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Abstract

Polynomial based methods have recently been used in several works for mitigating the effect of stragglers (slow
or failed nodes) in distributed matrix computations. For a system with n worker nodes where s can be stragglers,
these approaches allow for an optimal recovery threshold, whereby the intended result can be decoded as long as
any (n — s) worker nodes complete their tasks. However, they suffer from serious numerical issues owing to the
condition number of the corresponding real Vandermonde-structured recovery matrices; this condition number grows
exponentially in n. We present a novel approach that leverages the properties of circulant permutation matrices and
rotation matrices for coded matrix computation. In addition to having an optimal recovery threshold, we demonstrate
an upper bound on the worst-case condition number of our recovery matrices which grows as =~ O(n®*5%); in
the practical scenario where s is a constant, this grows polynomially in n. Our schemes leverage the well-behaved
conditioning of complex Vandermonde matrices with parameters on the complex unit circle, while still working with
computation over the reals. Exhaustive experimental results demonstrate that our proposed method has condition

numbers that are orders of magnitude lower than prior work.

I. INTRODUCTION

Present day computing needs necessitate the usage of large computation clusters that regularly process huge
amounts of data on a regular basis. In several of the relevant application domains such as machine learning,
datasets are often so large that they cannot even be stored in the disk of a single server. Thus, both storage and
computational speed limitations require the computation to be spread over several worker nodes. Such large scale
clusters also present attendant operational challenges. These clusters (which can be heterogeneous in nature) suffer
from the problem of “stragglers”, which are defined as slow nodes (node failures are an extreme form of a straggler).
The overall speed of a computational job on these clusters is typically dominated by stragglers in the absence of
a sophisticated assignment of tasks to the worker nodes. In particular, simply creating multiple copies of a task to

protect against worker node failure can be rather wasteful of computational resources.
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In recent years, approaches based on coding theory (referred to as “coded computation”) have been effectively
used for straggler mitigation. Coded computation offers significant benefits for specific classes of problems such
as matrix computations. The essential idea is to create redundant tasks so that the desired result can be recovered
as long as a certain number of worker nodes complete their tasks. For instance, suppose that a designated master
node wants to compute A”x where the matrix A is very large. It can decompose A into block-columns so that
A =[Ag A,] and assign three worker nodes the tasks of determining AT'x, ATx and (AT + AT)x respectively.
It is easy to see that even if one worker node fails, there is enough information for the master node to compute
the final result [1]]. Thus, the core idea is to introduce redundancy within the distributed computation by coding
across submatrices of the input matrices A and B. The worker nodes are assigned computational tasks, such that
the master node can decode A”B as long as a certain minimum number of the worker nodes complete their tasks.

There have been several works, that have exploited the correspondence of coded computation with erasure codes
(see [2] for a tutorial introduction and relevant references). The matrix computation is embedded into the structure
of an underlying erasure code and stragglers are treated as erasures. A scheme is said to have a threshold 7 if the
master node can decode the intended result (matrix-vector or matrix-matrix multiplication) as long any 7 nodes
complete their tasks. The work of [3]], [4] has investigated the tradeoff between the threshold and the tasks assigned
to the worker nodes. We discuss related work in more detail in the upcoming Section [[TI}

In this work we examine coded computation from the perspective of numerical stability. Erasure coding typically
works with operations over finite fields. Solving a linear system of equation over a finite field only requires the
corresponding system to be full-rank. However, when operating over the real field, a numerically robust solution can
only be obtained if the condition number (ratio of maximum to minimum singular value) [5] of the system of the
equations is small. It turns out that several of the well-known coded computation schemes that work by polynomial
evaluation/interpolation have serious numerical stability issues owing to the high condition number of corresponding
real Vandermonde system of equations. In this work, we present a scheme that leverages the proporties of structured
matrices such as circulant permutation matrices and rotation matrices for coded computation. These matrices have
eigenvalues that lie on the complex unit circle. Our scheme allows us to exploit the significantly better behaved
conditioning of complex Vandermonde matrices while still working with computation over the reals. We also present
exhaustive comparisons with existing work.

This paper is organized as follow. Section [[I] presents the problem formulation and Section [ITI] overviews related
work and summarizes our contributions. Section [[V]and [V]discuss our proposed schemes, while Section [VI] presents
numerical experiments and comparisons with existing approaches. Section concludes the paper with a discussion

of future work. Several of our proofs appear in the Appendix.

II. PROBLEM FORMULATION

Consider a scenario where the master node has a large ¢ x r matrix A € R**" and either a ¢ x 1 vector x € R*!
or a t x w matrix B € R**™, The master node wishes to compute A”x or A”B in a distributed manner over
n worker nodes in the matrix-vector and matrix-matrix setting respectively. Towards this end, the master node

partitions A (respectively B) into A4 (respectively Ap) block-columns. Each worker node is assigned 4 < Ay
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and 5 < Ap linearly encoded block-columns of Ag,...,Ax,—1 and By,...,Ba,_1, so that 64 /A4 < v4 and
0p/Ap < vp, where v4 and g represent the storage fraction constraints for A and B respectively.

In the matrix-vector case, the i-th worker is assigned encoded submatrices of A and the vector x and computes
their inner product. In the matrix-matrix case it computes pairwise products of submatrices assigned to it (either all
or some subset thereof). We say that a given scheme has computation threshold T if the master node can decode
the intended result as long as any 7 out of n worker nodes complete their tasks. In this case we say that the scheme
is resilient to s = n — 7 stragglers. We say that this threshold is optimal if the value of 7 is the smallest possible
for the given storage capacity constraints.

The overall goal is to (i) design schemes that are resilient to s stragglers (s is a design parameter), while ensuring
that the (ii) desired result can be decoded in a efficient manner, and (iii) the decoded result is numerically robust
even in the presence of round-off errors and other sources of noise.

An analysis of numerical stability is closely related to the condition number of matrices. Let ||M|| denote the

maximum singular value of a matrix M of dimension [ x [.

Definition 1. Condition number. The condition number of a [ x [ matrix M is defined as k(M) = [|[M||||[M~||.

It is infinite if the minimum singular value of M is zero.

Consider the system of equations My = z, where z is known and y is to be determined. If x(M) ~ 10°, then
the decoded result loses approximately b digits of precision [5]. In particular, matrices that are ill-conditioned lead

to significant numerical problems when solving linear equations.

III. BACKGROUND, RELATED WORK AND SUMMARY OF CONTRIBUTIONS

A significant amount of prior work [3[], [4]], [|6], [7] has demonstrated interesting and elegant approaches based
on embedding the distributed matrix computation into the structure of polynomials. Specifically, the encoding at
the master node can be viewed as evaluating certain polynomials at distinct real values. Each worker node gets a
particular evaluation. When at least 7 workers finish their tasks, the master node can decode the intended result
by performing polynomial interpolation. The work of [[6] demonstrates that when A and B are split column-wise
and 94 = dp = 1, the optimal threshold for matrix multiplication is A 4Ap and that polynomial based approaches
(henceforth referred to as polynomial codes) achieve this threshold. Prior work has also considered other ways in
which the matrices A and B can be partitioned. For instance, they can be partitioned both along rows and columns.
The work of [3]], [4] has obtained threshold results in those cases as well. The so called Entangled Polynomial and
Mat-Dot codes [3]], [4], also use polynomial encodings. The key point is that in all these approaches, polynomial
interpolation is required when decoding the required result. We note here that to our best knowledge, the idea of
embedding matrix multiplication using polynomial maps goes back much further to Yagle [8] (the motivation there
was fast matrix multiplication).

Polynomial interpolation corresponds to solving a real Vandermonde system of equations at the master node. In
the work of [6]], this would require solving a A ;A x A 4Ap Vandermonde system. Unfortunately, it can be shown

that the condition number of these matrices grows exponentially in A4Ap [9]]. This is a significant drawback and
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even for systems with around A 4Ap ~ 30, the condition number is so high that the decoded results are essentially
useless (see Section [VI).

In Section VII of [3]], it is remarked that when operating over infinite fields such as the reals, one can embed the
computation into finite fields to avoid numerical errors. They advocate encoding and decoding over a large enough
finite field of prime order p. However, this method would require “quantizing” real matrices A and B so that the
entries are integers. We demonstrate that the performance of this method can be catastrophically bad. In particular,
for this method to work, the maximum possible absolute value of each entry of the quantized matrices, « should be
such that ot < p, since each entry in the result corresponds to the inner product of columns of A and columns of
B. This “dynamic range constraint (DRC)” means that the error in the computation depends strongly on the actual
matrix entries and the value of ¢ is quite limited. If the DRC is violated, the error in the underlying computation
can be catastrophic. Even if the DRC is not violated, the dependence of the error on the entries can make it very
bad. We discuss this issue in detail in Section [VI

The issue of numerical stability in the coded computation context has been considered in a few recent works
[10]-[17]. The work of [11]], [13]] presented strategies for distributed matrix-vector multiplication and demonstrated
some schemes that empirically have better numerical performance than polynomial based schemes for some values
of n and s. However, both these approaches work only for the matrix-vector problem. Reference [14] presents a
random convolutional coding approach that applies for both the matrix-vector and the matrix-matrix multiplications
problems. Their work demonstrates a computable upper bound on the worst-case condition number of the decoding
matrices by drawing on connections with the asymptotic analysis of large Toeplitz matrices. The recent preprint
[16] presents constructions that are based on random linear coding ideas where the encoding coefficients are chosen
at random from a continuous distribution. These exhibit better condition number properties.

Reference [[15] which considers an alternative approach for polynomial based schemes by working within the
basis of orthogonal polynomials is most closely related to our work. It demonstrates an upper bound on the worst-
case condition number of the decoding matrices which grows as O(n?®) where s is the number of stragglers that
the scheme is resilient to. They also demonstrate experimentally that their performance is better than the polynomial
code approach. In contrast we demonstrate an upper bound that is ~ O(n**5%). Furthermore, in Section we

show that in numerical experiments our worst-case condition numbers are much better than [[15] (even when s < 6).

A. Summary of contributions

The work of [9]] shows that unless all (or almost all) the parameters of the Vandermonde matrix lie on the unit
circle, its condition number is badly behaved. However, most of these parameters are complex-valued (except 1),
whereas our matrices A and B are real-valued. Using complex evaluation points in the polynomial code scheme,
will increase the cost of computations approximately four times for matrix-matrix multiplication and around two
times for matrix-vector multiplication. This is an unacceptable hit in computation time.

The main idea of our work is to consider alternate embeddings of distributed matrix computations that are based

on rotation and circulant permutation matrices. We demonstrate that these are significantly better behaved from a
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TABLE I: Comparison with existing schemes in the literature. The last column indicates the known analytical results about

the worst-case condition number of the corresponding recovery matrices. The abbreviations M-V and M-M in the last four

rows refer to matrix-vector and matrix-matrix multiplication, respectively. For the M-V cases only the storage fraction v4 is

relevant. For the circulant embedding ¢ needs to be prime. The constant ¢; = 5.5.

