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1 Introduction

In modern distributed storage systems (DSSs) failures happen frequently, whence decreas-
ing the number of connections required for node repair is crucial. Locally repairable codes
(LRCs) are a subclass of erasure-correcting codes, which allow a small number of failed
nodes to be repaired by accessing only a few other nodes. LRCs were introduced in [6]], [L1]
where the codes can locally repair one failure. They were later extended in [12], [8] to be
able to locally repair up to 6 — 1 failures.

An [n,k,d] linear code C of length n, dimension k, and minimum hamming distance d,
has all-symbol locality (r,d) if for all code symbols i € [n] = {1,...,n}, there exists a set
R; C [n] containing i such that |R;| < r+ & — 1 and the minimum distance of the restriction
of C to R; is at least §. We refer to C as an (n,k,d,r,§)-LRC and to the sets R; as repair
sets or local sets. Related Singleton-type bounds have been derived for various cases in
[6L[11L12]] and the first bound with a fixed code alphabet was obtained in [3] for 6 = 2.
Constructions achieving the Singleton-type bounds and the bound in [3]] for 6 = 2 were
provided in [8L[9,[1TH14l[16H18L20].

Part of the results were submitted without any proofs to IEEE International Symposium Information Theory
(ISIT) 2019.
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The authors of [1] proposed the first alphabet-dependent bound on LRCs over the alpha-
bet Q using an upper bound B(n,d) on the cardinality of a code of length # and minimum
distance d. The global bound is as follows:

n—d+1

Recently, [[7] provided a different alphabet-dependent bound for LRCs of the same type
k=1 )
as the bound in [3] using the Griesmer bound G,(k,d) := Y. [d/q']. The bound has the
i=0

following form : For any linear (n,k,d,r,8)-LRC C with K the upper bound on the local
dimension of the repair sets,

: @,
kélrglzrl{/wkom(n u,d)} 2

where a,b € Z suchthat A =ax+5,0 < b <k and pu = (a+1)G,(x,8) — G,(x —b, ).

In [15]], the authors introduced the notion of codes with hierarchical locality (H-LRCs),
which optimizes futher the number of nodes contacted for repair according to the number of
failures. A 2-level H-LRC is a code where the restrictions to the repair sets are themselves
LRCs, thus providing an extra layer of locality. If an H-LRC has locality [(r1, &), (r2,82)],
then the number of nodes contacted to repair up to &, — 1 failures is at most r, and the number
of nodes contacted for repair is at most | if the number of failures is > & and < &; — 1.
This concept can be easily generalized to an arbitrary level of hierarchy. A Singleton-type
bound for codes with hierarchical locality was derived in [15] and constructions attaining
the bound were provided in [2l[15].

In Section[3] we show how we can adapt the construction algorithms provided in [13]] to
obtain an alphabet-dependent bound for H-LRCs of the same type as in [3]. By construction,
this bound is at least as good as the Singleton-type bound derived in [15].

In Section [ we study the locality of one particular construction of LRCs presented in
[L6]. The general idea of this construction is to remove a Simplex code from another Simplex
code of higher dimension. It was shown in [16]] that these codes achieve the Griesmer bound
and are LRCs with 6 = 2. The goal in this section is to prove the locality for every dimension
and higher 6 and show that this construction leads to optimal LRCs for every locality by the
bound (@) and to optimal H-LRCs by the new bound derived in Section[3]

As a first step, we describe the restrictions of dimension kK — 1 and prove the locality for
this dimension using combinatorial techniques. These results allow us to derive the weight
enumerator of the constructed codes. As a second step, we use a recursive argument to get
all the restrictions of these codes to closed sets. Our main contribution is the complete list
of possible localities for these codes. In particular, this shows that the constructed codes
are alphabet-optimal H-LRCs. Finally, since a special case of this construction leads to the
Reed-Muller codes RM(1,m), we obtain as a corollary to our result that the Reed—-Muller
codes RM(1,m) are H-LRCs and we derive their locality parameters.

2 Preliminaries

We denote the set {1,2,...,n} by [n] and the set of all subsets of [n] by 2"/ The set of all
positive integers including 0 is denoted by Z. .
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The Gaussian coefficient, which counts the number of subspaces of dimension k in the

vector space 7, is denoted by
k=1 n—i
n| g —1
|:k:| - H qi+1 _1
q i=0

For a length-n vector v and a set I C [n], the vector v; denotes the restriction of the
vector v to the coordinates in the set /. A generator matrix of a linear code C is G¢ =
(g1---gn) Where g; € FX is a column vector for i € [n]. The shortening of a code C to the set
of coordinates / C [n] is defined by C/I = {¢,)\; : ¢ € C such that ¢; = 0 for all i € I} and
the restriction of a code C to [ is defined by C|; = {¢; : ¢ € C}. For convenience, we call
the codes obtained by a restriction restricted codes. Two linear codes C and C’ are called
isomorphic if C’ can be obtained by a permutation on the coordinates of the codewords of C.

The support of a codeword ¢ € C is supp(c) = {i € [n] : ¢; # 0} and its weight is wt(c) =
|supp(c)|. The weight enumerator of C is defined as

We (x7y) _ Z xnfwl(c)ywl(c).

ceC

The Simplex code S(m), or sometimes S,(m), is a linear code over I, obtained via
the generator matrix G,, consisting of all pairwise linearly independent vectors in Fy'. The
parameters of S(m) are therefore [(¢" —1)/(q—1),m,q"~"].

Since most of the work in this paper is done on subsets of coordinates and restricted
codes, it is preferable to use the notion of an entropy function on the subsets I C [n] that
corresponds to the dimension of the restriction to /. We only state here the definition for
linear codes but it can be generalize to bigger class of codes (see [[19]).

Definition 1 Let C be a linear code of length n and I C [n]. The entropy associated to C is
the function He : [n] — Z with H(I) = dim(C|;).

For ease of notation, if the underlying code of H¢ is clear, we drop the specification to C.
For a subset I C [n], He (1) is equivalent to the rank of the submatrix of the generator matrix
formed by the columns g; with i € [ or the rank function of / in the associated matroid of C.
As such, it has the following standard properties.

Proposition 1 Lez C be a linear code of length n and H the entropy function associated to
C. ForI,J C [n], we have

1. H() < 1),
2. If1 CJ then H(I) < H(J),
3. HIUJ)+H(INT) <H(I)+H(J).

The entropy function also behaves nicely for restricted codes. Let I C [n] and C|; the
restriction of C to the set /. Then for J C 1, we have He, (J) = He (/).
Finally, we define a closure operation on the subsets of [n] for linear codes.

Definition 2 Let C be a linear code of length n and I C [n]. The closure operator cl : 21"l —
2W is cl(I) = {e e [n] : HIUe) = H(I)}. A set I C [n] is a closed set if cI(I) = I.

