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Abstract—Optimal design of distributed decision policies can
be a difficult task, illustrated by the famous Witsenhausen
counterexample. In this paper we characterize the optimal control
designs for the vector-valued setting assuming that it results
in an internal state that can be described by a continuous
random variable which has a probability density function. More
specifically, we provide a genie-aided outer bound that relies on
our previous results for empirical coordination problems. This
solution turns out to be not optimal in general, since it consists
of a time-sharing strategy between two linear schemes of specific
power. It follows that the optimal decision strategy for the original
scalar Witsenhausen problem must lead to an internal state that
cannot be described by a continuous random variable which has
a probability density function.

I. INTRODUCTION

Distributed decision-making systems arise in many engi-
neering problems where decentralized agents choose actions
based on locally available information as to minimize a
common cost function. The information at each agent is either
locally observed or received from other agents. Since the
process of sharing information comes with a cost, agents
usually do not have access to the whole information available
at all agents. The design of optimal decision strategies for
such problems is considered to be notoriously difficult. The
Witsenhausen counterexample [1]] from 1968 is an outstanding
toy example that has significantly helped to understand the
fundamental difficulty that actions serve two purposes, a con-
trol purpose affecting the system state and a communication
purpose providing information to other agents [2].

Although Witsenhausen refuted with his simple two-point
counterexample the assertion that a linear policy would be
also optimal in such a Gaussian setting, the optimal non-linear
policy remains unknown. Many researcher have approached
the optimization problem with various methods. In the last
decade for instance it has been approached with numerical
optimization methods [3]], [4], where the latter is based on an
iterative source-channel coding approach. Analytically, using
results from optimal transport theory, it has been shown in [5]
that the optimal decision strategy is a strictly increasing un-
bounded piece-wise real analytic function with a real analytic
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left inverse. More necessary conditions have been derived in
[6] by analyzing an equivalent optimization problem on the
space of square-integrable quantile functions. However, it is
unclear if the optimal decision policy of the first agent results
in an internal state that can be described by a continuous
random variable.

In this work, we show that the optimal decision strategy
will not lead to an internal state that can be described by
a continuous random variable that has a probability density
function. The observation points on a subtle point in an
outer bound argument, which might be easily overseen. We
will further discuss that this observation, and in essence also
the Witsenhausen counterexample, can be easily explained
by the relation between the MMSE and mutual information
considering Gaussian or binary distributed input [7].

Xg ~N(0,Q) Zp ~ N0, NT)

Xy Uy /L Xp v U,
C1 & @ C2
Xy
Fig. 1. The state and the channel noise are drawn according to the i.i.d.

Gaussian distributions X§ ~ N(0,QI) and Z ~ N(0, NT). The internal
state sequence X7' is causally estimated by decision maker C3.

Our approach is based on a vector-valued extension of
the Witsenhausen counterexample as proposed by Grover and
Sahai in [8]. They study a non-causal encoding and decoding
strategy that combines a coding scheme with side information
and a linear scheme,which has been shown to be optimal
by Choudhuri and Mitra in [9]. It has later been observed
that such problems can be also approached as an empirical
coordination coding problem. In [10], we have provided an
overview on the individual findings and completed the missing
cases using coding results from [11]]. In [[12] we have derived
an achievability result considering non-causal encoding and
causal decoding using a continuous alphabet building on proof
methods from [13]]. In this work, we now derive a genie-
aided outer bound for this case considering only decision
strategies that result in continuous random variables which
have a probability density functions.
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II. SYSTEM MODEL

In this work, we restrict our study to continuous random
variables which have a probability density function (pdf), see
[14, Chap. 8]. For brevity we only refer to continuous random
variables.

We consider the vector-valued Witsenhausen setup in which
the sequences of states and channel noises are drawn inde-
pendently according to the i.i.d. Gaussian distributions X ~
N(0,QI) and Z7* ~ N(0, NT) with min(Q, N) > 0, where
I denotes the identity matrix. We denote by X; the internal
state and Y7 the output of the noisy channel.

