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Mutual information for the stochastic block model

by the adaptive interpolation method

Jean Barbier*, Chun Lam Chan', and Nicolas Macris'

Abstract

We rigorously derive a single-letter variational expression for the mutual information of the asymmetric
two-groups stochastic block model in the dense graph regime. Existing proofs in the literature are indirect,
as they involve mapping the model to a rank-one matrix estimation problem whose mutual information is
then determined by a combination of methods (e.g., interpolation, cavity, algorithmic, spatial coupling). In
this contribution we provide a self-contained and direct proof using only the recently introduced adaptive
interpolation method.

1 Introduction

The stochastic block model (SBM) has a long history and has attracted the attention of many disciplines. It was first
introduced as a model of community detection in the networks and statistics literature [1], as a problem of finding
graph bisections in theoretical computer science [2], and has also been proposed as a model for inhomogeneous
random graphs [3, 4]. Here we adopt the community detection interpretation and motivation [5]. A partition
of nodes into labeled groups is hidden to an observer who is only given a random graph generated on the basis
of the partition. The task of the observer is to recover the hidden partition from the observed graph. A simple
setting that lends itself to mathematical analysis is the following. The labels of nodes are drawn ii.d. from a
prior distribution and, for the graph, the edges between pairs of nodes are placed independently according to a
probability which depends only on the group labels. If the probability is slightly higher (resp. lower) when the
pair of nodes have the same label the model is called assortative (resp. disassortative). Moreover we suppose
that the parameters of the prior and edge probability distributions are all known so that we are working in the
framework of Bayesian (optimal) inference. Note that the recovery task is non-trivial only when parameters are
such that no information about the group label is revealed from the degrees of nodes. Much progress has been
done in recent years within this simple mathematical setting and we refer to [6] for a recent comprehensive
review and references.

In the limit of large number of nodes the SBM displays interesting phase transitions for (partial) recovery
of the hidden partition and much effort has been deployed to characterize the phase diagram, in terms of in-
formation theoretic as well as algorithmic phase transition thresholds, and compute the algorithmic-to-statistical
gaps. In this vein a fundamental quantity is the mutual information between the hidden labels of the nodes and
the observed graph. Indeed from the asymptotic value of the mutual information per node one can compute
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information theoretic thresholds of recovery. In this paper we focus on the mutual information of the two-group
SBM with possibly asymmetric group sizes, in dense regimes where the expected degree of the nodes diverges
with the total number of nodes (and is independent of the group label). We rigorously determine a single-letter
variational expression for the asymptotic mutual information by means of the recently developed adaptive inter-
polation method [7,8].

Single-letter variational expressions for the mutual information of the SBM are not new. They were first
analytically derived in heuristic ways by methods of statistical physics and in this context are often called replica
or cavity formulas [9]. Rigorous proofs then appeared in [10,11]. These approaches are indirect in the sense that
the SBM is first mapped on a rank-one matrix factorization problem, and then the matrix factorization problem
is solved. In [10] the particular case of two equal size communities is considered and the analysis relies on the
fact that in this case the information theoretic phase transition is of the second order type (i.e., continuous)
which allows to use message-passing arguments. The asymmetric case is more challenging because first order
(discontinuous) phase transitions appears for large enough asymmetry. In [11] this case is tackled through a
Guerra-Toninelli interpolation combined with a rigorous version of the cavity method or Aizenman-Sims-Starr
scheme [12]. Strictly speaking the analysis [11] does not cover the widest possible regime of dense graphs (see
section two for details). We note that the mutual information of rank-one matrix factorization had also been
determined earlier in [13] for the symmetric case and more recently for the general case in [14,15] using a spatial
coupling method.

The proof presented here covers the asymmetric two-group SBM and has the virtue of being completely
unified. It uses a single method, namely the adaptive interpolation, is conceptually simpler, and is direct as it does
not make any detour through another model. The method is a powerful evolution of the classic Guerra-Toninelli
interpolation [16] and allows to derive tight upper and lower bounds for the mutual information, whereas the
classic interpolation only yields a one-sided inequality. It has been successfully applied to a range of Bayesian
inference problems, e.g., [17,18]. Here, besides various new technical aspects, the main novelty is that we do not
use Gaussian integration by parts, as is generally the case in interpolation methods. Instead, we develop a general
approximate integration by parts formula and apply it to the Bernoulli random elements of the adjacency matrix
of the graph. We note that related approximate integration by parts formulas have already been used by [19, 20]
in the context of the Hopfield and Sherrington-Kirkpatrick models.

It would be desirable to extend the present method to the sparse regime of the SBM where the average degree
of the nodes stays finite as the number of nodes diverges. This is much more challenging however, and the
mutual information has so far been determined only for the disassortative case [21] while the assortative case
remains open. The thresholds however have been successfully determined for both cases in [22-25]. The adaptive
interpolation method has been developed for the related censored block model in the sparse regime [26] and
hopefully it can be also extended to the sparse SBM, which we leave for future work.

2 Setting and results: asymmetric two-groups SBM

We first formulate the SBM for two communities that may be of different sizes. Suppose we have n nodes belong-
ing to two communities where the partition is denoted by a vector X° € {—1,1}". Labels X} are i.i.d. Bernoulli
random variables with P(X? = 1) = r € (0, 1/2]. The size of each community is nr and n(1 — r) up to fluctu-
ations of O(y/n). The labels X" are hidden and instead one is given a random undirected graph G constructed as
follows (equivalently one is given an adjacency marix). An edge between node ¢ and j is present with probability
P(Gyj = 1|X?, X]Q) and absent with the complementary probability. To specificy P(G;; = 1| X?, X;-)), first we



define d,, such that

Bldeg(i) X! =1] = "% < g, (1
E[deg(i)| X? = —1] = (”nl)d" ~d,. (2)

We require these two constraints for the inference problem to be non-trivial, in the sense that no information
about the labels stems from the nodes’ degrees. The two constraints imply

Bldeg(i)] = r Eldeg(i)|X? = 1] + (1 — r)E[deg()| X0 = —1] = =1 o g,

n

so that we can interpret d,, as the average degree of a node. Then we define P(G;; = 1|X}? X]Q) = Mo xo
1777
where M yo yo are the four possible matrix elements of
(]

Because of (1) and (2), we have the equations

E[deg(i)| X} = 1] = (n_nl)d"(mn (1= 1)by) = (”—nl)dn ’
E[deg(i)| X} = —1] = w(rl)n +(1=r)e,) = (n—nl)dn

Solving this system imposes a, = 1 — (1 —1/r)(1 — b,) and ¢, = 1 — (1 — b,)/(1 — 1/r). Therefore there
are three independent parameters, namely d,,, b, and r. A more convenient re-parametrization is often used [10]

instead of b,,, d,:

d dn(1 — by,
Pn = —, and Anz¥.
n n

Here p,, € (0, 1) is the average probability for the presence of an edge. We will look at the dense asymmetric SBM
(the symmetric model corresponding to r = 1/2) regimes where d,, = np,, — +00. In our analysis the growth of
d,, spans the whole spectrum from arbitrarily slow, at the verge of a sparse graph, to linear d,, = vn, v € (0,1),
for fully dense graphs.

In this paper we rigorously determine the asymptotic mutual information for this problem lim,, %I (X% aG)
in the dense graph regime wherein p,, and A,, satisfy:

3 M—0

(h1) (Dense SBM) np, (1 — p,)°> —— oo.
(h2) (Appropriate scaling of signal-to-noise ratio) A, = nA2/(pn(1—pp)) = dn(1—b,)?/(1—dp/n) 20 A
finite.

The first condition ensures that the graph is dense in the sense that d,, — 00, still maintaining p,, € (0, 1).
The second ensures the mutual information has a well defined non-trivial limit when n — +4-oc0. Note that the
second condition requires A, < pn(1 — pn)? as Ay / (Pn(1 — Pn)?) = /An/(nPn(l — pn)3) — 0 as n — oo,
hence A,, < p, and A,, < (1 — p,)?. The reader may wish to keep in mind two simple typical examples. The

first example is a dense graph with d,, = vn, v € [0, 1] so p,, = vand A,, = y/Av(1 — v)/n. The second example
is d, = vn'~? with 6 € (0,1), so p, = vn~% and A, ~ VAvn—1-9. These are easily translated back to the



matrix M.