CODE STORAGE MATRIX SPLIT THRESHOLD (7) CONDITION NUMBER
FRACTION
(va,78)
POLYNOMIAL [[6]] 1/ka,1/ks COLUMN-WISE kakp > Q(e")
ENT. POLYNO- | 1/pka,1/pkp | ROw AND COLUMN- | pkakp+p—1 > Q(e")
MIAL [3]] WISE
ORTHO-POLY [[T3]] | 1/ka,1/kB COLUMN-WISE kakp < O(n*"=7)
ORTHO-POLY [[15]] | 1/pka,1/pks | ROW AND COLUMN- | 4kakpp—2(kakp+pka+ | <On*""7)
WISE pkp) +ka+ks+2p—1
CoNvoL. [[14] 1/ka,1/ks COLUMN-WISE kakp COMPUTABLE UPPER
BOUND
RKRP [[16]] 1/ka,1/kB COLUMN-WISE kakp ANALYTICAL UPPER
BOUND UNKNOWN
ROT. EMBED. (M- | 1/ka COLUMN-WISE ka O(nn~7ter)
V)
CIRC EMBED. M- | G/ka(Gd—1) COLUMN-WISE ka O(nn~7ten)
V)
ROT. EMBED. (M- | 1/ka,1/kg COLUMN-WISE kakp < O(nm 7o)
M)
RoOT. EMBED. (M- | 1/pka,1/pkp | ROW AND COLUMN- | 2pkakp —1 < O(npm 7o)
M) WISE

numerical stability perspective. Furthermore, the worker nodes only work with real computation, thus our method

does not incur the complex arithmetic overhead.

o Our main finding in this paper is that we can work with matrix embeddings that allow the worker nodes to

perform real-valued computation. Our scheme (i) continues to have the optimal threshold of polynomial based

1

approaches when the storage fractions are T L

and s and (ii) enjoys the low condition number of complex
Vandermonde matrices with all parameters on the unit circle. In particular, we demonstrate that rotation matrices
and circulant permutation matrices of appropriate sizes can be used within the framework of polynomial codes.
At the top level, instead of evaluating polynomials at real values, our approach evaluates the polynomials at
matrices.

Using these embeddings we show that the worst-case condition number over all (nT_LS) possible recovery

matrices is upper bounded by ~ O(n**>). Furthermore, our experimental results indicate that the actual

values are significantly smaller, i.e., the analytical upper bounds are pessimistic.
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« An exhaustive numerical comparison with other approaches in the literature shows that the numerical stability

of our scheme is currently the best known.

Table [[| contains a comparison of our work with other schemes in the literature. The columns indicate the corre-

sponding storage fractions, matrix splitting methods, threshold and bounds on the condition number.

IV. NUMERICALLY STABLE DISTRIBUTED MATRIX COMPUTATION SCHEMES

Our schemes in this work will be defined by the encoding matrices used by the master node, which are such that
the master node only needs to perform scalar multiplications and additions. The computationally intensive tasks,
i.e., matrix operations are performed by the worker nodes. We begin by defining certain classes of matrices, discuss
their relevant properties and present an example that outlines the basic idea of our work.

In what follows, we let i = v/—1 and let [m] denote the set {0,...,m — 1}. For a matrix M, M(i,j) denotes
its (4, j)-th entry, whereas M, ; denotes the (¢, j)-th block sub-matrix of M. We use MATLAB inspired notation
at certain places. For instance, diag(a1,as,...,a,,) denotes a m x m diagonal matrix with a;’s on the diagonal
and M(:, j) denotes the j-th column of matrix M. The notation M; ® My denotes the Kronecker product of M;

and M, and the superscript * for a matrix denotes the complex conjugation operator.

Definition 2. Rotation matrix. The 2 x 2 matrix Ry below is called a rotation matrix.

cosf —sinf
Ry = = QAQ*, where ey
sinf  cos6
Q 1 |1 —i A e’ 0 )
=— , and A = .
V21 1 0 e
Definition 3. Circulant Permutation Matrix. Let e be a row vector of length m withe =[010 ... 0]. Let P be

a m x m matrix with e as its first row. The remaining rows are obtained by cyclicly shifting the first row with the

shift index equal to the row index. Then P?,i € [m] are said to be circulant permutation matrices. Let W denote the

m-point Discrete Fourier Transform (DFT) matrix, i.e., W (3, j) = ﬁw;{ for i € [m],j € [m] where w,, = e'%

denotes the m-th root of unity. Then, it can be shown [18] that P = Wdiag(1,w,,,w?,, ... ,wﬁnmfl))W*.

Example 1. For m = 4, the four possible circulation permutation matrices are

01 0 O 1 0 0 O
00 1 0 01 0 O
P= aPO:I4: )
0 0 0 1 0 0 1 0
1 0 0 O 0 0 0 1
0 0 1 0 0 0 0 1
b2 (000 1) o 1000
1 0 0 0 01 00
01 0 0 0 0 1 0
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Remark 1. Rotation matrices and circulant permutation matrices have the useful property that they are “real”

matrices with complex eigenvalues that lie on the unit circle. We use this property extensively in the sequel.

Definition 4. Vandermonde Matrix. A m x m Vandermonde matrix V with parameters sg, S1,...,Sm—1 € C is
such that V (4, j) = s%,i € [m],j € [m]. If the s;’s are distinct, then V is nonsingular [19]. In this work, we will

also assume that the s;’s are non-zero.

Condition Number of Vandermonde Matrices: Let V be a m x m Vandermonde matrix with parameters
80,81, -+ -5 Sm—1. The following facts about (V) follow from prior work [9].

e Real Vandermonde matrices. If s; € R, i € [m], i.e., if V is a real Vandermonde matrix, then it is known that its
condition number is exponential in m.

o Complex Vandermonde matrices with parameters “not” on the unit circle. Suppose that the s;’s are complex and
let s, = max/" ;! |s;|. If s, > 1 then x(V) is exponential in m. Furthermore, if 1/|s;| > v > 1 for at least 3 < m
of the m parameters, then (V) is exponential in S.

Based on the above facts, the only scenario where the condition number is somewhat well-behaved is if most or
all of the parameters of V are complex and lie on the unit-circle. In the Appendix [C] we show the following result

which is one of our key technical contributions.

Theorem 1. Consider a m x m Vandermonde matrix V where m < ¢ (where ¢ is odd) with distinct parameters

{s0,51,- - 8m-1} C {l,wg,w?,...,wi™'}. Let ¢; = 5.5. Then,

K(V) < O(g" ),

Remark 2. For the remainder of the paper, we continue to use this theorem with ¢; = 5.5. If ¢ —m is a constant,

then (V) grows only polynomially in ¢. In the subsequent discussion, we will leverage Theorem 1| extensively.

Example 2. Polynomial Codes. Consider the matrix-vector case where A4 = 3 and §4 = 1. In the polynomial
approach, the master node forms A(z) = Ag+ Az + A, 2? and evaluates it at distinct real values z1, ..., z,. The
i-th evaluation is sent to the i-th worker node which computes A% (z;)x. From polynomial interpolation, it follows
that as long as the master node receives results from any three workers, it can decode A7x. However, when A 4

is large, the interpolation is numerically unstable [9].

The basic idea of our approach to tackle the numerical stability issue is as follows. We further split each A; into
two equal sized block-columns. Thus, we now have six block-columns, indexed as Ay, ... As. Consider the 6 x 2
matrix defined below; its columns are specified by gy and g;.

I
(g0 g1] = R},
R
The master node forms “two” encoded matrices for the i-th worker: Z?:O A go(j) and E?:o Ajgi(j) (where

gi(l) denotes the I-th component of the vector g;). Thus, the storage capacity constraint fraction 74 is still %
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Worker node i computes the inner product of these two encoded matrices with x and sends the result to the
master node. It turns out that in this case when any three workers i, 71, and i complete their tasks, the decodability

and numerical stability of recovering ATx depends on the condition number of the following matrix.

I I I
RY Rj RY
Rg io Rgl 1 R§Z2

Using the eigen-decomposition of Ry (cf. (I)) the above block matrix can expressed as

Q 0 0 I I 1I/]|Q o0 o0
0 Q 0] |A0 A A=| |0 Q 0
0 0 Q AQio A2i1 A2i2 0 0 Q*

>
As the pre- and post-multiplying matrices are unitary, the condition number of the above matrix only depends on

the properties of the middle matrix, denoted by 3. In what follows, we show that upon appropriate column and row
permutations, 33 can be shown equivalent to a block diagonal matrix where each of the blocks is a Vandermonde
matrix with parameters on the unit circle. Thus, the matrix is invertible if the corresponding parameters are distinct.
Furthermore, even though we use real computation, the numerical stability of our scheme depends on Vandermonde
matrices with parameters on the unit circle. Theorem [T] shows that the condition number of such matrices is much
better behaved.

In the sequel we show that this argument can be significantly generalized and adapted for the case of circulant
permutation embeddings. The matrix-matrix case requires the development of more ideas that we also present. In
this section we consider (7) the matrix-vector case where the storage fraction v4 = 1/k4 and (4¢) the matrix-matrix

case where the storage fractions are y4 = 1/ka,vp = 1/kp respectively.

A. Matrix Splitting Scheme

We partition the matrices A and B into Ay = k¢ and Ap = kp{ block-columns respectively. However, we
use two indices to refer to their respective constituent block-columns as this simplifies our later presentation. To
avoid confusion, we use the subscript (i, j) to refer to the corresponding (%, j)-th block-columns. In particular
A jy,i € [kal,j € [£] and By, jy,4 € [kp],j € [f] refer to the (i, j)-th block-column of A and B respectively,

such that
A=[Apo - A1y | - | Agy-10) -+ Aky-1,0-1)); and

B: [B<0’0> B<07g,1> ‘ |B(k571,0) B(kB*LK*l)]' (3)

B. Distributed Matrix-Vector Multiplication

In the matrix-vector case, the encoding matrix for A will be specified by a k4¢ x nf “generator” matrix G such

that

Aijy= Y Glal+Bil+j)Awp @
a€lkal,Bel]
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Algorithm 1 Encoding scheme for distributed matrix-vector multiplication

Input: Matrix A and vector x. Storage fraction y4 = 1/k4, positive integer ¢ and encoding matrix G of dimension
kal x nt.
QOutput: Worker task assignment.
Partition A into A4 block-columns as in (3).
fori=0ton—1do
Worker ¢ is assigned A@,j) =D aelkalpelg Glal + B,il + j)A(q gy, for all j € [¢] and the vector x.
end for

Worker i computes A{l X for j € [{].

for i € [n],j € [¢]. The worker node i stores A; ;y for j € [{] and x, i.e., it stores y4 = £/A s = 1/ka fraction
of matrix A. Furthermore, it computes A%; HX for j € [¢] and transmits them to the master node.

Thus, the master node receives ATZ.

