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Abstract

We determine both the random code capacity region and the deterministic code capacity region of the arbitrarily varying
multiple access channel (AVMAC) under input and state constraints. The underlying assumption is that zero-rate transmission can
be arbitrary in the deterministic setting as well, where there is no shared randomness. As opposed to the random code capacity
region, the deterministic code capacity region can be non convex. For the AVMAC without constraints, the characterization due
to Ahlswede and Cai is complete except for two cases, pointed out in the literature as an open problem. The missing piece is
obtained as a special case of our results.

Index Terms

Arbitrarily varying channel, multiple access, minimax, deterministic code, symmerizability, random code, input and state
constraints.

I. INTRODUCTION

The arbitrarily varying multiple access channel (AVMAC) without constraints was first considered by Jahn [33, 34], to
describe a communication network with unknown statistics, that may change over time. It is especially relevant to uplink
communication in the presence of an adversary, or a jammer, attempting to disrupt communication. Another scenario is that
one of multiple users becomes adversarial and attacks the other users [43, 44]. Jahn established the ‘divided-randomness capacity
region’ [33, 34], namely the capacity region achieved when each encoder shares randomness with the decoder independently,
and showed that the AVMAC inherits some of the properties of its single user counterpart. In particular, the divided-randomness
capacity region is not necessarily achievable using deterministic codes [8]. Furthermore, Jahn showed that the deterministic
code capacity region either coincides with the divided-randomness capacity region or else, it has an empty interior [33, 34].
This phenomenon is an analogue of Ahlswede’s dichotomy property [1]. Therefore, in order to calculate the deterministic code
capacity region, it is essential to confirm that the capacity region has a non empty interior, i.e. positive rates are achievable using
deterministic codes. Gubner [24] presented three computable conditions which are necessary for this to hold, and conjectured
that they are also sufficient. Then, Ahlswede and Cai [3] confirmed Gubner’s conjecture [24], implying that Gubner’s conditions
are both necessary and sufficient for a non empty capacity region. As Wiese and Boche recognized, the case where exactly
one of the users has zero capacity has remained an open problem [48, Remark 9], until now.

Furthermore, constraints are known to have a drastic effect on the behavior of the single user AVC [17], while the effect
on the AVMAC has never been established. Csiszdr and Narayan [17] considered the single user AVC when input and state
constraints are imposed on the user and the jammer, respectively. Such constraints are often due to power limitations of the
transmitter and the jamming signal. Not only the constrained setting provokes serious technical difficulties analytically, but also,
as shown in [17], there is a significant effect on the behavior of the deterministic code capacity. Specifically, it is shown in [17]
that dichotomy in the notion of [1] no longer holds when state constraints are imposed on the jammer. That is, the deterministic
code capacity can be lower than the random code capacity, and yet non-zero. As for the AVMAC under constraints, Gubner and
Hughes [27] determined the divided-randomness capacity region. Results on the Gaussian AVMAC were recently presented in
a talk [31]. Solved examples can be found in [25, 26] as well.

Other relevant settings include the AVMAC with conferencing encoders [48, 47, 9], list codes [40, 9, 11], fading [45, 10],
and an eavesdropper [29, 5, 13]. Among the models of channel uncertainty are also the compound multiple access channel
[16, 38, 49, 51, 39] and the random parameter multiple access with side information [19, 12, 46, 36, 37]. After the publication
of this work, Sangwan et al. [43] considered a multiple access channel with three users, where one of the users is possibly
adversarial, yet the identity of the jamming user is not known in advance (see also [44]).

In this work, we consider the AVMAC when input and state constraints are imposed on the users and the jammer, respectively.
We give full characterization for both the random code capacity region and the deterministic code capacity region. The
underlying assumption is that zero-rate transmission can be arbitrary in the deterministic setting as well, where there is no
shared randomness. In particular, the encoder can simulate a random transmission, as long as there is no shared randomness
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between the parties. This assumption is generally considered to be natural for real-life communication systems (see e.g. remark
in [16, p. 282]), whereas shared randomness is often impractical [34, 6]. Nonetheless, the analysis without shared randomness
is a lot more challenging. When state constraints are imposed, the operational time sharing argument does not apply to the
AVMAC. Roughly speaking, using a code over a part of the blocklength effectively increases the state constraint and loosens
the restriction on the jammer over this period of time. Thus, it becomes essential to replace the operational time sharing
argument with coded time sharing [28]. Our decoder is then a coded time sharing variant of Ahlswede and Cai’s decoding
rule [3], while the time sharing sequence is deterministic and known to the jammer as well. Yet, a fundamental difference
between our coding scheme and the one in [3] arises from the dichotomy discrepancy, sinceAhlswede and Cai only showed
achievability of positive rates R} = Ro = ¢ > 0, proving that the capacity region has a non-empty interior. However, for the
AVMAC under constraints, dichotomy does not apply and achievability of positive rates is insufficient. Hence, in our problem,
proving achievability is more demanding. Hereby, the codebooks construction and the analysis are based on generalization of
the techniques by Csiszar and Narayan [17], along with the insights of Ahlswede and Cai [3]. The converse proof involves
observations by Gubner [24] as well. As a special case, we obtain a full characterization of the capacity region of the AVMAC
without constraints, filling the gap left by Ahlswede and Cai [3].

II. DEFINITIONS AND PREVIOUS RESULTS

We use the following notation conventions throughout. Calligraphic letters X, S, ), ... are used for finite sets. Lowercase
letters x,s,y,... stand for constants and values of random variables, and uppercase letters X,S,Y,... stand for random
variables. The distribution of a random variable X is specified by a probability mass function (pmf) Px (z) = p(z) over a
finite set X. The set of all pmfs over X is denoted by P(X). We use 27 = (z1,z2,...,x;) to denote a sequence of letters
from X. A random sequence X" and its distribution Px~(2™) are defined accordingly. The type Pyn of a given sequence
2™ is defined as the empirical distribution P, (a) = N (a|z™)/n for a € X, where N (a|z") is the number of occurrences of
the symbol a in the sequence z™. A type class is denoted by ’T"(P) = {a" : Pyn = P}. For a pair of integers ¢ and 7,
1 <4 < j, we define the discrete interval [i : j] = {i,i+1,...,5}. In the continuous case, we use the cumulative distribution
function Fz(z) = Pr(Z < z) for z € R, or alternatively, the probability density function (pdf) fz(z), when it exists.

A. Channel Description

A state-dependent discrete memoryless multiple access channel (MAC) (X7 X Xp X S, Wy |x1,X2,55 V) consists of finite input
alphabets A and X%, state alphabet S, output alphabet ), and a conditional pmf Wy‘ X1,X,,5 over V. The channel is memoryless
without feedback, and therefore Wy n|xn xp on(y"|27, 25, s") = [T7 Wy x,,x,,5 Wil®1,, 22,0, 5i). The AVMAC is a MAC
with a state sequence of unknown distribution, not necessarily independent nor stationary. That is, S™ ~ ¢(s™) with an
unknown joint pmf ¢(s™) over S™. In particular, ¢(s™) could give mass 1 to some state sequence s". The AVMAC is denoted
by o = {Wy|x, x,.5}-

The compound MAC is used as a tool in the analysis. Different models of compound MACs are described in the literature
[16, 38]. Here, the compound MAC is a channel with a discrete memoryless state, where the state distribution ¢(s) is not known
in exact, but rather belongs to a family of distributions Q, with @ C P(S). That is, the state sequence S™ is independent and
identically distributed (i.i.d.) according to ¢(s), for some pmf ¢ € Q. We note that this differs from the classical definition of
the compound channel, as in [16], where the state is fixed throughout the transmission. The compound MAC is denoted by
<.

B. Coding

We introduce some preliminary definitions, starting with the definitions of a deterministic code and a random code for the
AVMAC .7 under input and state constraints.
Definition 1 (Code). A (2"F1 2782 n) code for the AVMAC 7 consists of the following; two message sets [1 : 27%1]
and [1 : 2"f2], where 2"f1 and 272 are assumed to be integers, two encoding functions f; : [1 : 2"%1] — AP and
fo i [1:2782] — X2 and a decoding function g : Y — [1 : 2"F1] x [1: 2nfe2],

Given a pair of messages m; € [1 : 2"7] and mo € [1 : 2"F2], Encoder £ transmits the codeword z¥ = fi,(my,), for
k = 1,2. The decoder receives the channel output 3", and finds an estimate of the message pair (11, m2) = g(y™). We denote
the code by ¢ = (f1("), f2(-), 9("))-

We proceed now to coding schemes when using stochastic-encoders stochastic-decoder pairs with common randomness. We
distinguish between two classes; random codes [48] and divided-randomness codes [34].

Definition 2 (Random code). A (271 27F2 1) random code for the AVMAC .o/ consists of a collection of (27%1,2nf2 p)
codes {€y = (f1,4, f2,7,9~)}yer, along with a probability distribution p(7) over the code collection I'. We denote such a
code by (gF = (Ma F7 {%ﬁ’}’yel—‘)‘

Definition 3 (Divided-randomness code). A (2"f1 2nF2 ) divided-randomness code for the AVMAC ./ is a random code,
where the random element consists of two components, i.e. ¥ = (71,72), one at each encoder. The components are drawn



according to a product distribution (y1,72) = p1(y2)pe(y2) over I'y X I'y. Then, User 1 sends z = f1 , (m1), User 2 sends
xy = fa,4,(m2), and upon receiving the channel output y", the receiver applies a decoding mapping g, ,,. We denote such
a code by ¢TI,

The general random code in Definition 2 can thus be thought of as a divided-randomness code where statistical dependence
between ; and -9 is viable.

Remark 1. Our underlying assumption is that zero-rate transmission can be arbitrary in the deterministic setting as well, as
long as there is no shared randomness. In particular, if User 1 has zero capacity while User 2 transmits at a positive rate, then
Encoder 1 may transmit a random sequence at zero rate, i.e. 7 = f1(0) where o € [1 : 2"¢] is a random parameter, which is
not known to the other encoder, the decoder, nor the jammer, and the decoder is not required to recover the value of o. This
means that the encoders have access to ne random bits, where € > 0 is arbitrarily small. Since the randomness is local, such
an assumption is generally considered to be reasonable (see e.g. remark in [16, p. 282]). On the other hand, in the codes in
Definitions 2 and 3, there is shared randomness between the encoders and the decoder, which is often impractical [34, 6].

One may also consider the AVMAC with stochastic encoders, i.e. when Encoder k transmits z} = fi(my, ox), for my, €
[1: 278 k = 1,2, where o and oy the random parameters . Then, our results apply to the stochastic encoder capacity
region.

C. Input and State Constraints

Next, we consider input constraints and state constraint, imposed on the encoders and the jammer, respectively. We note
that the constraints specifications are known to both users and the jammer in this model. Let ¢y, : X — [0,00), k = 1,2, and
[:8 — [0,00) be some given bounded functions, and define
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Let Q1 > 0, Q3 > 0, and A > 0. Below, we specify the input constraints (£21,€22) and state constraint A, corresponding to
the functions @7 (z7), 5 (x%), and 1™ (s™), respectively, for the AVMAC and the compound MAC.
Given input constraints (€21, {2), the encoding functions need to satisfy

O (fr(my)) < Q, for all my, € [1:2"%] ) k=1,2. 3)

"(s") =

S|

That is, the inputs satisfy ¢} (X7]) < @ and ¢5 (X)) < Qo with probability 1. Moving to the state constraint A, we have
different definitions for the AVMAC and for the compound MAC.

The compound MAC has a constraint on average, with a memoryless state such that E,I(S) < A, while the AVMAC has
an almost-surely constraint, with a non-stationary state sequence such that ["(S™) < A with probability 1. Explicitly, we say
that a compound MAC &/ Q is under a state constraint A, if the set Q of state distributions is limited to Q C fA(S), where

PAS) = H{a(s) € P(S) : EqU(S) < A} @
As for the AVMAC 7, it is now assumed that the joint distribution of the state sequence is limited to ¢(s™) € Pa(S™), where

Pa(S™) = {q(s™) € P(S™) : q(s™) =0 if I"(s") > A}. )
This includes the case of a deterministic unknown state sequence, i.e. when ¢ gives probablity 1 to a particular s” € S" with
I"(s™) <A.

We may assume without loss of generality that 0 < Qi < Gpmaz, £ = 1,2, and 0 < A < 40, Where ¢p mar =
maxg,ex, Ok(zk), kK = 1,2, and U4, = maxges!(s). It is also assumed that for some a € Xj, b € Ah, and 59 € S,

¢1(a) = ¢2(b) = l(s0) = 0.

D. Capacity Region Under Constraints

We move to the definition of achievable rate pairs and the capacity region of the AVMAC .« under input and state constraints.
Deterministic codes and random codes over the AVMAC .o/ are defined as in Definition 1 and Definition 2, respectively, with
the additional constraint (3) on the codebook.

Define the conditional probability of error of a code € given a state sequence s € S™ by

2nR1 271R2

n 1 n n
Pi(€) 2 Sn(F D) > > Wy nixp xpsm (" f1(m1), fa(ma), s™). (6a)

mi=1mz=1yn:g(y")#(m1,mz)



Now, define the average probability of error of % for some distribution ¢(s™) € P(S™),

P (g, 6) 2 Y q(s")- P{O.(%). (6b)

smesSn

Definition 4 (Achievable rate pair and capacity region under constraints). A code € = (f1, f2,g) is a called a (2711 22 pn ¢)
code for the AVMAC & under input constraints ({21, €22) and state constraint A, when (3) is satisfied and

P (q,€) <e, forall g€ Pr(S"), @

or, equivalently, Pe(|s)n (€) < e for all s" € 8™ with ["(s™) < A.
We say that a rate pair (R;, R2) is achievable, under input constraints ({21, 22) and state constraint A, if for every € > 0
and sufficiently large n, there exists a (271 272 n_¢) code for the AVMAC o/ under input constraints (€1, 2) and state
constraint A. The operational capacity region is defined as the closure of the set of achievable rate pairs, and it is denoted by
C(«7). We use the term ‘capacity region’ referring to this operational meaning, and in some places we call it the deterministic
code capacity region in order to emphasize that achievability is measured with respect to deterministic codes.
Analogously to the deterministic case, a (2"%1,2"52 n_¢) random code €1 = (u, T, {%, }er) for the AVMAC 7, under

input constraints (Ql, Qg) and state constraint A, satlsﬁes the requirements

> SR, (mi)) < Qe for all my € [1: 275,k =1,2, (8a)
vyel
and
P™(q 23 uly %)) <e, forall g€ Pr(S"). (8b)
yel

The capacity region achieved by random codes is then denoted by CX«7), and it is referred to as the random code capacity
region. In addition, a (2" 27%2 n ¢) divided-randomness code €11 *1 satisfies the requirements

> k() (f, (ma)) < Qe for all my, € [1:275] |k =1,2, (9a)
Yk
and
P (q, 6" T2) &£ 3 (1) pa(12) P (¢, ,) <€, forall g € PA(S™). (9b)
Y1,7Y2

The capacity region achieved by divided-randomness codes is then denoted by C**(.«7), and it is referred to as the divided-
randomness capacity region.

Note that based on the definitions above,
C(«) C (C**(,saf) - (C*(.;z%) . (10

The definitions above are naturally extended to the compound MAC, under input constraints ({21, 2) and state constraint
A, by limiting the requirements (3), (7) and (8) to i.i.d. state distributions ¢ € Q. The respective deterministic code capacity
region, random code capacity region, and divided-randmoness capacity region C(.272), CY.&7<) and C**«/<) are defined
accordingly.

E. Related Work

1) Without Constraints: In this subsection, we briefly review known results for the case where there are no constraints.
Denote the deterministic code capacity region and the divided-randomness capacity regions of the AVMAC free of constraints
by C(ree) and C**(ree ), respectively. We note that this is a special case of the AVMAC under constraints, with Q1 > ¢1 maz,
QQ Z ¢2,maza and A Z lmam-

We cite the divided-randomness capacity theorem of the AVMAC free of constraints, due to Jahn [33]. Let

(RlaRQ) : Ry < minq(s|u) Iq(Xl;Y|X23U)7
C**(JZ%free) - U R2 S minq(s|u) Iq(X27 Y|X17 U) ) B (11)
Py Px, v Px, v Ri+ Ry < minq(s|u) Iq(Xl,XQ;Y|U)

with (U, X1, X2, S) ~ Py(u)Px,ju(z1|u) Px, v (z2|u)q(s|u).

Theorem 1 (see [33, Theorem la]). The divided-randomness capacity region of an AVMAC, free of constraints, is given by

(C**(JZ{free) - C**(JZ{free) . (12)



Remark 2. Originally, the random code capacity region is expressed in [33, Theorem 1] as a closed convex hull of a union of
regions. Achievability of (11) is established through time sharing.

Now, we move to the deterministic code capacity region.
Theorem 2 (Ahlswede’s Dichotomy [33, 34]). The capacity region of an AVMAC, free of constraints, either coincides with the
divided-randomness capacity region or else, it has an empty interior. That is, C(ee) = C**(Hree) OF else, int((C(;affree)) = .
Necessary and sufficient conditions for the capacity region to have a non-empty interior were established by Gubner [24, 23]
and Ahlswede and Cai [3] in terms of the following definition.
Definition 5. [24, 23, 22] A state-dependent MAC Wy x, x, s is said to be
1) symmetrizable-Xy x X if for some conditional distribution J(s|z1, z2),

Z Wy x,,x2,5(W|T1, 22, 8) T (8]%1, T2) = Z Wy x,,x.,5 (Y21, T2, 8) J (s|w1, 22)
seS seS
Vxl,f1€X1,$2,i2€X2,y€y. (13)

Equivalently, the channel W (y|z1, 2, 71, #2) = Y ses Wy x,s(ylz1, 2, 8)J (s[Z1, Zo) is symmetric with respect to (1, 22)
and (jl, jg)
2) symmetrizable-X1|Xs if for some conditional distribution J (s|x1),

D Wyixy a5yl w2, 8) Ji (1) = Y Wy x, x,.5(|F1, 22, 8) 1 (s|21) , Var, 81 € Xy, wp € Xy, y €Y. (14)
s€ES seS

3) symmetrizable-X5|X; if for some conditional distribution Ja(s|x2),

D Wyixy o5yl w2, 8) Ja(slF2) = Y Wy x, x,.5(ylw1, 82, 8)Ja(s|22) , Va1 € Xy, w2, 80 € Xy, y €Y. (15)
sES sES

We say that the AVMAC 7 is symmetrizable-X; x X5 if the corresponding state-dependent MAC Wy | x, x,. s is symmetrizable-
X1 x X, and similarly for symmetrizability -X;|X> and symmetrizability-Xo|X; .
Example 1. [24] Consider an adder channel specified by Y = X7 + X5 + S, where X; = X, = {0,1}. For § = {0, 1, 2}, the
AVMAC satisfies the conditions in Definition 5, as (13)-(15) hold with J(s|z1,x2) = (s — x1 — x2), J1(s|z1) = 0(s — x1),
Ja(s|ze) = d(s — x2), where §(u) is the Kronecker delta function, i.e. 6(u) = 1 for u = 0, and §(u) = 0 otherwise. On
the other hand, it is shown in [24] that for S = {0, 1}, the AVMAC is symmetrizable-X;|X> and symmetrizable-X>|X7, but
non-symmetrizable-X; x Xs.