We note that in the sparse graph version of the model one would have a finite limit for d,, but the second
condition would be the same. The analysis of the sparse case is however more difficult and is not addressed in
this paper.

Instead of working with the Ising spin £1 variables it is convenient to change the alphabet. We define X; =
¢ (X?) with ¢,(1) = /(1 —7)/r and ¢,(—1) = —+/r/(1 —r). The hidden labels of the nodes now belong
to the alphabet X = {&X} = /(1 —7r)/r,Ay = —y/r/(1 —r)} and X € X". An edge is then present with

conditional probability
P(Gij = 1|XiX}) = pn + An X X . (3)

This can be viewed as an asymmetric binary-input binary-output channel X — G and the inference problem is
to recover the input X (or X°) from the channel output G. Henceforth we adopt the notation

P, =rdx, + (1 —17)dx,

for the probability distribution of the hidden labels X € X. Note that E[X?] = 1.
We now formulate our results which provide a single-letter variational formula for the asymptotic mutual
information. Let Z ~ N(0,1) and X ~ P, independently, and set for ¢ > 0:

2
U(g, A\, 1) = 2 + % —Eln Z ]P’T,(:U)e\/aZ:”JquI*%”J2 :

TEX
The so-called replica formula conjectures the identity
1 0 .
lim —I(X";G) = min ¥(g, A\, 7). (4)
n—00 N g€[0,)]

We prove that (4) is correct, namely:

Theorem 2.1 (Upper bound). For the SBM under concern in the regime (h1), (h2),
limsup,,_,, 21(X% Q) < mingepo,\ W(g, A, 7) -
Theorem 2.2 (Lower bound). For the SBM under concern in the regime (h1), (h2),
liminfy, o0 21(X% G) > mingep y ¥(g, A, 7).

Remark 1: Of course we have I(X?; G) = I(X; G) and in the following we will work with I(X; G') where
XeX={X=yV{0-r)/r,Xo=—/r/(1-7r)}

Remark 2: Elementary analysis shows that the minimum over ¢ > 0 of ¥(g, A, r) is attained for ¢ € [0, A].

Remark 3: From (4) one can derive the information theoretic phase transition thresholds. Let r, = (1 —
1/4/3)/2. For "small" asymmetry between group sizes 7 € [r., 1/2] there is a continuous phase transition at
Ae = 1 while for "large" asymmetry r € ]0,r,[ the phase transition becomes discontinuous. An information
theoretic-to-algorithmic gap occurs in the second situation as discussed in detail in [11].

Let us explain the relation of these theorems with previous works. In [10] they were obtained for the sym-
metric case 7 = 1/2 by a mapping of the model on a rank-one matrix estimation problem via an application



of Lindeberg’s theorem. The regime treated is essentially the same than ours except that in place of (h1) [10]
has np,(1 — pn) — +o00. Note that the difference only matters if p,, — 1 which is the complete graph limit.
Still using the same mapping to matrix factorization, [11] treats the asymmetric case, however in a limit where
n — oo first and d,, — 00 after (in fact this anlaysis can accomodate any growth slower than d,, ~ n'/2) but
it is unclear whether this is possible for denser regimes. Our analysis covers this gap and the whole spectum of
growth for d,, up to linear growth is allowed. Besides, we propose a self-contained and direct method using the
adaptive interpolation method [7]. A technical limitation of interpolation methods has often been the need to use
Gaussian integration by parts. We by-pass this limitation using an (approximate) integration by parts formula for
the edge binary variables G;; € {0,1}.

Before we formulate the adaptive interpolation let us set up more explicitly the quantities that we compute.
The distribution of GG given the hidden partition X is the inhomogeneous Erdoes-Rényi graph measure:

P(GIX) = [ [P0 + 20 Xi X)) (1 = — DX, X5)' =
i<j

Using this measure and Bayes rule, we find the posterior distribution of the SBM

Glz)P(x)

P(X =z|G) =P(z|G) = P( PG x P(Glz)P(x)

= exp { Z (GU ln(ﬁn + Ana:ixj) -+ (1 — Gl]) ln(l — Dn — Anx,x])> } HPT(«Tz‘)
1<J =1

A, AV _
= exp { ; (Gz] ln(l + ﬁ—naczazj) + (1 — GU) ln(l — ﬁxl$3)> + Dn(pn, G)} il;IlPr(iL‘i)

where D,,(pn, G) = ZK]- GijInp, + (1 — Gyj) In(1 — py,). Therefore, the posterior distribution becomes

P@|G) = 5 gre O [[ Pra).

2(6) p

A, Ay
Hspu(@;G) = = 3 {GiyIn(1 + i =) + (1 = Gy) In(1 - xixjﬁ)} .

i<j Pn

We use the statistical mechanics terminology and therefore call this posterior distribution the Gibbs distribution.
The normalizing factor

2@)= Y e e [[ By

TEX i=1
is the partition function, and Hgp is the Hamiltonian. A straightforward computation, using the scaling regime
(h1) and (h2), gives the following formula (see the proof in Appendix A):

Proposition 2.3 (Linking the mutal information and log-partition function). For the SBM under concern we have

1 1 )\n
I(X3G) =~ ExEgx n Z(G) + 7 + ou(1) (5)

where lim,, o 0, (1) = 0.

Thus the problem boils down to compute minus the expected log-partition function, or expected free en-



ergy, in the limit n — +o00. This will be achieved via an interpolation towards the log-partition function of n
independent scalar Gaussian channels where the observations about the hidden labels are of the form

Y = VaXi+ Z;, 1<i<n, (6)

with Z; ~ N(0,1) i.i.d. Gaussian random variables and ¢ > 0 the signal-to-noise ratio (SNR). An important
feature of our technique is the freedom to adapt a suitable interpolation path to the problem at hand. This is
explained in the next section.

3 Adaptive path interpolation

We design an interpolating model parametrized by t € [0,1] and € > 0 s.t. at ¢ = € = 0 we recover the original
SBM, while at ¢ = 1 we have a decoupled channel similar to (6). For ¢ € (0, 1) the model is a mixture of the SBM
with parameters (p,, /1 — t A,) and the extra decoupled Gaussian observations (6) with SNR replaced by

t
q— R(t,e) = e—l—/ dsq(s,e€)
0
with ¢(s, €) > 0. The transition kernels for the channels X — G and X — Y at time ¢ € [0, 1] are

PG| X) = [[(Bn + VI = A, X X)) (1 — p— VT — 1A X; X;)'
1<j
= expz (GZ] 1D(]5+ v1— tAnXZXJ) + (1 - GZ]) 111(1 — ﬁn —V 1-— tAnXlX])) y (7)
1<J

P(Y|X) = (%1)/2 exp (5 >0 - VARG %) %)

We constrain € € [s,,2s,] where s, — 04 as n — +o00 at an appropriate rate to be fixed later on. The
interpolating Hamiltonian is then defined to be

Ht,e(w; G7 Y) = HSBM;t(w; G) + Hdec;t,e(w; Y)

where
A, Ay

Hspuig(@;G) = - Y (Gij In(1 + i/ T=120) o (1= Gig) In(1 = iy T =12 )) )

i<j n "

Hacoste (@ Y(X, Z)) = =5 <\/R (t, ) Yia; — ?)
=1
n 2
= Z(Rtesz—i—\/ (t,e)Zix; — é) (10)



The posterior distribution expressed with the Hamiltonian #; (z; G,Y") then reads

Loy Pr(wi) exp(—Hee(#: G, Y))
ZweX" H?:l ]P)T(xl) exp(—’Ht’E(x; G7 Y)) .