()X of length /A4 for j € [{] from a certain number of worker nodes and
wants to decode ATx of length 7. Based on our encoding scheme, this can be done by solving a A4 x A4 linear
system of equations r/A 4 times. The structure of this linear system is inherited from the encoding matrix G. The
precise details of the encoding schemes can be found in Algorithm [I] (an example appears above).

1) Rotation Matrix Embedding: Let q be an odd number such that ¢ > n, § = 27/q and £ = 2 (cf. block column
decomposition in (3)). We choose the generator matrix such that its (i, j)-th block-submatrix for i € [k4],j € [n]

is given by
G/9 =Rj. (5)

Theorem 2. The threshold for the rotation matrix based scheme specified above is k4. Furthermore, the worst-case

condition number of the recovery matrices is upper bounded by O(g?Fater),

Proof. Suppose that workers indexed by ip,...,75,—1 complete their tasks. We extract the corresponding block-

columns of G™°¢ to obtain

| R e
Réo(k,qfl) R?(k/\fl) RZkAfl(kA—l)

We note here that the decoder attempts to recover each entry of Az; Hx from the results sent by the worker nodes.

Thus, we can equivalently analyze the decoding by considering the system of equations as

mG™t = c,
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where m, ¢ € R'*¥4¢ are row-vectors such that

m = [mg,- - ,my, 1]
DL TORUPEREINS o IOWASTRLELIFERENS & WO PRARS o (PR WA I
and
c=[ci, ", Ciy, 4]
— [C<i0,0)>"' 1 Clig 1) " 5 7C<Z.M7170>’... ’c<ikA71,£71)].

In the expression above, terms of the form my; ;y and ¢; ;) are scalars. We need to analyze H(GT“). Towards this

end, using the eigenvalue decomposition of Ry, we have

Q Q*
Gt = A , where (6)
i Q Q’
5 Ao Abt . Abka—1
A =
AiO(’fA_l) Ail(’fA_l) . AikA—l(kAfl)

and A is specified in (Z). Note that the pre- and post-multiplying matrices in the RHS of (6) above are both unitary.
Therefore x(G"°") is the same as x(A) [19].
Using Claim [2|in the Appendix [E} we can permute A to put it in block-diagonal form so that

- A4l0 0
Ad = d[ ] -
0 Agfl]
where A 4[0] and A 4[1] are Vandermonde matrices with parameter sets {€1%%, ... e!%a-1} and {100 .  e~0ka-1}

respectively. Note that these parameters are distinct points on the unit circle. Thus, A4[0] and Ag[1] are both
invertible which implies that A is invertible. This allows us to conclude that the threshold of the scheme is k4. The

upper bound on the condition number follows from Theorem O

Complexity Analysis: Creating an encoded matrix requires a total of A 4 scalar multiplications and A 4 —1 additions
of block-columns of size ¢ x r/A 4. Therefore, the total encoding complexity is given by O(rtn). Each worker
node computes the product of submatrix of size r/A 4 x t with a vector of size ¢, i.e., the computational cost is
O(rt/A 4). Finally, the decoding process involves inverting a A 4 X A 4 matrix once and using the inverse to solve
r/A 4 systems of equations. Thus, the overall decoding complexity is O(A% + rA4) where typically, r > A%.
2) Circulant Permutation Embedding: Let g be a prime number which is greater than or equal to n. We set
¢ = G¢—1, so that A is sub-divided into k4 (§— 1) block-columns as in . In this embedding we have an additional

step. Specifically, the master node generates the following “precoded” matrices.
G—2

Ago1y == Ay i€ [kal. (7)
=0
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Algorithm 2 Decoding Algorithm for Circulant Permutation Scheme

Input: G5 where |Z| = kyu (block-columns of G corresponding to block-columns in Z). Row vector ¢
corresponding to observed values in one system of equations. Permutation 7 specified in the proof of Theorem
Output: m which is the solution to mG4$"¢ = c.

1. procedure: Block Fourier Transform and permute c.

for j =0to ks —1 do

_ 0 oF — [oF F
Apply FFT to c;; = [c(;,,0), "+ »C(i;,g—1)) to obtain ¢ = [C@‘j,o)» e ’Cm,qq)]'
end for
Permute ¢& = [¢], - ’C;f?le—l] by m to obtain ¢&7 = [¢]7,--- ,cgfi] where c]].:’Tr =
F F F _ ~
[C<io,j)7c<i1,j>> e ’C(ikA_l,j)]’ for j=0,...,q— 1.
end procedure
2. procedure: Decode m”™ from ¢’ ™.
For i€ {1,...,G— 1}, decode m] "™ from ¢ ™ by polynomial interpolation or matrix inversion of GZ[i] (see
in Appendix . Set m; ™ =[0,---,0].
end procedure
3. procedure: Inverse permute and Block Inverse Fourier Transform m”"™.
Permute m”™ by 7! to obtain m” = [m{,--- ,m] _,]. Apply inverse FFT to each m; in m” to obtain

m = [m07 e 7mkA—1]~

end procedure

In the subsequent discussion, we work with the set of block-columns A; ;y for i € [ka],j € [¢]. The coded

submatrices A ; ;) for i € [n], j € [q] are generated by means of a k4§ x ng matrix G using Algorithm The

(i, 7)-th block of G can be expressed as
G're =PI, for i € [kal, j € [n], (8)

where the matrix P denotes the ¢ x ¢ circulant permutation matrix introduced in Definition [3| For this scheme the

storage fraction v4 = ¢/(ka(g — 1)), i.e., it is slightly higher than 1/k 4.

Theorem 3. The threshold for the circulant permutation based scheme specified above is k4. Furthermore, the
worst-case condition number of the recovery matrices is upper bounded by O(G7%4+¢1) and the scheme can be

decoded by using Algorithm [2}

The proof appears in the Appendix [B] It is conceptually similar to the proof of Theorem [2] and relies critically
on the fact that all eigenvalues of P lie on the unit circle and that P can be diagonalized by the DFT matrix W.
Complexity Analysis: The complexity analysis closely mirrors the analyses for the case of the rotation matrix
embedding. However, we note that for the circulant permutation embedding, the A@’j)’s can simply be generated

by additions since G is a binary matrix. Furthermore, the fact that P can be diagonalized by the DFT matrix W
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suggests an efficient decoding algorithm where the fast Fourier Transform (FFT) plays a key role (see Algorithm

[2). In particular, we have the following claim.
Claim 1. The decoding complexity of recovering A”x is O(r(log G + log® k4)).

Remark 3. Both circulant permutation matrices and rotation matrices allow us to achieve a specified threshold
for distributed matrix vector multiplication. The required storage fraction 74 is slightly higher for the circulant
permutation case and it requires ¢ to be prime. However, it allows for an efficient FFT based decoding algorithm. On
the other hand, the rotation matrix case requires a smaller A 4, but the decoding requires solving the corresponding
system of equations the complexity of which can be cubic in A 4. We note that when the size of A is large, the
decoding time will be much lesser than the worker node computation time; we demonstrate this numerically as
well in Section [VI} In Section [VI, we show results that demonstrate that the normalized mean-square error when

circulant permutation matrices are used is lower than the rotation matrix case.

C. Distributed Matrix-Matrix Multiplication

The matrix-matrix case requires the introduction of newer ideas within this overall framework. In this case, a
given worker obtains encoded block-columns of both A and B and representing the underlying computations is
somewhat more involved. Once again we let § = 27 /q, where ¢ > n (n is the number of worker nodes) is an
odd integer and set ¢ = 2. Furthermore, let k4kp < n. The (4, j)-th blocks of the encoding matrices are given by

appropriate powers of rotation matrices, i.e.,
Gf}j = Réi, for i € [kal,j € [n], and
G = ngjk“)i, for i € [kg],j € [n].

The master node operates according to the encoding rule discussed previously in the matrix-vector case; the details
can be found in Algorithm [3| Thus, each worker node stores y4 = 1/k4 and vg = 1/kp fraction of A and B
respectively. The i-th worker node computes the pair-wise product of the matrices AE’MB@F@ for I1,lo = 0,1
and returns the result to the master node. Thus, the master node needs to recover all pair-wise products of the form
A<Ti,a)B<j7ﬂ> for i € [kal,7 € [kB] and «, 8 = 0,1. Let Z denote a 1 x 4kakp block matrix that contains all of

these pair-wise products. The details of the encoding scheme can be found in Algorithm [3] (an example appears

below).

Example 3. Suppose k4 = 2, kg = 2. Let n = ¢ = 5, § = 27/5. The matrix A and B can be partitioned as

follows.
A=[Apop Awpy | Aqo Anyl, and

B = [B, By | Bao Banyl
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Algorithm 3 Encoding scheme for distributed matrix-matrix multiplication

Input: Matrices A and B. Storage fractions y4 = 1/ka,vp = 1/kp, positive integer £ and encoding matrices G*

and G? of dimensions k¢ x nf and kgl x n respectively.

Output: Worker task assignment.

Partition A and B into A 4 and A g block-columns as in (3).
fori=0ton—1do

Worker 7 is assigned

A = Z G*(al+ B,il+ j)Aa,p), and
a€lkal,B€[f]
Bujy= Y. GP(al+5,il+j)Blg

a€clkpl,BE(]
for all j € [4].

end for

Worker i computes AE,MB@F@ for all pairs Iy € [¢],15 € [{].

The encoding matrices G and G® are given by

) I I I I I
G = ‘ , and
I Ry R} R} R}

I I I 1 1
I R2 R} RS RS

G” =

Thus, for the i-th worker node, the encoded matrices are obtained as
Aoy =Ap0 +R5(0,0)A 1 o) + RH(1,0)A 1 1y,

Ay =Apy + R0, 1)A ;g +RH(L, DA ),

The i-th worker node computes Az;,O)B%O)’ Az;)())]:’)@,l), A<Ti’1>]A3<i’0>, A<Ti$1>]§<i’1>. We can represent the com-

putations in the ¢-th worker node using Kronecker products. We take A<Tz 0>]A3<i,1> as an example. Let Z denote

a 1 x 16 block matrix that contains all of the pair-wise products Az:l k1>B<b,k2)’ a,b,k1,ke = 0,1. Consider the

following vector (of length 16).

