutation of the i-th row of 7 and hence the symbols contained



in RY are exactly the same symbols contained in 7, which implies that the information of each
server is contained in exactly one entry of RV, but usually not in the same entry as in 7. The
exceptions are the (¢ + 1)-th row and each row i for which v’ = 0. It implies that the array RY
represents the content of the servers, but in different entries from those of 7. We claim now
that in each column of RV contain the content of a set of servers which form a recovery set.

Hence, to complete the proof it is sufficient to show that the sum of the symbols in each
column of RY is v. For a subset A of [r]| let 74 be the column of 7 indexed by A and let
RY be the column of RY indexed by A. The sum of the symbols in RY, is computed from the
symbols of 74 and the request v as follows

t

¢ ¢ ¢
Z(xfgjtvi)—l—XA :Z"L’Z—FXA—I—ZVi:ZVi:V.
i=1 i=1 i=1

1=1

Therefore, each column of RY can serve as a recovery set for the requested symbol v. Thus,

the proof of the theorem is completed. [ ]
Example 1: Letr =4,t =3, s =rt = 12, and k = 2" = 16. All the information symbols
and the coded symbols are represented in the stored symbols array, where x; Lo = x§-1 + xj»Q +

A

i e ANt _ Nt i i
-+ 4 o, and similarly X, 5, =300 @55, g, = >0 (x5, + @, + o+ ag).

1 ) 9615 ) T1s 90}3 14 $%3 T34 90:154 $%23 Ti24 96;1134 $%34 90}234 0
l"% l"% CC% CC?; I%z I%‘s 23%4 23%3 CC§4 CC§4 23%23 CC§24 I%:sz; J3%34 CC§234 0
$f x% 96'; 962 96:152 90:153 $%4 $%3 9024 9024 $%23 96:1524 96:1534 $§34 90:15234 0
X1 X2 X3 X4 X2 | Xus | Xua | Xog | Xoa | Xaa | Xi2s | Xi2a | Xuza | Xoza | Xi23a| O
Now suppose that the requested symbol is v = a1 + 2§ + 23 + 23 + =3 + 2}, i.e. vI = a1,
vZ =1+ 23 v3 =123+ 25+ 23 For 1 <i <3, by adding v’ to each entry in the i-th row we
obtain the following recovery array.
0 Tl 13 14 T3 3 i T123 T124 134 T33 T34 T34 Tla3s | T334 1
l"% l"% 23%23 CC§24 0 CC%:; 23%4 23%3 CC§4 CC§234 CC% CC?; CC534 J3%34 CC§4 23%2
23?234 CC§§4 23%4 2333 CC:{34 J3?24 23?23 CCZ $§ m% 23?4 l"fs 23?2 0 CC{ CC234
X1 X2 X3 X4 X2 | Xus | Xua | Xog | Xoa | Xaa | Xi2s | Xi2a | Xuza | Xoza | Xi23a| O

It is straightforward to verify that each column of RY is a recovery set for the requested
symbol v. For example, in the third column we have (z} + x3) + (22 + 22 + 22) + (23 + 23) +
(w3 + @5 +a5) = oy + o F a3+ oy + o+ =V,

The next step is to consider how to modify Construction [1l for arbitrary k. Since by Theo-
rem 2(5) FP(s,2() = FP(s,20 —1) 4+ 1 we can consider only even values of k. The main
idea is simply to delete some entries of the array 7, i.e. removing some servers and hence we
can say that the £-PIR code for £ = 2" is being punctured. This simple idea is less trivial to
explain and even less trivial to prove that the remaining servers can form the required number
of recovery sets. Hence, we start with the simplest case which is £ = 2" — 2 to illustrate the
idea.

Construction 2: Let T be the (t+ 1) x 2" stored symbols array constructed in Construction [
Choose three different subsets A, B, and C' of [r] such that A = (B\ C) U (C \ B). Delete
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the symbols in the first ¢ rows of column 74 and delete the leader symbols Xp and X in
columns 7z and 7, respectively. The deletion is done by marking the deleted symbols by a red
color. Any deleted symbol will be also called a red symbol. Each deleted symbol is related to a
server which is being removed, i.e. these ¢ + 2 red symbols are not associated with any server.
This array obtained from 7 will be denoted by 7 and also called the stored symbols array.
The servers store the content of the entries in 7 which are not zeroes and do not contain red
symbols. Thus, the length of the code is n = (t +1)(2" — 1) — (t +2) = (2" —2)t +2" — 3.

Theorem 6: The code of Construction[2]is a functional (2" —2)-PIR code. Therefore, F P (rt,2"—
2) < (2" =2)t+2"—3.

Proof: Let v be the requested symbol, i.e., v is a linear combination

VZVl—I—Vz—I—---—I—Vt,

where each v is a linear combination of the information symbols {:c; 1<ji<rh1<i<t.
We also define v'*™ = 0. . .
Given the (¢ + 1) x 27 stored symbols array 7, we construct a new (¢ + 1) x 2" array RY
from 7 exactly as how RV was constructed from 7 in the proof of Theorem [3] (adding v* to
all the 2" entries of the i-th row, 1 <7 < ¢+ 1). The array RY will be called the recovery array
for v since each column without a deleted leader will be used to define a recovery set. In RY
each symbol in a column of a deleted leader will be called a free symbol since it is free to join
any recovery set. Each symbol which was a red symbol in 7" will maintain a red symbol in R"
(usually in a different entry, unless it is either a leader or in the i-th row and v* = 0).
Each column with a (non-deleted) leader corresponds to a recovery set as follows.
o If the column contains no red symbol then the sum of the entries in the column is v exactly
as was proved in Theorem
o If the column contains a red symbol in the i-th row then we add the symbols of the ¢-th
row in columns 75 and 7¢ to the recovery set. The red symbol in the i-th row is z’y. The
free symbols in the i-th row of columns 75 and 7¢ are z%; + v’ and x4, + v, respectively.
Ty = 2y + 1zt = 2% + v' + 25, + v' and hence the red symbol in the i-th row can be
replaced by the related free symbols in columns 7z and 7¢. The rest of the proof is as in
the proof of Theorem
Therefore, each column of RY with a (non-deleted) leader can serve as a recovery set for the
requested symbol v, with replaced symbols for possible red symbols in the recovery set. Thus,
the proof of the theorem is completed. [ |
Example 2: Continuing Example [I] above, choose three subsets A = {1234}, B = {12}, and
C = {34}. Delete the symbols in the first ¢t rows of the column 74 = Ti234 and delete the
leader symbols Xp = X5 and X = X34 in columns 7 = T and T = Ta4, respectively.
The deletion is done by marking the deleted symbols in a red color. The result is the following
stored symbols array.

l"% l"% 5013 50411 50%2 50%3 23%4 23%3 CC%4 50:134 23%23 50}24 50}34 J3%34 171234 0
ﬁ $% 96% 96421 96%2 90%3 $%4 $%3 90%4 90%4 $%23 96%24 96%34 $%34 -17%23/1 0
l"? l"g 503; 502 CC%z CC%:; 23?4 l"gs 5034 CC::;; 23?23 CC§24 CC§34 J3334 1%234 0
X1 X2 X3 X4 Xi2 | X1z | X1a | Xog | Xoa | Xaa | X123z | Xi2a | Xiza | Xoza | X234l O

Suppose that the requested symbol is v = z]+ai+a3+a3+a3+ad, ie, v = 2], v = 2423,

v3 = 23+ 23 +23. By adding v’, 1 < ¢ < 3, to each entry in the i-th row the following recovery
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array is obtained. Note that in this array the deleted symbols are still marked in red, i.e., the red
color is with the symbol itself rather than the entry. Moreover the entries in columns 7z = 71
and 7o = T34 are marked with a yellow color. Since Xp = X5 and Xy = X34 are deleted, we
do not consider using the related columns 7 = 71> and 7o = T34 as recovery sets. Therefore,
the symbols on these yellow entries are free symbols and can be used when we need to replace
certain deleted symbols.