X1 =Xo+U; with Xo ~ N(O,Q), (1)
Yi=X1+721=X0+ Uy + Z; with Z7 ~ N(O,N). 2)

We denote by Px, = N (0, Q) the Gaussian state distribution
and by Px v, |x,v, the conditional probability distribution
corresponding to equations (I) and ().

Definition 1. For n € N* = N\ {0}, a “control design” with
non-causal encoder and causal decoder is a tuple of stochastic

functions ¢ = (f, {9 }1eq1,....n}) defined by
X — Uy, g Vi —Us, VEE{L,...,n}, (3)

which induces a distribution over the sequences given by

n n n
< H ,PXo,t> fUln|X6L <H PXl,tYI,tXO,tUl,t> < H gUz,tYf) :
t=1 1=t t=1

We denote by Cq(n) the set of control designs with non-
causal encoder and causal decoder ¢ = (f,{gt}teq1,...n})
that induce sequences of continuous random variables.

Definition 2. We define the n-stage costs associated with c by

N E{l r L U? } if it exists,

o (C) _{ n Zt_l 1,t . 4)
+00 otherwise,
E[l " (X1, —U. 2} i it exists,

%) —{ R BT
+00 otherwise.

The pair of costs (P, S) € R? is achievable if for all € > 0,
there exists n. € N*, for all n > n, there exists a control design
¢ € Cy(n) such that

P =5

Theorem 1. The pair of Witsenhausen costs (P, S) is achiev-
able if and only if there exists continuous random variables
with probability distribution that decomposes according to

<e. (6)

|52

Pxo Quywy W X0 Px1vi | XoUs QUa|Ways » @)

where (W1, Ws) are auxiliary random variables such that
0 S I(Wl; Y1|W2) — I(Wl, WQ;X()) and
P=EQ[U}], S=Eo[(X1i-02)?. (8

This result is stated in [12, Theorem 1].

Remark 1. The probability distribution in satisfies

(X1, Y1) o (Xo,Uy) o= (W1, Wh),
UQ—G—(Yl,WQ)—G—(Xo,Xl,Ul,Wl), (9)
Xo - (X1,Uz) - (Xo, Uy, Y1, W1, Wa).

The causality condition prevents the controller Cy to recover
W1 which induces the second Markov chain of Q).

Definition 3. The optimal cost considering continuous random
variables is characterized by the optimization problem defined
as follows

Se(P) = Qé?@icI(IP)EQ (X1 —U,)?, (10)

Qc(P) = {(QU1W1W2|X07QU2W2Y1) s.t. P = FEq[U7],

I(Wl,Y1|W2) — I(Wl, WQ;Xo) Z 0 and

Xo, U1, W1, Wo, X1,Y1,Us are continuous } (11

Lemma 1 (Lemma 11 in [[1]). The best linear scheme is Uy =
— gXO if P <Q, otherwise Uy = — Xy + P — Q This
induces the estimation cost given by

(va-vP) -

m if Pel0,Q],

12)

0 otherwise.

Q P

N-(Q—N—-P)
— o -

0 Pl PQ
Fig. 2. The curve S¢(P) in (I2) and the straight line

Theorem 2. The optimal cost with continuous random vari-
ables satisfies

N(Q=-N-P) AN and P € [P,. P
SC(P)_{ o FQ@>aNand Pe[P, P,

Se(P) otherwise,
(13)
A= (@-2v -V @), (14)
PQ:%(Q—2N+\/Q-(Q—4N)). (15)

'If P > Q, the inernal state X1 can be canceled and the offset /P — Q
is only included to meet the power constraint with equality as in (&).



The proof of Theorem [2] is stated in Sec. [V-A] and
Figure[2lrepresents the cost of the linear scheme Sy(P) and the
line of equation P — W. Note that the upper bound
in may be obtained by using either a time sharing strategy
between the two linear schemes with parameters P; and P»
when () > 4N and P € [Py, P], or a linear scheme of power
P. This result shows that memoryless policies are optimal
so that these policies are also optimal for the original scalar
Witsenhausen counterexample setup restricted to continuous
random variables. However, as pointed out by Witsenhausen
in [1]], such a strategy in the original scalar model is generally
not optimal!