Ahlswede and Cai [3] showed by example that it is also possible that an AVMAC satisfies the first condition in Definition 5
but does not satisfy the other two.

Example 2. [3] Consider a binary MAC, with X; = Xo =S =Y = {0, 1}, specified by the following. For s = 0,
Wy |x,,x,,5(10,0,0) = Wy x, x, s(-[1,1,0) = (1,0),
11
Wy x,,x2,5(:11,0,0) = Wy x, x,.5(/0,1,0) = (57 5) ; (16)

and for s = 1,

11
Wy x1,x2,5(:10,0,1) = Wy x, x,.5(|1,1,1) = (57 5) ,

Wy x1,x2,5(-[1,0,1) = Wy x, x,,5(-0,1,1) = (0,1) . (17

Then it is shown in [3] that Wy |x, x,, g is symmetrizable-X} x X», as (13) holds for .J(s|x1,22) = 1 for (21 = 22,5 = 0) or
(x1 # x2,8 = 1), and J(s|z1, 22) = 0 otherwise. On the other hand, plugging 2o = 0 in (14) yields J1 (s|x1) = §(s—x1), while
plugging w2 = 1 in (14) yields Ji(s|z1) = d(s — (1 —1)). This means that fixing 22, both marginals Wy x, x, s(-|,0,-) and
Wy |x1, o, s(+]-;1,-) of User 1 are symmetrizable in the single-user sense, i.e. as in [17, Definition 2]. However, the AVMAC
is not symmetrizable-X;|Xs, because there is no Ji(s|x1) which symmetrizes both marginals at the same time. In a similar
manner, (15) implies a contradiction as well. Therefore, the AVMAC is symmetrizable-X; X X, but non-symmetrizable-Xs| Xy
and non-symmetrizable-X;| 5.

Intuitively, symmetrizability-X; x &> identifies a poor channel, where the jammer can impinge the communication scheme
by randomizing the state sequence S™ according to J"(s™|Z7,Z5) = [1; J(8:|%1,i, T2,), for some codewords Z7 and Z%
in the codebooks of User 1 and User 2, respectively. Suppose that the transmitted codewords are z7 and z%. The codewords
7 and 3§ can be thought of as impostors transmitted by the jammer. Now, since the “average channel” W is symmetric
with respect to (z7,2%) and (Z7,Z4), the codeword pairs appear to the receiver as equally likely. Similarly, if the AVMAC is



symmetrizable-X;| X, then the decoder confuses between (z7, 2%) and (%7, z%), and if the AVMAC is symmetrizable-X5| X7,
then the decoder confuses between («7,z%) and (2}, %), where Z1 and Z5 are the codewords chosen by the jammer. Indeed,
by [24], if one of the conditions in Definition 5 holds, then the capacity region of the AVMAC free of constraints has an empty
interior. This means that the capacity region C( %) is either an interval or {(0,0)}, i.e. one of the users or both have zero
capacity.
Ahlswede and Cai [3] proved that the three types of non-symmetrizability are not only a necessary condition for a non-empty
capacity region, but they are sufficient conditions as well. This yields the following theorem.
Theorem 3 (see [24, 23][3, Theorem 1]). An AVMAC free of constraints has a capacity region with a non-empty interior, i.e.
int((C(,saffree)) # (), if and only if it is non-symmetrizable-X; x X, non-symmetrizable-2X}| X2, and non-symmetrizable-Xs|X;.
The following theorem combines the results by Gubner [24, 23] and Ahlswede and Cai [3]. This statement was also given
by Boche and Wiese [48, 47], who considered the AVMAC with conferencing encoders.
Theorem 4 (see [48, Theorem 8]). There are four scenarios for the capacity region of the AVMAC free of constraints:
a) If Wy x, x,,s is not symmetrizable-X; x X, -X1|Xa, nor - |X], then

(C(ffyfree) = C**(rfyfree)- (18)

b) If Wy‘ X;,X,,5 18 not symmetrizable-&; X X3 nor -X,| X1, but symmetrizable-X; | X, then

q(s) Px, Px,

C(Hiree) C {(O,RQ) : Ry <min max Iq(XQ;Y|X1)} . (19)
o) If Wy |x, x,,s is not symmetrizable-X; x X nor - |X>, but symmetrizable- 5|}, then
(C(,ﬁyfree) g {(Rl,()) : Rl S min max Iq(X17Y|X2)} . (20)
a(s) Px; Px,
d) In all other cases,
C(JZ{free) = {(030)} . (21)

Remark 3. Observe that in Case b) and Case c) of Theorem 4, the characterization is incomplete. As pointed out by Wiese
and Boche, this has remained an open problem for nearly 20 years [48, Remark 9] (see also [47, Remark 5.6]). At first glance,
it may appear as if achievability in Cases b) and c) immediately follows from the capacity theorem of the single user AVC

[17]. Consider Case c), and denote the channel from X; to Y, for a fixed z2 € As, by W)(,zfx)l g = WY‘X17X275(-|-,$C2, ).
Then, based on the results by Csiszdr and Narayan for the single user AVC [17], if W)(,m‘})l g 1s non-symmmetrizable-X; for

some zo € Xs, then the capacity of User 1 is positive. Furthermore, if W}(,JT})I g is non-symmetrizable for all x5 € X>, then
User 1 can achieve every rate Ry < ming,) maxpy, py, Iq(X1;Y|X2). However, in Case c), knowing that the AVMAC is

non-symmetrizable-2X| X2 does not guarantee that Wx(/ﬁi()l g is non-symmetrizable for all x5 € X5. Actually, it only guarantees

that the channels W)(,w‘;gl g T2 € Xs, are not all symmetrized by a single J;(s|x1) (see Example 2). Therefore, it is not
immediately clear whether the conditions in Cases b) and c) are sufficient for achievability. We are going to fill this gap and

show that (19) and (20) hold with equality.

Remark 4. The dichotomy property in Theorem 2 was proved using Ahlswede’s Elimination Technique [1], where the encoder
transmits the random elements ; and 7, over a negligible portion of the blocklength. The Elimination Technique only works
without state constraints [17], since positive capacity under a state constraint does not guarantee reliable transmission over a
fraction of the blocklength. Moreover, as Csiszar and Narayan demonstrated in the single user setting, the dichotomy property
does not hold when state constraints are imposed on the jammer. That is, the deterministic code capacity can be lower than
the capacity with shared randomness, even if positive rates are achievable with deterministic codes. This demonstrates the
significant effect that constraints have on the behavior of the deterministic code capacity of arbitrarily varying channels.

2) Divided-Randomness Capacity Region: Gubner and Hughes [27] considered the AVMAC under input and state constraints,
and determined the divided-randomness capacity region, i.e. assuming each encoder shares an independent random element
with the decoder. Their result is given below. Define

(Rl,RQ) . Rl S min Iq(Xl;Y|X2, U),
q(slu) : Eql(S)<A
A _ Ry < i 1,( XY X1, U
CH) = U S sy e R YIXLT) 4 22)
Py Px,uPxyU: R Ry < i 1,(X1, X YU
]E¢k(Xk)1SQk72k:1-,2- 1+ 2 < q(s‘u)}lﬁlqill(s)g (X1, X0, Y|U)

with (U, X1, X2,5) ~ Py(u)Px,v(z1|u)Px,u(w2]u)q(s|u). It is shown in [27] that the region above is not necessarily
convex. In Remark 7, we discuss the interpretation of this property and the connection to the statistical independence between
the variables S and U above.



Theorem 5 (see [27]). The divided-randomness capacity region of the AVMAC under input constraints (£21,) and state
constraint A is given by

CN ) = CNA). 23)

In the next sections, we determine both the random code capacity region and the deterministic code capacity region.

III. MAIN RESULTS — RANDOM CODE CAPACITY REGION

In this section, we establish the random code capacity region of the AVMAC under input and state constraints. To this end,
we first give an auxiliary result on the compound MAC.

A. The Compound MAC

We begin with the capacity theorem for the compound MAC <7< under input constraints (£21,)s) and state constraint A.
This is an auxiliary result, obtained by a simple extension of related work (see [38]). Let

(Rl,RQ) : Rl S infqeg Iq(Xl;Y|X2,U),
C(o7?) = U Ry < infyeo Iy(Xo; Y| X1,U), 3 . 24)
Py Px juPxyu R+ Ry < iﬂfqeg Iq(X17X2§ Y|U)

E¢r, (Xk)<Q , k=1,2.
with (U, X1, X3, S) ~ Py(u)Px,ju(21]|u) Px, v (z2|u)q(s).
Lemma 6. The capacity region of the compound MAC .27 < is given by

C(2) =C(79), (25)

and it is identical to the divided-randomness capacity region and the random code capacity region, i.e. CY.79) = C*}/ <) =
C(9).
The proof of Lemma 6 is given in Appendix A.

Remark 5. Regardless of the statement in Lemma 6, the capacity region of the compound MAC must be convex, due to the
operational time sharing argument. That is, if (Ry,,, R2,,), u € U, are achievable rate pairs, then any convex combination

(Z OuRiu, Y 9uR2,u> (26)

ueU ueU

is achievable, for 6, > 0, ZuEZ/{ 0., = 1. To achieve this rate pair, one can employ a sequence of consecutive codes that achieve
(R1 4, R2,4), such that 0, is the fraction of the corresponding code length from the total blocklength (see [14, Section 15.3.3]).
In the classical setting, the random variable U is referred to as the time sharing variable, since Py (u) can be interpreted as
the coefficient #,, in the convex combination. We explain below why this interpretation is lacking in the case of the compound
MAC. Furthermore, we will see that operational time sharing is impossible for the AVMAC, yet the convexity of C(./<) will
play a role (see the remarks below Theorem 7).

For the classical MAC, achievability of the capacity region can be established by first considering independent inputs
(X1, X2) ~ Px, (21)Px,(72), and then generalizing to Py (u)Px, v (z1|u)Px,|v(72|u) through the operational time sharing
argument. However, for the compound MAC, a straightforward application of the operational time sharing argument is
insufficient, because

inf 1,(X1, X5 Y|U) = gp(u) inf 1y (X3, X YU = w), 7)
in general, and similarly for I,(X1;Y|X2,U) and I,(X2;Y|X1,U). Hence, achievability of the convex combination in the
RHS of (27) does not immediately imply achievability of the LHS.

We deduce that the external variable U may not represent the operational time sharing strategy as in the classical sense.
Nevertheless, we associate U with coded time sharing [28] [21, Section 4.5.3]. Specifically, to prove Lemma 6, we use a coded
time sharing scheme, where a time sharing sequence U" is generated, and then a single codebook is selected accordingly.



B. The AVMAC

We determine the random code capacity region of the AVMAC under input constraints (£21,€22) and state constraint A.
As opposed to Theorem 5 by [27], considering divided-randomness coding, we address the case where the three parties, two
encoders and decoder, share randomness together. The random code derivation is based on our result on the compound MAC

and a simple extension of Ahlswede’s RT.

2 o :
Define C«7) = C(o/ )’9:5/\(5)’ ie.

(Rl,RQ) : Rl S min Iq(Xl;Y|X2,U),
q(s) : Eql(S)<A
* _ Ry < i 1,(X2; Y| X, U
‘=Y 2S B W O YIXL D) e8)
: < 1 :
E¢kEJX51§u§JZki(?€£172. Rt B < q(s):ﬁllr(lS)SA 1, (X, X Y10)

with (U, X1, X5, S) ~ Py(u)Px, |v(x1|u) Px, v (x2|u)q(s). Notice the resemblance between the random code capacity region
formula (28) and the divided-randomness capacity region formula (22), as the only difference between the formulas is that the
state S and the “time-sharing” variable U are statistically independent in the random code case, while S and U are dependent
in the divided-randomness case. An intuitive interpretation is given in the remark.

Theorem 7. The random code capacity region of the AVMAC .o/ under input constraints (£21,€22) and state constraint A is
given by

CHt) = CH(). (29)

The proof of Theorem 7 is given in Appendix B. The proof is based on the aforementioned result on the compound MAC
and an extension of Ahlswede’s Robustification Technique [2]. Essentially, we use a reliable code for the compound MAC to
construct a random code for the AVMAC by applying random permutations to each codeword symbols.

Remark 6. As opposed to the compound channel, the operational time sharing argument is not eligible for the AVC under a
state constraint, even in the single user case, as we explain below. Suppose that two codebooks are used in time sharing, one
of rate R’ and length On, and one of rate R” and length (1 — 6)n, for 0 < § < 1, where R’ and R” are both achievable for
the AVC under a state constraint A. Due to the state constraint, it is guaranteed that > ; [(S;) < nA with probability 1.
However, the jammer is entitled to concentrate the jamming power on the first #n symbols, in which case, Zle 1(S;) = nA.
If the jammer does so, then the first code, of rate R’ and length #n, needs to be robust against a state sequence S%" with the
following cost,

1 & A
o Z 1(S;) = 7> A a.s. (30)
im1

Therefore, in order to achieve the rate R = R’ + (1 — §) R” with operational time sharing, the first coding rate R’ needs
to be achievable for an AVC under a state constraint A/6, and the second coding rate R” needs to be achievable for a state
constraint A/(1 — @), which is not guaranteed. Hence, operational time sharing is not eligible for neither the single user AVC,
nor the AVMAC (see also [27]).

Nevertheless, we observe that using the proof technique in Appendix B, one can devise a reliable coding scheme with
“shuffled time sharing”. That is, instead of using the codes of rates R’ and R” above consecutively, random interleaving of the
codes can be realized. Intuitively, the users are thus able to carry out a time sharing protocol of which the jammer is oblivious,
which explains the statistical independence between the state S and the time sharing variable U in (28).

Remark 7. As mentioned above, the difference between the formulas given for the random code capacity region and for the
divided-randomness capacity region is the statistical independence between the state and the time sharing variable. Now, we
discuss the implications in terms of the convexity of the regions.

By Theorem 7 and Lemma 6, we have that the random code capacity region of the AVMAC under input and state constraints
is the same as that of the compound MAC with Q = P, (S). As a consequence, we have that the random code capacity region
of the AVMAC is convex. It can also be verified directly that the set in the RHS of (28) is convex, as (U, S) ~ Py (u)q(s).

On the other hand, Gubner and Hughes [27] demonstrated that the divided-randomness capacity region given by (22) is
not necessarily convex, as (U, S) ~ Py(u)q(s|u) (see Section IV in [27]). In their setting, the encoders have statistically
independent random elements y; and <2 (see Definition 3). Gubner and Hughes attribute the non-convexity to the preclusion
of operational time sharing [27]. It is further mentioned in [27] that there are other instances of non-convex capacity regions
in the literature, such as the asynchronous MAC [32, 42], where the users’ timeframes do not synchronize hence time sharing
does not work either. We observe that the “shuffled time sharing” mentioned in the previous remark could only work if the
shared randomness element is exploited for the coordination between the users. Whereas, in a scenario where the random
elements are independent, as in [27], such coordination is impossible.

In our setting, the random elements are not independent, as y; = y2 = v (¢f. Definition 2 and Definition 3). In the remark
that follows Definition 2 in [27], it is stated without proof that removing the restriction of independence could result in a



strictly larger capacity region. Indeed, our result above that CX«7) is convex implies that for the erasure AVMAC in [27,
Section IV], our random code capacity region C*(./) must be strictly larger than the non-convex divided-randomness capacity
region. Therefore, we have now validated the assertion by Gubner and Hughes [27]. Comparing (22) and (28), we infer that the
conditioning of the state distribution on U may lead to a strictly smaller region. Intuitively, knowing the time sharing protocol
helps the jammer reduce the coding rates for such a channel.

IV. MAIN RESULTS — DETERMINISTIC CODE CAPACITY REGION

The principal result of this paper is the deterministic code capacity theorem, i.e. without shared randomness. The deterministic
code derivation is independent of our previous results, and the analysis modifies the techniques of Csiszar and Narayan [17],
and merges their ideas with those of Ahlswede and Cai [3].

Before we state the capacity theorem, we give the following definitions. Given an input distribution Py, x, € P(X1 x X>),
consider the average state costs below,

U(Px,,x,) = min Z ZPXI;XZ (21, 22)J (8|71, 22)I(8), (31a)

symm. J
xR EX) SES
k=1,2

\Ifl(PXl = min Z ZPX1 :vl Jl |$1) ( ) (31b)

symm. J
4 ! r1E€X1 SES

\IJQ(PXQ = min Z prz ,TQ J2 |$2) ( ) (310)

symm. J.
4 2 Tr2EX2 SES

where the minimizations are over J(s|x1,z2), Ji(s|x1), and Ja(s|x2), which satisfy the symmetrizing conditions in (13),
(14), and (15), respectively. We use the convention that a minimum over an empty set is +oo. Then, for every Py x, x, €
PU x Xy x Xs), define

APy x, ;) = Y Pu(u)¥(Px, x,ju=u) (32a)
ueU

A (Pux,) ZPU Wi (Px, jr=u) (32b)
ueU

2(Pux,) = > Pu(u)¥(Px, x,u=u)- (32¢)
ueU

Intuitively, min{A(Py.x, x,)» A1(Pu.x,), A2(Py.x,)} is the minimal average state cost which the jammer has to pay to
symmetrize the channel, for a given inputs distribution Py, x,|i7, where symmetrizing refers to using a conditional distribution
that satisfies either one of the symmetrizability conditions in Definition 5. If this minimal state cost violates the state constraint
A, then the jammer is prohibited from symmetrizing the channel.

Remark 8. The minimal average state cost can be expressed more explicitly as

AMPyx, x,) = min Y Py(u)Pyx, x,jv(@1, v2lu)Ju(slzr, 22)I(s), (33)

symm. {Jy, } Uity
»T1,T2,

with minimization over a set of distribution {.Jy, } .z, Where each distribution J,,(s|z1, 22) symmetrizes-X; x X> the AVMAC.
Notice that the state distributions are indexed by the time sharing variable. This has the interpretation of a jamming scheme
that varies over time in accordance with the time sharing sequence chosen by the users.