One can think of the closure operator via the generator matrix G¢ of C where cl(7) is the
set of all columns in G¢ contained in the linear span of the columns indexed by 1.
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2.1 Preliminaries on matroids

Since we work on Simplex codes which have a lot of combinatorial properties, we use
some tools coming from matroid theory. Matroids have many equivalent definitions in the
literature. Here, we choose to present matroids via their rank functions. Much of the contents
in this part can be found in more detail in [5].

Definition 3 A (finite) matroid M = (E,p) is a finite set E together with a rank function
p: 2E _ 7, such that for all subsets X,Y CE,

(R1)0<p(X) < IX],
(R2)XCY = p(X)<p(Y),
(R3) p(X)+p(Y) = p(XUY)+p(XNY).

Any matrix G over a field F generates a matroid Mg = (E,p), where E is the set of
columns of G, and p(X) is the rank of the submatrix of G formed by the columns indexed
by X. As elementary row operations preserve the row space of G(X) for all X C E, it follows
that row-equivalent matrices generate the same matroid.

Thus, there is a straightforward connection between linear codes and matroids. Let C be
a linear code over a field F. Then any two different generator matrices of C will have the
same row space by definition, so they will generate the same matroid. Therefore, without any
inconsistency, we can denote the matroid associated to these generator matrices by Mg =
(E,pc) where pc(X) is the rank of the submatrix of G¢ formed by the columns indexed by
X.

Two matroids M} = (E1, p1) and M, = (E, pa) are isomorphic if there exists a bijection
v : E| — E, such that p, (w(X)) = p1 (X) for all subsets X C E;. We denote two isomorphic
matroids by M; ~ M,. This implies in particular that if C; and C, are two linear codes and
Mec, is isomorphic to Mc, , then Cy is isomorphic to Cs.

One way of defining a new matroid from an existing one is obtained by restricting the
matroid to one of its subsets. For a given set Y C E, we define the restriction of M to Y to
be the matroid M|Y = (Y,pyy) by py(X) = p(X) for all subsets X C Y. The restriction of
M to E —Y is called the deletion of Y and is denoted by M \ Y. The two previous operations
correspond to the restriction and puncturing of a linear code C.

Let M = (E,p) be a matroid. The closure operator cl : 2F — 2F is defined by cl(X) =
{e€E:p(XUe)=p(X)}. Asubset F CE is aflat if cI(F) = F. The collection of flats of
M is denoted by F (M) and forms a lattice under the inclusion. For Fy,F, € F (M), the meet
is i AF, =F NF,and join is F; V F, = cl(Fy UF,). We denote by < the covering relation,
ie, F1 <P if F; C F, and there is no F3 € F(M) with F; C F3 C F>. A hyperplane H is a
flat of M with p(H) = p(E) — 1 and the collection of all hyperplanes is denoted by H(M).
One interesting property of H (M) is that every flat can be expressed as an intersection of
hyperplanes, i.e., F(M) = {NgeyH : Y C H(M)}. Finally, for Y C E, we can express the
flats of M|Y via the flats of M by the relation F(M|Y) = {FNY :F € F(M)}.

1

3 Bound for H-LRCs

Codes with hierarchical locality were introduced in [15] to optimize further the number of
nodes contacted for repair. In this section, we first focus on H-LRCs with 2-level hierarchy
and derive an alphabet-dependent bound for these codes based on [3]]. Then, we extend this
bound to H-LRCs with &-level hierarchy.
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Definition 4 Let r, < rj and & < 8;. An [n,k,d] linear code C is a code with hierarchical
locality having locality parameters [(r1,8), (12, 8)] if for all code symbols i € [n], there
exists a set M; C [n] such that

i1EM,;,

. H(M,) <r,

. The minimum distance of C|y;, is at least &y,
. C|um; is an LRC with (3, 8, )-locality.

-lkbdl\).»—‘

The codes C|y; are called middle codes and their restrictions of dimension < r; and
minimum distance > &, are called local codes. Similarly, the middle sets and local sets are
the sets M; and the sets such that the restrictions to them give the local codes. Notice that,
contrary to the standard definition of LRCs, the authors of [15] bound the dimension of
the restricted codes instead of the size. It was proven in [15, Theorem 2.1] that any [n, k,d|
linear code with hierarchical locality [(r1, 1), (r2, 02)] satisfies the following Singleton-type
bound

rn r

d§n7k+1f{kilJ(&q)f{k”J(élf&z). 3)

To obtain the alphabet-dependent bound in [3], the authors proved two results: the con-
struction of a restricted code with small dimension and large size and a lemma about short-
ened codes. The lemma is the following.

Lemma 1 ([3], Lemma 2) Let C be an [n,k,d| linear code over F, and I C [n] such that
H(I) < k. Then the shortened code C /I has parameters [n— |I|,k—H(I),d' > d|.

Therefore, to get an alphabet-dependent bound for H-LRCs, we need to construct a
set with an upper bound on its entropy and such that its size uses the hierarchical locality
property to be as large as possible. To achieve this requirement, we modify the construction
algorithm used in the proof of the Singleton-type bound in [15]].

Lemma 2 Let C be an [n,k,d) H-LRC with locality [(r1,01), (r2,82)] and A € Z4 with 0 <
A < k. Then, there exists a set I. such that

- H(.) <A,
~ 2 A+ 2] (G- 2] 3-8,

Proof We use the construction given in Algorithm [Tlto build the set /.. In the algorithm, a;,
denotes the incremental entropy and s;, is a lower bound on the incremental size. Indeed if
J C [n] and L; is a local set such that L; ¢ J and H(JUL;) > H(J), then |cl(JUL;)| —|J| >
H(JUL;)—H(J)+ & — 1. Similarly, if J C [n] and M, is a middle set such that M; ¢ J and
H(JUM;) > H(J), then [c1(JUM;)| —|J| > HJUM;)—H(J)+ 3 — 1.

Denote by I the set obtained at the end of Algorithm [{land by i1 and j, the last indices.

The total number of local sets visited in this algorithm is i, > {%J since the union of U”—ZJ

arbitrary local sets has an entropy less than A. By the same argument, we have i; > L&J .
1

Lets, =A —H(I) and A C [n] such that H(A) = s, and INA = @ which is always possible
to construct. Finally, let I. = I UA. We prove now that I. has the desired properties.
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Algorithm 1 For the proof of Lemmal2]
: Leti; =0,ip :071 =0.

1

2: while 3 middle set M; such that M; ¢ I and H(IUM;) < A do
3: while 3 local set L; C M; such that L; ¢ I do
4: ib=i+1

s5: a, = H(IUL;) — H(I)

6: Siy = aj, + 0, — 1

7: I=cl(IUL;)

8: end while

9: =i +1
10: Siy = 8iy — 0+ 0
11: end while

12: Let M, a middle set with M, ¢ I.