Therefore the Gibbs-bracket (i.e., the expectation operator w.r.t. the posterior distribution) for the interpolating

Pt(m|G7 Y) =

model is

Ay = Z A(x)P(x|G,Y) = Zt€ Z Az Ht,e(w;G,Y)ﬁPT(mi)

TEX wEX” i=1

with the partition function 2, (G,Y) = 3,y e H<@GY) T | P, (2;). The reader should keep in mind
that Gibbs-brackets are therefore functions of the quenched random variables (Y (X, Z), G(X)). The free energy
for a given graph G = G(X) (that depends on the ground truth partition) and decoupled observation Y (X, Z)
is

1
Ft7E(G, Y) = Ftﬁ = *E hl Zt7€(G, Y) s (11)
and its expectation

fte = ExEqxBy|x It = ExEqxEzFi.. (12)

By construction,

ft=0,e = _%EXEG|XEZ In ( Z exXp { Z (GU ln(l + ?:iﬁl.%j) + (1 — Gw) ln(l — f%%ﬂ:ﬁ))

reX™ 1<J

+ zn:(\/gzzxz +eXiwi — %90@2)} ﬁPr(%)) )
i=1 i=1
frore = —%Ez (> exp{ Zn:(\/R(l, €)Ziwi + R(1, €)Xz — R(;, ﬁ)x,?)} ﬁm(xi))

rEX™ =1 i=1
A R(1,€)?
(R(1,€), An,7) 1 e

In particular, when ¢ = € = 0 we have

1 An
foo = EI(X;G) - +on(1).
Therefore
LIX5@) = fop + 22+ 0a(1)
2
= \I/(R(l,ﬁ),)\n,?”) - R(41)\6) fle+f00+0’ﬂ(1) (13)
L q
=U(R(1,€), \n, 1) — % — /0 dt% + (fo,0 — fo,e) + on(1) (14)



where 0, (1) collects all contributions that tend to zero uniformly in € when n — oo. Eventually, we reach the
following fundamental sum rule (see section 4 for the derivation):

1

LI(X5G) = W(R(L, ), Aw,r) + Ry — - [ diRa(t) ~ Ry (15
n J0

where

Ri1= 4i\n</01 q(t, e)%dt — (/01 q(t, e)dt)Q) >0,
Ra(t) = E((MQ — q(t,€))*)1e > 0,

Ry= (e +2 Lt yit) - " dd B(Q) (1)
3= g (er2 | attodt) =5 [ ad B +on(1),

and the overlap is

=1

Two generic tools that we will widely use in our proof are the following:

+ The Nishimori identity: Let (X,Y") be a couple of random variables with joint distribution P(X,Y)
and conditional distribution P(-|Y). Let k > 1 and let (1), ..., () be ii.d. copies from the conditional
distribution. Let us denote (—) the expectation w.r.t. the product distribution P(-|Y)®> over copies and E
the expectation w.r.t. the joint distribution. Then, for all continuous bounded functions g we have

]E<g(Y, gj(l)7 - 7$(k))> — ]E<g(Y’ X’ ‘,1,;(2)7 . ,ﬂf(k))> )
The expectation E is over (X,Y).

Proof. Thisis a simple consequence of Bayes formula. It is equivalent to sample the couple (X, Y') according
to its joint distribution or to sample first Y according to its marginal distribution and then to sample x
conditionally on Y from the conditional distribution. Thus the two (k + 1)-tuples (Y,z(1), ... z(*)) and
(Y, X,z®, ... () have the same law. O

In the present case (X,Y) — (X,G,Y) with joint law P,(X |G, Y ) [[;"; Pr(X;). Let us take k iid.
copies 1), ..., £(¥) drawn from the posterior distribution P;(-|G, Y"). Then for any continuous bounded
function g

E<g(G7 Yv w(l)a ey m(k_l)v X)>t,6 = E<g(G7 Y7 m(l)a cee aw(k_1)> mk»t €- (16)

)

where E is over (G,Y"). More precisely E = Erp»_ p, (x,)Ep,(q|x)Ep,(v|x ). Note that, by a slight abuse of
notation, we continue to use the Gibbs-bracket notation for expressions depending on multiple i.i.d. copies
from the posterior, so that (—); . corresponds to the expectation w.r.t. the product measure P;(-|G, Y )®>.

« Gaussian integration by parts: Integration by parts implies that for any bounde differentiable function
gof Z ~ N(0,1) we have

E[Zg(Z)] =Eld'(Z)]. (17)



We are now ready to provide the proofs of the bounds on the mutual information.

3.1 The upper bound: proof of Theorem 2.1
Set ¢ = 0 and ¢(t,€) = ¢ a non-negative constant. Then we have R; = 0, Rz = 0,(1). Since Ry > 0, (15)
implies

1
gI(X? G) < \Ij(q’ Ans T‘) + On(l) .

Since W is continuous w.r.t its second argument lim sup,,_, , . 21(X; G) < ¥(q, A, 7). Optimizing over ¢ € [0, A]
yields the bound (optimization over ¢ € [0, +00) does not yield a sharper bound, see remark 2).
3.2 The lower bound: proof of Theorem 2.2

The basic idea is to “remove” Ry from (15) by adapting q(t, €). Then taking the limit n — oo and € — 04 will
provide the desired bound since R > 0 and R3 — 0 will disappear. To implement this idea we first decompose
R9 into

Ra = (AE(Q)re — q(t,€)* + ME((Q — E(Q)r.)")t.e (18)
and address each part with the following two lemmas. The proof of Lemma 3.2 can be found in section 5.

Lemma 3.1. Foreverye € [0, 1] andt € [0, 1] there exists a (unique) bounded solution R}, (t, €) = e—i—fot dsq(s,€)
to the first order differential equation

dR
%(t,e) = ME(Q)te with R(0,€) =€. (19)
Furthermore IR*
an(t,€) = ME(Q)te € [0, A], and d—"(t, €)>1.
€

Proof. Let Gy (t,R(t,€)) = ME(Q)re. Equation (19) is thus a first-order differential equation. Also note that,



letting dGy,/d R be the derivative w.r.t. the second argument,

dGy, d e Mue(®@GY)
t, R(t, E _ 20
g (B AE) Z [ w; @)k Z,.(G,Y) } (20)
721[4:[)( 3 2P
xreX"
y (_ e @CGY) g1y (1;G,Y) e Hu@mGY) ngqzt,e(a,y)ﬂ
Z(G,Y) dR Z(G)Y) Z.(G)Y)
== E| Xi(wi(v; X; + — 22— — 1)) — Xilwi)eo (2 X; + —22— — 2
n ”221 [ < J 2,/ t €) 2 )>t,e < >t’ < I 2v/R(t,€) 2 >t,J
A —
=3, E[QXin (Tixj)te — Xi{Tij)t,e(T))t.e
ni,j:l
—2X; X (@it e(Tj)t,e + 2Xi<xi>t,e<xj>%,s - Xi<xixj>t,e<$j>t,e:| (21)

To get the last identity, we used Gaussian integration by parts, which reads when applied to Gibbs brackets,

E[Zj <f>t,6] = R(t’ E)E[<f'1"j>t,e - <f>t,6<xj>t,6] .

Indeed, one must be careful that in the definition of the Gibbs bracket both the Hamiltonian and partition function
are functions of the quenched variable Z, thus the appearance of two terms when we differentiate w.r.t Z. Now,
using the Nishimori identity to replace the hidden partition X by a new independent sample from the posterior
in (21) (which yields, e.g., E[X; X;(z;xj)¢¢] = E[(:c,:c]ﬁe] or E[X;(xiz;)e.c(j)te) = E[(@i)r,e(Tixj)ee(z))t.e])

we reach

o 4, Rt ) = 2 3 Bl((wiashoe — (mahclided)] @2

ij=1

The function G, is bounded and takes values in [0, \,]. Indeed E(Q):c = E[X;(x1)t] = E[<$1>%6] by the
Nishimori identity, thus E(Q):. < E(z});. = E[X?] again by the Nishimori identity, and finally E[X7] = 1. In
addition of being bounded, GG, is differentiable w.r.t. its second argument, with bounded derivative as seen from
(22). The Cauchy-Lipschitz theorem then implies that (19) admits a unique global solution over ¢ € [0, 1]. Finally
Liouville’s formula (see Appendix B) gives

dR;kL _ /dG / *
7 (t,e) = exp/ dt IR (t',R:(t ) €)). (23)
The non-negativity of dG,,/dR then implies dR}; /de > 1. O

We now state a crucial concentration result for the overlap. Its validity is a consequence of the fact that
the problem is analyzed in the so-called Bayesian optimal setting. This means that all hyper-parameters in the
problem, namely (P, r, p,, Ay), are assumed to be known, so that the posterior of the model can be written
exactly. It implies the validity of the Nishimori identity which in turn allows to prove the following result (see
section 5):

10



Lemma 3.2 (Overlap concentration). Let R be the solution R} in Lemma 3.1. Then for any bounded positive

sequence s, there exists a sequence C.,(r, \,,) > 0 converging to a constant and such that

1 25p Cn ,)\n
— de E((Q — E<Q>t,e)2>t7€ = (8;157:)1/3) )

Sn

Sn

Now we average (15) over a small interval € € [sy, 2s,] (note that /(X; G) is independent of ¢) and set R
to the solution R}, of (19) in Lemma 3.1; therefore ¢} (t,e) = A\, E(Q)¢c. This choice cancels the first term of
R2 in the decomposition (18). The second term in (18) is then upper bounded using Lemma 3.2. Finally Ry > 0.
Combining all these observations we obtain

28n
Lixia) > 1/ U (R (1, ), A, 1) — R —

n Sn

Cn (T7 An))\n

4(sin)t/3 @

where we used Fubini’s theorem to switch the ¢ and ¢ integrals when using Lemma 3.2. Using ¢} € [0, \;] and
€ € [Sn, 25, ], we see that R3 is bounded uniformly in e:

25y, s2
R3] < K(an +2\,) +on(l) = ~ + 55+ 0p(1).