1(0,0) 1(0,1)
I(1,0) I(1,1)
R}(0,0) R2'(0,1)
R} (1,0) RZ'(1,1)
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Then the computation of A<TZ. 0>]§<i71> can be denoted as the product of each of the elements of Z with the
corresponding component of the above vector followed by their sum. For the sake of convenience we represent this

operation by the - operator below. Then we can verify that the computations in i-th worker node can be denoted as

I I

Z-| |® ,
R,| |R¥

Suppose that four different worker nodes i, ¢1, i2, 23 have finished their work, the master node obtain

I I 1 I I I I I )

4-Ge=12- ( i ® 240 i1 B 241 i ® 212 i3 @ 2i3
Ry Ry R, Ry _R9 Ry Ry Ry

We formalize the above construction and prove the G4 has full rank in Theorem []

Theorem 4. The threshold for the rotation matrix based matrix-matrix multiplication scheme is k4kp. The worst-

case condition number is bounded by O(q? kaks+er),

Proof. Let 7 = kakp and suppose that the workers indexed by g, ...,i,—; complete their tasks. Let Gf‘ denote
the I-th block column of G4 (with similar notation for G?). Note that for ki, ko € {0,1} the I-th worker node

computes A%; k1>]:)’<l,k2) which can be written as

> G20+ 8,21+ k)AL, 4 | x > GP(2a + 8,20 + k2)Ba.p)
a€lkal,8€{0,1} aclkp],B€{0,1}

=7 (GA(:;,20 + k1) @ GB(:,20 + ky)),

using the properties of the Kronecker product. Based on this, it can be observed that the decodability of Z at the

master node is equivalent to checking whether the following matrix is full-rank.

G=[GoGlIGoGP|...|G_ ®GP ]

0

To analyze this matrix, consider the following decomposition of GlA ) GZB, for [ € [n].

QQ" QQ"
N 5 QAZQ* QAlkAQ*
Gl ®Gl = . ® . =
QAl(kA—l)Q* QAlkA(kB—l)Q*
1 I
Al AlkA
Toq| . |lo]|e|@eq Q]|
Al(kAfl) AlkA(kgfl)
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where the first equality uses the eigen-decomposition of Ry. Applying the properties of Kronecker products, this

can be simplified as

I I

Al AlkA ®2
(oo, o)< || . |e| ([Q*} )
Q: ' ' >
Allka—1) Alka(ks—1) Q2

Xy

Therefore, we can express

G=G!®GlIGtGP|...|G} &GP

0 1 1r—1 Z.,-_l]

Q 0 ... 0
. 0 Q ... 0
= Qu[Xi | Xy |- X5, ] . ,
0 0 ... Q
Once again, we can conclude that the invertibility and the condition number of G only depends on [X;, |X;, ] ... |Xi. ]

as the matrices pre- and post- multiplying it are both unitary. The invertibility of [X;,|X;, | ... |X;._,] follows from
an application of Claim [3]in the Appendix [E] The proof of Claim [3] also shows that upon appropriate row-column
permutations, the matrix [X;,|X;,|...|X;,_,] can be expressed as a block-diagonal matrix with four blocks each
of size 7 x 7. Each of these blocks is a Vandermonde matrix with parameters from the set { l,wq,wg, . ,wg_l}.
Therefore, [X;,|X;,|...|X;,_,] is non-singular and it follows that the threshold of our scheme is kskp. An

application of Theorem [1|implies that the worst-case condition number is at most O(q?~77¢1). O

Remark 4. The proofs of Theorem [2| and {4| involve a diagonalization argument with pre- and post-multiplying
matrices that are unitary. We emphasize that this is only for the analysis of the scheme and the encoding and

decoding schemes do not require multiplication by these matrices.

Complexity Analysis: Creating the A<i7l> matrix requires a total of A 4 scalar multiplications and A 4 — 1 additions
of block-columns of size ¢ x /A 4; a similar argument applies for creating the BW) matrix (note that Ay =
2ka,Ap = 2kp). Thus, the total encoding complexity is given by O((r + w)tn). Each worker node computes
four submatrix products. Thus, the worker node computational cost is O(4 x rtw/AsAp) = O(rtw/kakp).
The decoding process involves inverting a matrix of dimension AsAp X A4Ap followed by solving rw/AsAp
systems of equations. Thus, the overall decoding complexity is given by O((A4Ap)? +7rwA4Ap). It can be seen

that the decoding complexity is independent of ¢. Thus, when the input matrices are large, i.e., r,w and ¢ are large,

then the overall cost is dominated by the worker node computation time.

V. GENERALIZED DISTRIBUTED MATRIX MULTIPLICATION

In the previous section, we consider the case that A and B are partitioned into block-columns. In this section,

we consider a more general scenario where A and B are partitioned into block-columns and block-rows. This
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Algorithm 4 Encoding scheme for generalized distributed matrix-matrix multiplication

Input: Matrices A and B. Storage fractions y4 = 1/pka,v5 = 1/pkp. Integer ( = ﬁ.
Output: Worker task assignment.

Partition A and B into 2p x A4 and 2p x Ap blocks as in (9).

for k=0ton—1do

Worker k is assigned

Apoy|  ERE kG-pisy) A(i.0).9)
=S Y R e , and
Ay | =0 j=0 Ai).g)
[ 1 —1kp—1
B 0 _ e (Rlac(p—l—i+jpkA) ® L) B ((1,0).5)
By | =0 j=o B ((i,1).5)
end for
Worker k computes
A T A
Agoy|  |Bro
A<k;1> B(’f@)

construction resembles the entangled polynomial codes of [3].

A. Matrix Splitting Scheme

We partition the matrices A and B into 2p block-rows and A4 = k4 block-columns, and 2p block-rows and
Ap = kp block-columns respectively. We use two indices for the block-rows to simplify our presentation. In

particular, we denote

A= [A(<i,l>,j)]7i € [p],l € {07 1},j € [kA]a and

B = [Biu,jl i€ [pl.l € {0,1}, ] € [ka], 9)
where A ((; 1y ;) denotes the submatrix indexed by the (i,)-th block row and j-th block-column of A. A similar
interpretation holds for B(; ;) ;). We let 6 = 27 /q, where ¢ > n > 2kskpp — 1 (recall that n is the number of
worker nodes) is an odd integer.

The encoding in this scenario is more complicated to express. We simplify this by leveraging the following simple

result which can be easily verified.
Lemma 1. Suppose that matrices M; and M5 both have ( rows and the same column dimension. Consider a 2 x 2
matrix ¥ = [V, ;],i=0,1,7 =0, 1. Then

Yo oM; + ¥y 1My _(weL) M;
Uy oMy + ¥, 1M, M,

The complete encoding algorithm appears in Algorithm [4]
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The k-th worker node stores A(k,l): Bk, I = 0,1. Thus, each worker node stores v4 = Soia = pha and
VB = 21%3 = o5 fraction of A and B respectively. Worker node k computes
~ T A
A B

Apy| B
Before presenting our decoding algorithm and the main result of this section, we discuss the following example

that helps clarify the underlying ideas.

Example 4. Suppose k4 = 1,kg = 1,p = 2. Let n = 4. The matrix A and B can be partitioned as follows.

A(0.0),0) B(0.0),0
A B

A= Aol g [Buono
A((1,0,0) B((1,0),0)
A(1,1),0) B(1,1),0)

In this example, since k4 = kg = 1, there is only one block column in A and B. Therefore, the index j in
A iny,5) and By 4) is always 0. Accordingly, to simplify our presentation, we only use indices 4 and [ to refer
to the respective constituent block rows of A and B. That is, we simplify A ;) ;) and By 1y j) to Ay and
By 1, respectively. Our scheme aims to allow the master node to recover A”B = A{omB(o,o) + A%MB((OJ) +
A<T17O>B<170> + Aa,l)B(l,U- Suppose that A ; ;, and B, ;) have ¢ rows. The encoding process (cf. Algorithm

can be defined as

_A - ) | _A i -
SRS R 1) | T and
| Ay | =0 A |
E<k70> k(i B o)
U =Y R e
By | =0 [ B |
L Af 0) Ao
The computation in worker node k (cf. (10)) can be analyzed as follows. Let Y =(QreI) ’ and
AT A
(1) (5,1)
B/ B
;’0> =(Q*®IL) “Ot Then
B(i,l) By
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AkAo Bk,o (a) . Ao A ]31@,0
R B =<(Q oL) | " )(Q o) "
Ay Bk, (k,1) B k1)
. k A 0,0y . woy [\
= Q" @L)(R;®]) +(Q eI ®I)
(©,1) Ay
. Bo,0 . Bo
((Q SR D0 L@ el meT) |00 )
Bo,1) B
O (v — . Ao, . . Ao |\
=(<Q REQeI)Q eL) |07 4 (@LQe1)Q eL) | 0 )
(0,1) (1,1)
* * BO,O % % BI,O
((Q RIQeI)(Q o) | Y +(QLQeL)Q o) | Y )
(0,1) By
[ -k
c wr 0 A A
(=)< ‘ et |@ern) |07 + oI | (@ eI | Y
i 0 OJ;; A<071> ]. A<171>
_wk 0 B 1 0 B
( e oL | (Q oL | Y| + oL | (Q oL | " )
i 0 wq*k B<071) 0 ]. B<171>
[ x—k *
<_>( wi " Abo| |, [Alo > ( wq“ BTy o) B0 >
xk _
| wi Al Al wg "Bl Bl
=(Al0)Blio) + Al Bl wg "+
(Al Bloo) + Al Blio) + Al Bloay + Al B+
(A0 Bloo) + Al Bliaywy
where

« (a) holds because Q* ® I is unitary,

« (b) holds by the mixed-product property of Kronecker product. For example,
Q" @I)(RIF L) =(QRI) I
= (Q'R5,QQ") 0L
= (QR{Q®L)(Q @)

0

-1
Wq

Wq
0

o (c) holds because Q*RyQ = , and

o (d) holds by Lemma

Thus, it is clear that whenever the master node collects the results of any three distinct worker nodes, it can

DRAFT



recover Afofo) f0.0y + Af* >Bf o+ A<f* >Bf py + A<f* >B<F 1y~ However, we observe that for i = 0,1
* T
Alol |Blo Aio | [Bo
A{;,l) B{;l} Ay By

Thus, we can equivalently recover A”B.

The analysis in the example above can be generalized to show the following result. The proof appears in the

Appendix

Theorem 5. The threshold for scheme in this section is 2pkskp — 1. The worst-case condition number of the

recovery matrices is upper bounded by O(q9~2Pkakp+lter)

Remark 5. When k4 = kp = 1, the threshold of this scheme matches the Entangled Polynomial code [3|] and the

MatDot codes [4]], with the added advantage of excellent numerical stability.

The decoding algorithm in this case requires more steps. It is specified in Algorithm [5] In particular, it requires us
to work with the inverse of a complex matrix (see (II))) which is essentially (upto a unitary scaling) a Vandermonde
matrix with parameters on the unit circle. The underlying reason can be found by examining the proof of Theorem
[l Thus, the decoding in this case is more expensive than prior methods that work exclusively with real valued
decoding. Nevertheless, we emphasize that the worker node computation is still real-valued.