1

0 I%z 23%3 23%4 33% l"é CC}; I}za I}24 33%34 23%3 T24 $§4 1’}234 J3%34 T1
$% ﬁ $%23 96%24 0 90%3 $%4 ﬁs 90%4 234 96% 96421 96%34 $%34 90%4 $%2
7«13%.1 I§4 2334 23%3 $?34 J3?24 23?23 Iz m§ 33% 23?4 23?3 23?2 0 CC% IS’M
X1 X2 X3 Xy X2 | Xz | Xua | Xog | Xoa | Xsu | Xiosz | Xioa | Xusa | Xosa | Xiosa| O
As for the deleted (red) symbols located on recovery sets, the free symbols (symbols in
entries marked with yellow) are used to replace the deleted (red) symbols. For 1,5, and x35,,,
the two free symbols in the same row can be used to replace the deleted (red) symbol, i.e.,
Tloy = T3 + 215, and 73,5, = 235, + 23, On the second row, the deleted (red) symbol z%,,
lies in an entry marked with yellow and does not have to be replaced since this column is not
used as a recovery set. Hence, the recovery array is adjusted into the following form. It is then
straightforward to verify that the symbols on each column with an undeleted leader sum up to
the requested symbol v. Therefore, a functional 14-PIR code is obtained.
0 1 23%3 14 l"é xj I%za Tiag 23%3 T34 $§4 3, T4 J3%34 x]
$% ﬁ $%23 96%24 0 90%3 $%4 ﬁs 90%4 234 96% 96421 96%34 $%34 90%4 $%2
@54, T3 I§4 T34 33%3 T304 23?23 x5 m§ x4 23?3 T3 0 x3 IS’M
X1 X2 X3 Xy Xio | Xz | Xua | Xog | Xoa | Xsa | Xiosz | Xioa | Xusa | Xosa | Xiosa| O

To sum up, the construction of the functional (2" — 2)-PIR code is a ‘l-puncturing’ of the
functional (2")-PIR code, where the punctured symbols are determined by a choice of the tuple
of subsets {A, B,C'}. To generalize this idea to a ‘p-puncturing’, it seems natural to just take
more tuples of subsets {A4;, B;,C;} and perform similar puncturing methods. However, this
generalization is non-trivial since one may meet the following scenario.

Say we continue Example [2| and intend to do a ‘2-puncturing’ to obtain a functional 12-PIR
code. Choose another triple of subsets { {13}, {4}, {134} }. Delete the symbols in the first ¢ rows
of the column 7734 and delete the leader symbols X3 and X, in columns 713 and 7y, respectively.
In the recovering array for the same requested symbol v = z{ +z? +x3+ x5+ 23+ 3, the deleted
symbols are marked in red. The entries in the columns indexed by {12}, {34}, {13}, {4} are
marked with yellow, indicating that the symbols on these yellow entries are free symbols and
can be used to replace certain deleted symbols. The recovery array is presented in the following
table.

0 I%z l"is 33%4 33% 33:15 CU}L I%zs C0%24 $%34 3353 3354 33:1’)4 1’{234 33%34 CU%

$% ﬁ $%23 33%24 0 3353 $%4 ﬁs 90%4 -'L%QZM 96% 96421 96%34 17)31 90%4 $%2
7«13%.1 I§4 2334 3333 »T%M 33?24 23?23 Iz m§ 33% 23?4 23?3 23?2 0 CC? Igazx
X1 Xa X3 X4 Xi2 | Xiz | X1a | Xog | Xoa | Xaa | X2z | Xi2a | Xiza | Xoza | X234l O
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Now, on each row there are two deleted (red) symbols that should be replaced by combinations
of free symbols in yellow entries. The problem is that we cannot simply replace 1,5, with
xd + 15, as before in Example 2] since now z1,, is also a deleted symbol. The solution is to
replace 71y, by 23 + 21, + 21 and z1;, does not need repairing since it lies on a yellow entry.
This scenario demonstrates that generalizing ‘l1-puncturing’ into ‘p-puncturing’ is nontrivial in
the sense that we need an explicit algorithm to describe how to use the free symbols to replace
the deleted symbols.

Our generalization of Construction 2 and the proof of its correctness in Theorem [A] i.e.
generalizing the 1-puncturing to p-puncturing, will consist of four steps. In the first step, p
pairwise disjoint triples from 2["! will be defined (two elements of a triple for deleting two leader
symbols and the third one for deleting the symbols of the column excluding the leader). In the
second step the related recovery array is constructed similarly to the definition in Construction
In the third step a replacing operation (in several rounds) to replace the deleted (red) symbols
by free symbols will be described. In the last step we will prove that these actual replacements
result in the required recovery sets.

Following these ideas, Construction 2| for k-PIR, &k = 2" — 2 can be generalized to arbitrary
k = 2" — 2p, where 1 < p < 2”72, For the first step of the construction (defining the pairwise
disjoint triples) we need the following definition and results on partial spreads.

Definition 7: A partial 2-spread of [} is a collection of 2-dimensional subspaces Vi, ..., Vi,
of F% such that V; N'V; = {0} for all i # j.

It is shown in [14] that a partial 2-spread with M = 272 always exists. In each 2-dimensional
subspace V; we have three nonzero vectors. Let A;, B; and C; be their supports which are
subsets of [r]. By the definition of a partial 2-spread, A; = (B; \ C;) U (C; \ B;) and the triples
{{A;, B;,C;} : 1 <i < M} are pairwise disjoint.

Construction 3: Let T be the (t+ 1) x 2" stored symbols array constructed in Constructions [1]
and 2l Since p < 272 there exists a partial 2-spread ), which contains p pairwise disjoint triples
{{4:,B;,C;} : 1 < i < p} such that A; = (B; \ C;) U (C; \ B;). For each triple {4;, B;, C;},
delete the symbols in the first £ rows of column 74, and the leader symbols X, and X, in
columns 7p, and 7¢,, respectively. The deletion is done by marking the deleted symbols by a
red color. Any deleted symbol will be called a red symbol, These p(t + 2) red symbols are not
associated with any server. This array obtained from 7 will be denoted by 7. Thus, the length
ofthecodeisn=(t+1)2"—1)—tp—2p=(2"—p—1)t+2"—2p— 1.