13: while 3 local set L; C My such that L; ¢ [ and H(IUL;) < A do
14: ip=1i+1

15 @, =H(IUL)—H(I)

16: Siy = ajy + 0, — 1

17: I=cl(IUL;)

18: end while

By construction, we have H(I.) = A. For the size, we have

ir
|Ic‘ :Se+|1| Zse"‘zsi

i=1

st Y (a8 1) +ir (51— &)
=1

L

=A+i(6—1)+i1(86 — &)
>A+ L&J (6—1)+ EJ (61 — ).

2

Hence, I, has the desired entropy and size. a
Thus, we obtain the following bound for 2-level H-LRCs.

Theorem 1 Let C be an [n,k,d] H-LRC over F, with locality [(r1,61),(r2,8,)]. Then we
have

k < min {QL Jrk((ff,{(nfv,d)} “)

AEZy

where v =74+ {%J (&-1)+ U”—IJ (81— &) and kf)%)[(n,d) is the largest possible dimension
of a code of length n, for a given alphabet size q and minimum distance d.

Proof The theorem follows from Lemma [Iland P]in the same manner as in [3] by using the
estimation of the size coming from Lemmal[2] a

Lemma [2] can be seen as a proof of concept that we can modify the algorithms in [15]
to obtain an alphabet-dependent bound. Indeed, the algorithm presented here and the one
presented in [I3]] are equivalent in the sense that if A = k— 1 and I is the set obtained by
the algorithm in the proof of Lemmal] we obtain again the Singleton-type bound (3)) via the
relation d < n—|I.|. This implies that the bound (@) is at least as good as the Singleton-type
bound (3)).
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3.1 Extension of the bound to arbitrary levels of hierarchy

In this part, we extend the alphabet-dependent bound to H-LRCs with A-level hierarchical
locality. The definition and notation of these codes is the following.

Definition 5 An [n,k,d] linear code C is a code with h-level hierarchical locality having

locality parameters [(r1,01), (r2,82),. .., (rs, 6)] if for all code symbols i € [n], there exists
a collection of sets {L1,,Ly;, ..., Ly} such that for every j € [h], we have

1. iELji - [I’l},

2. H(Lj) <r;

3. The minimum distance ofC\le_ is at least 9;,

4. C| L, is a code with (h — j)-level hierarchical locality having locality

parameters [(rj+1,0+1), (Fj+2,0j42), -, (rn, )]

Asset Lj, for j € [h] is referred to as a level-j set. It was proven in [15] Theorem 3.1] that
any [n,k,d] H-LRC with hierarchical locality [(r,01),...,(rs, 8)] satisfies the following
Singleton-type bound

dSn—k—l—l—{%J (5,1_1)_1121{"‘1%5,—5,“). 5)

=1L T

Obtaining an alphabet-dependent bound for these codes is done in the same manner as
in the case of h = 2.

Lemma 3 Let C be an [n,k,d] H-LRC with locality [(r,81),...,(rn, )] and A € Z with
0 < A < k. Then, there exists a set I. such that

~ H(L) <A,
- || >4+ “—hJ (6 —1) +};g {%J (& —Or41)-

Proof We use the construction given in Algorithm [2] to build the set I.. The basic idea is
the same as in the proof of Lemmall First, the algorithm identifies the smallest j such that
a level-j set L;, has H(L;,) < A. This is important when A < r or during the process of
the algorithm when A — H(I) becomes small. After this set is found, the algorithm visits
recursively the sets L;, with [ € [j,h — 1] such that each of them is contained in the previous
one and identifies a level-(h — 1) set L(,_y),. Then, it starts adding to I the level-A sets con-
tained in L(,_1),. When every symbol of L(,_1), has been added to /, it steps back one level,
finds a new L), that contains new symbols not in /, and adds them in the same manner
using level-h sets. At some point, the algorithm adds to I a level- set L, containing the
last remaining symbols of Lj,. The second while loop is not satisfied anymore and because
the last added set was a level-# set, the algorithm adds one to the count of the visited sets per
level between j and h — 1. Next, it pursues by identifying another level-j set L;, satisfying
H(IUL ji’) < A or, if all level-j sets exceed A, the algorithm searches for valid level-(j + 1)
sets.

As in the proof of Lemma[2] a;, denotes the incremental entropy and s;, is a lower bound
on the incremental size corrected accordingly to the level of the added set. The counters i;

for j € [h] are the number of level-j sets visited by the algorithm.
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Algorithm 2 For the proof of Lemmal[3]
1: Leti; =0,i =0,...,i, =0, =0;
2 Mo = [n],M; = 0,M> =0,....M; =0.
3: for j < 1,hdo

4 while 3 set Lj, such that L;, Z I and H(IUL;,) < A do
5: Mj*l:Lj,",Mj:Lj,",l:j'
6: while cl(/ULj,) # I do
7: if 3 a level-I set L;, C M;_; such that L;, ¢ I then
8 M =Ly,
9: if / equals / then
10: in=ip+1, aj, :H(IUMh) 7H(I), Sij, = ajy, +68,— 1.
11: I=cl(IUuM;,)
12: else
13: I=1+1
14: end if
15: else
16: I=1-1
17: i :i1+l,sih :S,‘/x+5[751+].
18: end if
19: end while
20: for [ < j,h—1do
21: ii=1i+1
22: end for
23: Si, :Sih‘*"sj*éh
24: end while

25: end for

When the algorithm terminates, the counters are lower-bounded by

since the union of L&J arbitrary level-/ sets Lj, has an entropy less than A.
1

Denote by I the set obtained at the end of the algorithm and by iy, ..., i, the last values
of the counters. Let s, = A — H(I) and A C [n] such that H(A) = s, and I N A = 0. Finally,
let I, = I UA. We prove now that /. has the desired properties. By construction, we have
H(I.) = A. For the size, we have

ip
.| = so+ |1 Zse—i—Zs[
-1
i i
=se+ Y ai+ Y. (8 — 1) +in_1 (81 — &) +in2(8h—2 — &h1) +... +i1(8 — &)
=1 =
hel

=A+in(&—1)+ Y (8 —841)
=1

A 1A
> Z1(8—1 21— .
_lJthJ(@z )Jrl; LIJ(& 41)
Hence I, has the desired entropy and size.

Thus, we obtain the following extension of the bound (@) for s-level H-LRCs.
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Theorem 2 Let C be an [n,k,d] H-LRC over F, with locality [(r1,01),...,(rp, &)]. Then,
we have

k < min {7L+k0 (n—v d)} (6)

AEZ

where v = 4 + U”—hJ (o, — 1)+ Z { J (6 — 8y41) and k((,pi(n,d) is the largest possible

dimension of a code of length n, far a given alphabet size q and minimum distance d.