III. WITSENHAUSEN’S TWO-POINTS STRATEGY

The two-point strategy described in [1, pp. 141] outperforms
the optimal cost with continuous random variables S¢(P) of
Theorem 2l We consider Q = 10, N = 1 and the sender’s
strategy with parameter a > 0 given by

Uy =a- sign(Xo) — Xo, (16)
which induces X7 = a - sign(Xo). For all a > 0, the pair of
costs are given by

Pi(a) :Q—i—a(a—%/? ,

a7
a? 2 e‘g
St(a) = ez dy. (18)

Ver

Fig. B shows that for some a € [0.05,5], the pair of costs
(Pi(a), St(a)) Pareto-dominates Sc(P) of Theorem 2l for
some P.

coshay

S

< <

0'P Py

Q P
Fig. 3. The lasso-shaped curve corresponds to the Witsenhausen’s two-point
strategy with parametric equations (I7) and (I8} for a € [0.05, 5].

From the previous, we have the following Theorem.

Theorem 3. There exists values for QQ, N, and a for which
we have St(a) < S¢(Pi(a)).

Discussion

In the following we also briefly want to explain the Wit-
senhausen counterexample result in terms of the I-MMSE
formula by Guo, Shamai and Verdu [7]. The formula has
been used to illustrate in [7, Fig. 1] that binary inputs in
additive Gaussian noise channels result in a lower MMSE
than Gaussian distributed inputs with the same SNR. In other
words, to achieve the same MMSE, binary distributed input
requires less channel input power than Gaussian distributed
input. Exactly this power gain has been exploited in the
Witsenhausen counterexample scheme in which the internal
state X is binary so that the resulting MMSE outperforms the
MMSE of the best linear scheme. Analytically, it is interesting
to see that the MMSE formulas and (I8) directly relate
to [[7, Equations (13) and (17)] with the corresponding signal
powers and noise power.

IV. CONCLUSION

Our results show that information theoretic methods, in
particular coordination coding results, lead to new insights
on the Witsenhausen counterexample. Vice versa, we believe
that our observation makes the Witsenhausen counterexample
also interesting for other source-channel coding problems. In
more detail, we show that a convex combination of linear
memoryless policies is optimal for the vector-valued Witsen-
hausen problem with causal decoder restricted to the space of
continuous random variables. Since the policy is memoryless,
it follows that the linear policy is also optimal for the original
Witsenhausen problem restricted to the space of continuous
random variables which have a pdf. However, Witsenhausen’s
two-points strategy outperforms the best linear strategy, which
implies that the hypothesis of a continuous random variable
which has a pdf is an active restriction for the Witsenhausen
counter-example setup. According to the Lebesgue’s decompo-
sition Theorem, every probability distribution on the real line
is a mixture of discrete part, singular part, and an absolutely
continuous part. Accordingly, we conclude that the optimal
decision strategy for the unrestricted Witsenhausen’s counter-
example must lead to an internal state that cannot be described
by a continuous random variable which has a pdf. In future
works, we will consider policies that result in internal states
described by more general probability distributions.

V. PROOFS

A. Lower bound for the Theorem
The Markov chain Y; - (Xy, U;) —e- (W7, W) implies
I(Wy; Y1 |Wa) — I(Wy, Wa; Xo)

<I(Wh; Yi[Wa, Xo) — 1(Wa; Xo)
<I(Uy; Y1|Wa, Xo) — I(Wa; Xo).