Theorem 8: The code of Construction [3] is a functional (2" — 2p)-PIR code. Therefore,
FP(rt,2" — 2p) < (27’—p—1)t+2’"—2p—1 for 0 <p <22

Proof: Let v be the requested symbol, i.e., v is a linear comblnation

V:Vl_l_..._l_vt’

where each v* is a linear combination of the information symbols {:c 1 <j <r} Wealso
define vi*t! = 0. . .

Given the (t + 1) x 2" stored symbols array 7, we construct a new (t+1) x 2" array RY
exactly as in the proofs of Theorems [5] and 6] (adding v* to all the 2" entries of the i-th row,
1 < i < t+1). Each symbol which was a red symbol in 7 will be also a red symbol in RY
(usually in a different entry, unless it is either a leader or in the i-th row and v* = 0).

The 2" — 2p recovery sets relate to the 2" — 2p columns in which the leaders were not deleted.
By the proof of Theorem [3 the sum of the symbols (including the red ones) in each such column
is v. Our goal is that each column whose leader was not deleted will be a recovery set. Hence,
we have to apply a procedure to replace the red symbols in these columns. For each row ¢,
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1 <12 <t, we apply the following procedure. In each step of the procedure the number of red
symbols in the row will be the same as the number of pairs of columns with deleted leaders
which have some symbols (red or free). Before the first step the number of red symbols in the
row is p and the number of such pairs is also p.

Let {B;,C;} be a pair from the disjoint triples for which the two related columns do not
contain a red symbol. If there is no such pair then all the red symbols are in the columns with
deleted leaders and the procedure for the row is completed. The sum of the symbols in column
Bj (of the i-th row) is x5, + V' and in column Cj is 2 +Vv'. 2% + V' + 2 +v' =2, and 2},
is a red symbol in some column D (neither B; nor C; (since the related two entries do not have
a red symbol). We replace the red symbol x"A], of column D with the two symbols xjéj + v and
Te, + v* (which are not marked in red). Entries B; and Cj in the i-th row will become empty.
The number of red symbols in the i-th row was reduced by one and also the number of pairs
of columns with deleted leader which have some symbols was reduced by one. Hence, these
number remain equal and this property is satisfied at the end of the step for this row. Note, that
the red symbol x"A], was replaced by two free (non-red) symbols whose sum equal to :c"Aj.

After this procedure was applied on all the first £ rows, all the recovery sets will not contain
any red symbols. The sum of symbols of any recovery set is not changed during the procedure.
The non-red symbols in new constructed array RY are the same as the non-red symbols in R".

Therefore, each column of RY can serve as a recovery set for the requested symbol v. Thus,
the proof of the theorem is completed. [ |

Example 3: Continuing Example[2] choose three disjoint triples of subsets {{12}, {34}, {1234} },
{{13},{4},{134}} and {{2}, {3},{23}}. Delete the symbols in the first ¢ rows of the columns
Ti234, T134 and Ta3. Delete the leader symbols X715, X34, X13, Xy, Xo and X3. The deletion is
done by marking the deleted symbols in a red color. The result is the following stored symbols
array.

1 1 1 1 1 1 1 1 1 1

T T3 x3 Ty T2 T3 T4 T3 T24 T34 23%23 I}24 J"}u J3%34 371234 0
ﬁ $% 96% 96421 96%2 90%3 $%4 15)3 90%4 90%4 $%23 96%24 -17?34 $%34 -17%23/1 0
l"? l"% CC:’; Iz I%z CC%:; 23?4 1’53 Ig4 I§4 23?23 CC§24 Ifu J3334 1%234 0
X1 Xo X3 X4 Xi2 | Xiz | X1a | Xog | Xoa | Xaa | X123z | Xi2a | Xiza | Xoza | X234l O
Suppose that the requested symbol is v = z7 + 2% + 23 + 23 + =3 + a1, ie, v = z1,
v? =12+ 23 v3 = 23 + 23 + 3. By adding v’, 1 < i < 3, to each entry in the i-th row the
following recovery array is obtained. Note that in this array the deleted symbols are still marked
in red. Moreover the entries in columns 712, 734, 713, T4, T2 and 73 are marked with a yellow
color. Since X5, X34, X3, X4, X5 and X3 are deleted, we do not consider using the related
columns as recovery sets. Therefore, the symbols on yellow entries are free symbols and can be
used when we need to replace certain deleted symbols.
0 33%2 1’%3 1’%4 l’% l’:li 96411 96%23 96%24 l‘%?m Iﬁs $%4 $:1’)4 -’1/'{234 $%34 96%
l"% 33% 33%23 35324 0 »Tg:s 23%4 23%3 CC§4 53%234 CC% CC?; CC534 1’%34 CC§4 23%2
1’?234 35%4 33%4 xgs wzlitﬂ 33?24 33%23 CUZ m§ 33% $%4 l"%s $%2 0 If C0334
X1 X2 X3 X4 Xio | Xuz | Xua | Xoz | Xoa | Xasa | Xio3 | Xuoa | Xuza | Xoza | Xi23a| O

Independently, on each row red symbols are replaced step by step, e.g., the third row is
transformed step by step as follows:
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.3 3 3 s e 3 3 3 3 3 3 3 3 3 3

‘ L1234 ‘ L34 ‘ T24 ‘ Z23 ‘ L134 ‘ T124 ‘ 123 ‘ Tq ‘ T3 ‘ T2 ‘ T14 ‘ 13 ‘ T12 ‘ 0 ‘ 1 ‘ T234
3 3 3 3 3 3 3 3 3 3 3 3 3 3

‘ L1234 ‘ ‘ ‘553479024‘ L1i34 ‘ T124 ‘ L123 ‘ T4 ‘ T3 ‘ 5 ‘ L4 ‘ 13 ‘ L2 ‘ 0 ‘ L1 ‘ L234

w3a, 054 3 3 3 3 3 3
Tt ’ : 3 : : : 3 3
L1234 3 T123 Tq T3 T2 T14 13 T12 0 T L234
T124

3 3

T34, T24 3 3 3 3 3 3 3 3
3 3 Ti23 Ty T3 Ti4 Ti3 Ti2 0 T L234

Ti24, T2

After the appropriate red symbols were replaced in all the rows, the recovery array is as
follows.