Suppose that the k-th worker node computes A{E r and that the master node receives the computation results
from any 7 = 2pk4kp — 1 worker nodes, which are denoted by g, - ,i,—1. By , the useful and interference

terms can be decoded by computing the inverse of

[ —io(pkakp—1 —i1(pkakp—1 —ir_1(pkakp—1)T
wqto(PA B—1) wqh(PA B—1) . Wy 1(pkakp—1)
—io(pkakp—2 —i1(pkakp—2 —ir_1(pkakp—2
wao(pA B—2) wqh(pA B—2) . wa 1(pkakp—2)
Gvand ) (11)
io(pkakp—1 i1(pkakp—1 ir—1(pkakp—1
_w(l]o(p akp—1) w(ll1(p aks—1) wf] 1(pkakp—1) |

and using it to solve é X % systems of equations. We point out that by multiplying G%‘md from the right by the

unitary matrix [diag(w(, ... ,wyT)PRakE=1 it can be seen that k(G39d) is the same as the condition number
of a Vandermonde matrix of size (2pkakp — 1) X (2pkakp — 1) with parameters w, .. wr

Finally, the result C = [C; ;], @ € [ka], j € [kp] can be recovered since C; ; = > " I(AT 1.0 B((w,0).5) T
A(T<u71>7i)B(<u}1>)7 ) = (Zp 1(A}-* 71)B§u 0 J)) (ZP : A}-* )B(<u 1>7]))>. The precise decoding algo-

rithm is summarized in Algorithm [5

Complexity Analysis: We note here that the decoding algorithm involving inverting a (2pkakp —1) X (2pkakp—1)

complex Vandermonde matrix once and using the inverse to solve é X ﬁ systems of equations in Steps 1 and

2. Step 3 involves the sum of matrices of size ;- x 7 so its complexity is O(rw). Thus, the overall decoding
A B
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Algorithm 5 Decoding scheme for generalized distributed matrix-matrix multiplication
Input: G%“”d (cf. ) where |Z| = 2pkakp — 1 (columns of Gvend corresponding to columns in Z). Row vectors

c corresponding to the observed values in each of the é X ﬁ system of equations.

Qutput: Decoded estimate C of ATB.

1. procedure: Decode m from c

m = [m*PkAkB7 RIS IR 7mPkAkB] by m = C(G%and)_l'

end procedure

2. procedure: Repeat above procedure for each of the i X % systems of equations. Upon appropriate indexing,
we can form a matrix 1\711-7]-, —(ka—1)<i<ks—1,—(kp—1) <j < kp—1 using the decoded components
rhierjpkA-

end procedure

3. procedure: Recover C;, j, for i, € [kal, 71 € [ks].

if le :07j1 = 0 then

Co,0 = Mo .
else

Cihjl = Mihjl + M*ih*jl'
end if

end procedure

complexity is O((2pkakp — 1)3 + 1w + s (2pkakps — 1)?) ~ O(P*k3 k% + rwp’kakp), where typically,
rw > pk3 k3.

VI. COMPARISONS AND NUMERICAL EXPERIMENTS

We now present a comparison of our techniques with other approaches in the literature. Towards this end we
will compare the worst-case and the average condition numbers of the recovery matrices of the different schemes.
Furthermore, we will also present corresponding normalized mean-squared-error (MSE) vs. SNR curves. For matrix-
vector multiplication, let A”x denote the true value of the computation and A7x denote the result of using one of
ATx—ATx||p

IATx[[r

the discussed methods. The normalized MSE is defined as . (the notation || - || denotes the Frobenius

norm of the matrix). Similarly, for the matrix-matrix multiplication, the normalized MSE is given by %
where ATB is the true product and @ is the decoded product using one of the methods. We will also report
the computation threshold, worker computation times and decoding times for all the methods under consideration.

Suppose that the number of workers n is odd, so that we can pick ¢ = n for the rotation matrix embedding. From
a theoretical perspective our schemes have a worst-case condition number (over the different recovery submatrices)
that is upper bounded by O(q?~77¢1) where 7 is the recovery threshold. Equivalently, the worst-case condition
number is upper bounded by O(n®"1) (recall that ¢; = 5.5). We note here that this upper bound is definitely loose

and our numerical experiments which will be presented shortly indicate that the actual condition number values

are much smaller. The work of [15] shows a condition number upper bound which is O(n?%). While this is larger
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than our upper bound for values of s > 6 we emphasize that our actual condition number values are much lower
than [15] even for s < 6.

As discussed previously, the scheme of [[6] has condition numbers that are exponential in the recovery threshold
7. This is corroborated by our numerical experiments as well. In Section VII of [3]], the authors propose a finite
field embedding approach as a potential solution to the numerical issues encountered when operating over the reals.
For this purpose the real entries will need to multiplied by large enough integers and then quantized so that each
entry lies with O and p — 1 for a large enough prime p. All computations will be performed within the finite field
of order p, i.e., by reducing the computations modulo-p. This technique requires that each A7 B; needs to have
all its entries within 0 to p — 1, otherwise there will be errors in the computation. Let « be an upper bound on the

absolute value of matrix entries in A and B. Then, this means that the following dynamic range constraint (DRC),
At<p-—1

needs to be satisfied. Otherwise, the modulo-p operation will cause arbitrarily large errors.

We note here that the publicly available code for [6] uses p = 65537. Now consider a system with k4 = 3,
kg = 2. Even for small matrices with A of size 400 x 200, B of size 400 x 300 and entries chosen as random
integers between 0 to 30, the DRC is violated for p = 65537 since 30% x 400 > 65537. In this scenario, the
normalized MSE of the [[6] approach is 0.7746. In contrast, our method has a normalized MSE ~ 2 x 10~28 for
the same system with k4 = 3,kp = 2.

When working over 64-bit integers, the largest integer is = 10'%. Thus, even if ¢ ~ 10°, the finite-field embedding
method can only support o < 107. Thus, the range is rather limited. Furthermore, considering matrices of limited
dynamic range is not a valid assumption. In machine learning scenarios such as deep neural networks, matrix
multiplications are applied repeatedly, and the output of one stage serves as the input for the other. Thus, over
several iterations the dynamic range of the matrix entries will grow. Consequently, applying this technique will
necessarily incur quantization error.

The most serious limitation of the method comes from the fact the error in the computation (owing to quantization)
is strongly dependent on the actual entries of the A and B matrices. In fact, we can generate structured integer
matrices A and B such that the normalized MSE of their approach is exactly 1.0. Towards this end we first pick the
prime p = 2147483647 (which is much larger than their publicly available code) so that their method can support
higher dynamic range. Next let » = w = ¢ = 2000. This implies that o has to be < 1000 by the dynamic range

constraint. For k4 = kp = 2, the matrices have the following block decomposition.

A A

A= 0.0 0.1 , and
[ Ao Al

B— Boo Bo
[Bio Bia

Each A;; and B, ; is a matrix of size 1000 x 1000, with entries chosen from the following distributions. Ag g,
A(]$1 are distributed Umf(O, PN ,9999) and Al’(], A1,1 distributed Un1f(07 RN 9) Next, B()’(), B()71 are distributed
Unif(0, . ..,9) and B4 9, B1,1 distributed Unif(0, . .., 9999). In this scenario, the DRC requires us to multiply each
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TABLE II: Performance of matrix inversion over a large prime order field in Python 3.7. The table shows the
computation time for inverting a ¢ x £ matrix G over a finite field of order p. Let G~ denote the inverse obtained

by applying the sympy function Matrix(G) .inverse_mod (p). The MSE is defined as %HG(?—\l —T1||F.

¢ P Computation Time (s) MSE
9 65537 1.39 0

12 65537 4.38 0

15 65537 12.64 0

9 2147483647 1.39 0

12 | 2147483647 4.68 1.8 x 107
15 | 2147483647 14.45 4.2 x 109

matrix by 0.1 and quantize each entry between 0 and 999. Note that this implies that A o, A1 1,Bo,0,Bo,1 are all
quantized into zero submatrices since the entry in these four submatrices is less than 10. We label the quantized
matrices by the superscript ©. We emphasize that the finite field embedding technique only recovers the product of

these quantized matrices. However, this product is

N B T
A AO,O AO,l 0 0

ATB = : 3 =0.
0 0 Bio A

Thus, the final estimate of the original product A”B, denoted as A/T\B is the all-zeros matrix. This implies that
the normalized MSE of their scheme is exactly 1.0. Thus, the performance of the finite field embedding technique
has a strong dependence on the matrix entries. We note here that even if we consider other quantization schemes
or larger 64-bit primes, one can arrive at adversarial examples such as the ones shown above. Once again for these
examples, our methods have a normalized MSE of at most 10727,

In our experience, the finite field embedding technique also suffers from significant computational issues in
implementation. Note that the technique requires the computation of the inverse matrix at the master node that
is required for decoding the final result. We implemented this within the Python 3.7, sympy library (see [20] Git
hub repository). We performed experiments with p = 65537 and p = 2147483647. As shown in Table [[I} for the
smaller prime p = 65537, the inverse computation is accurate up to 15 x 15 matrices; however, the computation
time of the inverse is rather high and can dominate the overall execution time. On the other hand for the larger
prime p = 2147483647, the error in in the computed inverse is very high for 12 x 12 and 15 x 15 matrices; the
corresponding time taken is even higher. It is possible that very careful implementations can perhaps avoid these
issues. However, we are unaware of any such publicly available code. To summarize, the finite field embedding
technique suffers from major dynamic range limitations and associated computational issues and cannot be used to
support real computations.

The work most closely related to ours is by [15], which demonstrates an upper bound of O(qZ(q_T)) on the worst-
case condition number. It can be noted that this grows much faster than our upper bound in the parameter ¢ — 7. In
numerical experiments, our worst-case condition numbers are much smaller than the work of [[15]; we discuss this

in the upcoming Section We note that the results in [15] are given in terms of the condition number calculated
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TABLE III: Comparison for matrix-vector case with n = 31, A has size 28000 x 19720 and x has length 28000
for the first four methods. For the All Ones Conv. and Random Conv. (from [[14]), A has 21924 columns.

Scheme YA 7 | Avg. Cond. Num. | Max. Cond. Num. | Avg. Worker Comp. Time (s) | Dec. Time (s)
Real Vand. 1/29 | 29 1.1 x 10%3 2.9 x 1013 1.2x 1073 9x 1075
Complex Vand. 1/29 | 29 12 55 2.9 x 1073 2.8 x 1074
Circ. Perm. Embed. | 1/28 | 29 12 55 1.2 x 1073 3.7x 1074
Rot. Mat. Embed. | 1/29 | 29 12 55 1.3x 1073 10~
All Ones Conv. [[14] | 1/27 | 29 1386 5093 1.4 x 1073 9x 1074
Random Conv. [14] | 1/27 | 29 259 4903 1.4 x 1073 5x 1074

using the Frobenius norm[ﬂ i.e., for matrix M, they define k(M) = ||[M||r||[M~|| z. However, there are well-known
relations between different matrix norms. In particular when M is of size £ x £, then ||[M]|z < ||[M||r < VZ||M]|5.
This allows us to compare the corresponding Frobenius-norm induced condition number as well.

Both our scheme and [15]] have the optimal threshold when A and B are only divided into block-columns (cf.
Section [IV)). However, when the matrices are split across both rows and columns (cf: Section [V]) the polynomial
code approach of [3] has a lower threshold of pkskp + p — 1, while our threshold is 2pkkp — 1; the thresholds
match when k4 = kg = 1. The work of [15] in this scenario, i.e., when p > 1 has a threshold denoted 77_< given

by
Tr—c = 4kakpp — 2(kakp + pka + pkp) + ka + kg + 2p — 1.