We have defined /NX(PU7 X1,X3)s Ay (Py,x,) and KQ(PU7 X,) in (32) as the minimal average state costs which the jammer has
to pay to symmetrize the channel, for a given input distribution Py, x, x,. Intuitively, the users are interested in restricting the
jammer by increasing those costs as much as possible, hence the following quantities represent the best thresholds the users
can obtain,

L* 2 max APy x,,x,) (34
Py, xi, x5t Eor(Xp)<Qu, k=1,2 ’

Ly & max A 35

! Py, x;  Eg1(X1)<Q 1( UXI) )

L; 2 max KZ(PU.,X2) ) (36)

Py x, : Eda(X2) <02

We note that L*, L} and L3 depend on the input constraints (21,€s), the MAC Wy x, x, s, and the state cost function
1:8 — [0,00), but they do not depend on the state constraint A.

Definition 6. Define the rate region C(<7) as follows.
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a) If L* > A, LT > A, and L% > A, then

(Rl,Rg) : Rl S min Iq(Xl;Y|X2,U),
q(slu) : Eql(S)<A
_ Ry < i 1,(X; Y| X, U
C(o) = U 2= q(s|u)?%lqul(5)SA (X YIX1,U), 5 (37a)
Py aq,aUXXIXXs) Ri+ Ry < min Iq(Xl,XQ;Y|U)

a(su)  Eql(S)<A
where
Pay e aU x X1 x Xo) = {PuPx,juPx,v : Eow(Xi) <, k=1,2, and
min{A(Py x, x,)s M (Pu.x,), Aa(Pu.x,)} > A} (37b)
b) If L* > A, Lj > A, but L} < A, then
C(#)={(0,R2) : R <  min max I,(Xo;: Y|X1)}. (37¢)

a(s) : Eql(S)SA Pxy Pxy : E¢i(Xi)<Qy , k=1,2,
min{A(Px, Px,),A2(Px,)}>A

c) If L* > A, L7 > A, but Lj < A, then

() = {(R1,0) : Ry < n max I,(X1;Y[X5)} (37d)

mi
a(s) : Eql(S)SA Pxy Pxy i Edr(Xi)<Qy , k=12,
min{A(Px, Px,),A1(Px;)}>A

d) Otherwise, if L* < A, or if both LT < A and L < A, then
C(«) ={(0,0)}. (37e)

Remark 9. Observe that the optimization set of the input distribution Py Px, | Px, |7 in (37) is a subset of the corresponding set
in (22), for the divided-randomness capacity region, hence C(«/) € C**(.<7). Furthermore, if the AVMAC is non-symmetrizable
in the sense of neither X x X, Xy|X2, nor Xo|Xy, then A(Py x, x,) = A1(Pu,x,) = Aa(Py,x,) = +00, in which case we
have that C(&/) = C*N(&).

Theorem 8. Assume that L* # A, LT # A and L3 # A. Then, the capacity region of the AVMAC ./ under input constraints
(Q1,82) and state constraint A is given by

C(o) =C(). (38)

Furthermore, if 27 is non-symmetrizable-X; X X, non-symmetrizable-X;| X2, and non-symmetrizable-X5| X7, then the capacity
region coincides with the divided-randomness capacity region, i.e. C(«7) = C*N«/) = CN ).

The proof of Theorem 8 is given in Appendix E. The second part of the theorem follows from Remark 9 and (38). The proof
does not use our results on the random code capacity region of the AVMAC and on the compound MAC, and it is independent
of the divided-randomness analysis by Gubner and Hughes [27]. The analysis, however, makes use of the properties established
for the decoding rule and codebooks specified below, in Subsections IV-A and IV-B. As mentioned, coded time sharing is
an essential replacement for the classical operational time sharing argument, which cannot be applied to the AVMAC under
constraints (see Remark 6). Hence, our analysis combines our coded time sharing variant of the decoder by Ahlswede and Cai
[3], with our generalization of the codebook generated by Csiszdr and Narayan [17]. The converse proof further uses Gubner’s
observations in [24].

Remark 10. As explained in Remark 3 for the AVMAC without constraints, the case where one of the users has zero capacity
does not immediately follow from the results on the single user AVC. The reason behind this is that Gubner’s second and
third conditions are stronger than single-user symmetrizability, as defined in [17, Definition 2]. In particular, if the AVMAC
is symmetrized-X;|X> by Ji(s|z1), then the marginal AVC Wy |x, g is also symmetrized by .J; (s|x1), but the other direction
is not true. In the constrained setting, this means that the minimal state cost Kl(PXI) for symmetrizability-X;| X5 can be
higher than the minimal state cost Ag(Px,) in [17, Equation (2.13)], for symmetrizability of the marginal AVC Wy x, g.
In Example 2, we have seen that the AVMAC is non-symmetrizable-X|X>, even though the marginal Wy |x, ¢ could be
symmetrizable, in which case, /le(le) = +o0 but [NXO(PXI) < laz < 00. Therefore, even if L7 > A, it is not guaranteed
that User 1 can achieve a positive rate.

Remark 11. The boundary case where either L* = A or L;, = A, k = 1,2, remains unsolved. Even in the single user setting,
say Xy = (), the case of L} = A is an open problem (see [17]), although it is conjectured in [17] that the capacity is zero
in this case. Similarly, we conjecture that the capacity region is C(«/) = C(«) for all values of L*, L} and Lj. There are
special cases where we can prove that this holds, given in the corollary below. The corollary generalizes the remark following
Theorem 3 in [17].
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Corollary 9. Let o/ be an AVMAC under input constraints (21, 22) and state constraint A, where 2/ is symmetrizable-X; x X,
symmetrizable-X;| X5, and symmetrizable-Xs|X;. If the symmetrizability equations (13), (14), and (15) are only satisfied by
conditional distributions J(s|x1,x2), Ji(s|x1) J2(s|x2) which are 0-1 laws, then

C(o) =C(). (39)

The proof of Corollary 9 is given in Appendix F. In particular, we note that the condition of 0-1 laws in Corollary 9 holds
when the output Y is a deterministic function of X5, X5 and S.

A. Decoding Rule

We specify the decoding rule and state the corresponding properties, which are used in the analysis. As mentioned in
Remark 6 above, we cannot use the operational time sharing argument for the AVMAC under constraints, and therefore, we
use coded time sharing [28] [21, Section 4.5.3]. Our decoder is similar to that of Ahlswede and Cai [3], and the codebooks are
generated based on the techniques of Csiszar and Narayan [17], along with the insights of Ahlswede and Cai [3]. We note that
since the code is deterministic, the time sharing sequence is also deterministic, and it is known to the encoders, the decoder,
and the jammer as well.

A fundamental difference between our coding scheme and the one in [3] arises from Ahlswede’s dichotomy property.
Specifically, Ahlswede and Cai only showed achievability of positive rates Ry = Ry = ¢ > 0, proving that the capacity region
has a non-empty interior. According to the dichotomy result in Theorem 2 by Jahn [33, 34], this implies that the capacity region
of the AVMAC free of constraints is the same as the random code capacity region, which was also determined in [33, 34].
However, for the AVMAC under constraints, dichotomy does not apply and achievability of positive rates is insufficient.
Thereby, our proof is a lot more involved than the one in [3].

To specify the decoding rule, we define the decoding sets D(mq,ms) C V", for (mq,mz) € [1: 2771] x [1: 2772, such
that g(y™) = (ma, mg) iff y™ € D(mq, m2).

Definition 7 (Decoder). Given the codebooks { fi(1mk)},,, e(1:0nm)» & = 1,2, and a time sharing sequence u", declare that
y" € D(m1, ma) if there exists s™ € S™ with {"(s™) < A such that the following hold.

1) For (U, X1, X2,S5,Y) which is distributed according to the joint type Pu"-,fl (m1), fa(ma),sm,ym» We have that

D(Py, x,,x,,5Y||[Pu % Px,ju X Px,ju X Psju x Wy |x, x,,8) < 1. (40)
2) a) For every m; # my and ma # ma such that for some §™ € 8™ with ["(s™) < A,
D(Py 3, %57 1Pv X Pt 1w % P, % Py X Wy ix, xa8) <1, 41)
where (U, X1, Xo, S, Y)~ punyfl(fﬁl)yjé(ﬁ’l2)7‘gn_’yn, we have that
I(X1, X5,Y; X1, Xo|U, §) <. 42)
b) For every m # my such that for some s" € 8™ with ["(5") < A,

D(PU,Xl,x2,§,y||PU X P)?l\U x Px,|u X P§|U X Wy |x,,Xs,8) <1, (43)

where (U, X1, Xo, S, Y)~ pun7fl(ml)7j'2(m2)7‘gn7yn, we have that

I(X1, X2,V X4|U,S) <y - (44)
¢) For every may # mg such that for some s € 8™ with {"(3") < A,
D(Py ., %, 5y |IPu % Px,u X Pg, iy X Pgiy X Wy |x, x2,8) <1, 45)

where (U, X1, Xo, §, Y)~ Pun7f1(m1)7f2(7’ﬁ2)7§n)yn, we have that
I(X1, X2, Y; Xo|U, S) < mo. (46)

We note that in Definition 7, the variables U, X1, X5, X 1 )?2, S, S , Y are dummy random variables, distributed according to
the joint type of (u™, f1(m1), fo(mz2), f1(M1), f2(Mm2), s™, ™, y™), where u™ is a given time sharing sequence, f1(m1), f2(ms2)
are “tested” codewords, f1(m1), f2(mz2) are competing codewords, s™ is a “tested” state sequence, $™ is a competing state
sequence, and y" is the received sequence. None of the sequences are random here. The Markov relation U-e-(X1, X5, S)-e-Y
may not hold for those dummy variables, and we may have that the conditional type Py x, x,,s differs from the actual channel
Wy |x,,x,,5- Therefore, the divergences and mutual informations in Definition 7 could be positive.

For the definition above to be proper, we need to verify that the decoding sets are disjoint, as stated in the following lemma.
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Lemma 10 (Decoding Disambiguity). Let u™ be a given time sharing sequence, and denote by Py its type, that is, Py = Pyn.
Suppose that in each codebook, all codewords have the same conditional type, i.e. Pr, (m,)|u» = Px,jv and Py, (mo)jur = Px,|U
for all (m1,msy). Assume that for some 6,6, > 0, Py(u) > 6, Px,ju(@r|u) > 6 Yor € Xy, u € U, k = 1,2, and also

min {A(Pux, x) A (Pux,), Ra(Pux) } > A 47)
Then, for sufficiently small 7, 7;,72 > 0,
D(mq,ma) # D(mqy,ma), for all (my1,ms) # (M1, Mms2) . (48)
Specifically, N
1) Conditions 1) and 2a) of the decoding rule, with A(Py, x, x,) > A, imply that for sufficiently small 7,
D(m1, mo) N D(my,ms) =0, for my # my and mo # my . (49)

2) Conditions 1) and 2b) of the decoding rule, with /N\l(PU, x,) > A, imply that for sufficiently small 7 and 7,

D(my,m2) N D(my,ma) =0, for my # m . (50)
3) Conditions 1) and 2c¢) of the decoding rule, with 1~\2(PU7 x,) > A, imply that for sufficiently small n and 7,

D(my,m2) N D(my,ma) =0, for mg # my. (51)

The proof of Lemma 10 is given in Appendix C.

B. Codebooks

While the decoding rule above is similar to that of Ahlswede and Cai [3], here we prove a generalization of a lemma by
Csiszar and Narayan [17], in order to generate proper codebooks.
Lemma 11 (Codebooks Generation). For every € > 0, sufficiently large n, rates Ry > ¢ and types Py and P, = PXk|U,
k = 1,2, there exist a time sharing sequence u" € T"(Py), and codebooks, { (27 (m1),x%(mz)) : my € [1: 28] k = 1,2}
of type Pi X P», such that for every af € A", a € X, s™ € S™ with {"(s™) < A, and every joint type Py x, x0. %, %05
with Px, x,jv = Px = Py x P, the following hold.

1) Joint Typicality

1,X2|U

~ o~ no.on .n ni= n(-~ n n n([Ri+Ra—I(X1,X2;X1,X2,5|U
i) © (0" 0t a3, (), 2 (72),57) € TPy, 5, )} < 27 (P T XX0 S0 59) s

{(mr,ma) + ("} (ma), @ (ma), s™) € T(Pux, xp.8)} < 2" R=5) if [(X), Xo; S|U) >, (53)
and

[{(m1,mz2) + (u”, 2f (m1), 25 (m2), 21 (M1), 25 (M2), s") € T™(Py x| x,.%, .%s.5) » O sOMe 1y # my, Mo # ma}|

< on(RitRa=5) if 1(X, Xo; X, Xo, S|U) — {Rl 4 Ry— I(Xl,)?g;sw)} Se. (54)
+

2) Conditional Typicality Given mgy

i (", al, 20 (n), 5°) € T"(Py x. x, 7, o)} < 2" (B 1iXeXas O] o) (55)
and
[{my c (", 2 (my), a3, 27 (), 8) € T"(Py x, x, 5,.¢) for some iy # my}| < 27(F1=%)
if (X1, Xo: X1, S|U) — | Ry — I()~(1;8|U)L >e. (56)
3) Conditional Typicality Given my
(s + (u",af, a3, 3 (7a), ") € T*(Pyy, x, g0} < 2" ([ FaXuXasSI0] 42) 57
and
[{ma = (u",af, 5 (ma), a3 (2), ") € T"(Pyx, x,.5,.) for some fitg # my}| < 2°(F2=5)
if I(X1, Xo; Xo, S|U) — [Rg - I(XZ;S|U)L >e. (58)

The proof of Lemma 11 is given in Appendix D.
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C. Examples
To illustrate our results, we give the following examples.

Example 3. (see [27]) In the first example, we use Corollary 9 and previous results by Gubner and Hughes [27] to show that
the deterministic code capacity region can be non convex. Consider the state dependent erasure MAC, specified
y — {X1+X2 X1-Xo=8=0,

. ; (59
r otherwise

where S = {0,1}, &1 = &> = {0,1,...,r — 1}, and Y = {0,1,...,7}, with » > 2. Consider the AVMAC under a state
constraint % Z?:l s; < A, for 0 < A <1, and with inactive input constraints, i.e. 0 = ¢g max for k =1, 2.

It can be readily verified that the symmetrizability conditions in Definition 5 hold when the distributions J(s|z,x2) and
Ji(s|zy) assign unit probability to S = 1. Then, A(Py x,.x,) = Ax(Pu,x,) = 1 for all Py x, x,, hence L* = L} = 1 for

k = 1,2. By Corollary 9, we have that without a state constraint, i.e. for A = 1, the deterministic code capacity region is
C(«) = {(0,0)}. (60)

Whereas, if A < 1, then A is strictly less than L* = L} = APyx,.x,) = A(Pux,) = 1, for all Py x, x,, k= 1,2. Hence,
by Corollary 9,

(Rl,RQ) . R1 S min Iq(Xl;Y|X2,U),
q(s|u): ES<A
_ < ; .
C(o) = U Ry < q(sluI)I{IIIElSSAIq(Xz,Y|X1,U), . 61)
Py Px v Px,|u Ri+ Ry < min Iq(Xl,X27Y|U)

q(s|u): ES<A

Now, based on Theorem 5 (see [27]), we deduce that the deterministic code capacity region is the same as the divided-
randomness capacity region, i.e. C(«7) = C**(«7). For the latter, Gubner and Hughes derive inner and outer bounds that
are close enough in order to establish that (C**(,saf ) is non convex for high values of r > 2. This, in turn, implies that the
deterministic code capacity region is also non convex in general.

Example 4. Let </ be an AVMAC which consists of independent binary symmetric channels. Specifically, let the state and the
output be pairs as well, i.e. S = (S1,52) and Y = (Y1, Y3), such that

Y1 =X7+5S7 mod 2,
Yo =X2+4+S2 mod 2, (62)
where X1, Xo, S1, S2, Y7 and Y> are binary. Suppose that the input and state cost functions are Hamming weights, i.e.
¢1(x1) = 21, d2(22) = 22, U(s) = 51 + 52, (63)

while the constraints 4, Q5 and A are in the interval (0, 1].
First, we use Theorem 7 to show that the random code capacity is given by

o (Rl, RQ) : R1 S h(wl * /\) — h(/\) )
Cler) = { Ro< hlwns ) —h()) } ’ 9
where
= min | L = min | 2 1 A =min [ A L 65
w1 = min Ly , Wy = min 25 ) = min 5 ) (65)

In particular, if A > 1, then the random code capacity region is CX.«) = {(0,0)}.

It can further be seen that the binary AVMAC is symmetrizable-X; x X5, symmetrizable- X} |Xs, and symmetrizable-Xo|X;.
In particular, the symmetrizability equations (13), (14), and (15) only hold with the 0-1 laws J(s|z1,22) = §(s1 —21)d(s2 —x2),
Ji(s|z1) = 0(s1 — 21)d(s2 — 5), Jo(s|xe) = §(s1 — x))d(s2 — x2), for arbitrary 2/, x5 € {0,1}, where §(u) = 1 for u = 0,
and d(u) = 0 otherwise.

Then, we use Corollary 9 to show that the capacity region is given by the following. If ©; > A and Q3 > A, then

Ri1 < h(wi xA) —h(N), }
Ry < h(wz x\) — h()\) '

where h(t) = —tlogt — (1 —¢t)log(1 —¢) for0 <t < l,and a*x = (1 —a)B+a(l — B). If Q3 < A and Qs > A, then
C(ef) = {(0,Rs) : Ro < h(wa*\) — h(\)}. 67)

C(ef) = CH ) = { (Ry, Rp) - (66)

If Q1 > A and Q9 < A, then
C(«) ={(R1,0) : Ry <h(wrx\) —h(\)}. (68)
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Otherwise, if 21 < A and Q5 < A, then
C(«) ={(0,0)}. (69)

The analysis is given in Appendix G.

We observe that the deterministic code capacity region and the random code capacity region are the same, only if A > %
or both input constraints are higher than the state constraints. In all other cases, the deterministic code capacity is strictly
included within the random code capacity region, i.e. C(&) C CY«).

Example 5. Consider the Gaussian AVMAC, specified by
Y=X1+Xo0+5+7, (70)

with Z ~ N (0, 02), where the transmitters and the jammer have the power constraints % Z?:l X,ii < Qp, for k =1,2, and
%Z?Zl S2 < A. This channel was treated independently by Hosseinigoki and Kosut [31], using the packing lemmas from
[30]. Here, we use our results on the general AVMAC.