1 1 1 11 1 1| 4 1
0 Ty | Ti23 | Ti24 Ti2;T1y X2q L34 . 234 1
3
2 0 2 2 2 72 2 2 o Phsal o 2
L2 Ta4 | i3 T14 | T1234| 73 Ty | T34 2 T34 | T12
123
3y, 73 3 3 3 3 3 3 3 3
3 3 T123 Ty T3 T14 | T13 T12 0 1 T234
T124, T
Xy | Xo | X | Xy | Xyo | Xug | Xua | Xog | Xog | Xgg | Xuos | Xioa | Xisa | Xoga | Xiozd O
It is straightforward to verify that the symbols on each column with undeleted leader sum up
to the requested symbol v.
As mentioned in Theorem [2] by deleting any symbol in a functional (2" — 2p)-PIR code we
obtain a functional (2" — 2p — 1)-PIR code, therefore we have
Corollary 9: FP(rt,2" —2p—1) < (2" =1 —p)t +2" —2p — 2, for 0 < p < 2772,
Remark 1: Note, that all the constructions above for functional k-PIR codes with k& € [271 + 1, 27]

are described for 7t information symbols. When the number of information symbols is not a
multiple of r, say rt+ 1/, 0 <’ < r, we may add r — r’ virtual information symbols and apply
the constructions above. All the virtual information symbols are set to zero. Also some coded
symbols, which are linear combinations of only virtual information symbols are set to zero.

For example, assume we want to construct a functional 2"-PIR code of dimension rt + 7’
We add r — 7’ virtual information symbols and hence we construct a functional 2"-PIR code
of dimension (¢ + 1) of length (2" — 1)(¢ + 2) using Construction [Il The virtual information
symbols are now set to zero and thus some ¢ symbols (linear combinations of virtual information
symbols) are set to zero. The number ¢ is 2"~ — 1 when t > 1 or 2"~"*' — 2 when t = 0
(since some ‘leader’ symbols are also set to zero when ¢ = 0). Therefore for any 0 < ' < r,
FP(r',27) <2(2" —2"") and FP(rt+1',2") < (2" — 1)(t + 1) +2" — 2"~ when t > 1.

Similar idea holds when 2"~! < k£ < 2", but this should be done carefully, since the ¢ symbols
set to zero are dependent on the way that the puncturing from the functional 2"-PIR code to
the functional £-PIR code is done. Following this way, some results with small parameters are
summarized in Table [IL
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TABLE 1
UPPER BOUNDS ON F'P(s, k) ARISING FROM OUR CONSTRUCTION IN SECTION[]

k=10 k=12 k=14 k=16

k=6 | k=8 s=1 10 12 14 16
s=1 6 8 s=2 15 18 21 24
s=2 9 12 s=3 19 22 25 28

s=3t(t>1) 6t+5 | Tt+7T s=4t (t>1) 126+9 | 13t+11 | 14t +13 | 15t + 15

s=3t+1(t>1) | 6t+8 | Tt+11 || s=4t+1(t>1) | 12t +14 | 13t 4+ 17 | 14 +20 | 15t + 23
S=3t+2(t>1) | 6t+10 | Tt+13 | | s=4t+2 (t>1) | 12t +18 | 13t 421 | 14t +24 | 15t + 27
s=4t+3(t>1) | 126+20 | 13t +23 | 14t +26 | 15t +29

III. LOWER BOUNDS ON THE LENGTH OF FUNCTIONAL PIR CODES

This section is devoted to lower bounds on the length of functional PIR codes. When the
number of requests k is a fixed constan{, P(s, k) = s + o(s) (see Lemma [[) and hence the
research objective is to analyze the redundancy part o(s). However, for functional PIR codes
this is not the case. By using a counting argument it will be proved in this section that F'P(s, k)
grows linearly in s, i.e., lim, o, F'P(s,k)/s > c for some constant ¢ to be determined. Using
another approach in this section, a better lower bound on F'P(s,3) and FP(s,4) is derived.
Codes for k = 4 in Construction [I] attain this bound and hence the bound is exact.

A. A general lower bound by counting
In our exposition which follows we will need some properties of the binomial coefficients.
These properties are proved in the following lemmas.
Lemma 10: If n > 3r + 2 then (Til) > 2(?)
Proof: Follows immediately by comparing r—?—l) with 2(?) [ |
Lemma 11: 1f n > 3r + 2 then (') > >, (7).
Proof: By induction on r, where the basis is (g) > (’1‘) and in the induction step Lemma [10]

is used. [ |

Lemma 12: If n > 3r + 2 then (ril) > S0 —) (™).

Proof: Again, by induction on r, where the basis for r = 2, where () > (). For the
induction hypothesis assume that the claim is true for » — 1, i.e.

(:) >§(r—1—i)<7;) .
(il) >;<?) ’

and combining this with the induction hypothesis we have

(1)= 2 ()= B0 (2 () -Fe-n(0)+( ") =2

1= K3

By Lemma [11] we have

"more precisely k = o(s).

n
. ;
1
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which proves the induction step. [ |
For the next theorem we remind the reader that by Theorem R2I5) we have FP(s,2() =
FP(s,2¢ — 1) + 1 and hence can consider only even values of k. The even values will be
considered since they imply better bounds than the related odd values.
Theorem 13: For a fixed even integer k > 4,

1 FP(s, k) S 1
S s T HAK)
where H (-) is the binary entropy function defined by H(p) = —plogp — (1 — p)log (1 — p).
Proof: Suppose there exists a functional £-PIR code of dimension s and length n. For each
request v, we have k disjoint recovery sets of [n]. The sum of the sizes of all these k(2° — 1)
recovery sets is at most n(2° —1). Hence, the average size of a recovery set should be at most 7.

Consider all the subsets of [n] of size at most |7 | +1. If each such subset is used as a recovery
set for some request, then the average size of a recovery set is at least

S4)
Zf i1l ()

) we have

o))

By applying Lemma 2 on ([.7,,
n

((%1n+ 1) g X; (HE @ @

By developing the numerator in (1)) and plugging (2) in the process we obtain
’—%]+1 n {%" n n n n
() =2iC)+ R () + ()
2 (5) =2 () 1 (o) + ('
e 211 (2141

S ) - S -0 -5 ()

Now, we can evaluate the average in (1) as

[F1+1 . [F1+1
Yo 00 [EIEST () A
B HE =%
AT AT TRER
which contradicts our proof that the average size of a recovery set is at most 7.
Therefore, not all the subsets of [n] of size at most [7] 4 1 are used as recovery sets, which

implies that Z( el (") > k(2° —1). The left hand side tends to 2"7(!/*) as n tends to infinity.
Hence, if n = cs, then

205H(1/k) > k,(28 . 1) ’

which implies that cH(1/k) > 1 and the claim of the theorem follows. u

Note, that the counting argument used in the proof of Theorem [13| implies that the recovery
sets used for all the possible requests are of the smallest possible size. In practice, it is difficult
to assume that this would be the case. Improving the lower bound by taking larger recovery sets
into account is a future task.
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TABLE I

LOWER AND UPPER BOUNDS ON lim_, o 22458
k 2 4 6 8 10 12 14 16
lower bound 1 1.2326 1.5384 1.8397 2.1322 2.4165 2.6937 2.9648
upper bound 1 1.5 2 2.3333 3 3.25 3.5 3.75
k 18 20 22 24 26 28 30 32
lower bound 3.2306 3.4917 3.7486 4.0019 4.2518 4.4987 4.7429 4.9845
upper bound 4.8 5 5.2 54 5.6 5.8 6 6.2

The first several lower bounds on lim,_, FP(sk) derived from Theorem (13l together with the

related upper bounds implied by Construction Bl, are summarized in Table [l The lower bound
for k = 4 will be further improved in Section [II-B

The technique used in the proof of Theorem [13] can be applied slightly differently to obtain
lower bounds on F'P(s, k) for specific parameters s and k.