It can be seen that if k4 = 1 or kg = 1, then 7p_c < 2pkakp — 1. However, when k4 > 1 and kg > 1, simple
analysis shows that our threshold < 7p_¢ (see Claim [4]in the Appendix).

Certain approaches [11]-[13], [21] only apply for matrix-vector multiplication and furthermore do not provide
any explicit guarantees on the worst-case condition number. Other approaches include the work of [[16] which uses
random linear encoding of the A and B matrices and the work of [14] that uses a convolutional coding approach
to this problem. Both these approaches require random sampling and do not have a theoretical upper bound on the
worst-case condition number. However, for a given set of random choices, it is possible to numerically compute an

upper bound on the worst-case condition number of [[14].

A. Numerical Experiments

The central point of our paper is that we can leverage the well-conditioned behavior of Vandermonde matrices
with parameters on the unit circle while continuing to work with computation over the reals. We compare our results
with the work of [6] (called “Real Vandermonde”), a “Complex Vandermonde” scheme where the evaluation points
are chosen from the complex unit circle, the work of [14], [[15] and [16]. For the normalized MSE simulations below,

we always pick the set of worker nodes that correspond to the worst-case condition number of the corresponding

For measuring the error in decoding a system of equations corresponding to M it is more natural to consider an induced norm, like the one

W€ use.
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-6~ Complex Vand.
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10 —}— Rot. Mat. Embed.
all-one case (Das et al., 2019).
107 random case (Das et al., 2019).
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Fig. 1: Consider matrix-vector A”x multiplication system with n = 31, 7 = 29. A has size 28000 x 19720 and x has length

28000.

method. Additive Gaussian noise is added to the encoded matrix and vector in the matrix-vector case and both
encoded matrices in the matrix-matrix case (details in [22]).

All experiments were run on the AWS EC2 system with a t2.2xlarge instance (for master node) and t2.micro
instances (for slave nodes). The source code can be found in [22].

1) Matrix-vector case: In Table we compare the average and worst-case condition number of the different
schemes for matrix-vector multiplication. The system under consideration has n = 31 worker nodes and a threshold
specified by the third column (labeled as 7). The evaluation points for [|6] were uniformly sampled from the interval
[—1, 1] [23]]. The Complex Vandermonde scheme has evaluation points which are the 31-st root of unity. The [[15]
and [16] schemes are not applicable for the matrix-vector case. It can be observed from Table that both the
worst-case and the average condition numbers of our scheme are over eleven orders of magnitude better than the
Real Vandermonde scheme. Furthermore, there is an exact match of the condition number values for all the other
schemes. This can be understood by following the discussion in Section Specifically, our schemes have the
property that the condition number only depends on the eigenvalues of corresponding circulation permutation matrix
and rotation matrix respectively. These eigenvalues lie precisely within 31-th roots of unity. The methods of [[14]]
have some divisibility constraints on the number of columns in A. Accordingly, we considered a matrix with 21924
columns for it. We performed 200 random trials for picking the best Random Conv. code [14]]. The worst-case
condition number of these methods are still around one to two orders of magnitude higher than ours.

It can be observed that the decoding flop count for both matrix-vector and matrix-matrix multiplication is
independent of ¢, i.e., in the regime where ¢ is very large the decoding time may be neglected with respect to the

worker node computation time. Nevertheless, from a practical perspective it is useful to understand the decoding
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TABLE IV: Comparison for ATB matrix-matrix multiplication case with n = 31, k4 = 4, kg = 7. A has size

8000 x 14000, B has size 8400 x 14000.

Scheme Ya | B 7 | Avg. Cond. Num. | Max. Cond. Num. | Avg. Worker Comp. Time (s) | Dec. Time (s)

Real Vand. 1/4 | 1/7 | 28 4.9 x 1012 2.3 x 1013 2.132 0.407

Complex Vand. 1/4 | 1/7 | 28 27 404 8.421 1.321

Rot. Mat. Embed. 1/4 | 1/7 | 28 27 404 2.121 0.408

Ortho-Poly [15] 1/4 | 1/7 | 28 1449 8.3 x 10* 2.263 0.412

RKRP [16] 1/4 | 1/7 | 28 255 5.6 x 104 2.198 0.406
Random Convi[14] 1/3 | 1/6 | 28 < 3.4 x10* - -

10° -e— Complex Vand.

=
<
&

H
S
W)

Normalized MSE (worst case)
S

H
S
/

—>¢—Rot. Mat. Embed.

—}— (Fahim & Cadambe, 2019)
(Subramaniam et al., 2019)

J
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Fig. 2: Consider matrix-matrix ATB multiplication system with n = 31, ka =4, kg = 7, A is of size 8000 x 14000, B is

times as well.

of 8400 x 14000.

When the matrix A is of dimension 28000 x 19720 and x is of length 28000, the last two columns in Table

indicate the average worker node computation time and the master node decoding time for the different schemes.

These numbers were obtained by averaging over several runs of the algorithm. It can be observed that the Complex

Vandermonde scheme requires about twice the worker computation time as our schemes. Thus, it is wasteful of

worker node computation resources. On the other hand, our schemes leverage the same condition number with

computation over the reals. The decoding times of almost all the schemes are quite small. However, the Circulant

Permutation Matrix scheme requires decoding time which is somewhat higher than the rotation matrix embedding

even though we can use FFT based approaches for it. We expect that for much larger scale problems, the FFT

based approach may be faster.

Our next set of results compare the mean-squared error (MSE) in the decoded result for the different schemes. To

simulate numerical precision problems, we added i.i.d Gaussian noise (of different SNRs) to the encoded submatrices

of A and the vector x (the encoded submatrices of B) in each worker node. The master node then performs decoding

on the noisy vectors. The plots in Figure [1| correspond to the worst-case choice of worker nodes for each of the

schemes. It can be observed that the Circulant Permutation Matrix Embedding has the best performance. This is

because many of the matrices on the block-diagonal in (T3) (see Appendix [B) have well-behaved condition numbers
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TABLE V: Comparison for matrix-matrix ATB multiplication case with n = 17, uq =2, up =2, p=2, A is of

size 4000 x 16000, B is of 4000 x 16000.

Scheme Y4 | B 7 | Avg. Cond. Num. | Max. Cond. Num. | Avg. Worker Comp. Time (s) | Dec. Time (s)
Rot. Mat. Embed. 1/4 | 1/4 | 15 7 22 2.23 0.69
Ortho-Poly [15] | 1/4 | 1/4 | 15 104 2.7 x 10° 2.23 0.18

i
o
°

—}— (Fahim & Cadambe, 2019).
Rot. Mat. Embed.

= = =
S} S} S}
& S o
T T T
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T

.
<
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104
80 85 90 95 100 105 110 115 120

SNR (dB)

Fig. 3: Consider matrix-matrix A" B multiplication system with n = 18, us = 2, up = 2, p = 2, A is of size

4000 x 16000, B is of 4000 x 16000.

and only a few correspond to the worst-case. We have not shown the results for the Real Vandermonde case here
because the normalized MSE was very large.

2) Matrix-Matrix case: In the matrix-matrix scenario we again consider a system with n = 31 worker nodes
and k4 = 4 and kg = 7 so that the threshold 7 = k4kp = 28. Once again we observe (cf. Table that the
worst-case condition number of the Rotation Matrix Embedding is about eleven orders of magnitude lower than the
Real Vandermonde case. Furthermore, the schemes of [[15] and [16] have a worst-case condition numbers that are
two orders of magnitude higher than our scheme. For both [[16] and [14] schemes we performed 200 random trials
and picked the scheme with the lowest worst-case condition number. For [[14], we only report the upper bound on
the worst-case condition number. Finding the actual worst-case recovery set takes a long time.

When the matrix A is of dimension 8000 x 14000 and B is of dimension 8000 x 14000, the worker node
computation times and decoding times are listed in Table As expected the Complex Vandermonde scheme takes
much longer for the worker node computations, whereas the Rotation Matrix Embedding, [15] and [[16] take about
the same time. The decoding times are also very similar. As shown in Figure 2] the normalized MSE of our Rotation
Matrix Embedding scheme is much about five orders of magnitude lower than the scheme of [|15]. The normalized
MSE of the Real Vandermonde case is very large so we do not plot it. Since we did not determine the worst-case
recovery set for [[14f], we have not included the data and corresponding curves for it.

In the matrix-matrix multiplication scenario with p > 2, we consider a system with n = 17 worker nodes and

ugq = 2,up = 2,p = 2. Note that in this case the threshold of [3]] is lower than our threshold and [[15]]. Accordingly,
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we picked a setting where the our and [15]’s threshold match and only compare these results.

We observe that the condition number of the Rotation Matrix Embedding scheme is about four orders of magnitude
lower than [15]). Figure [3]shows that the normalized MSE of our Rotation Matrix Embedding scheme is much lower
than [15]. The Rotation Matrix Embedding scheme has higher decoding time since its decoding algorithm operates

over the complex field.

VII. CONCLUSIONS AND FUTURE WORK

In this work we demonstrated that polynomial based schemes for coded computation suffer from serious numerical
stability issues in practice. This stems from the provably bad conditioning of real Vandermonde matrices. We
demonstrated a technique that exploits the properties of circulant and rotation matrices for coded computation.
In essence, our method allows us to leverage the superior conditioning of complex Vandermonde matrices with
parameters on the unit circle while still working with real computations at the worker nodes. The worst-case
condition number of our recovery matrices is upper bounded by O(n**5:5) (where n- number of workers, s-
number of stragglers) and our schemes have excellent performance in numerical experiments.

It is to be noted that our upper bound grows with the number of stragglers. In fact, it can be shown that if s is
a large fraction of n, then the condition number of the corresponding recovery matrices can be quite large even in
the complex Vandermonde on unit circle case. It would be interesting to investigate coded computation schemes

that continue to be numerically stable in the large s regime.
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APPENDIX
A. Proof of Claim

Proof. Note that Algorithm [2| is applied for recovering the corresponding entries of Agjx for ¢ € [kal,j € [q]
separately. There are r/(ka(¢ — 1)) such entries. The complexity of computing a N-point FFT is O(N log N) in
terms of the required floating point operations (flops). Computing the permutation does not cost any flops and its
complexity is negligible as compared to the other steps. Step 1 of Algorithmtherefore has complexity O(kaGlog q).
In Step 2, we solve the degree k4 — 1 polynomial interpolation, (§ — 1) times. This takes O((§ — 1)k log® k4)
time [24]. Finally, Step 3, requires applying the inverse permutation and the inverse FFT; this requires O (k44 log §)
operations. Therefore, the overall complexity is given by
T
ka(qg—1)
~ O(r(log g + log® k4)).