Although we previously assumed that the input, state and output alphabets are finite, our results can be extended to the
continuous case as well, using standard discretization techniques [7, 1, 15] [21, Section 3.4.1]. First, we use Theorem 7 to
show that the random code capacity region is

(Rl,RQ)Z R < %log 1+% ,
Ce) = Ry < flog (14 12z), ¢ - (71)

Ri+ By < Slog (1+%52)

Then, we use Theorem 8 to show that the capacity region is given by the following. If £ > A and Q9 > A, then

(B, Ra) - Ri< flog(1+58=),
C() = CN) = Ry < Llog (14 12z), ¢ - 72)

Ri+ Ry < 1log 1+%)

If Q1 <A and Q9 > A, then

C(o) = {(O,Rg) : Ry < %log <1+ A%a?)} . (73)
If Q1 > A and Q9 < A, then
C() = {(Rl,O) : Ri < Slog <1+ h >} . (74)
2 A+ o2
Otherwise, if 21 < A and Q5 < A, then
C(o) ={(0,0)}. (75)

The analysis is given in Appendix H. We observe that the deterministic code capacity region and the random code capacity
region are the same, only if both input constraints are higher than the state constraints. In all other cases, the deterministic
code capacity is strictly included within the random code capacity region.

1) Without Constraints: We have seen in Subsection II-El that Gubner [24] and Ahlswede and Cai [3] determined the
capacity region in all but two cases, where User 1 has zero capacity and User 2 has positive capacity, and vice versa (see
Remark 3). In this subsection, we give full characterization of the capacity region of the AVMAC without constraints, closing
the gap in the results by Ahlswede and Cai [3].

Theorem 12. The capacity region of the AVMAC free of constraints is given by the following.
a) If Wy x, x,,s is not symmetrizable-X; x X, -X1|Xa, nor - |X], then
(C(ffyfree) = C**(rfyfree) . (76)
b) If Wy |x, x,,s is not symmetrizable-X; x X5 nor -X»| X}, but symmetrizable-X;|X>, then
C(Hiree) = {(O,Rg) : Ro <min max Iq(XQ;Y|X1)} ) a7
q(s) p(z1)p(z2)
o) If Wy |x, x,,s is not symmetrizable-X; x X nor - |X5, but symmetrizable-A5| X}, then

(C(V(Z{free) = {(Rl,O) : Rl S min max Iq(Xl,Y|X2)} . (78)

q(s) p(z1)p(z2)
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d) In all other cases,
C(JZ{free) = {(O; O)} . (79)

Theorem 12 is a direct consequence of our previous results in the presence of constraints, since plugging Q. > k. maz>
k = 1,2, and A > l,,4, yields the capacity region without constraints. In particular, if the AVMAC free of constraints is
non-symmetrizable-X; x X5, then L* = +00 > A. Otherwise, if the AVMAC free of constraints is symmetrizable-X7 x X3,
then L* < Ly < A. A similar argument holds for Li, L} and non-symmetrizability-X;|Xs, -X2|X;, respectively. Thus,
Theorem 12 follows from Theorem 8 and Definition 6. The theorem above completes the partial characterization in Cases b)
and c) in Theorem 4.

APPENDIX A
PROOF OF LEMMA 6

Consider the compound MAC <7< under input constraints (£2;,€2) and state constraint A. To prove the direct part, we
construct a code based on simultaneous decoding with respect to a state type which is “close” to some ¢ € Q. The converse
part follows by standard arguements.

A. Achievability Proof

Let £,0 > 0 be arbitrarily small. We use the following notation. Basic method of types concepts are defined as in [16,
Chapter 2]; including the definition of a type Py of a sequence z"; a joint type Pxn » and a conditional type Pwnlyn of a
pair of sequences (z™,y"); and a d-typical set A°(Px y) with respect to a dlstrlbutlon Px y(x,y). We also define a set of
state types 9, by

O, = {Pon : s" € A% (q) for some q € PA(S)}, (80)

where
1)

A
61_2-|8|'

(81
Namely, Q,, is the set of types that are &;-close to some state distribution g(s) in P (S). Then, fix Py Py, v Px, v such that
E¢k(Xk) S Qk — &, for k = 1,2.

Codebook Generation: Generate a random time sharing sequence u™ ~ [];"; Py(u;). Then, generate 2"k conditionally
independent sequences z}(my), my € [1: 27ftx] at random, each according to H?:l Px, (g ilui), for k = 1,2. Reveal the
sequence u” and the codebooks {x(m1)} and {z%(m2)} to the encoders and the decoder.

Encoding: To send (mq,ms), Encoder k transmits 7 (my,), provided that

Gu(zf (my)) < Q. for k=1,2. (82)

Otherwise, repeatedly send the symbol aj with ¢ (ax) = 0.
Decoding: For every state distribution ¢(s), define

P$|X17X2 (ylz1, x2) = Z q(s)Wy |x,, x.,5(W|T1, 72, 5) . (83)
seS

As y™ is received, the decoder finds a unique pair (i1, 7i22) € [1 : 2"] x [1 : 27F2] such that (u”, 27 (1), 25 (r2), y™) €

A° (PUPX1|UPX2|U Y| X1,Xs ) for some type ¢ € Q,,. If there is none, or more than one such pair, declare an error.
Analysis of Probabzlzty of Error: Assume without loss of generality that the users sent the messages m; = mgo = 1. Let

q(s) € Q denote the actual state distribution chosen by the jammer. The error event is within the union of the following events,

& ={(U", X7 (1), X5'(1)) ¢ A*(PuPx,ju Py 0)} (84)
E ={(U", X7'(1), X5'(1),Y") ¢ AJ(PUPX1|UPX2|U y|X X3 ), forall ¢ € 9,}, (85)
E ={(U", X{"(m1), X3'(m2),Y") € Aé(PUPXl\UPXg\U y‘Xl x,)» forsome my #1,my #1, 4" € Qn}, (86)
£ ={(U™, X7 (m1), X5(1),Y") € A°(Py Px, u Pxaju Pl x, x,)» for some my #1, ¢ € O}, (87)
E ={(U™, X7(1), X3 (ms),Y™) € A‘;(PUPXI‘UPXﬂUPYle +,) for some my # 1, ¢/ € Q,} .. (88)

The probability of error is then bounded by
P (q,%) <Pr(€) + Pr(& | &) + Pr (&3 | &) + Pr (€4 | £5) + Pr (&5 | &) | (89)

where the conditioning on (M1, M) = (1,1) is omitted for convenience of notation. The first term in the RHS of (89) tends
to zero exponentially as n — oo, by the law of large numbers and Chernoff’s bound (see e.g. [35, Theorem 1.1]). Now, given
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that the event £§ occurs, we have that X]*(1) and X3 (1) satisfy the input constraints (82), for sufficiently small § > 0, and
are thus the channel inputs.
Moving to the second term, suppose that

U", X1(1),X3(1),Y") € AS/Q(PUPXllUPXg\UP)%\X17X2)' (90

Then, for sufficiently large n, there is a type ¢/(s) such that |¢’(s) — ¢(s)| < &1, for all s € S, hence, ¢’ € Q,, (see definition
in (80)), and
/ 0
|P}€\X1,X2 (yl‘Tl?‘TQ) - P;;|X17X2 (y|.’I]1,.’L'2)| < |S| : 61 = 5 y Tk € Xk? ye y’ (91)
for 6; = §/2|S] (see (83)), hence & does not hold. It follows by contradiction that

Pr(& | &) <Pr (U™ X7(1), X3 (1),Y") ¢ A (PuP,) | &) . ©2)

which tends to zero exponentially as n — co by the law of large numbers and Chernoff’s bound.
As for the third term in the RHS of (89), by the union of events bound and the fact that the number of type classes in S™
is bounded by (n + 1)!5!, we have that
Pr(& | &) < (n+ 1S sup
7'€0n

’

Pr ((U",Xf(ml),Xg(mg),Y") S _,46(,PUP)(1|UP)(2|U,P;£|)(17)(2)7 for some mq 7& 1, mo 7é 1|glc)

<(n+1)IShgnlftRz) gy [ > Pyn(u)Pxp e (] [u") Pxpon (25 ™)

a'€Qn Lyn g an
> P (y"lu™) |, (93)
Yy (un7I71l7I§l7y")€A5(PUPX1\UPX2\UP;Z/,‘X1,X2)
where we have defined P)‘i‘U(y|u) = Y Pxyu|u)Px,u(r2|u)q(s)Wy|x,,x,,5(y| 71,22,5). This follows since

z1,2,5€S

X7"(my) and X¥ (my) are independent of Y™ for every my # 1 and my # 1. Let y" satisfy (u", 27, 2%, y") € A°(PuPx, v Px, v

Pg\xl,&)' Then, (u”,y") € A% (szy) with Jy £ |X}||Xz| - 0. By Lemmas 2.6 and 2.7 in [16],
P}%H‘Un (ynlun) — 2—"(H(Py"\u")+D(Py"\u"HP;Z\U)) §2—77,H(Pyn‘un) < 2—n(Hq/ (Y\U)—€1(5)) , (94)
where €1(J) — 0 as 6 — 0. Therefore, by (93)—(94), along with [16, Lemma 2.13],
Pr (53|820) < (n—i— 1)‘S| - sup 2_n[IQ’(Xl’XQ;Y‘U)_Rl_R2_52(5)] , (95)
q'€Q

with £2(0) — 0 as 6 — 0, The RHS of (95) tends to zero exponentially as n — oo, provided that
R+ Ry < i/IéfQIq/ (X1, X0, Y|U) —e2(0) . (96)
q

By similar considerations, the fourth term is bounded by Pr (£4]€5) < (n+1)1!-sup,, ¢ o 27 "o (X1 [X2.U)=Fa=ea ()] with
£3(6) — 0 as § — 0. This bound tends to zero exponentially as n — oo, provided that Ry < infyco Iy (X1;Y | X2, U) —e3(9).
By symmetry, we have that Pr (£5|£5) tends to zero as well, provided that Ry < infyco Iy (Xo; Y| X1, U) — e3(9).

We conclude that the probability of error, averaged over the class of the codebooks, exponentially decays to zero as n — oco.
Therefore, there must exist a (2771, 272 n ¢) deterministic code, for a sufficiently large n. o

B. Converse Proof

The converse part follows from the same arguments as in the converse proof of the classical MAC [4] (see also [14, Section
15.3.4]). Since the deterministic code capacity region is always bounded by the random code capacity region, we consider a
sequence of (2"%1,2"%2 n, q,,) random codes, where a, — 0 as n — oo. Then, let X{* = f{'. (M) and X3 = f3' (M3)
be the channel input sequences, and Y™ be the corresponding output sequence, where v € I" is the random element shared
between the encoders and the decoder. For every g € Q, we have by Fano’s inequality that H, (M, Ms|Y™,5) < nep, hence
Hy (M| M2, Y™, v) < nep, and Hy(M2|M:,Y™,7v) < ne,, where ¢,, — 0 as n — co. Since

n(Ry + Ra) =H(My, Maly) = I,(My, Ma; Y"|y) + H(My, Ma|Y™,7), o7
an :H(M1|M277) = Iq(M17Yn|M277) + H(M1|M27Yn77)7 (98)
RRQ :H(M2|M1,’}/) = Iq(MQ; Yn|M1,’Y) + H(M2|M1, Yn,’}/) s (99)
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it follows that

nRy <I;(My;Y"|Ma, ) +nen = Y I (My; Y| M, Y™ y) + ney (100)
i=1

nRy <Io(My; Y"|My,7) +nep = Y I (Ma; Yi|My, Y71 y) + ney (101)
i=1

n(Ry + Re) <Io(My, M2;Y"|y) + ne, = qu(Mh My Yi[Y'™h, ) 4 ney, . (102)
=1

As X' = fr~(My), this yields

1 — .
Ry <= (X1, M;Y"| X, My, Y71 n 103
1_n; q( X146, My | X2, Mo v)+e (103)
1 — .
Ry <= I,(Xa M Y"|X14, My, Y™ ) + & (104)
ni:l
1 « ,
Ry + Ry <= 1(X14, Xog, My, Mas Y|V ) + e (105)

i=1

Then, since (7, M1, Ma, Y~ 1)-e(X; 4, X2,;)-eY; form a Markov chain, we have that for every q € Q,

Ry <I,(X171:Yr|Xo, T,v) +€n s (106)
Ry <I,(Xor;Yr| X171, T,7) +€n, (107)
Ry + Ry <I (X171, Xom; Y7 |T,7v) + €n s (108)

where T is a random variable which is uniformly distributed over [1 : n], and independent of (v, X7, X', S™, Y™). Defining
X1=X11, Xoa=Xo7, Y =Yp, and U = (T,7), it follows that

Ry gqigg I(X1;Y|X2,U) + &, (109)

Ry gqigglq(Xg;ﬂXl,U)—i—an, (110)

Ri+ Ry SqiéléIq(Xl,Xg;Y“])‘FEn. (111)

As X; and X, are conditionally independent given U, this completes the proof of the converse part. O
APPENDIX B

PROOF OF THEOREM 7
Consider the AVMAC &/ under input constraints (€21, 22) and state constraint A.

A. Achievability Proof
To prove the random code capacity theorem for the AVMAC, we use our result on the compound MAC along with a simple
extension of Ahlswede’s Robustification Technique (RT). We begin with a lemma from [41], based on Ahlswede’s RT [2].

Lemma 13 (Ahlswede’s RT [2] [41, Lemma 9]). Let h: S" — [0,1] be a given function. If, for some fixed o, € (0,1), and
for all ¢"(s™) = [1i—, q(s;), with ¢ € PA(S),

> q"(sMh(s") < an, (112)
snesSn
then,
1
o E h(ws™) < By, forall s" € 8" such that I"(s") < A, (113)

well,

where TI,, is the set of all n-tuple permutations 7 : S — S™, and £, = (n + 1)!S! . a,.

Let (Ry, Ry) € CX/). At first, we consider the compound MAC under input constraints (€21, (), with @ = PA(S).
According to Lemma 6, for some 6 > 0 and sufficiently large n, there exists a (2"%*,2"%2 p) code € = (f'(m1), f5(m2),
g(y™)) for the compound MAC .&7”2(%) such that

O (fe(mp)) < Qg , for all my, € [1:2"F], k=1,2, (114)
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and
P™(q, %) = Z q(s™) - Pe(ﬁ)n (€) < e 20, (115)
S’Vl GSTL
for all i.i.d. state distributions g(s™) =[]\, q(s;), with ¢ € P(S).
Therefore, by Lemma 13, taking ho(s") — p™ (%) and ,, = e~2", we have that for a sufficiently large n,

8‘5"

- Z EP™ (%) < (n+1)1Sle=20n < =0 (116)

e\ws" —

mwell,

for all s™ € S™ with ["(s™) < A, where the sum is over the set of all n-tuple permutations.
On the other hand, for every 7 € I1,,,

n (‘1) 1 n n
Pe(|,,)sn(<5) = el i) Z Z Wy xn xp.sn (Y™ f1(m1), fa(mz), ms™)

mi,mz ym:g(ym)#(my,mz2)

®) 1
= o) > > Wy xp xp,sn (Ty"[f1(ma), f2(m2), 75")

mi,mz ymig(my™)F#(ma,ma)

°) 1 n|,_— — n
= on(Ri TR > > Wynixp xz,sm (" 177 fr(ma), 771 fa(ma), s™) 17

mi,ma ym:g(my™)#(m,ma)

—

where (a) is obtained by plugging 7s™ in (6a); in (b) we simply change the order of summation over y”; and (c) holds because
the channel is memoryless.
Then, consider the (2" 27F2 n) random code €Y, specified by

fra(my) =77 fi(ma), for(me) =7""fa(ma), g=(y") = g(my™), (118)

with a uniform distribution pu(7) = \% = % for m € II,,. As the inputs cost is additive (see (1)), the permutation does not

affect the costs of the codewords, hence the random code satisfies the input constraints (€21, 2s). From (117), we see that
P (#M) = > e, M(T) - ]EP(") (%), for all s™ € 8™ with ["(s™) < A. Therefore, together with (116), we have that the

e|s" e|msm
probability of error of the random code ¢! is bounded by Pe(n)(q, ¢ < e, for every q(s™) € Pp(S™). It follows that
¢ is a (277, n,e=") random code for the AVMAC </ under input constraints (21, (22) and state constraint A. O

B. Converse Proof

Assume to the contrary that there exists an achievable rate pair
Q
(Ri,R) ¢ C(A9)|g_pp (119)

using random codes over the AVMAC & under input constraints (€2;,€22) and state constraint A, where § > 0 is arbitrarily
small. That is, for every € > 0 and sufficiently large n, there exists a (271,272 n) random code ¢ = (u, T, {%, }er) for
the AVMAC 7, such that Zwer w(Y)OR (frey(mi)) < Qu, for k=1,2, and

PM™(q,¢") <e, (120)

for all my € [1: 2751, my € [1: 27F2], and ¢(s") € PA (8™). In particular, for distributions ¢(-) which give mass 1 to some

sequence s™ € 8" with ["(s™) < A, we have that Pe(‘ L (E1) <
Consider using the random code %' over the compound MAC Wf/\*é(s) under input constraints (21, Q2). Let g(s) €
Pa_s(S) be a given state distribution. Then, define a sequence of i.i.d. random variables S1, . ..,S, ~ G(s). Letting g"(s") £
[T, @(s;), the probability of error is bounded by
PM@et)y < Y g PIL(ET) + Pr (z"(s ) > A) . (121)

smin(sm)<A

The first sum is bounded by (120), and the second term vanishes by the law of large numbers, since g(s) € Prs(S). It
follows that the random code ¢ achieves a rate pair (Ry, R2) as in (119) over the compound MAC .o/ Pa-5(S) under input
constraints (€21, 2), for an arbitrarily small § > 0, in contradiction to Lemma 6. We deduce that the assumption is false, and
Cxe) C C(o Q) }Q Pa = C&). (]
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APPENDIX C
PROOF OF LEMMA 10

Consider the AVMAC & under input constraints ({21, {22) and state constraint A. We accommodate the proof of Lemma 1 in
[3] to the case where there are state constraints. We prove part 2 of the lemma, and the rest follows by similar considerations.

Our first step is to extend an auxiliary lemma by Csisar and Narayan [17, Lemma A2]. Fix Py, Px, v, for k = 1,2, as in
Lemma 10.