As in the case h = 2, for A = k— 1 and I, the set obtained by Algorithm 2 we obtain
again the Singleton-type bound (3) via the relation d < n— |I..|, which shows that the bound
(@) is at least as good as the Singleton-type bound (3). Moreover, the bound (&) yields that
H-LRCs achieving any bound on the parameters [n,k,d] only are directly alphabet-optimal
H-LRCs by setting A = 0.

4 Hierarchical locality of S(m) —S(s)

In [16], the authors presented four different constructions of linear LRCs with small locality
and high availability. The constructions are based on a method developed in [4] where the
generator matrix of a code is obtained by deleting specific columns from the generator ma-
trix of a Simplex code. In this section, we are interested in the locality of one particular con-
struction in [16] where the deleted columns form again a Simplex code. This construction
is highly combinatorial and yields optimal codes achieving the Griesmer bound. The objec-
tive is to describe the locality parameters for 6 > 2 and all dimensions. We show that these
codes are locally repairable codes for every dimension implying a complete optimization
of the number of nodes contacted for repair according to the number of failures. Moreover,
using combinatorial techniques, we establish the complete list of possible locality and show
how the local sets can be arranged to form a hierarchical locality. Finally, we prove that
these codes are optimal LRCs for all localities and alphabet-optimal H-LRCs by the new
bound (@)).
We start by formally defining the construction of these linear LRCs.

Construction 1 ([16] Construction IV) Let G, be an m x qq generator matrix of the

Simplex code S(m) and Gy an s x T— generator matrix of the Simplex code S(s) with
s <m. Let G, be the generator mamx obtamed by prepending m — s zeros to every column

of G;. Let G¢ be the m x qq matrix obtained by deleting the (; - columns of G, from
G- Then G¢ generates a linear code C over IF, denoted by S(m) — S(s).

It was proven in [16] Theorem 14] that the code S(m) — S(s) withm >3 and s € [2,m —
1] is a [£=F,m,q"~" = ¢°~'] linear LRC over F, with locality (r = 2,8 = 2) if ¢ > 2
orif g =2 and s < m— 1, and with locality (r = 3,86 =2) when ¢ =2 and s =m — 1.
Moreover, S(m) — S(s) achieves the Griesmer bound by [[16l Lemma 16]. Notice that the
code S(m) —S(m— 1) is isomorphic to the Reed—-Muller code RM(1,m — 1).

The following example illustrates Construction 1}

Example 1 Let G4 and G, be the generator matrices of the binary Simplex codes S»(4)
and 8,(2) respectively. Then C = S»(4) — S»2(2) is a binary [12,4,6] code generated by the
matrix
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SO O =
—_—O O =
O = =0
— O =
— o O
—_— == O
—_— = =

where the shadowed columns 3,4, and 10 are deleted.

4.1 Locality of S(m) — S(s) with dimension m — 1

The goal of this subsection is to obtain the locality of S(m)— S(s) with a dimension of
m — 1. For this, we make a detour to matroid theory by studying the relation between the
hyperplanes of the matroid associated to the Simplex code S(m) and the hyperplanes of
the matroid associated to S(m) — S(s). Indeed, the Simplex code has intrinsically a lot of
useful combinatorial structures and Construction [] corresponds to a deletion in matroid
theory. Therefore, matroid theory is used here as a tool to understand the closed sets of
S(m) — S(s) of dimension m — 1 and to construct the local set for every code symbol. We
start by presenting a lemma that gives the relation between a flat and the hyperplanes of the
matroid associated to the Simplex code S(m).

Lemma 4 Letr Mg be the matroid associated to the Simplex code S(m) andY € F(Ms) a
Sflat with p(Y) < m— 1. Then, for all hyperplanes H € H(Ms) either Y CH or HNY <Y.

Proof Suppose Y ¢ H. Then HVY = E. Now F(Mgs) is isomorphic to the lattice of linear
spaces of /. Therefore F(Ms) is a modular lattice and the intervals [H,H VY| z(y) and
[HNY,Y] 7(ug) are two isomorphic sublattices. Since [H,HV Y]y ¢) = {H,E}, then [HN
YY) rmg) = {HNY, Y} and HNY <Y. O

Because the extended S(s) in Construction [Ilis a closed set, we use the previous lemma
applied to the extended S(s) to understand the hyperplanes of S(m) — S(s) via the hyper-
planes of S(m) and the deletion corresponding to removing the columns in the generator
matrix of S(m).

Proposition 2 Let Ms = (Es, ps) be the matroid associated to the Simplex code S(m) and
Mc = (Ec,pc) the matroid associated to the code C = S(m)— S(s). Let also Y C Es be
such that Mg\ Y = Mc. Then, the map

0 {H € H(Ms) withY # H} — H(Mc)
H—H-HNY

is a bijection.

Proof By construction, the image of ¢ is a subset of 2£¢. Firstly, we prove that H (M) is
contained in the image of ¢. Secondly, we prove that ¢ is well-defined which implies with
the first part that ¢ is a surjection. Finally, we prove that ¢ is an injection.

The flats of M can be obtained by the flats of Mg via the relation

FMI(E-Y)={FN(E-Y):FeF(M)}

and FN(E-Y)=F-Y=F—-FnNY.
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Therefore, we have that ¢ (H) € F(M¢). Moreover, since p¢(E¢) = m, all hyperplanes
of M¢ have a rank equal to m — 1. Combining this with the fact that pc(F — FNY) =
ps(F —FNY) < ps(F) implies that if He € H(M¢), then there exists H € H(Ms) such
that Ho = H — HNY. Thus H(M¢) is contained in the image of ¢.

Let H € H(Mg) and let He = ¢ (H) a set. To show that ¢ is well-defined, it is enough
to prove that pe(¢(H)) =m — 1, since ¢ (H) € F(Mc). For this, we use an argument from
coding theory. Since the restricted code S(m)| is isomorphic to the Simplex code S(m— 1),
its minimum distance is equal to ¢"~2. By construction of C and Mc, the size of Y is |Y| =
‘5%11. We distinguish two cases.

Assume that s < m — 1. Let My = Mg|H. By restriction and deletion definitions, we
have

pc(He) = ps(He) = puy (He).
Let dy,, = q’”‘2 be the minimum distance of My. We have

dy,, =min{|A| : A C H and py, (H —A) < pmy, (H)}.

Since [HNY| < [Y| = % < ¢"2%, we have py,, (H—HNY) = py,, (H) = m— 1. Thus,
pe(He) =m—1.