(O(kaqlog ) + O((q — 1)kalog k%))

B. Proof of Theorem

Proof. The arguments are conceptually similar to the proof of Theorem [2] Suppose that the workers indexed by

i0y---,ik,—1 complete their tasks. The corresponding block-columns of G can be extracted to form
I I e I
B Pio Pit . Pira-1
G =
Pioka—1) pirka—1) ... Pirg-1(ka—1)

As in the proof of Theorem [2] we can equivalently analyze the decoding by considering the system of equations

mG =c,
where m, ¢ € R!*¥49 are row-vectors such that
m = [mo, -, my,_1]
— [m<070>7 RN | ISR IRERIEEES o /SRR I PEEE 7m(kA71,§71)]7 and
c= [Ciov"' ’cikA—l]
= [Clig,00r 1 Clio,g—1)7 " 5 5 Cliny—1,0)5 " 5 Cliny —1,3-1)]-
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Note that not all variables in m are independent owing to (7). Let m” and ¢’ denote the G-point “block-Fourier”

transforms of these vectors, i.e,

m’ =m and

w
where W is the g-point DFT matrix. Let Gk,l = P* denote the (k,)-th block of G. Using the fact that P can

be diagonalized by the DFT matrix W, we have

Gy = Wdiag(1,wl¥, w2, .. iV yw,

Let G,il = diag(17wglk7w§i‘k, ... ,wé‘ifl)ilk), and G7 represent the k4 X k4 block matrix with éil for k,l =
0,...,k4 — 1 as its blocks. Therefore, the system of equations
mG =c,

can be further expressed as

w W+ w w
m G =cC )
w W+ w w
= [mp, 7mkA—1]GF = [01]:» ) {;A,l]
W
upon right multiplication by the matrix . Next, we note that as each block within G” has a
W

diagonal structure, we can rewrite the system of equations as a block diagonal matrix upon applying an appropriate

permutation (c¢f. Claim 2] in Appendix [E). Thus, we can rewrite it as

F, F 1 NF _ [ F,7m F.,w
[1’1’10 [ 7m(}—1]Gd _[CO [ 7C(§—1}7 (12)
. . Foro_ F F F : : Frt [ F  oF F
where the permutation 7 is such that m} " = [my ; my ; ... my, _, ;] and likewise ¢; " = [c;, ;¢; ;... ikA—laj]'

Furthermore, Gdf is a block-diagonal matrix where each block is of size k4 x k4. Now, according to , we have
m/, = Zg;é m; ; =0 fori=0,...,ka— 1, which implies that mJ, "™ is a 1 x k4 zero row-vector and thus cj ™
is too.

In what follows, we show that each of the other diagonal blocks of Gg is non-singular. This means that

m{,---, mfA_l} and consequently m can be determined by solving the system of equations in . Towards this

end, we note that the k-th diagonal block (1 < k < §— 1) of G7, denoted by G7 [k] can be expressed as follows.

DRAFT



31

iok i1k 7;FCA—lkr

w? W e W

~ q q q
G [k] = ) ) , : - (13)

(ka—1)igk (ka—1)ir1k (ka=1)ik, 1k
Wg Wg W
o . . ; ik g1k

The above matrix is a complex Vandermonde matrix with parameters wfj"k,...,w;k“ '™, Thus, as long these
parameters are distinct, Gdf [k] will be non-singular. Note that we need the property to hold for k =1,...,§ — 1.

This condition can be expressed as
(ia —ig)k # 0 (mod g),

for iy,ip € {0,...,n—1} and 1 < k < g — 1. A necessary and sufficient condition for this to hold is that § is
prime. An application of Theorem 1| shows that (G [k]) < O(g9—#4+¢1) for all k. As decoding m is equivalent
to solving systems of equations specified by Gdf [k] for 1 < k < §— 1, the worst-case condition number is at most

O(dq_kA+Cl)' O

C. Vandermonde Matrix condition number analysis

Let V be a m x m Vandermonde matrix with parameters sg, s1,...S,—1. We are interested in upper bounding
(V). Let sy = max}"" |s;|. Then, it is known that ||V|| < mmax(1,s7") [9]. Finding an upper bound on
|[V~1|| is more complicated and we discuss this in detail below. Towards this end we need the definition of a

Cauchy matrix.

Definition 5. A m x m Cauchy matrix is specified by parameters s = [sg $1 ... Spm—1] and t = [to t1 ... tm—1],

such that its (4, j)-th entry

Curlivd) = (527 ) fori € lm s € [

S; — t j
In what follows, we establish an upper bound on the condition number of Vandermonde matrices with parameters

on the unit circle.

Proof of Theorem

Proof. Recall that wy = T and wm = €' and define t; = fwl,j=0,...,m—1 where f is a complex number
with | f| = 1. We let Cg ; denote the Cauchy matrix with parameters {so,...,sm—1} and {to,...,tm—1}. Let W
be the m-point DFT matrix. The work of [9] shows that
m—1
V—l di m—1—j\ym—1 * - —7\ym—1~—1 3: 1
= diag(f )iy VmW diag(w,,’)jy C, ;diag .

s — fm
J f j=0
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It can be seen that the matrix diag(f™~'~7)" ' W*diag(w,,7)7" is unitary. Therefore,

m—1
_ 1. 1
V7| = v/m||CZ diag (Sm_fm> I
J =0

_ 1
<vale, = (o )

i} s — S|

1
<t x (ayax O 10 ¢ (o ). (19

i[5 — 77
where the first inequality holds as the norm of a product of matrices is upper bounded by the products of the
individual norms and second inequality holds since for any M, we have || M]|| < |[M||F .
In what follows, we upper bound the RHS of . Let s(z) denote a function of z so that s(z) = II["" (z — s;).
The (i, j')-the entry of C;} can be expressed as [9]

Coh(i,5') = (—=1)™s(ty)(sp — f™)/ (s — t;7), s0 that
ICH@ 30 = Is(t)llsp — ™1/ Isi — ty0]
< [s(t)|(IsE ]+ [F™)/ 150 — t31]

= 2[s(tj)|/|si — tjr| (since |sy| = |f] = 1).

Let M = {1,wq,w§, .. ,wg_l} \ {s0,51,-.,8m—1} denote the g-th roots of unity that are not parameters of V.

Note that

s(ty) = TG (ty — si)

z?9—1
== , so that
HO‘JEM(:E - aj) x=t;/
[t2, — 1]
S(tv) - _ '3 '
ls(t) Ho,emlty — aj]
2

< ————— (since [tj;/| = 1 and by the triangle inequality).
o, emlty — aj

Thus, we can conclude that

1 1
max |C +(7', j)| < 4max (15)
i s, f i 5’ Ha]‘GMKtj, _aj)| ‘Si’ —tj/|
1 1
4 . (16)
(mlni’,j’ Mo, eml(ty — aj)| [si — tj’|)

Note that in the expression above the a;’s and s;» are all points within Q, = {1,w,,w?

Z,...,wl™!}. We choose

f=¢m sothatt;; = fwl = elmw] . Now for any i’ and j/ we need to lower bound L e aq|(t;r — j)||si — L7
Towards this end, we note that the distance between two points on the unit circle can be expressed as 2sin(0/2)
if 0 is the induced angle between them. Furthermore, we have 2sin(6/2) > 20/x as long as 6 < .
Let d = g —m. Then, for any choice of ¢;; we can consider lower bounds on the distances of d + 1 points that lie
on §2,. It can be seen that the closest point to ¢;, that lies within €2, has an induced angle

2rl 2m(j' + 1) J 2l

> —— > x (since g is odd and g > m).
q m qgm?2 ~ ¢
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Therefore, the corresponding distance is lower bounded by 2/¢2. Similarly, the next closest distance is lower

bounded by 2/q, followed by 2(2/q),3(2/q),...,d(2/q). Then,
min (Mo, eml (tyr = aj)l) [sir — ty]

>2/¢% x 2/q x 4/qx - x 2d/q

1
_ od+1
Therefore,
) gt
— Y
max |Cg 3 (1,7 < "5 -

where C; = 2¢71d! is a constant. Let the i-th parameter s; = e>™/9, Then,
|SZm _ fm| — |6127r£m/q + 1‘
= 2| cos(mlm/q)|.

The term ¢m can be expressed as ¢m = q+n for integers 3 and 7 such that 0 < n < ¢— 1. Now note that n # ¢/2
since by assumption ¢ is odd. Thus, |cos(mém/q)| takes its smallest value when n = (¢ +1)/2 or (¢ — 1)/2. In

this case
1
| cos(mém/q)| = | cos (ﬁﬂ' —|—7rq;—> ‘
L
Jo(3)
2q
1
> -,
q
Thus, we can upper bound the RHS of (T4) and obtain
L s qd+2
V< mtsl
Vst g
gtis
< (since m < q).
d
Finally, using the fact that ||V|| < m < ¢. we obtain
SR
V) <
K(v) < Lo

D. Proof of Theorem

Proof. We proceed in a similar manner as in Example [4} Following the encoding rules (cf. Algorithm [) and worker
Aoy

computation rules (cf. (10)), we can analyze the computation in worker k& as follows. Let (Q* ®I) L
AG,1).9)
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AT B0y B7. . . A A R B
géz,om) and (Q*® 1) (00d) | (}Sz’m’]) Let Ay = | *0 | and B.=|. k00 Then, we have
Al B ((i,1).5) Bl A1) Bk
A — j— i . Aoy,
Al = (Q* ®I< Z Z (Q Rli(g(a Dp+ H)QQ ® L) ((i,0,5)
i=0 j=0 Ai,1).5)
S [As009
xk((j—1 i+1 * 2,0),
i=0 j=0 _A(<i,1>,j)
ka—1 s«k((G—1)p+itl) A F i
_ Z E A w} ((G=1)p )A(@,o),j) g
ka—1 s«—k((j—1)p+i+1 ’
Zi:O Z]AO Wq (U= tptis )A(fa,l),j)_
R ok . B((10).5)
> * > * —1—i+j * ,0),
Bi: — (Q ®I<)Bk — Z Z (Q RO(P +ip A)QQ ®IC) J
i=0 j=0 B((i71>7j)
bolkpl ‘BF
= (ARP=1=43Pka) 9 1.)(Q* @ 1) gil,OM)
=0 =0 (Bl
—1<—kp—1 k(p—1—itjpk T
_ 2o Z]Bo Wq(p o A)B@',O),g‘)
ka—1 —k(p—1—i+jpka)
Z E A Wy p Jpka B‘(}Ei,l)u‘)_
This implies that
AlB, =((Q" 1AL (Q" ® LBy
_ATBT
p—1lka—1 p—1lkp—1
(Z S WU AT ﬂ) (Z Y GheihBE )> (17)
=0 j=0 i=0 j=0
lka—1 lkp—1
—k((j—1)p+i+1 ]-'* —k(p—1—i+jpk F
(303 wpremmrmnazs, ) (5 wpesmamy,, ).
=0 j=0 i=0 j=0

To better understand the behavior of the sum in (]E) we divide it into the following two cases.

o Case 1: Useful terms. The master node wants to recover C = ATB = [C, ;], i € [kal, j € [kg], where each
C,; is a block matrix of size r/k x w/kp. Note that C; ; = S-P_ o( ALty B0y, FA 1y 5 Bu).g)-
Moreover, note that

F* F Fx F
A0 Bw,0).) A0 Bliw) )

*

F F
Alwoy| |B

_ ((u,0),5)
F F
Alwnyn] Bl
* A ((u,0),i * N Bu,0y,j
:<(Q o1, |0 ) <(Q o1, | B0 )
A (u,1),) B((u,1),)

*

Au0),i) | [B(u,0).)