Lemma 14. For every pair of conditional state distributions Q(s|z1, ) and Q’(s|z1,u) such that

{ > Pu(u)Px,u(z1w)Q(sler, w)i(s), Y Pu(u)Px,u(z:|u)Q (s |x1,u)l(s)} <A1 (Pux,), (122)
U,z 1,8 u,T1,8
there exists & > 0 such that
umlmﬁxmy Z Q(S|j17U’)WY\Xl,Xg,S(mIla T2,8) — Z Q/(5|$17U)WY\Xl,Xz,S(yﬁla T2,8)| > €. (123)
Proof of Lemma 14. Assume to the contrary that the LHS in (123) is zero, and define
Qalsler, w) = 5 @k, u) + Q' (sloa,w) (124)

By symmetry,

0=, max ‘ Z Q(s|Z1, W)Wy x, x,,5(ylT1, 72, 5) — ZQl(5|xlaU)WY\Xl,Xg,S(yljla5527 S)‘
S S

u,T1,T1,T2,Y

1 - -
T wary ‘ZQ(S|«T1=U)WY\Xl,X2,S(y|=T17x275) —ZQ'(S|$1,U)WY\Xl,X2,S(y|$17»’C2,S)‘
S S

U,T1,21,22,Y

2 w,xq,&1,20,y

1 N -
+5 max ‘ZQ/(S|CC17U)WY\Xl,Xg,s(kal,£C2,8)—ZQ(S|$1,U)WY|X1,X2,S(y|CC175€2,S)‘

> max ‘ > Qalsler, W)Wy x, x5 WlE1,22,8) = Y Qalslin, w)Wy x, x,.5(yla1, v2, 8)’ ; (125)
U, T1,X1,22,Y 5 5
where the last line follows from the triangle inequality. Then, it follows that
> Qalslrr, W)Wy x, x,,s(WlE1,72,8) = Y Qa(s|Z1,u)Wy | x, x,.5(ylz1, 22, 5) , (126)
seS s€S

forall u € U, x1,31 € X1, x2 € Xy, and y € Y. In other words, J1,, = Q4(+|-, u) symmetrizes-X;| X, the AVMAC, for all
u€eU.
Next, recall from Remark 8 that the minimal state cost in (32b) can be written as

MPrx,)=_min Y 3" > " Py(u)Px,u(z]u)Jru(slz)i(s), (127)

S AT
symm. {.J1, }uGZ/{z1€X1 seS

where the minimization is over the set of distributions {.J1y}uezs, such that each Jy ,(s|z1) satisfies (14), for u € U.
Nevertheless, by (122),

> Pu(u)Px, v (21 ]w)Qa(slr, u)l(s) <Ai(Pox,). (128)

u,T1,5

This is a contradiction, since we have seen above that the distributions J1 ,, = Q(-|-, u) symmetrize-X;| X, the AVMAC, for
all uw € Y. It follows that the LHS of (123) must be positive. This completes the proof of the auxiliary Lemma. o

We move to the main part of the proof. Notice that while the parameters 7, 77 and 72 can be chosen freely, the rest of
the parameters, &, dp, 01, and d2, depend on Py and ka|U~ To show that (50) holds for sufficiently small 7 and 7;, assume
to the contrary that there exists y™ in D(my, ma) N D(hy1, me) # O for some 1hy # my. By the assumption in the lemma,
the codewords { fix (1)}, ef1:277) in Codebook k have the same conditional type, given the time sharing sequence u™, for
k =1, 2. In particular, P)?l\U = Px,jv = Pr and Pg, = = Px,ju = P.

By Condition 1) of the decoding rule for D(my, ms),

D(Py,x,,x,,8v|[Pu X Px,ju X Px,ju X Psjy X Wy |x,,x,,5)
IOg PU,X1,X275.,Y(U7Ilv'erSvy)
Py (u) Py (x1|u) Pe(22|u) Psju (s|u) Wy | x, x5, (Y21, 22, 5)

= Y Puxixesy(uw,za,s,y)- <n, (129

U,x1,22,8,Y
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and by Condition 2b) of the decoding rule for D(mq,ms),

~ Py (Z1|u, x1, 22, 8,Y)
5 X1 |U.X1,X2,5,Y L1, %2, 8,
I(X1, X0,Y; X4|U, S) = Z Py . %1 Xa.5y (W T1, 81,22, 8, y) - log — lpf Gl s)

u,r1,%1,2,8,Y X1|U,8

< m,
(130)

where U, Xl,)?l, X2, 5,Y are distributed according to the joint type of u™, fi(m1), f1(h1), fa(me), s™, and y™, for some
s™ € 8™ with I"(s™) < A. Adding (129) and (130) yields

PU,X17)}1,X2,S7Y(U7 Z1,%1, T2, S, y)
Py(u)P(x1|u)Pg, g0(Z1, s|u) Pa(@2|u)Wy | x, x,,5(yl21, 22, 5)

<np+m. (131)

§ PU)X17)?1)X2)S7Y(U7$17j17x2787y) log
u,x1,%1,%2,8,Y

That is, D(P,, X1, %1 Xo syllPu x Py x Py x PS‘U_)}I x Py x Wy|x, x,,5) <1+ m1. Therefore, by the log-sum inequality
(see e.g. [14, Theorem 2.7.1]), '

D(Fy x, %, x, v |IPu X Pux Prx Pa X Vy i x5, x,)
SD(PU,Xl,)?l,Xz,S,Y”PU x Py x Py x PS\U.,)”Q X Py x Wy |x,,x5,8) S0+, (132)

where Vi, v, %, x, (ylu, 21, T1,22) = Y e Wy|Xl_’X2_’5(y|{L'1,.’L'2,S)PS‘U))Zl (s|u, Z1). Then, by Pinsker’s inequality (see
e.g. [16, Problem 3.18]),

> Py g xey (W1, F1,2,y) — Pu(u) Py(w|u) Py(Z1|w) Po(wa|w) Vi gy x, 5, x, (Wl 21, 31, 20)]

U, T1,%1,T2,Y
<evn+m, (133)

where ¢ > 0 is a constant.
Similarly, following our assumption that the decoding rules for D(r1, m2) hold as well, Conditions 1) and 2b) claim that

D(Py 3, x,.5v|[Pv % Pg, iy X Px,ju X Py X Wy |x,,x5,8) <1, (134)
and
I(X1, X, Y; X1|U, S) <, (135)

where U, Xl,)?l, X, §, Y are distributed according to the joint type of u", fi(m1), fi(m1), fa(mz), 5", and y", for some
§"™ € 8™ with 1"(5"™) < A. Here, X; and S have switched places with X and S, respectively, since f1(;) and §" are the
tested codeword and state sequence, while fi(m;) and s™ are the competing ones. By the same arguments that led to (133),
it follows that

> APy %, xy (W w1, 1, 2, 8) — Pu(u) Py (@1 [u) Pr(Z1[u) Pa (w2 w)V ) o 50, Wl 1, 81, 20

u,x1,T1,T2,Y
<ecyn+m, (136)
where V’

U T e YW T T 22) = 3 e s Wyix x5 (21, 22, 8) Py x, (8w, a1)- Since Py (u) = 8o and Py, o (wxfu) >
O, for all w € U and x) € X, for k = 1,2, we have by (133) and (136) that

- - 2e/m+m
~ J— / —_ -
P ‘VYlUthXlxxz (Wl 21, 51,22) = Vi v, %, x, (y|“’w1=xl’x2)‘ = 60026, (137

Equivalently, the above can be expressed as
o ‘ Z Pz, (slu, 1) Wy 1x,, x5 (yl1, 22) — ZP§|U,X1 (8w, 21) Wy x, x0,5(Y|T1, 72, S)‘
S

2c/n+m
< - 1
S 500, (138)



21

Now, we show that the state distributions @ = IU % and Q' = PS|U X satisfy the conditions of Lemma 14. Indeed,

max Z Py (u)Pr(Z1]u)Q(s|u, 21)1 Z Py (u)Py(z1|u)Q’ (s]u, x1)l(s)
u,T1,8 U, T1,8
= max Z Py (u)Py(Z1|u) P, 51U, %y (s|lu, 1)1 Z Py (u)Py(x1|u)P 51U, (s|u, z1)l(s)
u,T1,8 U,T1,8
= max {Z Ps(s)l(s), Z Pg(s)l(s)}
=max {I"(s"), I"(3")} < A < Ai(Pux,), (139)
where the last inequality is due to (47). Thus, there exists £ > 0 such that (123) holds with Q) = |U < and Q' = S|U X
which contradicts (138), if we choose 7 and 71 to be sufficiently small such that 22 ggm <& O
APPENDIX D

PROOF OF LEMMA 11

Fix a sequence u” € U" of type Py. Let Z"(m) = (Z}(m1), Z5(m2)), m € [1 : 2"F1+R2)] be independent sequence
pairs, uniformly distributed over the conditional type classes 7" (P;) and 7" (P,), where we have assigned an index m € [1 :
2n(FatR2)] to each message pair (my,ma) € [1: 27F1] x [1 : 27F2]. Fix af € A7, a} € Ay, and s™ € S”, and consider a

joint type PU X1 X0, K1 K05 such that Px, x,ju = P)?l,)?z\U =P X Py, ie.
Px, x,u(x1, 22|u) = PXI)XZIU(,"El,(EQlU) = Pi(x1|u) - Py(z2|u) . (140)

We intend to show that { Z7*(m1)} and {ZZ'(m32)} satisfy each of the desired properties with double exponential high probability
(1- e‘2Bn), B > 0, implying that there exist deterministic codebooks that satisfy (52)-(58) simultaneously. This will only be
shown for the properties in parts 1 and 2, since part 3 is symmetric with part 2.

We will use the following large deviations result by Csiszar and Narayan [17].

Lemma 15 (see [17, Lemma Al]). Let o, 3 € [0,1], and consider a sequence of random vectors V" (m), and functions
Om 2 X" —[0,1], for m € [1: M]. If

E(n(V*(1) ...,V (m))|V™(1) ...,V*(m —1)) <aas., form e [1: M] (141)

then

M
r (Z (V1) ...,V (m)) > MB) < exp{—-M(8 — aloge)}. (142)

Part 1

To show that (52) holds, consider the indicator function

_ _ 1 if (u™,a¥,ay, 27 AS €
Pl 27V, 27y = { LI 0 a ZR ), Z ma), ) € T Ry, i %, Fos) (143)
0 otherwise

where Z"(m) = (Z%(m1), Z53(mz2)) as defined above. By standard type class considerations (see e.g. [35, Theorem 1.3]), we
have that

E [om(Z7(1),..., 2% (m)|Z"(1),..., Z"(m — 1)] <2 (1K1 50.X0.X2.9) 1) (144)
2—”([()}1,XQ;XLXg,SIU)—i) (145)

)

IN

where the last inequality holds since I()Zl, )N(Q; U, X1,X5,5) > I()N(h)?z; X1, X5, S|U).
Next, we use Lemma 15, and plug
(V(1),..., V(M) « (Z"(1),...,Z" (2" FatR2)y) -\ = gn(Fathz)
a = 2_"(1()}1;)Zz;Xl,X27S|U)—i) 7

- 2n([R1+R271()~(1,)~(2;X1,Xg,SlU)]+7(R1+R2)+5) ' (146)
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For sufficiently large n, we have that M(8 — aloge) > 21¢/2 Hence, by Lemma 15,

271(R1 +R2)

Pr Z (pm(Zn(l), e Zn(2n(R1+R2))) > 2n([R1+R2—I(X1,Xz;X1,X2,S\U)]++a) < 672715/2 . (147)

m=1
The double exponential decay of the probability above implies that there exist codebooks which satisfy (52).
Similarly, to show (53), we replace the indicator of the type P, %,. in (143) by an indicator of the type F;

welt 1 X1,X2,8°
and rewrite (144) with I(X;, X5; S|U), to obtain

. X1,X2,X1,

Pr (|{(ﬁ11,ﬁlg) . (u",Z{L(ﬁle),Zg(ﬁlg), Sn) c Tn(PUy)Zl_’f(%s)H > 2n<[R1+R2—I(X1,X2;S\U)]++81)) < 672”51/2 , (148)

where &1 > 0 is arbitrarily small. If I()Nfl, )N(Q; S|U) > € and Ry + Ry > ¢, then choosing €1 = 5, we have that

[R1+Rg—1()~(1,5(2;5|U)L+51 §R1+R2—%, (149)
hence,
Pr (|{(m1,m2) L (", 27 (), Z5 (), s™) € T(Py 5. 5,.6)}] > 2”<R1+R2*%>) <e (150)
It remains to show that (54) holds. Assume that
I(X1, Xo: X1, Xa, S|U) — [Rl +Ry— I()?l,)?z;sw)L >e. (151)

Let A, denote the set of indices m < m such that (u”, Z"(m),s") € T"(P, %,.%,.5)s provided that their number does not
R1+R271()?1’)~(2;S|U)]++§); else, let A,, = 0. Also, let
1 if (u", Z"(m), Z™(m),s") € TPy x, x5.%,.%2.5)
Y (Z"(1),..., 2™ (m)) = for some m € A, , (152)

0 otherwise.

exceed 2" ([

Then, choosing £1 = § in (148) yields

on(R1+R3)

Pr ( Z_l bm(Z"(1),..., 2" (m)) #

72715/16

[{m = (", Z7(m), 2" (), ") € T"(Py . x, %, %,.) for some it < m}|) <e (153)
Therefore, instead of bounding the set of message pairs, it is sufficient to consider the sum Y b, (Z"(1),...,Z"(m)).
Furthermore, by standard type class considerations (see e.g. [35, Theorem 1.3]), we have that
E (djm(zn(l)a R Z"(m))’Zn(l), ey Zn(m — 1)) S |Am| . 2_n(I(X1’XZ;XI’XZ’S‘U)_g)
<2n([R1+R27[()~(1,)?2;S|U)]+*I(X1-,X2;)~(1-,)~(275|U)+i) < 9—3ne/4 (154)
where the last inequality is due to (151). Thus, by Lemma 15,
on(R1+R2) s
9 (R1+R2 4) S 6_277.5/4, (155)

Pr( S 4u(Z7(1),..., 2% (m)) > 2" (RitRe=5) | <o

as we have assumed that R; + R > €. Equations (153) and (155) imply that the property in (54) holds with double exponential
E1-n
probability 1 —e™2" ", where E; > 0.

Part 2
Fix may € [1:2"%2] and Z§(msg) = 25 € T"(P,). To show that (55) holds, consider the indicator

1 if (unva?vzga Z{l(ml)vsn) S Tn(PUy)(lszy)?l_’S) (156)

0 otherwise

Oy (Z7(1),..., ZM(my)) = {

By standard type class considerations (see e.g. [35, Theorem 1.3]), we have that

E [0, (Z7(1), ..., Z2m)| 20 (1), . .., 20 (my — 1)] < 27 (I FXa X SI0)=5) (157)
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Next, we use Lemma 15, and plug
(V(1),..., V(M) « (Z}(1),...,Zr (2" ")), M = 2nf
o = 9~ n(I(X1:X1,X2,5U) - %)

g = (R 1Kixa,Xa S0, ~Rute) (158)

For sufficiently large n, we have that M(8 — aloge) > 2"¢/2. Hence, by Lemma 15,

onR1

Pr( > om, (Z7(1),... 272 ) > on([m-1GiXs Xa S e) | o —omer2 (159)

m1:1

By the symmetry between m; and m; in the derivation above, the double exponential decay of the probability in (159) implies
that there exist codebooks which satisfy (55).

Next, we show that (56) holds. Replacing the indicator of the type Py
yields

| .X,.%,.s In (156) with an indicator of the type Py o

Pr (|{m1 L (W@ (), s") € T™(Py 5, o)} > 2"([R1*1<X1?5|U>L+52)) <e 2 (160)
where €2 > 0 is arbitrarily small. Assume that
I(X1, X2 X1, S|U) — {Rl - I()N(l;S|U)} >e. (161)
+

Let A,,, denote the set of indices m1 < my such that (Z7(m1),s™) € T"(Pg, g), provided that their number does not

exceed 2"([R171(X“S)]++%); else, let A,,, = 0. Also, let

Do (Z0(1), .., 2P (my)) = 1if (u™, 27 (ma), 28, Z7 (), s™) € T™(Py x, x,.%,.)» for some my € Ay, , (162)
! 0 otherwise.
Then, choosing e2 = § in (160) yields
2nR1
Pr( Y (7)., Z0m) # (0", 2 (ma), 25, 2 (), 87) €
m1:1
T"(Py x, x,.5,.5) for some 7y < m1}|) <e 2" (163)
Therefore, instead of bounding the set of messages, it is sufficient to consider the sum »_ ¢, (Z7'(1), ..., Z{*(m1)). Further-
more, by standard type class considerations (see e.g. [35, Theorem 1.3]), we have that
E (Y (21 (1), 20 (ma))| 27 (1), . 23 (ma = 1)) <[] - 27250510 )
<on([Ri-IXSIV], 100 XX SI0+E) _ g-sne/a (164
where the last inequality is due to (161). Thus, by Lemma 15,
onR1 71(R173—5) p
Pr( > 4, (Z7(1),..., Z0(my)) > 20 (F78) | < o2 ) < o2 (165)
m1:1

as we have assumed that R; + R2 > . The double exponential bounds in (163) and (165) imply that there exists codebooks
that satisfy (56) as well. O

APPENDIX E
PROOF OF THEOREM 8

To prove the theorem, we consider each case in the definition of the region C(«7) separately (see Definition 6). Case A
requires most of the effort, as the other cases follow from similar, yet simpler, considerations.

Case A
Suppose that L* > A, L7 > A and L3 > A.
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Achievability Proof: Let ¢ > 0 be chosen later, and u™ € U™ be a sequence in the type class of Py, such that Py(u) >0V
u € U. For k = 1,2, let Px, |y be a conditional type over Xy, for which Px, |y (zx|u) > 0 Vo € Xy, u € U, Edp(Xi) < Qs
with

Ak(PU,Xk) >A, (166)

and

APy x,,x,) >\ (167)

Furthermore, choose 7,71,72 > 0 accordingly to be sufficiently small, such that Lemma 10 guarantees that the decoder in
Definition 7 is well defined. Now, Lemma 11 assures that there are codebooks, {z{ (m1) : m1 € [1 : 2"%1]} of type Py, v,
and {24 (mz) : ma € [1: 2"2]} of type Py, iy, which satisfy (52)-(58). Consider the following coding scheme.

Encoding: To send my, € [1 : 2"%], Encoder k transmits 7 (my), for k = 1, 2.

Decoding: Find a unique message pair (7721, 12) such that the received sequence y™ belongs to D(ri1, M2), as in Definition 7.
If there is none, declare an error. Lemma 10 guarantees that there cannot be two message pairs for which this holds.