Assume now that s = m — 1. Then, there is a unique hyperplane of Mg that contains Y
which is Y itself. Let H € H(Ms) with H # Y. By Lemmald] we have HNY <Y . Since the
restricted code S(m)|gny is isomorphic to the Simplex code S(s — 1), we have [HNY| =
qs—l -1

q—1

. By using the same argument on the minimum distance of My, we have
pe(H —~HNY) = pyg, (H) =m 1.

Hence, ¢ is well-defined and since the image of ¢ contains H(Mc), ¢ is a surjection.

To prove the injection, suppose that ¢ (H,) = ¢(H,) for Hy,H, € H(Ms) with Y #
Hi,H,. Then, HL — HNY = H, — HNY. Now we look at these sets in Mg. Since we
showed that ps(H; — H; NY) = m— 1, we have that cI(H; — Hy NY) = H; because H)
is a hyperplane containing H; — H; NY. Similarly, we have cl(H, — H,NY) = H,. Hence
H; = H; and ¢ is an injection. O

The map in Proposition [2 gives us the relation between the hyperplanes of M and the
hyperplanes of the matroid Ms. We can now completely describe the restrictions of C to
hyperplanes and see that these restrictions are in fact isomorphic to certain codes obtained
by Construction 11

Proposition 3 Let C be the code C = S(m) — S(s), Mc the matroid associated to C, and
He € H(Mc). Then C|y,, is either isomorphic to the code S(m—1) —S(s—1) or to S(m —
1) —=S(s).

Proof Let Mg be the matroid associated with S(m) and Y € F(Mg) such that Mc =Ms\ Y.
By Proposition 2] there exists H € H (M) such that Ho = H — HNY. We prove the isomor-
phism by distinguishing two cases depending on Lemma ]

Suppose that Y C H. By restriction properties, we have

Mc|He =Ms\Y|He =Ms\Y|(H—Y)=Mg|H\Y.

By construction of the Simplex code, the matroid Ms|H is isomorphic to M(S(m— 1)),
the matroid associated to the Simplex code S(m — 1). Since Y € F(Ms|H), we have that
(Ms|H)|Y = Mg|Y is isomorphic to M(S(s)).
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Let Ey and Eg(,,_) be the ground sets of Ms|H and M(S(m — 1)) respectively. Then,
there exists a bijection ¢ : Ey — Eg(,_1) that preserves the rank. Let Gg(,,—1) be a matrix
associated to M(S(m—1)),{g; :i € Eg(;,—1) } the set of columns of G,y and Y ={o(e):
e € Y}. Then Ms|H \Y is isomorphic to M(Gg(,—1) —{g i € ¥'}). Since the submatrix
formed by the columns indexed in Y has a rank equal to s, we canAperform some suitable
row operations on Gg(,_1) to transform the columns g; with i € ¥’ such that they are of
the form g; = (0,0,...,0,8;,,...,8;,) € IFZ%'. Let Gs(m,l) be the matrix obtained after the
row operations. Then the matrix G S(m—1) — {g; :i € ¥'} is exactly the generator matrix of
the code S(m — 1) — S(s). By the previous isomorphism, we have M(G‘S(m_]) —{gi:ie
7))~ M(Gsm—1)—{gi:i€ Y}) ~ Ms|H\Y =~ Mc|Hc. Hence we have indeed that C|p,
is isomorphic to S(m — 1) — S(s).

For the other case, assume now that Y ¢ H. By Lemma] we have that He = H—HNY
with HNY C Y. Now this case follows the previous case in a similar manner by replacing
Y by HNY and s by s — 1 since Ms|(HNY) is isomorphic to S(s — 1). Therefore the same
type of isomorphisms yields that C|z,, is isomorphic to S(m—1) —S(s—1). O

It remains to show the existence of such closed sets for every code symbol in order to
prove that the code S(m) — S(s) is an LRC with locality obtained by restrictions to closed
sets of dimension m — 1.

Theorem 3 Let C be the linear code C = S(m) — S(s) of length n withm > 2 and s > 0.
Then, for all e € [n] we have the following.

— If s =0, there is a set H C [n] containing e such that C|y is isomorphic to S(m —1).

— Ifs=m—1, there is a set H C [n] containing e such that C|y is isomorphic to S(m —
1)—S(m—2).

- If1 <s <m—2, there exist two sets Hy,H, containing e with H Q H, such that C\H, is
isomorphic to S(m — 1) — S(s) and C|u, is isomorphic to S(m—1) —S(s—1).

Proof Let Ms = (Es,ps) be the matroid associated with the Simplex code S(m) and
Y C Es such that Mo = Mg \Y. Let e € Es\ Y. The general idea of the proof is the fol-
lowing. First, we construct a specific hyperplane in H (M) containing e. Secondly, we use
Proposition 2] to get a hyperplane of Mc. Finally, we apply Proposition 3] to this hyperplane
to obtain the isomorphism.

If s = 0, then the code C is the Simplex code S(m) and there is therefore a hyperplane
H € H(M¢) containing e such that C|g is isomorphic to S(m—1).

If s=m—1, then Y € H(Ms) and is the only hyperplane containing ¥. We know that
there exists at least one hyperplane in H(Mg) that contains e. Let Hg be such a hyperplane.
By Proposition[2] H := Hs — HsNY is a hyperplane of M¢ containing e. Applying Propo-
sition [3 yields that C|p is isomorphic to S(m — 1) —S(s— 1) since Y is not contained in
Hs.

Suppose now that 1 < s < m—2. Since ps(¥Y U{e}) < m— 1, there is a hyperplane
Hy, in H(Ms) that contains Y Ue. Therefore, Proposition 2] and Proposition [3 yield that
H, := Hy,—Y is ahyperplane of M¢ containing e and C|g, is isomorphic to S(m—1) —S(s).

Let X € F(Ms) such that X <Y and let X, = cl(X U{e}) € F(Ms). By the hyperplanes
property, we have X, = ({Hs : X, C Hs and Hs € H(Ms)}. Thus, there exists Hy , €
H(Ms) such that X, C Hy . and Y ¢ Hy .. Applying Proposition 2land Proposition 3] yields
that A, := Hx ., — Hx ,NY = Hx ., — X is a hyperplane of M containing e and C\H2 is
isomorphic to S(m—1) — S(s—1). O
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Theorem [3] can be seen as showing the existence of certain hyperplanes while Proposi-
tion [3]is of the form of a uniqueness statement on the parameters size, dimension and mini-
mum distance of the hyperplanes. Therefore, the two combined with Proposition Pl yield the
complete characterization of all the hyperplanes of the matroid associated to S(m) — S(s)
and thus the characterization of all restrictions of S(m) — S(s) to closed sets of dimension
m—1.