Therefore the average of R3 over € has the same upper bound. Now, since

d 1 Ri(1,¢)?
—U(R*(1 =__m\
d)\ (RTL( ,6),)\77") 4 4)\

and R} (1,€) € [sn,28, + An] we have —1 < LU(R%(1,€),A) < I (we use n large enough for the Lh.s

inequality). Thus by remark 2 and the mean value theorem

1 28n 1 28n 1 28n
L GewrE (1,0 A ) = / de\p(R;(Le),A,rH/ de (W(RE (1, ), Amy 1) — U(RE(L ), A7)

Sn Js, Sn Sn

1
> min V(g A\, r) — Z|)\n — Al

q€[0,7]

These remarks imply a relaxation of (24):

1 : 1 Co(r, A)An  si
~I(X,G) > U (g, Aps7) = < Ap — Al = —22 200 g 0,(1). 25
R 1(XG) 2 min (g, An,r) = 7 | e S on(1) (25)

Finally, setting s, = n~% with 6 € (0, 1/4) ensures the extra terms on the r.h.s. of (24) vanish as n — +oc0. Then
taking the lim inf,,_, ; ., and using A,, — A we finally reach the desired bound.

4 The fundamental sum rule: proof of (15)

In this section we use the notation F} . for (11) without explicitly indicating the dependence in its arguments.
When Gj; is set to zero for a specific pair (i, j) all other Gy, (k,l) # (4, j) being fixed we write F} .(G;; = 0).
Expectation with respect to the set of all Gy, (k,1) # (i, j) is denoted by Eg,;.

11



The derivative of the averaged free energy can be decomposed into three terms:

dft,e
dt

=D1+ Dy + Ds (26)
where
d
D1 = ExEy|X Z Ft,eapt((ﬂx) ’
G

d
Dy = EXEGX/dYFt,edt]Pt(Y|X)7
d

1 1 d
D3 - EE<£HdeC;t’E>t,e + 5E<%HSBM;t>t,e

4.1 Term D,.

/
Lemma 4.1. We have D1 = %]E(Q%t,g + O(%) + O(%)
npn(l—pn

Proof. Note that by (7) we have

d 1 A Gij 1 — Gy
—P(G|X) =P(G| X - XX - Y *J .
dt {(G1X) = P(C] );2\/1—15 j( ﬁn+\/1—tAnXin+1—ﬁn—\/1—tAnXin)
This gives
A (1 —Gij)Fie Gi;jFy e )
D, = " ExEy xE XX, S - It
! 2\/1—t; XTvix G'X[ j(l—pn—\/l—tAnXin P+ VI — tALXX; }
An (@) |, )
= D D 27
N A (27)

with the definitions

EGij|XFt7€ - EGij|X[Gith,E]:|

D" =N"E. g, [XiX;
=2 G”[ Y 1= EBay1x:,x,Gig

i<j

E~ G F
DY = - Yk, [y xS
i<j Gij|X:,X,; 55

where E.¢,; = ExEy|xEg\¢,;|x, and recalling
Eg,1x,.x,Gij = Pn + V1 — tA X; X .

Both D%a) and ng) involve the term Eg, | x|GijFt.]. In Section 6 we derive an approximate integration by
parts formula that, when applied in the present case, yields

Lemma 4.2. Fixi,j € {1,--- ,n}? and recall that G;; € {0,1} with conditional mean Ec,1x:.x;(Gil = Pn +
V1—tA,X;X;. Let Fé?(Gij) be the first partial derivative of F} . with respect to G;;. We have the approximate

12



integration by parts formula

EGij|Xi7Xj [Gith@(Gij)] :EGij|Xi7Xj [Ft(,i) (Gij)]EGij\Xi,Xj [GU] + Ft,E(G'j = O)EG”\X“X [G ]
V31—t

where
(1) 1 An An 2
FOGy) = ————0 T Hagahe + O~ (——2—) (1 ¢
t,e ( ]) nﬁn<1 _ﬁn) <.’L’ .’13]>t + < (pn(l _pn)> ( ))
and F; (G;; = 0) is the evaluation of Fy . at G;; = 0 all other variables G, (k,l) # (i, j) being fixed.

The approximate integration by part formula (28) implies that the term pY

of (27) can be written as (recall
Pn(1—DPn) > Ap)

JAV ng)
21—t
A, 1I—tA, Ay,
B 241 —t ;ENGU [XZXJ (Ft’€(G” a O) B npn(l - pn)EGij|Xi7Xj <x2x]>t,€)} * O(ﬁn(l - pn)>
A2 An )\nAn
——n NTE[XX; - E . [XiX;Fr(Gij = _fn2n )
~ 20p,(1 — pn) ; seiTiec] 2V — 1 ; Gy [XiX3Fre(Gyy = O)) + O<pn(1 —pn)> (29)

Applying again the approximate integration by parts formula (28) the term DYL) of (27) can be written as (recall
(1—pn)? > Ay)

An__ )
21—t *

n Eg,;1x;.x,;Gij 1—tA,
S E.q,, [XX 4 Fo(Gii=0) — V""" B 1y x (72 ]
2 /1_t; J ]1—EG”|X X, GU( t,e( 1) ) npn(l—pn) G”|X,,XJ< ) ]>t,e)

A Eg, | x Fr. A
+ = E.g, [XX s }+O(”7_")
2\/1—tZ Gis "1 -Eg,x.x,Gij (1 —pn)?

AnA
—FE +E By [XiX; Fi (Giy = 0)] 4+ O (22 ) 30
1+ 2+2FZ G| te(Gij = 0)] + (1= pn)? (30)
where we define
Eg. .ix.x, Fte — Fic(Gi; =0
El ZENG,J [XX Gij| X; X Lthe t,e( ij )]7
2\/f P 1 —Eq,x:,.x;Gij
A2 EGH‘X. x,Gij
Ey= —™"2" E[ g XiXj(xx }
2npn(1—pn) % 1_EGij‘Xi7XjG'LJ < 7 ]>
We show in Appendix C that in (30) the terms £} and 5 approximately cancel so that
Ap (a) Ay Ay
D = By [Xi X Fye(Gig = 0)] + O 220, 31
20 /1 —¢ 1 9 ﬁl_t; ng[ i j t,e( ij )] (17]571)2 (31)

13



Finally, substituting (29) and (31) into (27) gives

d A2 Ay, Ay
ExEy|x ZG:Ft,edtPt(G|X) = W ZE XiXj(wixj)e] + O(m) + O(m)

A AnA AnA
_ JE 2 . 2 nan nSn
4 <Q >t’ +O(n)+O<ﬁn(1_ﬁn)>+o<(l_pﬂ)2>
A 1 A3/
— "R(O? . - . m
LEQ) +0(5) + O npn(l—pn)3)’
where, in the last two equalities, we used \,, = nA2/(p,(1 — p,)) and Q = % >y Xixi. With (h1) and (h2),
all the error terms represented by the big-O notations tend to zero. O

4.2 Term D-.

Lemma 4.3. We have Dy = —%q(t, )E(Q)te-

)

Proof. Recall (8). Using Gaussian integration by parts (17) we obtain

€)X;
R(t, €) t’e}

(Y|X) = ZEXEGLXEY‘X[ (Y — V/R(t, ) X:)

d
D2 E]ExEGlX/dYFtedt

= Qq(R(tG)ZEXEG|XEZ[ZXFtE]

= %Z ExEqxEz [Xi(V/R(t, e)zi)tc]

— —%q(t, E(Q)te,

where we used that dFt ¢ = —1(\/R(t, €)z;)1,, and then the definition of the overlap. O

4.3 Term Ds.

Lemma 4.4. We have D3 = 0.