Analysis of Probability of Error: Fix s" € 8" with ["(s") < A, let ¢ = Py denote the conditional type of s™ given u",
and let (M7, M3) denote the transmitted message pair. Consider the error events

& ={D(Pu,x, x5,y [|Pu x Px,ju X Px,ju X Psjy x Wy|x,,x,,5) > n} (168)
&2, ={Condition 2a) of the decoding rule is violated} (169)
&9, ={Condition 2b) of the decoding rule is violated} (170)
&> ={Condition 2¢) of the decoding rule is violated} (171)
and
]:1 Z{Iq(U,Xl,Xg;S)>E}, (172)
]:2 :{Iq(Xl,XQ;X]_,XQ,SlU)> |:R1+R2_I()21,XQ;S|U) + €, for some T7L175M1 and ﬁ’LQ#Mg}, (173)
+
Fs ={I,(X1, Xo: X1, 8|U) > [Rl — I(Xy; S|U)} + ¢, for some 7y £ My}, (174)
+
Fi ={I,(X1, Xo: X, S|U) > [RQ — I(Xs; S|U)} + e, for some 7y £ Mo}, (175)
+

where (U, X1, X5, X1, X, S) are dummy random variables, which are distributed as the joint type of (27 (M), 28 (Ms), 27 (1),
x%(m3), s™). By the union of events bound,

P{Y.(€) <Pr(F1) + Pr(F) + Pr(Fs) + Pr ()
+Pr(E1NF) +Pr(EaaNENFS) +Pr(Ea NEFNFS) + Pr(E2e NEFNFY) (176)
where the conditioning on s™ is omitted for convenience of notation. Based on Lemma 11, the probabilities of the events F,

Fo, F3, and Fy, tend to zero as n — oo, by (53), (54), (56), and (58), respectively.
Now, suppose that Condition 1) of the decoding rule is violated. Observe that the event £ N F7 implies that

D(Pu,x, x2,5¥1Pu.x1.X2,8 X Wy |x,,X,,5)
:D(PU,XI,Xg,S,YHPU X PX1|U X PXg\U X PS\U X WY|X1,X2,S) — I(Xl,XQ;S|U) >n—c€. (177)
Then, by standard large deviations considerations (see e.g. [14, pp. 362-364]),

Pr(&NFy) < max 2D (Pu.xy.x5,8.v[[PU.x1, X2, 5 X Wy |x, X5,5) =€) < 9= n(n=2¢) (178)
Py, x;.x5,5,y : E1NFY holds

which tends to zero as n — oo, for sufficiently small ¢ > 0, with € < %77.

Moving to Condition 2a) of the decoding rule, let Do, denote the set of joint types P, %,. such that

X1,X2,X1,
D(Py,x, x,5v||[Pu % Px,ju X Px,ju X Psjy X Wy|x,,x,,5) <1, (179)
D(PU,)?l,fQ,g,YHPU X P)Zl\U X P)~(2|U X P§|U X WY\Xl,Xg,S) S n, for some S ~ Z]V(S|u), (180)

(X1, X5,Y; X1, Xo|U, S) > . (181)



25

Observe that the event £ implies that (179) holds. Also, when the event £, occurs, i.e. Condition 2a) of the decoding rule is
violated, then there exist m; # my and mgo # mo such that (180) and (181) hold for some 5™ € S™ with {"(5") < A. Then,
by standard type class considerations (see e.g. [35, Theorem 1.3]),

Pr(&aNESNFs | M1 =my, Mo = ms)

< Z |{(T7L1,ﬁ12) : (unv'r?(ml)vxg(mQ)vx?(ﬁl’l)v'rg(ﬁl’Q)vSn) € Tn(PU1X17X21X17)2275)}|
Py x1,x4.%, . %,5€ P2
F5 holds
« 9~ (1a(X1,.X2;Y U, X1,X2,5)~¢) (182)
b

for every given m; € [1: 2"f1] and my € [1 : 2"72]. Hence, by (52),

Pr (523. I glc m]:Qc) < 2 : 2771(Iq(Xl7X2;Y|U7X11X275)7[R1+R27[Q(X1,X2;X1,XQ,S'U)]+725) '
PU,X1,X2,?71,)~(2,SED2“:
F5 holds

(183)

To further bound Pr (€3, N EF N F§), consider the following cases. Suppose that Ry + Ry < Iq()?l, )N(Q; S|U). Then, given
F35, we have that

Io(X1, X2; X1, Xo|U, S) < I,(X1, Xo; X1, X5, S|U) < e. (184)
By (181), it then follows that
Iq()?h)?z;YlU, X1, X2,95) :Iq()zl,)?2;X1,X27Y|U7 S) — Iq()zla)?2§XlaX2|U7 S)
>n—c¢. (185)

Returning to (183), we note that since the number of types is polynomial in n, the cardinality of the set of types Ds, can be
bounded by 2"¢, for sufficiently large n. Hence, by (183) and (185), we have that Pr (€3, NEF N Fs) < 2’”(’7*45), which
tends to zero as n — oo, for € < %77.
Otherwise, if Ry + Ro > I,(X1, X2; S|U), then given F%,
Ry + Ry >1,(X1, X2; X1, X2, S|U) + I(X1, X5 S|U) — ¢
=1,(X1, Xo; X1, X2, S|U) + (X1, Xo; S|U) — ¢

>1,(X1, Xo; X1, X2, S|U) — €. (186)
Thus,
[Rl + Ry Iq(Xl,Xz;Xl,Xz,sw)L < Ry + Ry — I,(X1, Xo; X1, Xa, S|U) + <. (187)
Hence, by (183) we have that
Pr (E2a N FS) < Z 2—n(1()?1,)?2;xl,XZ,S,Y\U)—Rl—R2—3a)
PU,XI,XQ,)?I,)?2,SGD2“
F5 holds
< Z 2777.(111()?1722;Y‘U)7R17R2735) ) (188)
PU,XI,XQ,)TL)?Z,SGD?“:
F5 holds

For PU7X1 X2,X1,X2,

g € Ds,, we have by (180) that P)?l, %5 v|U is arbitrarily close to some le, X2,8,¥ (U where
Py, x, 5.9 0(@1, %2, 8,y[u) = Px, o (@1|u) Px, v (@2 [u)q(s|u) Wy x, x5 (y|21, 22, 5) (189)
if 7 > 0 is sufficiently small. In which case,
1,(X1, Xo; Y|U) > I5(X1, Xo; Y|U) — 6, (190)
where ¢ > 0 is arbitrarily small. Therefore, provided that

Ri+ Rs < min I,(X1, X0, Y|U) — 6 — 5e, (191)
q(s|u) : Eql(S)<A

we have that Pr (€, N Fg) < 27"Ua(X0. X2V |U)=Fa=R2—42) tends to zero as n — oo.
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Next, consider Condition 2b) of the decoding rule, and let Dy, denote the set of joint types Py, v . %, o such that
D(Py,x, x,,5v||[Pu x Px,ju X Px,ju X Psju x Wy |x,,x,,5) <1, (192)
D(Py , x, 5.y 1Pv  Pg, 1y X Pxyju % Py X Wyx, x,,8) <1, for some S ~ q(s[u) (193)
(X1, X, Y X|U, 5) > 1. (194)

Observe that when the event &, occurs, i.e. Condition 2b) of the decoding rule is violated, then there exists m; # mj such
that (193) and (194) hold for some s € S™ with {"(5") < A. Then, by standard type class considerations (see e.g. [35,
Theorem 1.3]),

Pr (€ NETNFS | My = my, My = mo)
<Y s el (ma), o (), 5") € TPy, x, .0} 27TV 0202087

Py x1,x4,%,,5€P2

F3 holds
(195)

for every given m; € [1: 2"f1] and my € [1 : 2"%2]. Hence, by (55),

Pr (82]) n glc ﬂ]:g) < Z 2_"(Iq(X1§Y|U7X1,X27S)—[R1—Iq(Xl?X1,X27S|U)]+—2€) . (196)
PU,Xl,XQV’)\(LSeDQb
F5 holds
If Ry < 1,(Xy;S|U), then given F5, we have that
I,(X1, Xo; X1|U, S) < I(X1, Xo; X1, S|U) <e. (197)
Hence, by (194),
I(X1; YU, X1, X5, 8) = 1,(X1; X1, X2, Y |U, ) — Ii(X1; X1, X2|U,S) > n —e. (198)

Returning to (196), we note that since the number of types is polynomial in the sequence length, |Da,| < 2"¢ for sufficiently
large n. Hence, by (196) and (198), we have that Pr (Eg, N F5) < 2’”(’7*45), which tends to zero as n — oo, for ¢ < %n.
Otherwise, if Ry > I,(X1; S|U), then given F%,
Ry >1,(X1, X2; X1, S|U) + I(X1; S|U) — ¢

=I,(X1; X1, X2, S|U) + I(X1, X2 S|U) — ¢

>1,(X1; X1, Xo, S|U) — €. (199)
Thus,

Ry — Iq()Nfl;Xl,Xg,S|U)} < Ry — I,(X1; X1, X2, S|U) + €. (200)
+

Hence, by (196) we have that

Pr (N ECN .7:§) < Z 2—n(1q(Xl;xl,XQ,S,Y\U)—Rl—35)

P = D
U,Xl,Xz,Xl,Se 2b

F§ holds
< Z 9—n(Ig(X13Y|X2,U)~ Ry —3¢)

PU,Xl ,XQ,’)\(I,SGD% :

F3 holds

, (201)

where the last inequality holds since

Iy(X1; X1, X2, S, Y|U) =Iy(X1; Y[ X2, U) + I,(X1; Xa|U) + I(X1; X1, S| X2, Y, U)

>1,(X13Y | X2, U). (202)
For PU,Xl,X2,)?1,S € Dap, we have by (193) that PXI,X2,§,Y\U is arbitrarily close to some PX17X21§5,|U, where
PX11X21§1)7|U(I15 Z2, S, y|’LL) = PX1|U(I1|U)PX2\U(IQ|u)a(s|u)WY|X1,Xg,S(y|'r17 €2, S) ) (203)

if 7 > 0 is sufficiently small. In which case,

I,(X1:Y|Xo,U) > I;(X1; Y| Xo,U) — 01, (204)
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where ¢; > 0 is arbitrarily small. Therefore, provided that

R in  1,(X1;Y|X5,U) — 6 — 5 205
1<q(5|u):rrlé{1rll(5)§/x (X1 Y| X0, U) 1 € (205)

we have that Pr (€ N FS) < 9 ng(X1:Y X2, U)—Ri—4¢) tends to zero as n — 0o.
In same manner, it can be shown that Pr (€5 N F¥) tends to zero as n — oo, provided that

Ry < o(sl) :H]Eiqul(S)SA Iq(Xg; Y|X1, U) — §2 — be, (206)

where 62 > 0 is arbitrarily small. O
Converse Proof: We will use the following lemma, based on the observations of Gubner [24].

Lemma 16. Consider the AVMAC free of state constraints, and let € = (f1, f2,g) be a (21 2"E2 pn) deterministic code.

1) Suppose that Wy |x, x, g is symmetrizable-X; x X5, and let .J;(s|z1,22), 4 € [1 : n], be a set of conditional state distributions

that satisfy (13). If Ry + R > 0, then

PM(G, %) > (207)

3

RN,

for

2nR1 271R2

=~ n 1 n n
q(s") = (R T F) Zl ZlJ (s"|f1(m1), f2(m2)) (208)
mi=1ma=
where J"(s™ |z}, a%) = [1iy Ji(sil®1,i, x2,i)-
2) Suppose that Wy‘th%s is symmetrizable-X;| X, and let Jy ;(s|x1), ¢ € [1 : n], be a set of conditional state distributions
that satisfy (14). If Ry > 0, then

1
PM(G,%) > 7, (209)
for
1 2nR1
@(s") = gom > T f1(ma)), (210)
m1:1

Where J{L(th??) = H?:l Jl,i(5i|xl,i)~
3) Suppose that Wy |x, x, s is symmetrizable-X5|X1, and let J ;(s|x2), i € [1 : n], be a set of conditional state distributions
that satisfy (15). If Ry > 0, then

P (3, %) > i, @11)
for
1A
G(s") = onfs Z J3 ("] f2(ma)), (212)
m2:1

where J3'(s"|2%) = [T, J2.i(silz2,0)-
For completeness, we give the proof below.

Proof of Lemma 16. Denote the codebooks size by My, = 2% k = 1,2, M = 2"f1+:2) and the codewords by a7} (my) =

folmi) k= 1,2.
Under the conditions of part 1,

POGE) = Y atar X Y W (m), 5 (ma), ")

snesSn mi,mz ym: g(y™)#(mi,me)

—r 3 e ), g ) Y S W e (m), o (ma), s™) (213)

m1,mg STES™ mi,m2 ym: g(y™)#(m1,ma2)
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where have defined W™ = Wywn|xn xp s» for short notation. By switching between the summation indices (m1,m9) and
(m1,M2), we obtain

POGE) =g D S Y W ), a(ma), 87T (" (), 7 7i2))

mi,ma,Mm1,Mm2 ym: g(y™)#(mi,mz) s"ES™

b Y ) S Wy (), @ (iz), )T (5" (ma), @3 (ma)) . (214)

mi,ma,M1,Me y™: g(y™)#(ma,ma) s"ES™
Now, as the channel is memoryless,

D Wyl (), 2% (), ™)™ (s |27 (ma), 25 (M)

S"ES"

= H Z Wy x,, 55,5 Wil 21,6 (M), w2, (M2), 80) Ji(sil1,i(m1), @2,i(m2))

I
I z: T

Z YIX1,Xa,8 Wilz1,i(ma), 22,i(ma), si)Ji(si|w1,:(M1), 22,:(M2))

$,€S
= Z W (y" a7 (ma), 25 (m2), ™) J" (s 1 (1), 25 (M2)) (215)

snesSn
where the second equality is due to (13). Therefore,
n 1 n n n n n n n n (.~ n (>
Pe( )( ,C) ZW Z Z [ Z W (y" |2} (ma), 25 (m2), s™)J" (s" 2] (1), 25 (M2))

(Mm1,m2)#(m1,ma) s"€S™ yn: g(y™)#(mi,m2)

+ > W"(ynlx?(ml)vﬂﬂ?(mz)vS")J"(S"Ix’f(ﬁh),I’z’(ﬁw))}

ym: g(y™)# (M, m2)

S DY S Y W m), #(ma), 5T (s o (), 4 (o))

(m1,M2)#(m1,mz) s*E€S™ ymeY"

CMM-1) 1 1
= = 2(1_M)' (216)

Assuming the sum rate is positive, we have that M > 2, hence Pe(") (q,€¢) > i.
Under the conditions of part 2,

P (@1,) MQM DD s ) Y Y. Wt (m) a5 (ma), s @17)
2y snesn mi,ma yn: g(yn)#(mi,mse)

Then, switching between m; and m; yields

P, 6) =g 2 S W m) a (ma), 5"V " ()

mi,ma,m1 y": g(y™)#(mi,mz) sTES™

1
o, 2 > > WYt (), w5 (ma), )Y (5" @ (ma)) . 218)

myi,ma,m1 y": g(y™)#(mi,mo) s"ES™
Now, as the channel is memoryless, we have by (14) that

> Wy (), 28 (ma), s) 7 (s" |27 (1))
sn ES”

= > Wy et (my), 25 (ma), s) 7 (s" |2} (7n)) - (219)

shesn
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Therefore,
-~ 1 n n n n n n n n (.
Pe(n)((h?(g) ZW Z Z [ Z W™ (y" |2} (ma), 25 (m2), s™)J7' (s" |27 (1))
1 27711757”177712 smeS™ yn: g(y™)#(mi,mz)
+ > W (y" |27 (ma), x5 (m2), s™)J7' (" |21 (1))
ym: g(ym)#(Mm1,me)

1 n n n n n n n n (-~
Z2M2M E : E , E W™ (y" |2} (m1), 25 (m2), s™)J7' (s" |27 (m1))
172 mi#my,my sTES™ yreYn

My(M; — )My _ 1 1
0L s (- — ). 22
2M2 =2 My (220)

Since User 1 has a positive rate, R; > 0, the corresponding codebook has size M; > 2, hence Pe(”)(q, €) > i.
The proof of part 3 is similar, and thus omitted. O

Now, we are in position to prove the converse part of Theorem 8. Consider a sequence of (2771, 2" n_«,,) deterministic
codes €, over the AVMAC under input constraints (£21,€22) and state constraint A, where «,, — 0 as n — co. In particular,
we have that the conditional probability of error given a state sequence s™ is bounded by

P (%) < o, for s™ € S™ with I"(s") < A. (221)

e|s™

For simplicity, we assume that both R; > 0 and R > 0, but the proof can be easily modified elsewhere.
First, we show that

Ri<  min (X1 Y|X2,U) +en, (222)
a(slu) : Byl(S)<A

Ry < i 1,(X2: Y[X1,U) + e, 223

2= skt ByI(S)<A oK VX1, U) +e (223)

Ri+Ry<  min  I(Xy, X0 Y|U) + ey, (224)

gslu) : Byl(S)<A

where €, > 0 tends to zero as n — oo. To this end, consider using the same code in the following setting. Consider a different
channel model, with an average state constraint. Specifically, consider a MAC where the jammer selects an independent state
sequence at random, S~ H?:l Q;(#i), under the average state constraint %Z?:l El(S;) < A — 4. Here, there is no state
constraint with probability 1, as the jammer may select a sequence S" with l"(gn) > A. We claim that the code sequence of
the constrained AVMAC achieves the same rate pair (R, Ro) over the “new” MAC WY‘ X1.X,.5» Which is governed by the

state sequence S", under an average constraint. Indeed, using the code %,, over the MAC WY‘ X1.X,.5» the probability of error
is given by
PG €)=Y 7(s") P ()
snesSn
< Y @@ P ("GN 2 A) (225)
smeS™ : n(sm)<A
By (221), we have that the sum in the RHS is bounded by «,,, hence tends to zero as n — co. As for the second term,
- 1 Sn, o - iy Var (I(S) _ Bax
Pr (z (") > A) < Pr (ﬁ > (S - EI(S))) > 5) < — < o

=1

(226)

where the first inequality holds since % Dy El(S;) < A — 4, and the second is due to Chebyshev’s inequality. Thus, we have
by (225) that the probability of error tends to zero as n — oo, when using the code %, over the MAC governed by 5",

Therefore, it suffices to prove the converse part for the MAC VVY| X,.X,.§ governed by the state sequence 5"~ 7' (s") =
IT:-, @(s;). Then, let X7* = fi*(M;) and X2 = f3'(M>) be the channel input sequences, and Y be the corresponding output
sequence. Fano’s inequality implies that for every jamming strategy q"(s™),

1 n

Ry gg 2[1 (X1,i3YilX2) +en (227)
1 n

Ry <~ Z}I (Xo.4;Yi|X1.4) +en (228)

S

1
Ri4 Ry <=S L (X145 X0 Vi) 4+ 2. 229
1+ 2_n; (X1, Xo 3 Yi) + e (229)
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(see [14, Section 15.3.4]). Let U be a random variable which is uniformly distributed over [1 : n], and independent of
(X7, X5, 5™, Y™). Then, the bounds can be expressed as

Ry <I,(X1,0;Yu|Xov,U) +€n, (230)
Ry <I,(Xou; YulX1,0,U) +€n, (231)
Ry + Ry <I(X1,u, Xou; Yu|U) + €n, (232)

where we have defined ¢(s|u) = G, for u € [1 : n]. Then, the bounds (230)-(232) hold for every conditional state distribution
q(s|u) such that El(Sy) < A. Thus, the bounds in (222)-(224) follow by defining

X1 =Xy, Xo=Xop, andY = Yy, (233)

Note that X; and X, are conditionally independent given U, as required.