4.2 Weight enumerator of S(m) — S(s)

Before we continue deriving the localities with dimension less than m — 1, the results devel-
oped so far allow us to compute the weight enumerator of the codes obtained by Construc-
tion [Il For this, we use a theorem from [[10] that links the hyperplanes and the codeword
supports.

Theorem 4 ([10] Theorem 9.2.4) For each linear code C, the hyperplanes of M¢ are pre-
cisely the complement of the minimal non-empty codeword supports of C.

In order to compute the weight enumerator of C = S(m) — S(s), the idea is to associate
the codewords of C with the codewords of S(m) and the hyperplanes of Ms. Then, we can
use Lemma [ to understand the effect of the puncturing of S(m) on the hyperplanes of M.
We start by a lemma that links the codewords of S(m) and the hyperplanes of M.

Lemma 5 Let S;(m) be the Simplex code of dimension m over ¥y and Ms the associated
matroid. Define ~ as the equivalence relation on the non-zero codewords of S(m) given by
c~c ife=ac witha € F;. Then the map

o:{c:ceS(m),c#£0}/ ~— H(Ms)
[¢] = [n] —supp(c)
is a bijection.

Proof 1t is clear that ~ is indeed an equivalence relation. Furthermore, the map is well-
defined since all multiples of a codewords share the same support. Then, Theorem Hlimplies
that @ is a surjection. Now, there are qq%ll equivalence classes of codewords and [m"fl] .=

m_ . . . . . .
quII hyperplanes in Ms since they are exactly the linear spaces of dimension m — 1 in F7'.
Hence ¢ is a bijection. a

We can now state the formula for the weight enumerator of C.

Theorem 5 The weight enumerator of the code C = S;(m) — S,(s) over F is

m_ m—1 _qx—l m—1

q"—¢° q m—1_ s—1 9" ¢ 1

We(x,y) =x 71 +(g"—q")x a1 " T 4(g"F —1)x Ty

Proof Let ¢ € C be a non-zero codeword of C and ¥ C [n] such that S(m)|,_y = C, where
n is the length of S(m). Since both codes C and S(m) have the same dimension, there is a
bijection w: {¢' : ¢’ € S(m)} — {c: ¢ € C} given by n(c') = ci[ Ly Let ¢’ € S(m) be such
that 7(¢’) = c. We have

wit(e) = wi(z(c')) = wt(c&n]iy) = wt(c') —wt(c], ).



14 Matthias Grezet, Camilla Hollanti

Let H € H(Ms) be the hyperplane obtained by H = ¢(¢’) in Lemma [3 Then, wt(¢/) =
|supp(¢’)| = n— |H| and wt(cfy) = |Y|—|HNY], since H is the set of coordinates where

cg =0 for i € H. Hence, if n¢ denotes the length of C, we obtain
wt(e) =nec —|H—HNY|.

This shows that the weight of ¢ can be computed from the hyperplanes of S(m) and their
relation with Y. By Lemmad] the hyperplanes of Mg split into two disjoint sets depending
on whether they contain Y. We consider these two cases separately.

Suppose first that Y C H. Then, we have

wi(e) =n¢ — [H| + Y|

_qmiqs qulil qsil
Cg-1 g-1 g-1
— qm—l )
Now, the number of different hyperplane containing ¥ in Ms is [m’f:l]q = m;l_l. By

Lemma 3] each hyperplanes yields a different equivalence class of codewords. Since there
are g — 1 codewords in each class, the number of codewords of weight ¢”~' is equal to
g —1.

Suppose now that Y ¢ H. By LemmaMland the flats of the Simplex code, we know that

s—1_
[HNY|= qqq L Then, we have

wt(c) =nc — |H|+|HNY|
qm _qs qul -1 qsfl -1

-1 g1 g

— qul . qsfl )
The number of hyperplanes not containing Y is [m"_ql}q — [m":j]}q = q'Z:]qS_ By the same
previous argument, the number of codewords of weight ¢" ! — ¢*~! is then equal to ¢" — ¢*
and this concludes the proof. ad

4.3 The complete locality of S(m) — S(s)

In this subsection, we describe the restrictions of C = S(m) — S(s) of dimension less than
m — 1 to obtain the rest of the possible localities. The main observation is that Theorem 3]
was carefully written as a recursive statement on the same type of construction already con-
sidered, i.e., a Simplex code removed from another Simplex code. Therefore, we can apply
Theorem [3lagain on the restriction C|y to obtain, up to isomorphism, the restricted codes of
dimension m — 2 of C|y and thus of C as well. Moreover, since every code symbol is con-
tained in a restriction of C of dimension m — 1, applying Theorem [3 again on the restricted
codes implies that every code symbol is also contained in a restriction of C of dimension
m — 2. This is crucial when considering the locality of C. We start with an example.

Example 2 Let C = 8,(4) — S,(2) be the [12,4,6] binary linear code of Example[Il Since
s < m— 1, Theorem[3implies that for all code symbols e € [n], there exist two sets Hy, Hy C
[12] containing e such that C|g, is isomorphic to S>(3) — S2(1) and C|g, is isomorphic
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S(m) —S(s)
[Stn=1)=5(s=1)] [Sm=1)=5(s)]
Y A
‘S(m—Z)—S(s—Z)‘ ‘S(m—Z)—S(x—])‘ ‘S(m—Z)—S(.v)‘

Fig. 1 Illustration of the top level locality of the code S(m) — S(s) after appropriate isomorphisms.

S(x) — S(a) [s()=50-1)] [5(0)=5(0)]
¢ >/0, : b<k—1

. A Y Y N A
SkD=Seonh [Skeh=s@] e [SeeD-se-n] st nse)

Fig. 2 Sketch of an iteration of Theorem[3lon the different restrictions types.

to $»2(3) — S2(2). In other words, there are two restrictions C|g,,C|n, containing e with
parameters [6,3,3] and [4,3,2] respectively. Therefore, C is an LRC with locality (r=4,8 =
3) and also an LRC with locality (r = 3,8 = 2). Notice that r = 4 for the first locality even if
the dimension of the restricted codes is equal to 3. This is due to the fact that » must satisfy
|R;| <r+ 06— 1 as opposed to the definition of H-LRCs where H(R;) < r}.