19)
(20)



Therefore
Se(P) > i Eol[(X: — Us)? 21
C( )_ QU1W2I\I)1(IOHEQ1(P% Q[( ! 2) ] ( )
Quy|Wa Yy
2
> min EQ{(Xl —E[X1|W2,Y1]) }, (22)
Qu, wo | x0€Q1(P)

where
QI(P) = {QU1W2|X0 st. P= EQ [U12}7
I(Uy; Y1|[Wa, Xo) — I(Wa; Xo) > 0,

(Xo,U1,Ws, X1,Y7,Us) are continuous }, (23)

The random variables (Xo,W2,U;) drawn according to
le Wil Xo which is optimal for (22)), have covariance matrix

Q pivVQV  p2yvQP
K=|pvQV Vv psvVVP |, (24)

p2/QP  p3vVVP P

where the correlation coefficients (p1, p2, p3) € [—1,1]* are
such that QVP - (1 —p? — p3 — p3 +2p1p2ps) > 0, ie. K is
semi-definite positive.

We denote by Qr,w,|x, the Gaussian conditional distribu-
tion such that (Xo, W, Uy) ~ N(0, K). According to [15,
Maximum Differential Entropy Lemma, pp. 21], we have

L . 22h(X1|Y1,W2) (25)

2me

Eo | (% —E[X1|Y1,W2])2} >
:EQKXl —E[X1|Y1,W2])2] (26)

Moreover, both Px, Q’U1 WalXo and Px, Qu,w,|x, satisfy

0 <Ig (Uy; Y1|Wa, Xo) — Io/(Wa; Xo) 27
=ho (Y1[Wa2, Xo) — ho(Y1|W2, Xo, Un)

— ho(Xo) + ho (Xo|Wa) (28)
<hg(Y1|Wa, Xo) — ho(Y1|Wa, Xo,Us)

— ha(Xo) + ho(Xo|Wa) (29)

=Io(U1; Y1[Wa, Xo) — Io(Wa; Xo), (30)

where (@28) comes from ho/(Xg) = hgo(Xo) and

hQ/(Y1|W2,X0,U1) = hQ(Z) = hQ(Y1|W2,X0,U1), and
29 comes from [[14] (8.92), pp. 256].

Lemma 2. Assume that (Xo, Wa,Uy) ~ N (0, K), then
I(Ul; Y|X0, Wg) - I(Xo; Wg)

1 (P
%N

Eo[ (%~ E[xi v w]) ]
N- (Q-(l—p§)+P-(1—p§)+2\/Q_P~ (pz—plps))

(1= pi = p3 = p3 +2p1p2p3) + (1 = pf)) ,
(€29)]

N+ (Q-(L=p)+P-(L=p)+2VQP - (p2 = p1ps))

(32)

The proof of Lemma [ is stated in Sec. V- Note that
the equations (1) and (32) do not depend on the variance
parameter V' of the auxiliary random variable W5. Also, when
(@1) is positive the matrix K is semi-definite positive.

By using Lemma 2l we reformulate (22) and since the
function z — ]{,fo is strictly increasing for all x > 0, the
optimal parameters (p%, p3, p5) € [—1,1]> minimize

Q- (1—p})+ P-(1—=p3) +2V/QP- (p2 — p1ps), (33)
under the constraint
% (1= pf = p3— P34+ 2p1p2p3) —p7 >0 (34)
=1-pf)-(1-p3) - % P12 (p2 = pip3)?, (39
which yields
P =p1ps — \/(1 —pi)-(1—p3) - % pi. (36)
Lemma 3. If Q > 4N and P € [Py, Py), then
2 PQ-(PENE s

1 (P+N)Q ) 3
IfQ<AN or if Q > 4N and P € [0, P,| U [Py, Q), then
Pt =0.

pr? =0, (38)

If P> Q, then

pt=0,  pi= (39)

The proof of Lemma [3 is stated in Sec. We ob-
tain the lower bound by replacing the optimal parameters

(pf, p5,0%) € [-1,1]% in B2, that is if P € [0, Q)]

NAQN=P)  if Q> 4N and P € [Py, P5],
Se(P) >4 (va-vP)'n ,

~——%— otherwise.

(V@-vVP) +N

(40)

B. Upper bound for the Theorem

1) Linear Scheme: By considering the best linear scheme

U, :{_\/gXO’

_XO+\/P_ )

we have that Sg(P) < S¢(P), for all P > 0.