Suppose we have a functional k-PIR code with dimension s and length n. For each request v,
we have k disjoint subsets of [n], Ry,..., Rx, where each one of them is a recovery set for v.
For each such request v we choose arbitrarily such k recovery sets. Therefore, k(2% — 1) distinct
recovery sets are chosen. Let A(s) be the sum of the size of all these recovery sets. Since the
k recovery sets Ry, ..., R, for any request v are pairwise disjoint, it follows that

k
i=1

which implies that
A(s) <n(2°=1) . 3)

On the other hand, a lower bound of A(s) can be obtained by choosing the recovery sets with
smallest size as possible, since the size of the recovery sets by such a choice will be a lower
bound on the actual size. There are k(2° — 1) distinct recovery sets. Let d be the largest integer

such that .
3 (:‘) < k(25 —1) . @)

i=1

The smallest lower bound A(s) will be obtained if all the ZZ . (%) subsets of size d or less
will be included as recovery sets. It implies that in the chosen k(2° — 1) recovery sets, at least
k(28 —1) =3¢ (") subsets of size d+ 1 or greater than d + 1, are included to obtain the lower
bound. Therefore,

zd:zc) 4 (d+1) (k:(QS 1) zd: (7;)) < A(s). )

i=1 =1

The lower bound on F' P(s, k) is obtained by comparing (3) and (3, i.e., finding the minimum n

3(}) rarn(ur-n-5 (7)) re -,
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Example 4: Assume that F'P(6,8) = 20, and apply @) for s =6, £k = 8 and n = 20, i.e.,

20 20
(1)+<2):210<8-(26—1):504

(210) + (220) + (230) — 1350 > 8- (2 — 1) = 504 .

Since in this code of length 20, a total of 8- (25 — 1) = 504 recovery sets are required, it follows
that there are at least 504 — 210 = 294 recovery sets of size at least three. Therefore by (3),

(210) + 2(220> +3-204 = 1282 < A(6) ,

which is a contradiction to A(6) < 20 - (2° — 1) = 1260 by (@). Thus, F'P(6,8) > 20 and since
by Theorem 3l F'P(6,8) < 21, it follows that F'P(6,8) = 21.

Example 5: When k is even we have F'P(2,k) < 3—; (encode the two information symbols x;
and x, into x1, x9, and x; + xo; each one of these three encoded symbol will appear g times in
the code.)

Assume now that n = FP(2,k) < 2 — 1 and apply () for s = 2, k and n = 2 — 1. For
each request, three recovery sets are required for a total of 3k recovery sets. There are at most

and

n = 3—2k — 1 recovery sets of size 1. Therefore, there are at least 3—; + 1 recovery sets whose size
at least two. Hence, by (3),

3k 3k 3k

(G -D+2: (5 +1)=3 5 +1<A@2).

By @), A(2) <n-(22—1)=3-3 — 3, a contradiction.
Therefore, FP(2,k) > % — 1 and thus F'P(2,k) = 2 when k is even.
Table [II] contains some specific bounds on F'P(s, k) for s < 32 and 6 < k < 16, where k is

cven.

B. A tight bound of FP(s,3) and FP(s,4)

This subsection is devoted to analyzing F'P(s,3) and F'P(s,4). Recall that by Lemma 3, a
functional PIR code can be always assumed to be systematic.

Let {Z} be the Stirling number of the second kind, which calculates the number of partitions
of [t] into b nonempty subsets. It is well known that

(-igr Oy

Now, we derive the following lower bound on F'P(s, 3).
%s +2 if sis even
3(s+1) ifsis odd
Proof: Clearly, F'P(s,3) = s +t, where t > 0. The s x (s + ¢) matrix G representing the

functional 3-PIR code is of the form G = [I; U], where I; is the s X s identity matrix. The
columns of U are denoted by {uy, ..., u}.

A nonzero requested (column) vector v can be recovered as v = >, ;€ + > . ;U =
> icr, © T ZJEUQ u; = ZZEIB e; + ZjeU3 u;, where I, Iy, I3 are three pairwise disjoint subsets

Theorem 14: For any given s > 3 we have that F'P(s,3) >
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TABLE III
NUMERICAL RESULTS ON F P(s, k)

F 6 8 10 12 14 16
e

1 8 10 12 14 16

2 12 15 18 21 24

3 11 14 18-19 21-22 25 28

4 12-14 15-18 19-21 23-24 27 30

5 15-16 18-20 22-26 25-30 28-34 31-38
6 16-17 21 25-30 29-34 33-38 37-42
7 17-20 22-25 27-32 32-36 37-40 41-44
8 19-22 23-27 29-33 34-37 39-41 44-45
9 21-23 26-28 31-38 35-43 41-48 46-53
10 22-26 28-32 34-42 39-47 43-52 47-57
11 24-28 30-34 36-44 42-49 47-54 52-59
12 26-29 31-35 38-45 45-50 51-55 57-60
13 28-32 34-39 39-50 46-56 53-62 60-68
14 29-34 36-41 42-54 47-60 55-66 62-72
15 30-35 38-42 45-56 51-62 57-68 63-74
16 32-38 39-46 47-57 55-63 61-69 67-75
17 34-40 41-48 49-62 57-69 65-76 72-83
18 35-41 44-49 50-66 59-73 67-80 75-87
19 37-44 46-53 54-68 60-75 69-82 78-89
20 39-46 47-55 56-69 64-76 71-83 79-90
21 40-47 49-56 58-74 67-82 75-90 82-98
22 41-50 51-60 59-78 69-86 79-94 87-102
23 43-52 53-62 62-80 71-88 81-96 91-104
24 45-53 55-63 65-81 73-89 83-97 93-105
25 46-56 56-67 67-86 77-95 84-104 95-113
26 47-58 59-69 69-90 80-99 89-108 97-117
27 49-59 61-70 70-92 82-101 92-110 102-119
28 51-62 62-74 73-93 83-102 95-111 106-120
29 52-64 63-76 76-98 85-108 97-118 108-128
30 54-65 66-77 78-102 89-112 98-122 110-132
31 56-68 68-81 79-104 92-114 103-124 111-134
32 57-70 70-83 81-105 94-115 106-125 116-135

The exact values for s = 1 are trivial and the exact values for s = 2 are given in Example [3 For s > 3, the lower bounds are
derived by the counting method while the upper bounds are by the main construction in Theorem [§] and Remark [1

of [s] and Uy, Uy, Us are three pairwise disjoint subsets of [¢]. The unordered triple {Uy, Uy, Us}
will be called a feasible triple corresponding to the requested vector v. W.l.o.g. if we have
U, = Uy = @ then [; and I have the same indices for unit vectors which sum to v, contradicting
the disjointness of I; and /5. Therefore, in a feasible triple at most one of Uy, Us, Us is empty.
Next, it is claimed that no two requested vectors share a common feasible triple.
To prove the claim let {U;, Us, Us} be a feasible triple and let w; be the sum of the columns
related to U;, 1 < j < 3. The requested vector v is recovered based on w;, wo and ws and
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some unit vectors. Note that each e; can be used only once to recover v. Therefore, wi, wy and
w3 determine a unique request vector v. This can be observed as follows by considering each
coordinate of v and the related coordinate in w;, ws, and ws. Consider now the i-th coordinate,
1<i<s.