If we apply Theorem Bl to S,(3) — S,(1), we obtain by isomorphism that there exist
Hj,Hy C Hj containing e such that C|g, is isomorphic to S>(2) —S»(1) and C|g, is isomor-
phic to 52(2). S2(2) —S2(1) is a [2,2,1] code and thus does not provide an extra locality.
On the other hand, S,(2) is a [3,2,2] code which implies that C is also an LRC with locality
(r =2,8 = 2). Furthermore, by construction of the local sets, C is an H-LRC with locality

[(3,3),(2,2)]:

Example Pl illustrates how Theorem [3] can be used to obtain the locality for different
dimensions. Moreover, because of the recursive form of Theorem [3] the local sets can be
arranged in such a way that we obtain a hierarchical locality. We break down what happens
to the restrictions when we iterate Theorem [3 by considering the restriction types, i.e., the
different isomorphic restrictions. Suppose for simplicity that m is sufficiently large and s
is close to half of m. As illustrated in Figure [l applying Theorem [3] on the two restriction
types of dimension m — 1 gives three new restriction types of dimension m — 2, as two of
them lead to the same isomorphic code.

Suppose now that, after some iterations of Theorem B we obtain the restriction types
of dimension k . Let a,b € Z. such that all restriction types are of the form S(x) — S(i)
with @ <i < b. Now, the restriction types of dimension kK — 1 can be obtained by applying
Theorem [3] on the restriction types of dimension k. Two extremal cases need to be taken
into account. If a = 0, the only restriction type that we get from S(x) —S(a) is S(k—1).
If b = k — 1, the only restriction type is S(k — 1) — S(x —2). This is illustrated in Figure2l
where the two dashed boxes represent the conditional new restriction types that exist only
if a > 0 or b < k¥ — 1. This sketches the high level idea of the proof of the next theorem
describing precisely the different restriction types for a given dimension K.

Theorem 6 Let C = S(m)—S(s) withm >3 and 0 <s<m—1. Let x € 2,m—1] and i
be an integer such that max{0,s —m+ k} < i < min{s,x — 1}. Then for all code symbols
e € [n), there is a set F; C [n] containing e such that C|g, is isomorphic to S(x) — S(i).

Remark I Notice that max{0,s —m+ x} < min{s, kK — 1}. Indeed we have min{s,x — 1} >
Osince k >3 and s >0. Since kx <m—1and s <m—1,then s—m+x <s—1 and
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s—m+ Kk < k— 1. Thus, min{s, k — 1} > s —m+ k and we have that max{0,s —m+ k} <
min{s, kK — 1}. Therefore, the claim of Theorem [fis that there always exist such restrictions
for all dimensions x € [2,m — 1].

Proof We denote by I the set I, = {i € Z, : max{0,s —m+ k} <i <min{s,k —1}}. Let
also e € [n] be an arbitrary code symbol.

The case k = m — 1 is exactly Theorem [3] with the set I,,—; being equal to {0} when
§s=0,Iy_1={m—-2}ifs=m—1,and [, ={s—1,s}if | <s <m—2.

We now prove the theorem by doing a reverse induction on k as long as K > 3. Assume
that the claim is true for K, i.e., for all j € I and for all code symbol e € [n], there exists a set
W; C [n] containing e such that Cly, is isomorphic to S(k) — S(jj). The goal is to construct
the restrictions of dimension x — 1.

Let b =min{s, Kk — 1}. By the induction hypothesis, there exists a set W, C [n] containing
e such that Cly, is isomorphic to S(x) —S(b).

If b=k — 1 then applying Theorem Bl on C’ = S(kx) — S(kx — 1) yields that for all
symbols ¢’ € [n'], with ' being the length of the code C’, there is a set F C [r] contain-
ing ¢ such that C’'| is isomorphic to S(x — 1) — S(x — 2). Therefore, there exists a set
Fj,_1 C [n] containing e such that C|f, , is isomorphic to S(x — 1) — S(x —2) since we have
that C|p, , = (C|w,)|F,_,- Since b = k — 1, then we have that k —2 = b — 1 = min{s, k — 2}.

If b =5 < Kk — 1, then the third case of Theorem [3] applied to S(x) — S(s) and the
corresponding isomorphisms yields that there exists a set £, such that C|g, is isomorphic to
S(x) — S(b). Moreover, since b < kK — 1, then b = min{s, k — 2}.

Let j € [max{0,s —m+ x}, min{s, kK — 1} — 1]. Notice that this interval might be empty
for example if s = m — 1. If the interval is not empty, let W; the set containing e by the
induction hypothesis such that C|y; is isomorphic to S(x) —S(jj). Since by definition of the
interval, we have that j < k¥ — 1, we can apply Theorem [Blto obtain a set F; C [n] containing
e such that C|g, is isomorphic to S(k — 1) —S(j).

Finally, if max{0,s —m+ K} > 0, then let a = s —m + k and W, containing e such that
Clw, is isomorphic to S(k) — S(a). Since a > 1, we can use the third case of Theorem 3]
applied to S(x) — S(a) to obtain a set F,—; C [n] such that C|g, , is isomorphic to S(x —
1) —S(a—1). Moreover, we have a — 1 = max{0,s —m+x — 1}.

Hence, we have constructed a set for e isomorphic to S(k — 1) —S(i) for all i in the set

[max{0,s —m+ K}, min{s, k — 1} —1]
Umin{s, x —2} Umax{0,s —m+x — 1}
= [max{0,s —m+x — 1}, min{s, x —2}]
=lc-1.

Since e was an arbitrary symbol, this concludes the proof. a

As a corollary of Theorem [6 we have that C is an LRC as long as the restriction types
have a minimum distance greater than or equal to 2. We choose to give here the length,
dimension and minimum distance of the local codes to avoid confusion on the parameter r
and ry in the two definitions of LRCs and H-LRCs.

Corollary 1 Let C = S(m)—S(s) withm >3 and 0 <s<m—1. Let k € [3,m— 1] and i
be an integer such that max{0,s —m+ k} < i <min{s, x — 1}. Then C is an LRC with local
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code parameters
¢~ k=1 _ i1 yy
g1 K, q —q } ifi >0,
gt =1 K—1 i —
Lt kg5 ifi =0.

Furthermore, for x = 2, we have the following local parameters:

— If0<s<m—2, then C is an LRC with local parameters [q+ 1,2,q|
- Ifg>2and 1 <s<m—1then C is an LRC with local parameters [q,2,q— 1].

Proof When k > 3, Theorem [f] guaranties that for every code symbol e € [n], there is a
restriction containing e isomorphic to S(x) — S(i). Therefore C is an LRC code with the
parameters of the local sets given by the parameters of S(k) —S(i) with a minimum distance
greater or equal than 2.

When x = 2, we need to distinguish some cases as the minimum distance might be
smaller than 2. Let I, = {i : max{0,s—m+2} <i < min{s, 1}} be the range of the parameter
i when K = 2. If s = 0, then [, = {0} and by Theorem [6] there is a restriction containing e
isomorphic to S(2). The parameters of the restriction is then [¢+ 1,2,¢] and the minimum
distance is thus greater or equal than 2.