Proof. Using the Nishimori identity (16) we obtain

E<(:ClltHdeC;t’e>t,e = —q(t,e) Zn:EXEGIXEYX<2 T £>t ¢

VRt e
Y; X; X?

q(t, e ExE E _ —
; x kg x Y\X[ Rt 0 }

Z; X;
q(t,e) E
ZX Z Rt o)

=0

by independence of the centered noise Z and the hidden partition X.
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Again the Nishimori identity (16) is used to obtain

J 1 G 1-G
E<—7—l > = E<An i ( = - = >>
dt M) T o T ; B VT iy 1= o — VI Az e

Gi; -G
- w% Z B[a, XX, (ﬁn + \/T—thnXin 1—Dn —1\/ﬁAnXin )

ZEX N [A X.X, ( Ec,;1x;.x,;Gij 1 —Egy;1x:.x;Gij )]

2\/1— Dn —l—\/l—AXX l—ﬁn—\/l—tAnXin
-0,
where the last line follows from Eg,1x;.x; Gij = Dn + V1 —tA X X O

4.4 Final derivations of the sum rule.

The last missing term in order to simplify the sum rule (14) is:
Lemma 4.5. We have fyo — fo.e = %foﬁ de' E(Q)o.¢

Proof. Using Gaussian integration by parts (17) and from (16) the specific Nishimori identity E[(z;)2 /] = E[X;(2;)¢ ¢
we have (recall also that R(0,¢') = ¢')

dfO ¢ ¢ d
— — / = — g . /
f0,0 fU,e / de de/ /0 de <d€/ Hdec,t7e >0,e’

2 1
— dl— E<X~ ._ﬁ 7. >
A Z NI

)

€1 < 1
= [ dé'= E(X;z:)0 e — =E[{x:)2 .,
/ EPIICESINEE SCR)
1 [,
= 3 dE]E<Q>(]€/,

2 Jo ’

O

Recall R(1,¢) = e+ fo (t, €)dt. Substituting (26), and Lemmas 4.1, 4.3 and 4.4 as well as 4.5 into (14) yields

(t,e)dt)> 1 [
— E ,
4)\71 + 2 /O de <Q>U;€

- /o1 dt(%E@%f - %Q(ta €)E<Q>t,e) + 0n(1)
- LA z&(/l alt,e)dt - </1 alt,)it)) - / HE((AnQ — g(t,€))%)1.c

c 1
—M(e—i—Z/qtedt /deIE Yo, + on(1)

which is the sum rule (15).

%I(X;C"):\P(R(l,e),xn,r) (e + Jo a
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5 Concentration of overlap: proof of Lemma 3.2

Concentration of overlap has been shown for various Bayesian inference problems, see, e.g., [7,8,18]. These proofs
can be adapted to the present case. The idea is to bound the fluctuations of the overlap by those of another, easier
to control, object £ defined below. This object is more natural to work with as it is directly related to derivatives
of the free energy, which, itself concentrates. Let us present the main steps of the proof, and then provide the

proof details afterwards.

Let
1 12 v l’izi
L= - ;1 (—2 —x; X; — ST 0 e)> . (32)

As said previously, we can relate the fluctuations of the overlap to those of £:
Lemma 5.1 (A fluctuation identity). We have E{((Q — E(Q)t.c)?)t.e < AE((L — E(L)1)*) 1.

It therefore remains to show the concentration of £. We divide the task into two parts:

E((£ — E{L)t)*)te = E((L — (L)) )t + EI(L)t.e — E{L)1,e)’] - (33)

These two terms are controlled by the following lemmas:

Lemma 5.2 (Thermal fluctuations). Let R(t,¢) = € + fot ds q(s,€) > € be such that dR/de > 1. We then have

1
n

/QSH deE((L — (L)1)t <

n

Lemma 5.3 (Quenched fluctuations). Let R(t,e) = € + fg ds q(s,€), with € € [sy,2s,] and q taking values in
[0, \,], be such that dR/de > 1. There exists a sequence Cy,(r, \,) > 0 converging to a constant such that

Cn(ra )\n)
(Snn)1/3 :

2sn
/ deE[((L)re — B(L)0)?) <

(34)

The proof of Lemma 5.2 and Lemma 5.3 employ some useful identities for the derivatives of the free energy

(recall ;. = —11In 2, (G, Y)):

n

dF; .
d;é = (L)t (35)
1 d?F,, 1 -
o thé = — (L) — <‘C>§,e) + 2R3 Z(l‘i>t,eziv (36)
i=1

where we simply denote, when no confusion can arise, R = R(t, €). Taking expectation on both sides of (35) and
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(36) we have

dft e 1 &
C{;’g =E(L)e =—5- > El(@iid, (37)
=1
1d?f.
n d]été = —E[(L%)¢c - 2R ZE — (zi)7] (38)
= an Z (w3t — (@i)eclws)ee)?] (39)
i,j=1

The proof of Lemma 3.2 is ended by applying Lemmas 5.1, 5.2 and 5.3 in conjunction with (33):

28n
I G B((Q - BQue)?ee < 2 4 2n(1A)

Sn Js,

IA

Snh (sin)t/3 ~

We now provide the proofs of Lemmas 5.1 to 5.4. For the sake of readibility, we simply denote (—) = (—).¢
for the rest of this section.

5.1 Proof of Lemma 5.1

We start by proving

—2E(Q(L —E(L))) = E{(Q —E(Q))*) + E{(Q — (@))?) . (40)

Using the definitions @ = 2 3" | 2, X; and (32) gives

7
E(Q(L —E(L —2X; X (zixj) — —=X;(xix;)
e - 3 (ot -2 ) Gyt
~ E[X;(x;) E[<x§> - 2X(a) - (@)} (@)
Gaussian integration by parts then yields
Z Z
B| T Xitwia;)| = EIXi(wia) = Xilwar) (o)), and B[ ()] = Bl(a5) - ()]

These two formulas simplify (41) to
2E(Q(L —E(L)))

ni Z iN@irs) — 22X, X (xx)] — E[XG ()] E[<xj>2 —2X; <33J>]} : (42)

The Nishimori identity implies

E[(z;)%] = E[Xj(z;)], and E[Xi(z;)(ziz;)] = E[(z:)(z;) (ziz;)] = E[(m:) (z;) Xi X;] .

17



These formulas further simplify (42) to

2E(Q(L —E(L))) = % > Bl () Xi X5 — 2X, X (wiw;)] + B[X, () B[X; ()] }
ij=1

=E[(Q)%] - 2E(Q%) + E[(Q)]’
= —(E(Q%) ~ ELQ)P) — (E(@*) — El(Q))

which is (40).
Identity (40) implies

2E(Q(L — E(L)))| = 2[E((Q — E(Q))(£ — E(L)))| = E((Q — E(Q))*)

and application of the Cauchy-Schwarz inequality then gives

2{E((Q — E(Q))2) E((L — E(£)%)}/* > E((Q — E(Q))%).

This ends the proof of Lemma 5.1.

5.2 Proof of Lemma 5.2

First note that d;};t; < 0. Then, using (38), dR/de > 1, R(t,€) > ¢, and the Nishimori identity E(z?) = E[X?] =
1,

- ; E[(z?) — (x;)?] < — === -
n dR? + An2R ; [(25) = (@] < n de dR2 dne n de

1cu-'gd2ft,€+ I l£<dft,ﬁ>+ 1

B((L — (£))%) = ) 4

)

4dne

From (37) df;./dR € [—1/2,0], therefore [df;/dR]=2» > —1/2. Integrating over ¢ then gives

€=Sn,

2sn 28n 1d /df 1 Lrdfie1e=2sn  In2 2+ (In2) 1
N 2 < e t,e i G t,e i L eV
/Sn deB((L — (L)) < /Sn de{ nde( dR) + 4ne} n [ dR L:sn + dn — 4dn n

5.3 Proof of Lemma 5.3

Lemma 5.3 is based on the concentration of the free energy, a very general fact in "well behaved" statistical
mechanics models. The proof of the following lemma uses more or less standard methods and can found in
Appendix D.