Assume the triple obtained from the value of the triple (w;,ws,w3) in the i-th coordinate is
(0,0,1). If the i-th coordinate of v is one then we must have e; in both I; and I,, contradicting
the fact that e; can be used only once. Therefore, the value of the i-th coordinate of v is zero.

Similarly, the value of the i-th coordinate of v is zero if the value of the triple (wi,wy,w3)
in the i-th coordinate is (0, 1,0), (1,0,0), or (0,0,0). The value of the i-th coordinate of v is
one if the value of the triple (w1,w2,w3) in the i-th coordinate is (0,1,1), (1,0,1), (1,1,0), or
(1,1,1).

Therefore, the requested vector v is uniquely determined by U;, Us, and Us. Thus, no two
requested vectors share a common feasible triple which completes the proof of the claim.

Let Uy = [t] \ (U U2 |JUs) and distinguish between the following four cases in counting
the number of feasible triples {U;, Uy, Us}:

1) If each one of U, U,y, Us, and U, is nonempty, then the number of feasible triples is the
same as the number of partitions of [¢] into four nonempty subsets, where one of them is
chosen to be U,. The number of such partitions, i.e. feasible triples, is 4{2}.

2) If each of Uy, U,, and Us is nonempty and U, is empty, then the number of feasible triples
is the same as the number of partitions of [t] into three nonempty subsets. Hence, number
of such feasible triples is {é}

3) If exactly one of Uy, Us, and Us is empty and U, is nonempty, then the number of feasible
triples is the same as the number of partitions of [¢] into three nonempty subsets, where
one of them is chosen to be U;. Hence, the number of such feasible triple is 3{ é}

4) If exactly one of Uy, U, and Us is empty and U, is empty, then the number of feasible
triples is the same as the number of partitions of [t] into two nonempty subsets. Therefore,
number of such feasible triples is {’}.

Thus, the number of feasible triples is at most

t t t 4t 1
4 4 = ——2t_1 —.
Gl -5

On the other hand, we proved that no two requested vectors share a common feasible triple.
Hence, there are at least 2° — 1 feasible triples and this implies that
s 4t t—1 1
2°—1< 5 27 + 5 -

Thus, ¢t > SHTOgG. [ |

The lower bound of Theorem (14| can be combined with the bounds of Theorem [2| to obtain
lower bounds on F'P(s, k) for k > 3. In particular we have.
%s +3 if s is even
3(s+1)+1 ifsisodd

Considering Theorem [I4] Theorem [3] Theorem 2] Corollary [13] and Remark [Il we have that

Corollary 16: For any t > 2, FP(2t,3) = 3t+2, FP(2t,4) = 3t+3, 3t+3 < FP(2t+1,3) <
3t+4and 3t+4 < FP(2t+1,4) <3t+5.

Corollary 15: For any s > 3 we have F'P(s,4) >
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IV. BOUNDS ON THE LENGTH OF FUNCTIONAL BATCH CODES

In this section a random construction of functional batch codes is presented. The random
construction relies on a well-known result of random constructions for linear codes which attain
the sphere-covering bound [3], [4]].

Definition 17: For a binary code C of length n, the covering radius is the smallest integer R
such that for any v € [}, there exists u € C such that d(v,u) < R. The code C is a code with
covering radius R.

Proposition 18: [12] If C is a binary linear code of length n, and dimension k, with a parity
check matrix H, then C has covering radius R if and only if every column vector 5" is the
sum of at most R columns of H.

Let V(n, R) be the size of the Hamming ball of radius R. A code with covering radius R
has at least % codewords and thus a linear code with covering radius R has dimension
k > n —logV(n, R). This is the sphere covering bound for linear codes. Blinovskii [3]], [4]
proved that almost all linear codes attain the sphere covering bound (see also [8, Ch. 12, p. 325]
and the references therein).

Theorem 19: Let 0 < p < 1/2, C,, be the ensemble of 2k linear codes generated by all
possible binary k& x n matrices, and R, = |pn]. There exists a sequence k,, for which

kn/n<1—H(p)+O(n ‘logn) ,

such that the fraction of codes C,, € Cy, , which have covering radius R,, tends to 1, when n
tends to infinity.

In other words, Theorem [19/implies that if a binary random matrix H of size s xn is considered
as a parity check matrix of a linear code, then the covering radius R = pn of the code satisfies
H(p) ~ = with probability tending to 1, when n tends to infinity, i.e., any column vector of
length s is the sum of at most R columns of H.

Cooper [13] proved the following result on the invertibility of random binary matrices.

Theorem 20: Let G be a random binary matrix of size s x s, where each entry is independently
and identically distributed with Pr[G; ; = 1] = p(s). If min{p(s),1 — p(s)} > (logs + d(s))/s
for any d(s) — oo, then Pr[G is invertible] tends to a constant ¢ ~ 0.28879, when s tends to
infinity.

We are now in a position to present the random construction of functional batch codes. The
idea is illustrated first with an example on functional 2-batch codes. For sufficiently large s,
randomly choose a binary matrix of size s X n to represent the functional 2-batch code. Let u, v
be two arbitrary requests. By Theorem with probability tending to 1, when s and n tend to
infinity, the request u can be recovered as a sum of pn columns, where H(p) ~ *. The remaining
matrix is a random matrix of size s X (1 — p)n. If (1 — p)n > s, then by Theorem 20, it has an
s X s invertible sub-matrix with probability ¢ ~ 0.28879 . Using the columns from this invertible
sub-matrix, the request v can be recovered. Therefore, under the constraints (1 — p)n > s,
H(p) ~ 2, there exists a binary matrix of size s x n representing a functional 2-batch code
when s and n are sufficiently large. To find the asymptotic relation between n and s, note that
the constraints require s/n ~ H(p) < 1 — p. The root of 1 — p = H(p) is p = 0.227 and thus
we can set n ~ 1.2937s. The next theorem generalizes this idea to arbitrary functional k-batch
codes.