Returning to the original AVMAC, we now show that K(Pa X,.X,) > A. If the AVMAC is non-symmetrizable-X; x Xs, then
JNX(PU7 X,,X,) = +00, and there is nothing to show. Hence, consider the case where the AVMAC is symmetrizable-X; x X5.
Assume to the contrary that /NX(PU7 X;,%,) < A. Based on Remark 8, and our definition of the external variable U, this means
that there exist conditional state distributions J;(s|x1,22), ¢ € [1 : n], which symmetrize-X; x X5 the AVMAC, such that

APyx, x,) = Z > Pxy o (@1 w2,) Ji(sil w16, w2,0)1(s) < A (234)

=1 %1,i,22,:,8;

Now, consider the following jamming strategy. First, the jammer selects from the codebooks a pair of codewords ()? s )?5‘)
uniformly at random. Then, the jammer selects a sequence S™ at random, according to the conditional distribution

Pr(§":sn|)?1:x?,)”(2:xg) J™(s")2h, ) HJ (il 2o.i) - (235)

At last, if l”(§") < A, the jammer chooses the state sequence to be S™ = s, Otherwise, the jammer chooses S™ to be some
sequence of zero cost. Such jamming strategy satisfies the state constraint A with probability 1.

To contradict our assumption that A(Py x, x,) < A, we first show that EI"(S™) = A(Py,x,.x,)- Observe that for every
(xh,25) € AT x A3,

E (l”(§")|)?f =", XD = :cg) ZZZ (slw1i, 2.0) - (236)

i=1 s€8S

Since (X7, X?) are distributed as (X7, X7'), we obtain

EI"(S™) 221(8) . %ZEJi(SlXI,iaXZi)

seS i=1
Z Py (u)Px, x, v (w1, z2|u)Ju(s|z1, 22)l(s)

U,T1,2,8

=A(Px, x,) < A. (237)

Thus, by Chebyshev’s inequality we have that for sufficiently large n,
Pr (zn(§”) > A) < b, (238)
where dg > 0 is arbitrarily small. Now, on the one hand, the probability of error is bounded by
P (q, ) > Pr (g(Y™) # (My, My), I"(5") < A)
= Y as"P(%), (239)

smiln(s™)<A

where ¢(s™) is as defined in (208). On the other hand, the sequence S™ can be thought of as the state sequence of an AVMAC
without a state constraint, hence, by part 1 of Lemma 16,

1 _
< (n)(~ < M (n) n/qn
1 SPM@ %) < M;( n)<Aq(S VP (%) + Pr (1°(5") > A)

< q(s™) P (€,) + b . (240)

els™
s (sm)<A
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Thus, by (239)-(240), the probability of error is bounded by Pe(n)(q, Cn) > i — dp. As this cannot be the case for a code with
vanishing probability of error, we deduce that the assumption is false, i.e. /NX(PU, X1,X,) > A

It remains to show that A;(Py x,) > A and Ay(Pyx,) > A. Due to the symmetry, it suffices to show this for User 1.
We only need to consider an AVMAC which is symmetrizable-X;|X>, as otherwise, 1~\1(PX1) = +o00. Then, assume to the
contrary that A;(Py,) < A, and let J1,i(s|x1), i € [1: n], be the symmetrizing distributions that satisfy (14) and achieves the
minimum in (32b), i.e.

PUX1 Z PU PX1|U(£L'1|’U,)J1 u( |£L‘1) ( ) <A. (241)

u,T1,8

Consider a jamming strategy, where the jammer first selects a codeword X I from the codebook of User 1, uniformly at random.
Then, the jammer selects a sequence ST at random, according to the conditional distribution

Pr (N? =s" | ‘551 :LC?) - n| 1 Hle Sz|xlz . (242)

At last, if " (5?) < A, the jammer chooses the state sequence to be 5" = S{L. Otherwise, the jammer chooses S™ to be some
sequence of zero cost. B B B

To contradict our assumption that A;(Py x,) < A, we first show that Ei"(S}) = A1(Pu x,). Observe that for every
b e Al

E(GDIKY =af) =2 3 S Us)ilslen,). (243)

=1 s€S

Since X I is distributed as X', we obtain

EI™(ST) = Y Pu(u)Px,u(@1|u)Jiu(slz1)i(s) = Ai(Pux,) < A. (244)
u,s€S

where the last equality is due to (241). Next, the probability of error is bounded by
P (q,%0) 2 Pr (g(Y™) # (My, Ma),1"(57) < A)
= Y @GP, (245)

s n(s™)<A

where ¢ (s™) is as defined in (210). On the other hand, the sequence §{1 can be thought of as the state sequence of an AVMAC
without a state constraint, hence, by part 2 of Lemma 16,

POGE)S Y @R G + P (15 > A)

e|s™
s : ln(sn)<A

< Y @GRS + (246)

s n(sm)<A

where the last line is due to (244) and Chebyshev’s inequality, with arbitrarily small 6; > 0. Thus, (245)-(246) imply that
Pe(n)(q, Gn ) > 7 1 _5,, which cannot hold for a code with vanishing probability of error. We deduce that the assumption is
false, i.e. Al(PU7 x,) > A. This completes the converse proof. O

Case B and Case C

Before we begin, we note that Cases B-D can also be proved by directly adjusting the techniques of Csiszdr and Narayan
for the single user AVC [17]. Although, as explained in Remark 3, it is not an immediate consequence. Thereby, it is easier
for us to use our previous derivations instead.

The proof follows similar arguments as in Case A, and thus we only give the outline. Since Case B and Case C in Definition 6
are symmetric, we only treat the former. Suppose that L* > A and L5 > A, but LT < A. For the direct part, we can use the
same coding scheme as in Case A with the following changes. First, coded time sharing is no longer necessary, hence we
take U = (. Then, let Px, and Py, be types, such that E¢y(Xy) < Q, for k = 1,2, As(Px,) > A and A(Px, x,) > A. As
User 1 transmits at zero rate, we can discard of Condition 2b) of the decoding rule (see Definition 7). Nevertheless, given our
assumption in Remark 1, Encoder 1 may use “local randomness” and send a sequence ] = fi(o), where o € [1 : 2"f1] is
drawn uniformly at random, with R; = . Upon receiving y™ € Y™, the decoder declares its estimation g(y™) = my iff there
exists o such that y™ € D(o, ms2), where the decoding sets D(o,ma) C V" are as in Definition 7. The message of User 2
is still decoded uniquely, since the only part of Lemma 10 that depends on A;(Px, ) is part 2, which is no longer necessary.
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The analysis of the probability of error remains exactly the same, except that the error event &, can be ignored. It follows
that the probability of error tends to zero, provided that
Ri+ Ry < min I,(X1,X2;Y) — 6 —5e,
a(s) : Eql(S)<A
R i 1,(X9;Y|Xy) — 62 — be. 247
2 <q(s):ﬁlll(ls)§[\ ¢(Xo; Y[X1) — 32 — 5¢ (247)
Since Ry = ¢, and I,(X1,X2;Y) > I,(X2; Y| X4), the first inequality is inactive, and the direct part follows.
The converse part also follows from the converse proof for Case A. It was shown that if the jammer selects the state sequence
to be

n e Qn <
Sn — {Sl if (Sl) _Aa , (248)

(s0,.-.,80) otherwise

for S7' ~ ¢, (s™) as in (210), and 59 € S with I(so) = 0, then the probability of error is lower bounded by pm (¢.6,) > 1 =61
for R; > 0, hence User 1 cannot achieve positive rates. As for User 2, we have by (223) that

2_4(S|u):gﬁ?s)§/\,5 q(X2; | X1,U)+¢ (249)

Then, observe that ,(X2;Y'|X1,U) < I;(X2; Y|X1), since U=-(X1, X2)-Y form a Markov chain, and conditioning reduces
entropy (see e.g. [14, Theorem 2.6.5]). By the same considerations as in Case A, A3(Px,) > A, and the converse part

follows. O
Case D
Suppose that L* < A. It was shown in the converse proof for Case A, that if the jammer selects the state sequence
Sn if ["(S™) < A
g _ if I"(S") < A, (250)
(s0,.-.,80) otherwise

for S™ ~ G(s™) as in (208), and sy € S with [(so) = 0, then the probability of error is lower bounded by pm (¢.6,) > =6
for Ry + Ry > 0. Thus, positive rates cannot be achieved.

Now, suppose that both L} < A and L5 < A. We have already seen in the proof of Case B, that L7 < A implies that User
1 cannot achieve R; > 0, and by symmetry, L3 < A implies that User 2 cannot achieve Ry > 0. Therefore, if L* < A, or
both LT < A and L} < A, then the deterministic code capacity region is {(0,0)}, as we were set to prove. This concludes
the proof of Theorem 8. O

APPENDIX F
PROOF OF COROLLARY 9

Assume that the AVMAC &/ satisfies the conditions of Corollary 9. Looking into the converse proof of Theorem 8 in
Appendix E above, the following addition suffices. We show that for every code %, as in Appendix E, A(Py x, x,) = A
implies that Ry + R = 0, Kl(PU7X1) = A implies that R; = 0, and KQ(PU7X2) = A implies that Ro = 0. Since there is only
a polynomial number of types, we may consider Py x, x, to be the joint type of (u™, f1(ma1), f2(ms)), for all m; and mq
(see [16, Problem 6.19]).

Suppose that A(Py x, x,) = A, assume to the contrary that Ry + R > 0, and let J,(s|z1, z2) be distributions that achieve
the minimum in (32a), i.e.

AMPux,x,)= Y, Pulu)Px, x,u(@n,valu)Ju(slzy, z2)i(s) = A (251)

U,r1,T2,8

Based on the condition of the corollary, we may assume that .J,,(s|z1, 22) is a 0-1 law, i.e.

1 ifs=Gy ) s
Ju(slan, ey = 4 - 15 = Culanma) (252)
0 otherwise
for some deterministic function G, : &7 x A, — S. Thus, by (251),
El(Gu(X1,X2)) = > Pu(u)Px, x,u(@1, w2lu)Ju(s|er, 22)l(s) = A. (253)

U,r1,2,S

Recall that we have defined U in the converse proof as a uniformly distributed variable over 2/ = [1 : n]. Now, consider the
following jamming strategy. First, the jammer selects from the codebooks a pair of codewords (X7, X%') uniformly at random.
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Then, given )N(f = z7 and )N(g = x%, the jammer chooses the state sequence S" = (Gi(x1,,22,));_,. Observe that given
pair of codewords, X{" = z7 and X3 = 7,

1 n
nZl (21,0, 204)) = El(Gu (X1, X2)) = A, (254)
i=1

where the last equahty is due to (253) Thus, the state sequence satisfies the state constraint. Now, observe that the jamming
strategy S™ = (G (X1 i Xo 1)) is equivalent to S™ ~ ¢(s™) as in (208). Thus, by part 1 of Lemma 16, we have that

Pe(n)(qN, Cn) > i, hence both users cannot achieve a positive rate.

Next, consider the case where A; (Py,x,) = A. Assume to the contrary that Ry > 0, and let Jy ,,(s|x1) be distributions that
achieves the minimum in (32b), i.e.

A (Pyx,) = ZPU u) Py, v (z1]w) Ju(s|z1)l(s) = A (255)

By assumption, every Ji ,(s|x1) has a 0-1 law,

1 if s=G1. ,
(sl = 4 8= Cralm) (256)
’ 0 otherwise

for some deterministic function Gy ,, : &1 — S. Thus, by (255),

El(G1.u(X1)) = Y Pu(u)Px, p(1|u)Jyu(slz1)i(s) = A. (257)

U,T1

Now, suppose the jammer selects from the codebook of User 1, a codeword )? 1" uniformly at random. Then, given X =z,
the jammer chooses the state sequence S™ = (G (1, 1)) . Hence, For every given codeword X1 =z,

"(S™) :% Z 1(Gyi(z1,4)) = BI(G1u(X1)). (258)

Thus, by (257), we have that ["(S™) = A with probability 1. This means that the state sequence satisfies the state constraint.
Now, observe that the jamming strategy S™ = (Gl Z()?l Z)) is equivalent to S™ ~ g;(s™) as in (210). Thus, by part 2 of

Lemma 16, we have that P\ (q1,%6,) >

> 1, hence R; = 0. By symmetry, we have that Ag(PXZ) = A implies that R, = 0. [
APPENDIX G
ANALYSIS OF EXAMPLE 4

Let o7 be the arbitrarily varying binary symmetric MAC, with two independent binary symmetric channels, as in Example 4.
We begin with the random code capacity region. To show achievability, set U = @), X; ~ Bernoulli(w; ), X2 ~ Bernoulli(ws),
and observe that

—~

a

I,(X1; Y1, Y2 | X2) > I,(X1; 1] Xe) =

=

Iq(Xl;S/i)a
Iy(X2; Y1, Y| X1) > I(Xo; Ya| X1) = [4(X2;Ya), (259)

—~
=

and

I,(X1, Xo;Y1,Ys) =H (X1) + H(X2) — Hy(X1, X2|Y1,Y2)
(c)
> H(X1) + H(X2) — Hy(X1[Y1,Ya) — Hy(X2|Y1,Y2)

(d)
> 1(X1; Y1) + 14 (X2 Ya), (260)

where (a) holds since X5 is independent of (X7, S1,Y7); (b) holds since X7 is independent of (X3, Sa,Y2); (c) is due to the
independence bound on entropy [14, Theorem 2.6.6.]; and (d) holds since conditioning reduces entropy [14, Theorem 2.6.5.].
Therefore, based on Theorem 7, (R;, R2) is achievable for

< . ] _ . B

R; < q(sl%gg I,(X1; 1) OSH;F%A [h(wr *q1) — h(q1)] , (261)
< . ] _ . _ '

Ry < q(sz%gng I,(X2;Y2) OSIIqlllISlA [ (w2 * g2) — h(g2)] (262)
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Since h(w * t) — h(t) is a convex-U function over 0 < ¢ < 1 with minimum at ¢ = , we have that

i (Rl, Rg) . Rl < h(wl * /\) - h(/\) y
Cler) 2 { Ro < h(wosA\)—h(\) [ (263)
which completes the achievability proof. To prove the converse part, we observe that the rate of User 1 is bounded by
i ; < : )
o B I,(X1; Y1, Yo | Xo, U) < I(X1; Y1, Ya| Xo, U) 1Bty
:IQ(XM Y1|X27 U) Sy ~Bernoulli(\) — h(pl * )\) - h()‘) < h(wl * /\) - h(/\) s (264)

52:0
with X; ~ Bernoulli(p;), for 0 < p; < 4, where the first equality holds since So = 0 implies that Y5 = X5, and the last
inequality holds since h(a *t) is a concave-N function over 0 < ¢ < 1 with maximum at t = % Similarly, the rate of User 2
is bounded by

i I,( X9 Y1, Y5 | X1,U) <h A)—h(N). 265
q(51752):%1§?+ES2SA q( 2,11, 2| 1, )_ (w2* ) ( ) ( )

This proves that the random code capacity region of the AVMAC in in Example 4 is given by (64).
Moving to the deterministic code capacity region, we first compute L*, L] and L3. For every Px, x,,

U(Px, x,) = 0<£1.ianz<1(a1 * p1 4 ag * p2) = min(p1, 1 — p1) + min(pz, 1 — p2), (266)
Uy (p1) :oiﬁiﬂlal *p1 =min(p1,1 —p1), (267)
Uy (p2) = 0<Holéi2ﬂ<1 ag * pp = min(pz, 1 — p2), (268)

where we have used the notation p; = Px, (1) =1 — Px, (0) and ps = Px, (1) =1 — Px,(0). Therefore,

L™ = OS;IDIIH%)SCZI 7 \IJ(PXl,Xg) = w1 + w2, (269)
0<p2<Q2

L = v = 27
1 OSIEI&S)%ZI 1(p1) w1, (270)

L; = Ogrgag)izz Uo(p2) = ws. (271)
Observe that based on the result on the random code capacity region, we have that for A > 1, or equivalently, A\ = %, the
capacity region is given by C(#) = C(«/) = {(0,0)}, in agreement with (66)-(69). Henceforth, assume that A < 3.

The first case to consider is 2; > A and Qs > A. The converse part is immediate, since the deterministic code capacity
region is always bounded by the random code capacity region. As for the direct part, we are going to show that under the
assumption that A < %, we have that L*, L] and L3 are greater than A. Indeed, if Q; > %, then wy = % > A, for k=1,2.
Otherwise, if Q;, < %, then wy, = Q> A, for kK = 1, 2. Therefore, in both cases, we have by (269)-(271) that L* > A, LT > A,
and Q; > A, which corresponds to ~Case a) in Definition 6. It is further inferred that taking p; = w; and py = wy, we have
that A(p1,p2) = w1 + w2 > A and Ag(pr) = wr > A for k = 1,2. Tt follows that this inputs distribution is legitimate, in the
sense that it belongs to the optimization set 5917927 AU X Xy x Xs) (see definition in (37b)). This completes the achievability
proof for the first case, because we have already seen in the achievability proof of the random code capacity region above,
that the inputs distribution p; = w; and ps = wy achieves the region in the RHS of (66), with U = ().

Next, we consider the second case, 23 < A and 9 > A. Assuming that A < %, we have that ;1 < %, hence L] = wy =
Q1 < A As for L, if Q2 > 1, then wy = 2 > A, and if Qp < 3, then wy = Q3 > A. It follows that L* = wy +wa > A
and L5 = wy > A, but Ly < A, which corresponds to Caie b) in Definition 6. Furthernlore, the input distributions p; = wy
and ps = wo belong to the maximization set in (37a), as A(p1p2) = w1 + wa > A and As(p2) = we > A. Thus, User 2 can
achieve rates below

min I,(X2; 11, Yo | Xq) > min I1,(X2; Y2 | X4)
q(s1,82):ES1+ES2<A q(s1,52):ES1+ES2<A
=, Juin | [h(wa * q2) — h(g2)] = h(wa * A) — h(N). (272)

It is also the highest rate achievable for User 2, since

Ry < min I,(Xo; Y7, Y5 | X)) < [,(Xo; Y7, Y5 X _
2= q(s1,52):ES1+ES2<A q( 2ot 2| 1) ‘1( 20 2| 1) Sgwfi;;)glli()\)
=1,(X2;Y>) §,=0 < max h(pzxA) — h(N\) = h(wz x A) — h(N), (273)

Sa~Bernoulli(\) 0<p2<Q2
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following the same considerations as in the derivation of the random code capacity region above. The third case, 2; > A and
Qo < A, follows by symmetry.
In the fourth case, 21 < A and Q3 < A, we have that

L*{zwngl <A7

Li=ws <0y <A, (274)
as in Case d) in Definition 6. Thus, the capacity region is C(<) = {(0,0)}. O
APPENDIX H

ANALYSIS OF EXAMPLE 5

Deriving the random code capacity region is straightforward. To show achievability, we set U = (), X; ~ N(0,£;), and
X ~ N(0,9Qs2). Then, since Gaussian noise is known to be the worst additive noise under variance constraint [20, Lemma
11.2], we have that

1 O
1 I(X1:Y|X5) = =1 1 27
FoiES?<A (X V] X2) 2 Og< +A+02)’ 273)
1 Qs
i I(X5:Y|X{)==1Io 1 276
e an T VX)) =5 g( tate? ) (276)
. 1 Q1+ Qs
FS:I%}SVI%SAI(XMXQ,Y) 21og <1+ AT > (277)

This proves achievability. To prove the converse part, observe that the rate of User 1 is bounded by

FS:%;QSAI(XUHX%U) < I(Xl;Y|X27U)’S~N(O7A) < %log (1 + Ag_ilaz) : (278)
where the last inequality follows as in the converse proof of the classical Gaussian MAC Y = X; + X, + Z, with Z ~
N(0,A + ?) [50]. The bounds on the rate of User 2 and on the sum rate are proved in the same manner. We have thus
determined the random code capacity region.