Lemma 5.4 (Free energy fluctuations). There exists a sequence Cy,(r, \,) > 0 converging to a constant when
n — 400, such that

< Cn(T, An) .

- n

Var(Ft,e) - E[(Ft,e - ft,e)Q] (43)

18



Recall R = R(t,¢). Let

= 1-r1g . L-rlg
F«(R)=F+\/R = 12, (R) = fire +1/R - E|Z]. 44
te(R) = Fre + rn;\ | fre(R) = fre + rn;! | (44)

From (39) we see that f; ((R) is concave in R. Furthermore, from (36) and |z;| < =T for 0 < r < 1/2, we see

that Ft,e(R) is also concave in R. So that we can employ the following lemma (see the end of this section for a
proof):

Lemma 5.5 (A bound on the difference of derivatives due to concavity). Let G(x) and g(z) be concave functions.

Let § > 0 and define Cyf (z) = ¢'(z) — ¢'(x +6) > 0 and C5 (z) = ¢'(x — §) — ¢'(z) > 0. Then

G'(2) =g @) <" Y |G() — g(u)] + Cf (2) + C5 (x).

ue{zr—d,x,x+0}

From (44) we have

5 1—r 1
Fe_ e:Fe_ € 7y n = _ Z_EZ )
te — Jt, t, ft,+\/ ., n;‘ | |Zi)
and from (35) and (37) we have
dF,.  dfie 1 [1—r
e —E — A
dR dR () e+ Rr

Using Lemma 5.5 we then get

(o)~ <o Y (FdR=w)— flR=w) +fut —|4.)

u€{R—5,R,R+5}

1 /1—7r
CH(R)+C5 (R) + =¢/ —=—A,
FOFR) + G (B + L
where Cf (R) = ]?t"e(R) —fAG(R—Fé) > 0and C§ (R) = ft’ye(R—é) —ﬂe(R) > 0. Then squaring this inequality,
using (3-8, v;)2 < pY-P | v2, taking the expectation, and recalling that R = R(t,€) > € we reach

B0 B <672 S {Bl(Fiew) ~ fuelw)’] + B2+ OF (R) + G5 (RY
u€{R—5,R,R+5}
1-—

4er

+ IE[AQ] (45)

Note that E[A2] = a/n with a = 1 — 2/ Recall ¢*(t,¢€) € [0, \,] from Lemma 3.1. We can upper bound u by
An + 28, + d. These remarks with Lemma 5.4 simplify (45) to
11—-ra

;E[(<z>—E<£>)Q]g%((}n(r,m a(\, +2sn+5) . >+C+(R)2+C5‘(R)2+46 — . (40)
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Recall (37) and that E[(z;)?] < E(z?) = E[X?] = 1. We have

Gl <5 (122

and therefore 0 < Cgt (R) <1+ ﬁ. Using dR/de > 1 and R > s,, we then have

1—r

L—r N [®0 (dfy(R—36) dfie(R+9)
1*)/5‘16( T

de dR dR

/828” 0 (d ﬁ76(RS€, -0 d f;,e(RSe, €) + 5))

< )
( )
(1 i) /stndedR<dﬁ,e(R—5) _df;,e(RM))
( )
< )

ft,?sn (R<t7 2571) - 5) - ft,?sn (R(ta 25n) + 5))

+ (Frsn (R(t,80) +6) = fron(R(t, sn) — 0))}

using the mean value theorem for the last step. Therefore upon integrating (46) over € € (s;, 2s,) we have

1 28n 3 n 1-—
9/sn deE[((£) ~ B(£))?] < 2o (Cnlr M) + 0 + 250 + ) )
1—7 \2 a(l—r)ln2
+45<1+ r(sn—5)> + BT (47)

The bound is optimized choosing § = (s2 /n)'/3. This ends the proof.

Proof of Lemma 5.5. Concavity implies that for any § > 0 we have

Gz +9)—G(x)

G'(x) =g (x) >

B Gz + 5§ —G(z) §@) + gz + ) — g(x + 5(; — g(2)
R e ]

() f ) < f(x —) @)+ g5 - L= g(x =
T R



Combining these two inequalities ends the proof. O

6 Approximate integration by parts: proof of lemma 4.2

The following general formula follows from Taylor expansion with Lagrange remainder. When the r.h.s is small
in specific applications, the formula can be seen as an approximate integration by parts formula generalizing
Gaussian integration by parts.

Lemma 6.1. Let g(U) be aC* function of a random variable U such that fork = 1,2, 3, 4 we havesupy; ’g(k) )] <
Cl for some constants Cj, > 0 and g¥)(U) = d¥g(U)/dU*. Suppose that the first four moments of U are finite.
Then

E[Ug(U)] - Elg'(0)E[U?) - g(0)ED|
< @(’E[gg” +E[U2]EU> + C3<E[2T] + E“ﬁ) + %\E[U?’HEW] : (48)

Proof. By Taylor’s theorem any C* function h(U) can be written as

1 1 (v
h(U) = h(0) + KOOU + SR (U2 + 5 / W (s)(U - 5)*ds .
0

Taking the expectation on both sides:
) 1, 2 e [V 2
Ehr(U) = h(0) + A (0)EU + §h (0OE[U*] + §IE h2 (s)(U — s)%ds . (49)
0
When (49) is applied to h(U) = ¢(1)(U) we have
M M 2) LNE) 2 L [ @ 2
Eg(U) = ¢ (0) + g7 (0)EU + 5 g (OE[UT] + SE 9 (s)(U — s)ds. (50)

On the other hand when (49) is applied to h(U) = Ug(U), using (Ug(U))®) = Ug®)(U) 4 kg~ (U) we have

E[U4(U)] - 9(0)EU = ¢ (OE[U?)] + 5E / " (599 (s) + 39D ())(U — 5)2ds (51)
0
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Subtracting (50) and (51) we have the bound

E[Ug(U)] - EgV(U)E[U?) - (0)EU |

R (2) 270 (2 (L) 212
‘2E (sg"(s) + 39" (s))(U — s)“ds — ¢**(0)E[U*|EU 2g (0)E[U~]
0

—E[U*E /U g W (s)(U - s)2ds‘
0

3% ‘E/ (U - 3)2d3’ + GE[UYEU

< %)E /U s(U — s)QdS‘ + —
+ C3E[U2]2 04 E[U?] ’IE/ U—S)st‘

C 3 C! 2 C3 C4

E[UY] + | U3\+02EUE[U2] E[U%)? + 6\ E[U?)|E[U?], (52)

which is the right hand side of (48) after factorization. O

We now apply lemma 6.1 to our specific problem in order to derive the approximate integration by parts
formula (28).

Proof of lemma 4.2. In order to apply lemma 6.1 to the SBM, consider U = G;; and g(U) = F; (Gjj) the free
energy (11) seen as a function of Gi;; (all other variables being fixed). For the expectation we take E = E¢, | v, x;-
At time ¢ and for any integer k

Ec,1x.x, (G = Eay x,.x,Gij = P+ VI = 1A, XX = O(Pn),

because G;; € {0, 1}. For the derivatives we note that using the Taylor expansion of the logarithm, one obtains
for any v, € R and v,, — 0, In(1 + v,,) — v, = O(|v,|?), which also implies In(1 + v,) = O(|vy,]). (The reader
should keep this fact in mind, as it is used again in the appendices whenever we need to expand the logarithm.)

Now this fact implies

1 Ay, A,
*Ft(;)(Glj) — E<ln(1 + _—\/mxlx]) — 111(1 - 1 — mxl£])>

Pn — Pn t,e
(& Ay oS- ol o)
1 A, A, 2
= Em\/ﬁ<xzxj>te+0( (m) (1_t)) ,
_Ft(i)(Gij) n<<ln(1 + ﬁn\/m%xj) In(1 — 1 f%n \/ml'il'j))2>t75
- 1<1n(1 ST ) — (1 - o \/f—mxﬁy
n P 1—p, te

05 (25) 1-1).