Theorem 21: If ¢; = 1 and ¢4 is the root of the polynomial H(z) = H(cy) — zH (), then
FB(s, k) 1

li < .
sggo s - H<Ck)
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Proof: For a sufficiently large s, randomly choose an s x n; binary matrix G, to represent
the functional k-batch code. With probability tending to 1 the first request can be recovered as
a sum of pyn; columns of Gy, where H(p;) ~ nil Let G4 be the matrix obtained by removing
these p1ny columns from G;. G is an s X ny random matrix, where ny = (1—p;)n;. The second
request can be recovered, with probability which tends to 1, as a sum of psns columns on Go,
where H (p2) ~ - This procedure continues and for the j-th request, 1 < j < k — 1, we have
a matrix G. The j-th request can be recovered, with probability tending to 1, as a sum of p;n;
columns, where H(p;) ~ = and n; = Hf;ll (1 — p;)ny. Finally, for the k-th request, we have to
show that the remaining matrix G, contains an s X s invertible sub-matrix. This is guaranteed
by Theorem 20| with positive probability ¢ ~ 0.28879 as long as s < n; = Hf;ll(l — pi)ny for
sufficiently large s. Therefore, we have a binary matrix of size s X n; representing a functional
k-batch code if s < ng = Hfz_ll(l — pi)ny.

To complete the proof we have to derive the asymptotic relation between n; and s. Note first

that
k-2 k-1

s
n_lN H(py) ~ H(p2)(L = p1) ~ -~ H(pe) [J(1 = pi) < JJ (1 = po).
i=1 i=1
Hence, to maximize ;*, we should have H(pr—1) =1—pr—1, H(pr—2) = H(pr—1)(1 — pr_2),
o H(pj) = H(pjs1)(1—=p;), ..., H(p1) = H(p2)(1—p1). Therefore, we set py_1 = c2, pr—2 =

c3, ..., p1 = ¢ and thus asymptotically we have n; ~ e [ ]

A lower bound of F'B(s, k) can be derived as follows.

Theorem 22:
. FB(s,k) k
lim > )
500 s log(k + 1)

Proof: Assume there is a functional k-batch code of length n and dimension s, represented
by an s X n matrix G. For any recovery process of a request v = (vy,...,Vvy) with k vectors of
length s, assign a label to each column of G. The label is either 0 or some ¢, 1 <17 < k. A label
0 indicates that the column is not used in the recovery process of v. A label ¢, indicates that the
column is used in the recovery set for v;. Then the labeling of G for the request v is an element

in {0,1,...,k}". For any two different ordered k-tuples of request vectors (vi,...,vy) and
(ai,...,uy), where vy, ..., vy are k distinct vectors and uy, ..., uy are also k distinct vectors,
the labeling of G must be different. Therefore, (k + 1)" > (2 K 1)k!.
Thus,
.on k
lim — > —F——

which completes the proof. u

Table V] summarizes the lower and upper bounds of lim,_, ., %.

V. USING SIMPLEX CODES AS FUNCTIONAL BATCH CODES

In [16] it was shown that P(r,2" 1) = 2" —1 and in [32] it was proved that B(r,2"~!) = 2" —1.
Furthermore, in Theorem 4] we also confirmed that F P(r,2"1) = 2" — 1. Hence, in this section
we analyze whether the same property is valid also for functional batch codes, that is, whether
the property F'B(r,2"~!) = 2" — 1 holds. These three results were proved using simplex codes,
which are defined as follows.



TABLE 1V
LOWER AND UPPER BOUNDS OF lims_; oo % (BY THEOREMS 2] AND[22])

22

k 2 3 4 5 6

lim o0 ZEER 112619-1.2937 | 1.5000-1.5489 | 1.7227-1.7828 | 1.9343-2.0028 | 2.1372-2.2124
k 7 8 9 10 1

lim, oo 2R 12333324137 | 2.5237-2.6089 | 2.7093-2.7984 | 2.8906-2.9834 | 3.0684-3.1641
k 12 13 14 15 16

limg oo 228K 132429.3.3414 | 3.4144-3.5156 | 3.5834-3.6869 | 3.7500-3.8557 | 3.9144-4.0222
k 17 18 19 20 21

limg oo ZEER) [ 4.0768-4.1865 | 4.2374-4.3489 | 4.3962-4.5094 | 4.5534-4.6683 | 4.7091-4.8256
k 22 23 24 25 26

lim oo 28R 1 4.8634-4.9814 | 5.0164-5.1358 | 5.1681-5.2889 | 5.3187-5.4407 | 5.4681-5.5914
k 27 28 29 30 31

lim oo 22K 15616457410 | 5.7637-5.8895 | 5.9101-6.0369 | 6.0555-6.1835 | 6.2000-6.3291

Definition 23: A [2" —1,r] simplex code is a linear code of length n = 2" — 1 and dimension r
whose r X n generator matrix G contains each nonzero column vector z of length r exactly
once as a column.

Simplex codes have been used for several more applications, among them are write-once
memory (WOM) codes and random I/O (RIO) codes. An [n, k,t] WOM code is a coding scheme
comprising of n binary cells such that it is possible to write a k-bit message ¢ times while on
each write the cell values can only change from zero to one. An (n,k,t) RIO code assumes
that ¢ k-bit messages are stored in n cells each with ¢ 4+ 1 levels such that every page can be
read by sensing a single read threshold. In [36], it was proved that these two families of codes
are equivalent and a new variation of RIO codes, called parallel RIO codes, has been proposed,
where all messages can be written together and thereby can allow the design of codes with
parameters that do not exist for WOM codes.

While there are several constructions of WOM codes, we focus here on the one called linear
WOM codes [[11] in which a binary matrix is used to encode messages by the syndromes of parity
check matrices of error-correcting codes. The authors of [11] studied this linear construction
using Golay codes as well as simplex codes. In particular, the latter family of codes provided
WOM codes with the parameters [2" — 1,7,2"72 + 2]. Later, this result has been improved by
Godlewski [17], who showed the existence of [27 — 1,7, 2772 +2"~% 4+ 1] WOM codes.

The family of parallel RIO codes is very similar to the one of functional batch codes. In
fact, if parallel RIO codes are constructed using linear codes and their parity check matrices,
such as in [L1l], [[L7], then these codes are in essence functional batch codes as well. This
approach to construct parallel RIO codes has been initiated recently by Yamawaki, Kamabe, and
Lu in [37], where they studied the parameters of parallel RIO codes using simplex codes and
showed the construction of (7,3,4) and (15,4, 8) parallel RIO codes. These codes assure also
that F'B(3,4) = 7 and F'B(4,8) = 15. We also verified that a (31,5, 16) parallel RIO code
exists which implies that F'B(5,16) = 31, while similarly to the conjecture raised in [37] we
also have the following conjecture.

Conjecture 24: The [2" — 1,r] simplex code is a functional 2"~ !-batch code and therefore
FB(r,2r=h =2 — 1.

Remember that for WOM codes the message requests are received in a sequential order and
each recovery set should be determined without knowing the upcoming requests. The main idea
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of the construction of [2" —1,7,2"72+2"~% + 1] WOM codes by Godlewski [17] with simplex
codes works as follows.
1) The first request v is simply satisfied by using v itself.
2) As long as there are at least 2"~! nonzero available vectors, each request v can always be
satisfied by finding a pair {u, u+ v}. This process can satisfy at least 2"~2 more requests
and only stops when the number of unused vectors is less than 271,
3) The key part of Godlewski’s construction is that it is still possible to find recovery sets of
size four unless the number of unused vectors is less than 2"~2. Thus in this process 2" ~*
additional write requests can be satisfied.