2) Case where @ > 4N and P € [Py, P»|: The upper
bound of Theorem [2| can be obtained by using a time sharing
strategy between the two linear schemes with parameters P;

if P<Q,
if P>Q,

(41)



and P,. We obtain the same result by assuming that the random
variables (Uy, Wy, Ws) are drawn according to

—PQ _P(_;]_VFN)Q . (XO_ZO) NN(O,I),
QN + (P + N)?
P+ N

Wy =

with Zo ~ N (0, ) and Zo L Wa, (42)

W, = %fw - Xo + U, with Uy L (Xo, Wa)
and Uy ~J\/<o, al é(]];ﬁ_(;i }])Vf)) 3)
Uy = _sz(izr—zji)zjv)?  Xo + U
NEERE

Then we have

I(Wy; Y1, Wa) — I(Wy; Xo, Wa) = I(Uy; Y1|Xo, Wa)  (45)

PQ — (P+N)2>7 46)

1
(Xo; W) =5 °g2< TONT (PN

and

Se(p) <N QZPZN) (47)
Q
C. Proof of Lemma 2l

We consider (Xo, W2, U1) ~ N (0, K) with K defined in
@4, which together with (@), induces the Gaussian random
variables (Xo, W2, Y1) whose entropy is

h(Xf)u W27 Y) = %1Og2 ((27T€)3 ’ QV (48)

x (P- (1—p% —p3 —p§+2p1p2p3)+N-(1—p§))>-
49)
Therefore we have

I(Ul; YlXo, Wg) - I(XQ; Wg)
=h(Xo, Wa,Y) — h(Y|Uy, Xo, Wa) — h(Xg) — h(W3)

(50)
o, (£ (1= 2= 2= 24 2p1paps) + (1= p2)
=3 g2 N P1— P2~ P3 P1P2P3 P1) -

(51)

According to (1) and @) the entropy of (X, W2, Y;) writes
1
h(X1, Wa,Y) = 5 logs <(27Te)3 V-N (52)

< (Q~(1—p%>+P-(1—p§>+2¢Q_P-<p2—p1p3>)),
(53)

and hence

E[(Xl—E(X1|Y, Wz)ﬂ
CN(Q- (=g + P (1= p]) +2VQP (2~ prpy))
N+(Q-(1=ph)+P- (L= ) +2VQP - (p2 = prp3))

(54)
D. Proof of Lemma [3]
We replace p% in (33) and we define
Fo1.p3) =Q- (1 —pf) + P (1—p3)
N
—2/QP- \/(1 =) -(L=p) =5 -pi (59

2
Note that f is well defined if p? < PJFLN and p3 < 1—%- P

1—p%
of (k3. p3) _ JPO. 1—pt

- P,
dp? ’
& NCE IR e
(56)
then for all p? < HLN, the optimal p3™(p?) is
. Q N pf
I (pf)—maX<1— <F~(1—P§)+F'1_—p% 0.
(57)
We introduce the parameters
2Q — (P+ N) — /(P+N)? —4QN
Pa = ( ) 2\{2( ) ) (58)
2Q — (P+N)+ /(P + N2 —40N
Py = ( ) 2\22( ) ) (59)

and we define the function
F(p?) = F(p3. 03" (1))

Q-(1—pt)+P
—2VQP - \/1—p}- EEXif 0 < p? < pa,
={N- 151; if pa < p7 < po,
Q-(1-p})+P
—2VQP - \[1—p}- BHXif p < p} < 5y

(60)
The function F(p?) is continuous in p, and p,. We define
P-Q—(P+N)?
- PEMQ
e If @ > 4N and P € [Py, P, then the function F(p?) is

decreasing over the interval p? € [0, p*] and increasing over
the interval p? € [p*, PJFLN], then the optimal parameters are

pi=r" (62)
e If Q < 4N orif @ > 4N and P € [0, P1] U [P2,Q], then

the optimal parameters are p? = p3 = 0.
o If P > (, then

*

(61)

p5=0.

p1=0, pj=——. (63)
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