To obtain these identities the reader has again to be careful in performing the derivatives: both the exponential
of the Hamiltonian and the partition function appearing in the definition of the Gibbs-bracket depend on (G;;)
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(see the derivation of (21) for similar computations). In general,

B gy —of LB N _pre
@) = 0 (o) - 072).
Using Lemma 6.1 we have

A, = )Ecmx- x,[GijFrel + Eayy x,,x, (Gl

g st +o 5 ) - o)
= O(T( pn(lAjpn))Q(ﬁn +pn) + (m(lAij)?’(ﬁn + ;) + (ﬁn(l jﬁn))%i))

ViTi A
~o( S ha )

Then by the triangle inequality we extract

’EG”\X“X [Gl]Ft e] +]EG”|XZ,X [ 2]]{ —V1 - ]EG”|X X; [<$2$J>t 6] Ft,ﬁ(Gij = O)H

< Ap + (Pn + mAnXin)O( - t<§n(1A_npn))2)
=0 )

n ﬁn(l — Pn 2
o(mA" )

n?(1 — p,)

and recognize formula (28).

A Mutual information and free energy: proof of Proposition 2.3

Using (3), we have the expression

[licy(Pn+ A0 Xi X)) (1~ Py Anx,-xjf‘G“ }
S neren Br (@) iy (o + D)% (1= po — Ag;) =5

= EXEG|X ln{
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We divide both the numerator and denominator by the same factor, and then rewrite the denominator in expo-
nential form:

[Ty (1 + 52X X)) (1 — 22X, X;) 1~ Cu
I(X,G) :EXEG\X In A G An -G
S pean Br(@) [T; (1 + S2am5) % (1 — {Bagyar)1-C
[T (14 52 X:X;)%0 (1 — 22X, X )1 =G
— EXEG‘X ln{ Pn N Pn R }
Daexn Pr(@)exp 3o, (GiyIn(l + S2aiwy) + (1 - Gy) In(1 — 28-z15))
A 3 A N
=ExEgx ln{H(l + ﬁ—”XZ-Xj)Gmu -1 _% Xin)l‘Gw} —ExEgx InZ(G). (53)
i<j n "

Recall g, |x, x,;Gij = Pn + AnX;X;. The first term in (53) equals

JAVS Ay,
ZEXECHX{GU ln(l + ?XlXj) + (1 - ng) 111(1 — 1 XZXJ)}

i<j Pn

= ZEX{(pn + AnXlX]) 111(1 + ?anX]) + (1 — Dn — AnXZXJ) 111(1 1 An XZXJ)} (54)

i<j n Pn

Let X ~ P,.. We can further write explicitly the expectation in (54) that leads us to conclude

1 ‘ n—=1{ 45 1—7r A, l—r 9 B 1—r A, 1—7
EI(X’G)_ 5 {T‘ (Pn + A, )ln(l—i—p—n . )+ (1 —pp — Ay . ) In(1 i )
(= 2+ A (14 22"y (1 12 = P — A —)In(1 — 2T

P Bng) Bnl—7 Pn = Bng, 1—pal_r

+2r(1 = 7)(Pn — Ap) In(1 — @) +2r(1—7)(1 — Py + Ap)In(1 + : A”_ )} = %EXEGW In Z(G). (55)

Pn — Pn

Using the Taylor expansion of the logarithm, (55) becomes

Lo An—=1) 1 n—1g~  Af 1 (="

n 4n

JELXMP,

where E[X*]? = r2(L=0)F 4 (1 — 7)2(2)F + (=1)*2r(1 — r). This becomes the expression in (5) by noting
that the last term is O(nAi/(ﬁn(l - pn))2> = (’)(/\%/2/ npn(1 — D))

B Liouville formula

Consider the differential equation (19) with G,,(t, R(t,€)) = A\, E(Q)¢ .. Differentiating w.r.t € and using the
chain rule gives

d dR dR dG,,

SO = () (L R 6).
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Therefore we have

d dR dG,
dtln{de(t’ 6)} =R (t,R(t,¢€)) . (56)

Integrating (56) over ¢ € [0,t'] we have

dR dR (" dG,
ln{de(t ,e)} — ln{de((), 6)} —/0 dtﬁ(t,R(t, €)). (57)

Using R(0, €) = ¢, (57) implies

dR,, . v dG,
a(t L €) = exp{/o dt IR (t,R(t,e))}. (58)

This is known as Liouville’s formula for one-dimensional ordinary differential equations.

C Small error terms in the sum rule: proof of (31)

Recalling the definitions (9) and (10), let

My G\ G, ) = Hspaia(: G\ Giy) + Mo (@ Y ) 9
Ay
Hspmy (25 G\ Gij) = — Z {le In1+ ?mxkxl)
k<t: (k) (1,5, (:)} "
A,
+ (1 — le) ln(l 1 b \/mmkle)} :

Also let Fy o, = n ' Ind 0 pn e Hue(@G\Gi;, V)P (1), and (=)t,c;~Gy; be the Gibbs-bracket associated to
the measure proportional to H;(x; G \ G;j,Y ). The difference of free energy when changing one G;; can be
written in terms of this Gibbs-bracket:

EGijixix; Fre = Fre(Gij = 0) = Pu(Gyj = 1|1X5, X;) (Fre(Gij = 1) — Fr.o(Gij = 0)) (60)
=Pi(Gyy = 11X, X {(Fre(Gij = 1) = Frenay,y) — (Fre(Gij = 0) = Fignay,)}
Zwe;\f" eth,e(w;G\Gij,Y)+(Ht,€(w;G\G¢j,Y)JHt,E(w;G,Gijzl,Y))PT(w)
D pen € e @EGYIP, (z)
S wen G—Ht,e(fc;G\Gi]‘1Y)+(Ht,s(w;G\Gij7Y)—Ht,e(w;GyGij:07Y))]pr(33) }

D zexn e M @@\CyYIP, ()

= —(ﬁn + Vv 1-— tAnXin) {ln

1
n

—1In

= —(Pn+V1— tAnXin)l{ In <6HSBM;t(m§G\Gij)_HSBM;t(m§G:Gij:1)>
n

t,e;~Gij

“In <6HSBM;t (2;G\Gij)—Hsem;e (G ,Gj=0) >
t,E;NGij

1 A A
= _(ﬁn + v 1-— tAnXin)n{ ln<1 + _7”\/ 1— tmixﬁt,e;wgm — ln<1 — 1 n vV 1— txixj>t7€;wgij} .

Pn — Pn
(61)
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Using the Taylor expansion of the logarithms in (61), we have

Ap/1—1t

EGij‘Xi7Xth,€ - Ft,E(Gij = O) (pn + \% A X X ) { <xixj>ta€§NGij

pn(l—Pn)
~AR(=DF N,
+kzg k ( i (1—pn)k’>(1 £)" (s ]>t,e;~Gij}
p AnvI-—1 A2(1—1)
—(Pn + V1 —tALX; X )W(xixj>t76;~Gij + O(m)

Therefore, replacing in the expression of 1, we find
E =E" +EY
where

E%“) _

5 DB [
ann Dn) 1 —pp—V1—-1tA,X; X

n? 2(1— nA3 nlp
B’ _O(\/fjﬁ—pm o)~ ~o(@ ) @

X’in <xixj>t7€;NG¢j} >
1<J

We then observe that

A? P+ V1 —tAX; X
E(a)+E = —" E. [ n " XX (B iy x (@i iVee] — (@i e }

(63)

The difference between the Gibbs-brackets in (63) can be expanded as

Ea,ix,x; (@iz))ee] — (@izjh e~ = Pi(Gij = 11X, X;) (i) 66,21 — (Ti%j)tenGiy)
+ Pi(Gij = 01X, X5)((2i%5)t,6:G150 — (@ilj)tenay ), (64)

and we can evaluate (7;%;)¢ ¢G;;_, — (Ti%j)t,c;~c;; Dy an interpolation:

<xixj>t75§Gij:1 - <$imj>t7€§NGij
/1 o d {zm@yn zizjexp{ — Hye(x; G\ Gij, Y) + sln(l + zzj/1 — t%)}]P’T(:c)P ( )}}
Bl (x
Ywean €xp{ — Hee(x; G\ Gij, Y) + sIn(1 + z;z;1/1 — t%)

ds

n n

! A A
= / ds{(wix]’ In(1+ zx;v1 — t—")t.es — (i) t,es(In(1 + xixj\/li—tﬁn»t,e;s}, (65)
0
where (—); . is the Gibbs-bracket associated to the measure proportional to
exp{ Hie(x; G\ Gi5,Y) —i—sln(l—i—mzx] 1—¢ }P

with H; ((x; G \ Gij,Y) defined in (59). By the Taylor expansion of the logarithms in (65) and using P4 (G;; =
11X, X;) = O(pn), we see that the first term of (64) is O(A,,). The same kind of calculation is used to see that
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the second term of (64) is also O(A,,). This implies for (63)

which tends to zero. Now we conclude by noting that £} 4+ E3 = Ega) + E%b) + E»5 and using (62) and (66) to
obtain (31).