To summarize, simplex codes can be used to satisfy roughly any < 2 162" write requests, when
considered as WOM codes. Since in the functional batch setting (or i 1n parallel RIO codes) we
know all the requests in advance, it is possible to make use of this knowledge and improve upon
the 2772 + 2"~* + 1 result. This improvement comes either from the choice of many recovery
sets of size one, or from a predetermined usage of the 2"~2 remaining vectors in Godlewski’s
method. Namely, we prove the following theorem.
Theorem 25: The [2" — 1, r] simplex code can be used as a functional (2772 + 274 + Lf/r/—zj)—
batch code.
Proof: Consider v = 2772 4+ 274 4 L%j requests which consist of A distinct vectors

{v1,...,va}. To prove that the simplex code is a y-functional batch code, we distinguish
between the following two cases depending on the value of A:
Case 1: If A > 22 we use the A subsets of size one of the set {Vv1,...,va} as recovery sets

of size one. For tﬁe remaining v — A requests, we follow Godlewski’s method. The number of

unused vectors is 2" —1 — A. Recovery sets of size two can be found until the number of unused
. . . Tl— —_ —_ Tlil— .

vectors is less than 2", Hence, the number of recovery sets of size two is r-1-a 2(2 b af

A is even) or 2T_1_A_2(2T71_2) (if A is odd), i.e., 272 — L%J Similarly, recovery sets of size four
can be found until the number of unused vectors is less than 2772, yielding 2"~* recovery sets.
Therefore, when A > 27 f , the simplex code satisfies any 2772+ 2"~ + A — [ 2] > 7 requests.
Case 2: If A < %, let v; be the vector which is requested the largest number of times. Clearly,
vy is requested at least [ X | times and the number of requests other than vy is at most v — [ X
times.

Partition all the 2" vectors (including the zero vector) into 2"~ pairs of the form {u, u+v;}.
The two vectors in the same pair are called conjugates of each other. A pair containing no
requested vectors is called a good pair and the vectors lying in good pairs are called good
vectors. The number of good vectors is then at least 2" — 2A.

For any v; # v; which is requested an odd number of times, v; is considered as a recovery
set of size one. Hence, now each such v; is requested an even number of times. For these
requests we find recovery sets using only good vectors similarly to Godlewski’s method. Let
{x,y} be a recovery set of size two for v;, i.e., v; = x +y, where x and y are good vectors.
x and y are not conjugate since v; # v;). Hence, their conjugates form another recovery set
for v;, i.e. v; = (x + v1) + (y + v1). Similarly, whenever a recovery set of size four for v; is
found among the good vectors, then there are only two possibilities. On one hand if we have
v; = X+ Yy + z+ w where no two of the four vectors {x,y,z, w} are conjugate, then their
conjugates form another recovery set v; = (x +vy) + (y + vi) + (z + v1) + (W + v1). On
the other hand if we have v; = x+y + z + (z + v;), then we construct another recovery set
v = (x+vy1)+(y+vi1)+w+ (wW+vy), where the good pair {w, w+ v, } is chosen arbitrarily
from the unused good pairs. After performing this strategy for requests other than v; using the
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modified Godlewski’s method, the remaining good vectors will appear in pairs where each pair
sums up to v;. These remaining good pairs will be used for recovering v;.

To complete the proof we have to show that there exist enough recovery sets. We distinguish
between three subcases depending on the number of times A that v, is requested:
Case 2.1: If \ < 273 times, then there are at least P22 g2 A4 recovery sets
of size two and 2"~ recovery sets of size four for the queries which are different from v;. This
satisfies the requirements since the number of queries other than v, is upper bounded by

v - - 2r/2 or—2 4 or—4
8 (A—‘S2 + 2 "‘Lmj 27’/2/\/6
2T/2J o 2r/2_ 5\/6
V24 16
2r/2
V6

S 27“—2 + 27’—4 — A,

S 27“—2 + 27’—4 + |-

S 27’—2 4 27‘—4 .

Meanwhile, when this modified Godlewski’s method concludes, there are still 272 good vectors
constituting 23 pairs for recovering v;.

Case 2.2: If A > v+ A — 2"72, then the total number of requests different than v, is v — .
Hence, the modified Godlewski’s method concludes after we choose v — A recovery sets of size
two. Initially, there are at least 2"~' — A good pairs, among which v — \ pairs are involved
in recovery sets of size two (since in the modified Godlewski’s method every two conjugate
recovery sets of size two together occupy two good pairs). Therefore, the number of remaining
good pairs is

2r/2 (2 ) 5 A L 27“/2
—(9r2 4 or—4
V6 V24

3
>27’—2_27’—4_2r/2___‘_)\>)\’

2 A (=N >2 - 1)+ A

where the last inequality holds for » > 6. Thus, there are enough pairs to be used as recovery
sets for v;.

Case 2.3: If 273 < A < v+ A — 272, then the modified Godlewski’s method concludes after
we choose 272 — A recovery sets of size two and v — A\ — 2”72 + A recovery sets of size four.
Initially, there are 2"~! — A good pairs, among which 2”72 — A pairs are involved in recovery
sets of size two and 2(7 — A — 2”72 + A) recovery sets are involved in recovery sets of size
four (since in the modified Godlewski’s method every two conjugate recovery sets of size two
together occupy two good pairs and every two conjugate recovery sets of size four together
occupy four good pairs). Thus, the number of remaining good pairs is

2T A (27— A) =20y = A =272 A) =2 277 2y — 2A 22
3

> /2 =) (6)
B V6
> A
where (6) is derived by plugging the values of v = 27724274 L%J, A< %, and \ > 2773,
Finally, the last inequality holds for » > 5. Therefore, there are enough pairs for recovering v;.

Thus, the [2" — 1, 7] simplex code can satisfy any 2772 + 274 + L%j requests. u
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VI. CONCLUSIONS AND PROBLEMS FOR FUTURE RESEARCH

We have considered the shortest length of functional PIR and functional batch codes. Several
upper bounds, based on explicit constructions and random ones, are given. Several methods
which yield lower bounds are also presented. In particular connections to WOM codes and RIO
codes are derived and the parameters of the simplex code when used as a functional batch code
are discussed.

There are plenty of problems which remain for future research, some of them are briefly
outlined.

1) Prove or disprove that for any given PIR (batch) code, there exists a systematic PIR (batch)

code with the same parameters.

2) We would like to see an upper bound on the length of functional batch codes, which is

derived from an explicit construction.

3) We would like to see more tight bounds, general, asymptotic, and for specific parameters.
4) We would like to see a proof (or a counter-example) for Conjecture 24} i.e., the [2" — 1, 7]

(1]
(2]
(3]

(4]
(5]
(6]
(7]

(8]
(9]

(10]
(11]
(12]

(13]
[14]

[15]
(16]
(17]
(18]
(19]

[20]

simplex code is a functional 2"~!-batch code and therefore F'B(r,2" 1) =27 — 1.
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