If 1 <s<m-—2,thens—m+2<0somax{0,s —m+2} =0and I, = {0,1}. By The-
orem [6] every code symbol is contained in a restriction isomorphic to S(2) and in another
restriction isomorphic to S(2) — S(1). Since the parameters of S(2) — S(1) are [¢,2,9 — 1],
then the minimum distance is greater or equal than 2 if and only if g > 2.

Finally, if s = m— 1, then s—m+2 =1 and I, = {1}. Thus, C is an LRC code with
locality parameters [¢,2,q — 1] if ¢ > 2. a

Notice that when x = 2, we obtain again the locality proven in [16]. We explain next
why the list of localities of Corollary [Ilis the complete list of possible localities with closed
local sets. In Corollary[dl the list of different localities is established by removing the restric-
tions leading to codes with minimum distance 1 from the list of Theorem [6] But the list of
Theorem[@lrelies on consecutive iterations of Theorem[3] where Proposition[3can be applied
at each iteration guaranteeing the uniqueness of the restriction types. Therefore, Theorem []
contains the complete list of restriction types and Corollary [I] contains the complete list of
possible localities with closed local sets.

We will now look at two special cases of Theorem[6land Corollary[Il In the first example,
we study the case when s = 0.

Example 3 Let C = S(m) — S(0) = S(m) with m > 3. Let I, = {i : max{0,s —m+ k} <
i < min{s, K — 1}} be the range of the parameter i in Theorem[6] Since s = 0, we have that
I = 0. Then Theorem []and Corollary [[limply that C is an LRC code with local parameters

[9;;11, K,q""} for all x € [2,m — 1]. This result was already proven in [7].
For the second example, we look at the case when s = m — 1 and C corresponds to the
Reed-Muller code RM(1,m —1).

Example 4 Let C = S(m) —S(m — 1) with m > 3 corresponding to the Reed—Muller code
RM(1,m —1). Let Iy the set I, = {i : max{0,s —m+ x} <i < min{s,x — 1}}. Since s =
m — 1, we have I, = {x — 1}. Hence Theorem [6] and Corollary [I] imply that RM(1,m —
1) is an LRC with local parameters [¢*~!, x,¢""' — ¢*?] for all k € [3,m — 1] and the
local codes are isomorphic to the Reed—Muller code RM(1, k — 1). Furthermore, if ¢ > 2,
then RM(1,m — 1) is also an LRC with local parameters [g,2,q — 1]. Moreover, since every
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locality is obtained by restrictions on the previous local sets, we get that the Reed—Muller
codes RM(1,m — 1) are H-LRCs with (m — 3)-level hierarchy over the binary field and with
(m—2)-level hierarchy over F, with g > 2.

We conclude this section by showing the optimality of S(m) — S(s) with respect to the
bounds (@) and () and present a table containing binary codes obtained by Construction [I]
and their hierarchical localities.

Theorem 7 LetC =S(m)—S(s) withm >3 and 0 < s <m— 1. Then C is an optimal LRC
for every locality described in Corollary[ll Moreover, C is an optimal H-LRC with

(m — 2)-level hierarchical locality when g >?2org=2ands<m—1,
(m — 3)-level hierarchical locality when g=2and s=m— 1.

Proof Since C already achieves the Griesmer bound on the parameters [, k, d], it will achieves
the bound @) for A = 0 and thus be an optimal LRC code for each locality described in
Corollary [Tl

We exhibit now a particular chain of subsets that yields the hierarchical locality. Vaguely
speaking, the chain is obtained by taking the left foremost diagonal restriction types in Fig-
ures[[land 2

Formally, let e € [n] be an arbitrary code symbol. By Theorem[@] for all k¥ € [2,m — 1],
there exists a set Fic C [n] containing e such that C|f,. is isomorphic to S(x) —S(max{0,s —
m+ k}). Define F,, = [n]. Each Fc was obtained in the proof of Theorem [@] by applying
Theorem 3l to C | Feit- Therefore, we have F, C F3 C --- C F,,_1 C [n]. Moreover, because
C|F, is isomorphic to S(x) — S(max{0,s —m+ x}), for every a € F, there exists such a
chain i, C F3,C -+ C Fe 14 Witha € Fy , and C|, , is isomorphic to S(I) — S(max{0,s —
m+1}) forl e 2,k —1].

Now if d is the minimum distance of C, then the minimum distance of S(k) — S(max{0,s—
m+K}) is

5 (/]K71 7qsfm+k71 — qmc{K if K> m—s,
K g<! ifxk<m-—s.

Notice that 8y is less than 2 if and only if ¢ =2, s = m — 1, and k¥ = 2 by Corollary 1]
Hence, if ¢ >2 or g =2 and s < m — 1, then C is an H-LRC with (m — 2)-level hierar-
chical locality having locality parameters

[(m—1,8p-1),...,(2,0)].

When g =2 and s = m— 1, C is an H-LRC with (m — 3)-level hierarchical locality having
locality parameters

[(m_ 175m71)7"'7(3763)}'

Finally, C achieves the new alphabet-dependent bound (&) for H-LRC codes when A =0

and kgpt is taken to be the Griesmer bound. ad

The table in Figure [3 represents the binary linear codes obtained by the construction
S>(m) — Sy (s). The columns are sorted by s € [0,4] and the rows are sorted by m € [2,6].
Moreover, the lines describes the locality of dimension m — 1 obtained by Theorem[3} There-
fore, if C and C’ are two codes in the table such that there exists a path from C’ to C, then C
has locality C’, i.e., each symbol of C is contained in a restriction isomorphic to C’. Figure
[l gives also the hierarchical locality of a binary code via the paths to smaller codes. Finally,
the codes in blue are the binary Reed—Muller codes RM(1,m —1).
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[163,6,32] | [[62.6,31]] [160,6,30] [156.6,28] | [[48,6,24]
\ [31,5‘,16] \ \[30,5‘715] \ ‘[28,5‘.14] \ \[24,5‘,12] \ [[16,L.8]]
\ [15,‘4&1 | J [14L.71 | [12.4.6]] [18.4.4] 0
[6.3‘73] [4.32] 0 0
RM(Lm—1)
Sa(m) Sa(m) = Sx(1) Sa(m) = 52(2) S(m) — 5:(3) Sa(m) —S2(4)

Fig. 3 Table of the complete hierarchical locality for binary codes S (m) —Sa(s) withm € [2,6] and s € [0,4].

5 Conclusion

In this paper, we presented a new alphabet-dependent bound for codes with hierarchical
locality. Then, we worked on a class of codes obtained by deleting a Simplex code from
another Simplex code of higher dimension. We derived the weight enumerator of these codes
and the complete list of possible localities with closed repair sets. Finally, we used this list
to show that these codes are optimal LRCs and optimal H-LRCs by the new bound.
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