D Concentration of free energy: proof of Lemma 5.4

The generation of quenched variables can be divided into two stages: firstly X, then G given X, and inde-
pendently the Gaussian noise Z. We expand the variance of free energy according to the two stages (recall
fte = ExEg xEzFi )

E[(Fie — ft, )% = E[(Fi,e — EG|XEZFt,e)2] +E[(EgxEzFi . — ft,e)2] . (67)

In each stage the variables are all independently generated. This enables us to use Efron-Stein inequality to show
the concentration of free energy.

Let Z() be a vector such that Z(®) differs from Z only at the i-th which becomes Z! drawn independently
from the same distribution as the one of Z; ~ N(0,1). We define G() and X in the similar manner with
respect to G and X. Efron-Stein’s inequality tells us that

E((Fic — EgxEzF)? Z ExEqxEzEz ((Fio(Z) - Fi.o(Z7))?]
=1
+ % > ExEqixEa | xEz[(F1.(G) — Fy(GU)))7], (68)
i<j
as well as
E[(EqxEzFie — fi.) Z]EXEX’[(EG|XEZFt (X)) — EG\X<i>Eth,e(X(i)))2] ~ (69)
i=1

By (67) it suffices to show that both (68) and (69) are upper bounded by C,,(r, \,,)/n for some large enough
sequence Cp(r, \,,) that converges to a constant.
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D.1 Bound on (68)

The bound obtained from Efron-Stein’s inequality is a sum of local variances of the free energy. The bound on
the difference due to a local change can be estimated by interpolation. For the first one we have

ds

, 1) [ d
Fre(Z) = Fl(29)] = — / s > exp{ — sHie(@: G, X, 2Z) — (1 - 5)Hyo(2: G, X, Z9) )P, (2 ‘
0 xreX "

1
/ d3<7'[dec;t,e (113; X, Z(l)) - Hdec;t,e (.’B; X, Z)>s
0

<

1
n
1 [t ,
== ds\/R(t,e){x;)s(Z; — Z;)
ntJo
1
- — Zi|
n

\/(25n+An)1_r

where the Gibbs-bracket (—); is associated to the measure proportional to exp{—sH;(x;G, X, Z) — (1 —
§)Hy.o(x; G, X, Z™)}. This implies an upper bound on the first sum in (68):

1

1 & i

Cn (7"7 )\n)
77L .

Another interpolation gives
|F1.e(G) — Fpo(GUD)]

= —‘ / ds— ln exp{ — sH (2;G, X, Z) — (1 — 8)Hyo(x; G X, Z)}IP’T(:U)’

TeX™
A, A,
= E‘(G;J - Gij)<ln(1 + p—n\/l — txjz;) — In(1 — T V1-— txixj>s‘
C’(T)A

for some constant C'(r), and where (—) is associated to the measure proportional to exp{—sH(x; G, X, Z) —
(1 — 8)Hyo(x; GU) X | Z)}. This bounds the second sum in (68) as

C(r)A2
E Eay,ixix,Bar 1xi,x; (Gl — Gij)Y) = 55
1<j ’ n pn(l - pn) 1<J

Cn(r, A\n
> Varg,x, x,(Gij) < Cnlr: 2n) ),

n

C(T‘)AQ
2n2pZ (1 — pn)

using that (G;;) are 0, 1 Bernoulli variables, and the variance
VarGi].|Xi7Xj (G’LJ) — (ﬁn + An\/ 1-— tXZXJ)(l - ﬁn + An\/ 1-— tXin)

as well as (A, /(pn(1 — ﬁn)))2 = A/ (npn(1 — Pp)) in the last inequality.
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D.2 Bound on (69)
We relax (69) with inequality ((a — ¢) + (¢ — b))? < 2(a — ¢)? + 2(c — b)? so that
E[(EgxEzFic — fio)?] < ZEXEXZ([(EG\XEZFt,e(X) - EG|XEZFt,e(X(i)))2]
i=1

+ ) ExExi[(EgxEzFi (X)) - EgxwBzF . (XD)?.  (70)
=1

The difference in the first sum is given by
|Fe(X) = Fre (X))

‘/ ds—ln > exp{ - M1 (G, X, Z, @) — (1 - 5)H1 (G, XD, Z, )} P, ()
wGX"

= le‘/o ds R(t,€){z;)s(X] — X;)

where (—)y is associated to the measure proportional to exp{—sH; (G, X, Z,x) — (1 —8)H: (G, XD, Z x)}.
Therefore the sum of square is bounded by C),(r, A,,) /n using R(t,€) € [0, \,].
For the second sum we use another interpolation:

1
. . d .
EgxEzFi (X?) —EgxmEzF (X :/ dsz£Pt7s(G|X,X{)EZFW(X(’)), (71)
0 G

P, (GIX, X)) = ﬁ(ﬁwﬂ—mn(( 1—8)X; 4+ sX) X)) (1= — VI—tAL((1—8) Xi+sX]) X;)1~C

Jig#
XTI o+ VT= 280 X5, X0) 4 (1= p =V T—EA X3, X)) O
Ci

As G;; € {0,1}, we have various ways to write P ;(G| X, X/). A convenient way is using

Py = (pa+VI—tA,(1—8)X; + sX) X)) (1—pp — VI—tA,(1—5)X;+5X]) X;) =G
= sz{]jn“v‘ V 1—tAn(<1—S)XZ' + SX{)X]} + (1 — G”){l—ﬁn — 1—tAn(<1—S)Xi+SXZ{)Xj} .

A compact formula for dPj; /ds can then be derived:

dPij

o= (26 - DVI —tAL(X] — X)Xj = ()"0 VT — 1AL (X] — X)X . (72)
Let G (i ;) = G\ Gij and Py o(G (5 ;)| X, X]) = ZGije{O,l} P; s(G| X, X]) be the marginal of this sub-graph.
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Using (72) we obtain

d dP;;
L @x.x) = 3 Pip, (6 XX

ds “=
Ji#i
=Y VI tA(X] - X)) X;(—1) O, (G ) XL XT) (73)
JijFe

Substituting (73) into (71) gives

1 n
/ dsz Z VI = 1AL (X! = X)) X;(—1)HC0P, (G )| X, X, NEzF, (X )
0

G jij#i
1 n ]
:/ ds Y VT—tA(X] = X)X; Y (-1)"%Eg_, x xEzF;(XY)
0 iy Gi;e{0,1}

1 n
N / ds Y VT—tA(X] = X)XBq_,  1x.x/Bz[Frd(XY,Gij =1) = F (XY, Gy = 0)], (74)
0 — ’ v
Jiy#i

where Eg_, ix x/ corresponds to the expectation with respect to the distribution Py s(G (i) X, X). To
evaluate the difference of free energy in (74), first we define Y = \/R(t,e) X + Z, and (— >t,e;X<l),~GiJ~ is
associated to exp{ —H (x; G \ Gi;, Y ))} defined in (59). The same calculation as in (60) - (61) gives

Fro( XD Gy =1) — F (X%, Gy = 0)
1 A, Ay
= _ﬁ{ {1+ ="V1 —t;2;), . x0 ~Giy T~ In(1 — 5V 1- twﬂj}‘ (75)

Pn e ' —Pn

Expanding the logarithms we can see (75) is O (A, /(npn(1 —py))). Using this fact and that all other terms inside
the sum of (74) are upper bounded by constants, we see that (74) is O(AZ /(pn(1 — Pn)) = O(An/n). We can
then upper bound the second term of (70):

= i i Cn(r, A\n
Y ExEy: [(EqxEzFi o XY) —EgxBzFi (X)) < (n) :
=1
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