We move to the deterministic code capacity region, as in Theorem 8. First, we calculate the thresholds L*, L7, and L3.
Based on Definition 5, the Gaussian AVMAC is symmetrized-X; X X2 by a conditional pdf o(s|z1, z2) if

/ ‘P(S|571752)fz(y—501—xz—S)dSZ/ o(slz1,22) fz(y — 1 — To — 8)ds, Va1, 20,71, T2,y €R, (279)

where fz(z) = \/271776_22/202. In particular, observe that (279) holds for ¢(s|z1,22) = d(s — 21 — x2), where 6(-) is

the Dirac delta function. In other words, the channel is symmetrized by a distribution o (s|z1,x2) which gives probability
1to S = x1 + x2. The minimal state cost A(F'x, Fx,) for the jammer to symmetrize-X; X Xo, for the input distribution
fx, (z1) fx,(x2), is the contiuous version of (32a),

/NX(FX1 Fx,) = min / / / Ixy (1) fx, (:vg)cp(s|x1,xg)s2 dsdx1 dxs , (280)

where the minimization is over all conditional pdfs ¢(s|z1,22) that symmetrize-A} x X5 the channel, that is, satisfy (279).
Similar expressions can be written for the individual state costs Aj(Fx,) and A2(Fx,) as the continuous versions of (32b) and
(32c¢), respectively. The following lemma states that the minimal state cost for joint symmetrizability is the total input power,
and the minimal state cost for individual symmetrizability is the input power of the corresponding transmitter.

Lemma 17. For zero mean random variables X and X5,

U(Fx, Fx,) =EX{ + EX7, (281)
Uy (Fx,) =EX7, (282)
Uy (Fx,) =EX3. (283)

Proof of Lemma 17. First, we evaluate W (Fx, Fx,). Observe that by (280), the Gaussian AVMAC is symmetrized-X; x Xy
by a conditional pdf ¢z, 4, (s) = @(s|z1,z2) if

/ ©0,0(8)fz(y — 21 — 22 — 8)ds = / a1 05 (8) f2(y — ) ds, (284)
for all z;,x2,y € R. By substituting z = y — x1 — x2 — s in the LHS, and z = y — s in the RHS, this is equivalent to
/ w00y —x1 —x2 — 2)fz(2)dz = / Cur.e (Y — 2) f2(2) dZ. (285)
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For every x1,x2 € R, define the random variable g(xl, T2) ~ Pz, 2,- We note that the RHS is the convolution of the pdfs
of the random variables Z and S(z1, ), while the LHS is the convolution of the pdfs of the random variables Z and
S(0,0) 4+ o1 + xo. This is not surprising since the channel output Y is a sum of independent random variables, and thus the
pdf of Y is a convolution of pdfs. It follows that g 0(y — 1 — Z2) = @4, 2, (y), and by plugging s instead of y, we have

that ¢, », symmetrizes-X; x X5 the Gaussian AVMAC if and only if

Pur 22 (8) = po,0(s — 21 — T2) . (286)

Then, the corresponding state cost satisfies

| e o o de ds
:/:: /:: /:: fxi (@1) fx,(x2)p0,0(s — 21 — 12)52 dxi dxo ds
[ ][ et eentao + o+ o dader doy

:/ [/ / (z1 + 22 + a) fx, (x1) fx, (22) dz1 dva | @o0(a) da (287)
where the second equality follows by the integral substitution of a = s — x; — x2. Observe that the bracketed integral can be
expressed as E[(X; + X3 + a)?] = EX? + EX3 + a®. Thus,

/ / (acl + zo + a)2fX1 («Tl)fXg (wg) dxr1 dxo ZEX% + EX% . (288)

The last inequality holds for any ¢, », which symmetrizes-X; x X> the channel. Now, observe that (286) holds for ¢, 4,(s) =

d(s —x1 — x2), where 0(+) is the Dirac delta function, hence @, », symmetrizes-X; x X the channel. In addition, since ¢g o

gives probability 1 to S = 0, we have that (288) holds with equality for ¢, .., and thus, ¥(Fy, Fy,) = EX? + EX3.
Next, consider Wy (FY, ). The Gaussian AVMAC is symmetrized-X|X5 by a conditional pdf ¢}, (s) = ¢1(s|zy) if

/ 0o(s)fz(y — a1 — 22 — s)ds = / Yo, (8)f2(y — 22— s)ds, (289)
for all z1, 22,y € R. By substituting ¢y = y — x2, 2 =y’ —x1 — s in the LHS, and Z = 3’ — s in the RHS, this is equivalent to
| e —m- b= [ b0 -2t i 290)

As earlier, it follows that ¢/, ~symmetrizes-X:|X> if and only if ¢, (s) = ¢(s — 1). By similar derivation as in (287), the
corresponding state cost satisfies

o0

/ / Ix: (1)@, (5)s% dwy ds =EX7 + / a*gp(a’)da’ > EX?, (291)

with equality for ¢/, (s) = 6(s —z1). Hence, A1 (Fx,) = EX2, and by symmetry, ¥5(Fy,) = EXZ. This completes the proof
of Lemma 17. O

Going forward with the derivation of the deterministic code capacity region, we have by Lemma 17 that the thresholds
defined in (34)-(36) are given by

L* = max A(FU,Xl,X2) =01+ Qs , (292)
Fx, Fx, EX?<Q1 EX3<Qs
Li= max MA(Fux,)=, (293)
Fx, EX2<O4
L= Ao (F =Q. 204
5 Fxﬁl)??gsb 2(Fu,x,) 2 (294)

We can now complete the derivation by applying Theorem 8 to cases where € # A for £k =1, 2.

If O > A and Q3 > A, then L* > A, L7 > A, and L5 > A, which corresponds to Case a) in Definition 6. We have
seen that the random code capacity region is achieved with the input distribution specified by U = 0, X; ~ N(0,£;), and
Xy ~ N(0,95), which is in the set 5917927/\(1/{ x X1 x Xa) (see (37b)). It follows that the capacity region is the same as the
random code capacity region, i.e. C(&/) = C«/), as in (72).

For the Gaussian AVMAC, as opposed to the scenario discussed in Remark 10, the cases where one of the users has zero
capacity can be derived from the single user results. This occurs as the minimal state cost Ay (Fy, x, ) for symmetrizability-X7,
given in Lemma 17, is the same as the minimal state cost for single user symmmetrizability of the Gaussian AVC (see [17]).
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Now, based on Csiszdr and Narayan’s results on the single user Gaussian AVC [18], we have the following. If 2; < A and

Qo > A, then the individual capacities of User 1 and User 2 are C; = 0 and Cy = %log (1 + A%ﬂ)’ respectively, which

implies (73). Similarly, if ; > A and 5 < A, then the individual capacities are C; = %1og (1 + A$102) and C; = 0, which
results in (74). If Q1 < A and Q5 < A, then C; = C5 = 0, hence, (75) follows. O

ACKNOWLEDGMENT

We gratefully thank Vinod M. Prabhakaran (Tata Institute of Fundamental Research) and Yiqi Chen (Shanghai Jiao Tong
University) for useful discussions and valuable comments.

REFERENCES

[1] R. Ahlswede. Elimination of correlation in random codes for arbitrarily varying channels. Z. Wahrscheinlichkeitstheorie
Verw. Gebiete, 44(2):159-175, Jun 1978.
[2] R. Ahlswede. Arbitrarily varying channels with states sequence known to the sender. IEEE Trans. Inform. Theory, 32
(5):621-629, Sep 1986.
[3] R. Ahlswede and N. Cai. Arbitrarily varying multiple-access channels. i. ericson’s symmetrizability is adequate, gubner’s
conjecture is true. IEEE Trans. Inform. Theory, 45(2):742-749, Mar 1999.
[4] R. Ahlswede et al. The capacity region of a channel with two senders and two receivers. Ann. Prob., 2(5):805-814, 1974.
[5] K. S. K. Arumugam and M. R. Bloch. Keyless covert communication over multiple-access channels. In Proc. IEEE Int’l
Symp. Inform. Theory (ISIT’2016), pages 2229-2233, Barcelona, Spain, July 2016.
[6] C. H. Bennett, G. Brassard, C. Crepeau, and U. M. Maurer. Generalized privacy amplification. IEEE Trans. Inform.
Theory, 41(6):1915-1923, Nov 1995.
[7]1 D. Blackwell, L. Breiman, and A. J. Thomasian. The capacity of a class of channels. Ann. Math. Statist., 30(4):1229-1241,
Dec 1959.
[8] D. Blackwell, L. Breiman, and A. J. Thomasian. The capacities of certain channel classes under random coding. Ann.
Math. Statist., 31(3):558-567, Sep 1960.
[9] H. Boche and R. F. Schaefer. List decoding for arbitrarily varying multiple access channels with conferencing encoders.
In Proc. IEEE Int’l Conf. Commun. (ICC’2014), pages 1934—1940, June 2014.
[10] A.J. Budkuley. Jamming in fading multiple access channels. In Proc. National Conf. Commun. (NCC’2015), pages 1-6,
Mumbai, India, Feb 2015.
[11] N. Cai. List decoding for arbitrarily varying multiple access channel revisited: List configuration and symmetrizability.
IEEE Trans. Inform. Theory, 62(11):6095-6110, Nov 2016.
[12] Y. Cemal and Y. Steinberg. The multiple-access channel with partial state information at the encoders. IEEE Trans.
Inform. Theory, 51(11):3992-4003, Nov 2005.
[13] R. A. Chou and A. Yener. The gaussian multiple access wiretap channel when the eavesdropper can arbitrarily jam. In
Proc. IEEE Int’l Symp. Inform. Theory (ISIT’2017), pages 1958-1962, Aachen, Germany, June 2017.
[14] T. M. Cover and J. A. Thomas. Elements of Information Theory. Wiley, 2 edition, 2006.
[15] I. Csiszar. Arbitrarily varying channels with general alphabets and states. IEEE Trans. Inform. Theory, 38(6):1725-1742,
Nov 1992.
[16] I. Csiszar and J. Korner. Information Theory: Coding Theorems for Discrete Memoryless Systems. Cambridge University
Press, 2 edition, 2011.
[17] 1. Csiszdr and P. Narayan. The capacity of the arbitrarily varying channel revisited: positivity, constraints. IEEE Trans.
Inform. Theory, 34(2):181-193, Mar 1988.
[18] I. Csiszdr and P. Narayan. Capacity of the gaussian arbitrarily varying channel. IEEE Transactions on Information Theory,
37(1):18-26, Jan 1991.
[19] A. Das and P. Narayan. Capacities of time-varying multiple-access channels with side information. In Proc. IEEE Int’l
Symp. Inform. Theory (ISIT’2000), page 349, Sorrento, Italy, June 2000.
[20] S. N. Diggavi and T. M. Cover. The worst additive noise under a covariance constraint. [EEE Trans. Inform. Theory, 47
(7):3072-3081, Nov 2001.
[21] A. El Gamal and Y. Kim. Network Information Theory. Cambridge University Press, 2011.
[22] T. Ericson. Exponential error bounds for random codes in the arbitrarily varying channel. IEEE Trans. Inform. Theory,
31(1):42-48, Jan 1985.
[23] J. A. Gubner. Deterministic Codes for Arbitrarily Varying Multiple-Access Channels. Ph.d. thesis, University of Maryland,
1988.
[24] J. A. Gubner. On the deterministic-code capacity of the multiple-access arbitrarily varying channel. IEEE Trans. Inform.
Theory, 36(2):262-275, March 1990.
[25] J. A. Gubner. State constraints for the multiple-access arbitrarily varying channel. IEEE Transactions on Information
Theory, 37(1):27-35, Jan 1991.



38

[26] J. A. Gubner. On the capacity region of the discrete additive multiple-access arbitrarily varying channel. IEEE Trans.
Inform. Theory, 38(4):1344-1347, July 1992.

[27] J. A. Gubner and B. L. Hughes. Nonconvexity of the capacity region of the multiple-access arbitrarily varying channel
subject to constraints. I[EEE Trans. Inform. Theory, 41(1):3-13, Jan 1995.

[28] T. Han and K. Kobayashi. A new achievable rate region for the interference channel. IEEE Trans. Inform. Theory, 27
(1):49-60, Jan 1981.

[29] X. He, A. Khisti, and A. Yener. Mimo multiple access channel with an arbitrarily varying eavesdropper: secrecy degrees
of freedom. IEEE Trans. Inform. Theory, 59(8):4733-4745, Aug 2013.

[30] F. Hosseinigoki and O. Kosut. The gaussian interference channel in the presence of malicious jammers. arXiv:
1712.04133, December 2017. URL https://arxiv.org/pdf/1712.04133.pdf.

[31] F. Hosseinigoki and O. Kosut. Packing lemmas for gaussian jamming networks. In a talk given in Inform. Theory Appl.
Workshop (ITA’2019), San Diego, California, February 2019.

[32] J. Hui and P. Humblet. The capacity region of the totally asynchronous multiple-access channel. IEEE Trans. Inform.
Theory, 31(2):207-216, March 1985.

[33] J. H. Jahn. Coding of arbitrarily varying multi-user channels. Dept. Stat., Stanford Univ., Stanford, CA, Tech. Rep, (37),
March 1979.

[34] J. H. Jahn. Coding of arbitrarily varying multiuser channels. IEEE Trans. Inform. Theory, 27(2):212-226, Mar 1981.

[35] G. Kramer. Topics in multi-user information theory. Foundations and Trends® in Communications and Information
Theory, 4(4-5):265-444, 2008.

[36] A. Lapidoth and Y. Steinberg. The multiple-access channel with causal side information: common state. IEEE Trans.
Inform. Theory, 59(1):32-50, Jan 2013.

[37] A. Lapidoth and Y. Steinberg. The multiple-access channel with causal side information: double state. [EEE Trans.
Inform. Theory, 59(3):1379—-1393, March 2013.

[38] I. Maric, R. D. Yates, and G. Kramer. The discrete memoryless compound multiple access channel with conferencing
encoders. In Proc. IEEE Int’l Symp. Inform. Theory (ISIT’2005), pages 407-410, Adelaide, Australia, Sept 2005.

[39] D. Mitra, H. Asnani, and S. B. R. Pillai. On the sum-capacity of compound mac models with distributed csi and unknown
fading statistics. In Conf. Inform. Sciences and Syst. (CISS’2019), pages 1-6, Baltimore, Maryland, March 2019.

[40] S. Nitinawarat. On the deterministic code capacity region of an arbitrarily varying multiple-access channel under list
decoding. IEEE Trans. Inform. Theory, 59(5):2683-2693, May 2013.

[41] U. Pereg and Y. Steinberg. The arbitrarily varying channel under constraints with side information at the encoder. /EEE
Trans. Inform. Theory, 65(2):861-887, Feb 2019.

[42] G. S. Poltyrev. Coding in an asynchronous multiple-access channel. Prob. Pered. Inform., 19(3):12-21, 1983.

[43] N. Sangwan, M. Bakshi, B. K. Dey, and V. M. Prabhakaran. Byzantine multiple access. arXiv: 1904.11925, April
2019. URL https://arxiv.org/pdf/1904.11925.pdf.

[44] N. Sangwan, M. Bakshi, B. K. Dey, and V. M. Prabhakaran. Multiple access channels with adversarial users. In accepted
to Proc. IEEE Int’l Symp. Inform. Theory (ISIT’2019), Paris, France, July 2019.

[45] S. Shafiee and S. Ulukus. Capacity of multiple access channels with correlated jamming. In Proc. IEEE Conf. Military
Commun. (MILCOM’2005), pages 218-224 Vol. 1, Oct 2005.

[46] A. Somekh-Baruch, S. Shamai, and S. Verdu. Cooperative multiple-access encoding with states available at one transmitter.
IEEE Trans. Inform. Theory, 54(10):4448-4469, Oct 2008.

[47] M. Wiese. Multiple Access Channels with Cooperating Encoders. Ph.d. thesis, Technische Universitit Miinchen, 2013.

[48] M. Wiese and H. Boche. The arbitrarily varying multiple-access channel with conferencing encoders. IEEE Trans. Inform.
Theory, 59(3):1405-1416, March 2013.

[49] M. Wiese, H. Boche, 1. Bjelakovic, and V. Jungnickel. The compound multiple access channel with partially cooperating
encoders. IEEE Trans. Inform. Theory, 57(5):3045-3066, May 2011.

[50] A. Wyner. Recent results in the shannon theory. IEEE Trans. Inform. Theory, 20(1):2-10, January 1974.

[51] H. Zivari-Fard, B. Akhbari, M. Ahmadian-Attari, and M. R. Aref. Compound multiple access channel with confidential
messages. In Proc. IEEE Int’l Conf. Commun. (ICC’2019), pages 1922-1927, Sydney, Australia, June 2014.


https://arxiv.org/pdf/1712.04133.pdf
https://arxiv.org/pdf/1904.11925.pdf

	I Introduction
	II Definitions and Previous Results
	II-A Channel Description
	II-B Coding
	II-C Input and State Constraints
	II-D Capacity Region Under Constraints
	II-E Related Work
	II-E1 Without Constraints
	II-E2 Divided-Randomness Capacity Region


	III Main Results – Random Code Capacity Region
	III-A The Compound MAC
	III-B The AVMAC

	IV Main Results – Deterministic Code Capacity Region
	IV-A Decoding Rule
	IV-B Codebooks
	IV-C Examples
	IV-C1 Without Constraints


	Appendix A: Proof of Lemma 6
	A-A Achievability Proof
	A-B Converse Proof

	Appendix B: Proof of Theorem 7
	B-A Achievability Proof
	B-B Converse Proof

	Appendix C: Proof of Lemma 10
	Appendix D: Proof of Lemma 11
	Appendix E: Proof of Theorem 8
	Appendix F: Proof of Corollary 9
	Appendix G: Analysis of Example 4
	Appendix H: Analysis of Example 5