Auyi) | [ Bug)

T T
=A (w00, B(.0).5) T A1), B((u.1).5)-
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It is easy to check that Y7 _} Al 0y.0Blu0y ) s the coefficient of whPTIPkA) gng SP7L Al 0Bl

is the coefficient of wq k(ip+ipka), Thus, decoding and summing the corresponding coefficients, allows us to
recover C; ;. Note further that the exponent of w, is a multiple of p.
. . . . f* F . .
o Case 2: Interference terms. The terms in l| with coefficient A (u, l),i)B ((0.1).5) with u # v are the interference

k(

terms and they are the coefficients of wi """~ TIP*4) We conclude that the useful terms have no intersection

with interference terms since 1 < |u — v| < p.

Next we determine the threshold of the proposed scheme. Towards this end, we find the maximum and minimum
degree of Af *Bf and then argue that has powers of w, that lie at consecutive multiples of £. The threshold
can then be obtained by adding 1 to the difference of the maximum and minimum degrees divided by k. The

maximum degree of A7 *B7 is the degree of the term
k(pkakz—1) A F F
g " AL, ka0 Bl00) k)

and the minimum degree is the degree of the term

wy MPRARE=DATS | ) a1 Bl m—1)-

Next we argue that has powers of w, that are consecutive multiples of & between the maximum and
minimum degree. Towards this end, we show that there always exist some terms in with degree dk, where
—pkakp +1 < d < pkakp — 1. We observe that the positive powers of qu in can be written as £((j; —
Dp+i1+1+p—1—riz+ jopka) = £(japka + j1p + i1 — i2), where ji € [kal,j2 € [kpl,i1,92 € [p].
Consider a positive power d < pkakp — 1. We can always find a solution such that js = LI%J, j1= L%L
i1 — 12 = (d mod pk4) mod p. A similar result holds when d is negative. We conclude that the threshold of the
scheme is 2pkakp — 1.

Now suppose that 2pk4kp — 1 workers return their results. Equation shows that the condition number of the
corresponding decoding matrix is equivalent to (up to multiplication by an appropriately defined unitary matrix) a

Vandermonde matrix whose parameters are a (2pkakp — 1)- sized subset of {1,wq, w?

-1
4> wi~ '} Therefore, an

application of Theorem E] implies that the worst-case condition number is upper bounded by O(q?~2Pkaks+lter),

O

E. Auxiliary Claims

Definition 6. Permutation Equivalence. We say that a matrix M is permutation equivalent to M™ if M"™ can be

obtained by permuting the rows and columns of M. We denote this by M =< M™.

Claim 2. Let M be a l;q x l2¢ matrix consisting of blocks of size ¢ x ¢ denoted by M, ; for i € [l1],j € [l2]
where each M; ; is a diagonal matrix. Then, the rows and columns of M can be permuted to obtain M"™ which is

a block diagonal matrix where each block matrix is of size I; X lo and there are g of them.
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Proof. For an integer a, let (a), denote a mod ¢. In what follows, we establish two permutations
m, (1) = 1 (i)q + [i/q),0 < i < lig, and
T, (7) = 12()q + [J/a),0 < j < lag

and show that applying row-permutation 7;, and column-permutation 7, to M will result in a block diagonal
matrix M™.

We observe that (i, j)-th entry in M is the ((i)q, (j)4)-th entry in the block M|, /4] |;/q)- Under the applied
permutations the (7,7)-th entry in M is mapped to (I1(i)q + |i/q],12(j)q + [j/q])-entry in M7™. Recall that
M |;/q,15/q) is @ diagonal matrix which implies that for (i), # (j)¢, the (11(i)q + |i/q],12(j)q + [i/q]) entry in

MT is 0. Therefore M" is a block diagonal matrix with g blocks of size I; X [5. O

Example 5. Let [y = 2,1, = 3,¢ = 2. Consider a 4 x 6 matrix M which consists of diagonal matrices M, ; of

size 2 x 2. For0<:<1,0<5<2

0
1
0wy, 0 w2 0
1

S = O =

We use row permutation 7o = (0,2,1,3), which means 0, 1,2, 3-th row of M permutes to 0,2, 1, 3-th row.

Similarly, the column permutation is 7o = (0,3,1,4,2,5). Thus, M™ becomes

1 1 1

M — 1wy wg
1 1 1
—1 -2
1w, wy

Claim 3. (i) Letag(z) = 310" a0z, a1 (2) = 350 a2 and bo(2) = Y000t bjozdte, by (2) = 32000 bjaz—9e.

Then, a, (2)bk,(z) for k1, ks = 0,1 are polynomials that can be recovered from ¢,¢; distinct evaluation points
in C.
Let D(27) = diag([2? 277]) and let

D(ze‘l_l) D(Zéa(éb—l))

Then, if z;’s are distinct points in C, the matrix

[X(20)[X(22)] - - [X(22,0,)],
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is nonsingular.
(ii) The matrix [X;,|X,|...|X;,._,] (defined in the proof of Theorem E]) is permutation equivalent to a block-
diagonal matrix with four blocks each of size 7 x 7. Each of these blocks is a Vandermonde matrix with

parameters from the set {Lcuq, w2, ... ,Wg_l}-

ERE

Proof. First we show that ag, (2)bg,(z) for ki, ks = 0,1 are polynomials that can be recovered from ¢,/ distinct

evaluation points in C. Towards this end, these four polynomials can be written as

lo—10p—1
ao(Z)bo(Z) = Z Z aioijZH_je“,
i=0 j=0
lo—10p—1
GQ(Z)bl(Z) = Z Z aiobjlzifﬂ“,
i=0 j=0
lo—10p—1
&1(Z)b0(2) = Z Z a“bjoz*i”e"', and
=0 7=0
lo—10p—1
a1 (2)b1(2) = a;1bj1z”
i=0 j=0

[

i—jla

Upon inspection, it can be seen that each of the polynomials above has ¢,¢, consecutive powers of z. Therefore,
each of these can be interpolated from ¢,¢, non-zero distinct evaluation points in C.

The second part of the claim follows from the above discussion. To see this we note that

[ao(z) al(z)] = [aoo aopr @10 a1l --- G, —1)0 a(ga,l)l] . and

D(z%)
[bo(2) b1(2)] = [boo bo1 bio b11 ---be,—1)0 bey—1)1]

D(Zéa(éb—l))
Furthermore, the four product polynomials under consideration can be expressed as
[a0(2) a1(2)] @ [bo(2) b1(2)]
= (laoo @01 @10 @11 ---a@,—1)0 age,—1)1] ® [boo bo1 bio b1 ... b, —1)0 bre,—1)1]) X(2).

We have previously shown that all polynomials in [ag(2z) a1(z)] ® [bo(2) b1(2)] can be interpolated by obtaining

their values on ¢,/ non-zero distinct evaluation points. This implies that we can equivalently obtain

(laoo ao1 @10 a11 ... ag,—1)0 ae,—1)1) @ [boo bo1 bio bi1 ---b,—1)0 be,—1)1])

which means that [X(z1)|X(z2)]...|X(2¢,¢,)] is non-singular. This proves the statement in part (i).
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The proof of the statement in (ii) is essentially an exercise in showing the permutation equivalence of several

matrices by using Claim [2| and the permutation equivalence properties of Kronecker products. For convenience, we

define
1
Al
Xl7A = . y and
Allka=1)
1
Alk‘A
X;.B=
Alka(kp—1)

so that X; = X; 4 ® X; p. Recall that we are analyzing the matrix X = [X;,|X;,|...|X;,_,]. An application of

Claim [2] shows that (blank entries in the matrices below indicate zero blocks)

Vian Viga
P VA, P ,B,
Xl,AXXl,A: y anXm7BxXl7B: 5
Viaz Vi.B2
Wka—1 _ —I(ka—1 lka(kp—1
where Vi 41 = [1, 0, - swg I, Viaz =Ll w S Vg =[Lwl4, - wg alke =T,
Vipo=[1uw ks ... M{J_lk“(kB_l)}T. Then we conclude that X =< X” = [XP|XP|..|XF ], where X[ =
XP, @ XF,. Next we show that
V541 ® Vi1
Via2® Vi
P P P _ P, _ IR D
X =Xj20X p =X =
Via1®ViBe
Via2® VB2
By the definition of Kronecker product, we have
Via1 @ X[
P P y A, l,B
Xia®Xp= »
Via2a®Xjp
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Note that V; 4 ; ® Vl,B,j = Vl,B,j ® Vi 4,4, then

P
Via:i @ X p
ViB1
=Vi54;®
ViB,2
Vi1
= ®@Viai
ViB2
| ViB1® Vi,
Vig2®Via,
Vi34, ®ViB1
Vi4i®ViBe

Thus, we can conclude that Xf = le’". In addition, we have

Via1®Vipi= [1,0‘,5]7 e 7wé(kAkB—2)7wll](kAkB—1)]T7
Via2®Vip, = [w;z(krl)’w;l(kkz)’ e 7w;l, 1,%’ o 7wé(kA(k371)71)7w(l]kA(kgfl)}T7
Via1®Vigs = [wq—lk'A(k‘B—l)7wq—l(kA(kB—l)—l)’ . ,wq_l, l,wé, . 7w(l](kA—2)’w(ll(kA—1)}T7 and
Viaa®Vipa= [w;l(kAksfl)’wq*l(kAka?), . ’w;l7 7.

Finally applying Claim [2] again we obtain the required result. O

Claim 4. Let 74 = 2kakpp — 2(kakp + pka + pkp) + ka + kp + 2p where k4, kp and p are positive integers
with p > 1. Then, 74t < O only if k4 =1 or kp = 1.

Proof. If k4 = 1, then 74 = 1 — kp < 0 when kp > 1; a similar argument holds when kg = 1,k4 > 1. On the

other hand when k4 > 1 and kp > 1, suppose that
2kakpp+ka +kp +2p < 2(kakp + pka + pkp),

1 1 2 1 1 1

:>2+++<2<+—|—>uondividin by kakgp). (18)
kep = kap = kakp p ks ka) P 8o )

We note that if k4, kg and p are all > 3, then we have a contradiction since the RHS is < 2, whereas the LHS is

> 2. Thus, we only need to consider a limited number of cases where some of the values equal 2. These can be

verified on a case by case basis. O
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