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Abstract

Machine learning algorithms typically perform opti-
mization over a class of non-convex functions. In
this work, we provide bounds on the fundamental
hardness of identifying the global minimizer of a non
convex function. Specifically, we design a family
of parametrized non-convex functions and employ
statistical lower bounds for parameter estimation.
We show that the parameter estimation problem is
equivalent to the problem of function identification
in the given family. We then claim that non convex
optimization is at least as hard as function identifica-
tion. Jointly, we prove that any first order method
can take exponential time to converge to a global
minimizer.

1 Introduction

Deep learning algorithms generally employ first or-
der optimization techniques that have convergence
rates established only for convex functions. How-
ever, the function classes that they model happen to
be non convex in nature. Non convex functions have
epigraphs that are not convex sets. In other words,
they do not exhibit the characteristic of having a
single local minimum that also serves as its global
minimum. Instead, they may have multiple local
and multiple global minima. Although identifying
global minimizers is not the goal of learning algo-
rithms, it has motivated recent work for a better un-
derstanding of non convex optimization. Specifically,
there has been emphasis on saddle points and local
minimizers as understanding the geometry around
these points may enable better algorithms to scan
the search space. It was first shown that gradient

descent converges to minimizers if the strict saddle
property is satisfied |6]. Subsequent work has shown
that gradient descent with a constant step size can
take exponential time to escape saddle points [2].
On the other hand, perturbed gradient descent is
capable of escaping these saddle points under some
technical assumptions including smoothness, Lips-
chitz Hessian, strict saddle points, among others
[4]. While this line of work attempts to provide
guarantees under specific conditions, it is difficult
in most machine learning scenarios to apriori under-
stand which of these conditions are satisfied. In this
work, we take an orthogonal approach to understand-
ing the fundamental hardness of spanning the search
space using first order methods, which we refer to as
identifying the global minimizer.

Global lower bounds have previously been estab-
lished for the "non adaptive” case where the set of
query points are fixed apriori and there exists a bi-
jection from T points to an algorithm [8; [14] (for
further details, please see Section [5.1]). In contrast,
we consider the ”adaptive” case. For instance, where
y; depends on ¥ ..., y;—1 where the bijection does not
exist. Besides being adaptive, our lower bounds are
a lot tighter, O(2%n~1/2) versus O(n~'/%) [§] with ex-
ponential in the latter holding only for an e-accuracy
with € < 1 while ours holds for any € (for further de-
tails, please see Section [5.2)).

Algorithm agnostic lower bounds for the adaptive
case typically involve the use of tools such as cir-
cuit complexity, Fano’s, LeCam’s, etc. Such an ap-
proach provides an overarching framework that in-
corporates any possible first order algorithm. The
algorithm could be as simple as gradient descent that
decides its next point just based on the gradient at
its previous point or as complex as using the gradient
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information from all the points that the algorithm
has traversed. Previous work on evaluating lower
bounds for stochastic convex optimization has em-
ployed a similar framework [1]. Related work on the
non convex front provides conditions under which
adaptive local non-convex minimax results in better
local convergence rates. The local minimax formula-
tion restricts functions close to an apriori reference
function [13]. In contrast, to the best of our knowl-
edge, we are the first to provide adaptive global non-
convex minimax lower bounds (for further details,
please see Section [5.3))..

In this work, we formulate a parametrized sub-
class of non convex functions. The parametrization
defines the position and the depth of the minimiz-
ers of each function. We employ classical statistical
minimax bounds to the parameter estimation. Next,
we claim that non convex optimization, also viewed
as a set reconstruction problem, over the subclass is
at least as hard as the parameter estimation. These
naturally boil down to prove that it can take expo-
nential time for first order methods to converge to
any global minimizer of a non convex function.

2 Preliminaries

In this section, we describe the mapping of non con-
vex optimization to an oracle framework. We define
the oracle, its properties and the error for any op-
timization method M on a function f at any time
step or query to the oracle. We also provide a brief
discussion on the mapping of the general minimax
risk framework to our setting before concluding with
an intuitive picture of the function class of inter-
est. For the convenience of the reader, we present
an overview of our notations.

2.1 Notation

We use S to denote a set of d-dimensional points,
each denoted by z € S. We use |[z|[, to denote the
¢, norm for p € [1,00]. For any two distributions
P and Q, we represent the Kullback-Leibler (KL)
divergence between the distributions by KL(P||Q).
We use I to denote the Iverson function, i.e., I(A)
refers to a random variable that takes a 0-1 value
conditioned on set A.

2.2 Stochastic first order oracles

A (stochastic) first order oracle, when queried at
a point in its domain, returns the (noisy) function
value and the (noisy sub) gradient at that point. We
define general first order oracles O, , below.

Definition 2.1. Given a function class F on a do-
main D, the class of first-order stochastic oracles con-
sists of random mappings ¢ : D x F — Z of the form
(g(x),v(x)) such that

E[|[o()[l,] < o

Note that stochastic first order oracles that satisfy
the conditions given by return unbiased
estimates of both the function value and the gradi-
ent with control over the variance of the oracle an-
swers. In this work, the algorithm uses information
obtained from oracle answers to queries to internally
reconstruct a set S of minimizers of a function within
the subclass.

In the context of non-convex optimization, the al-
gorithm queries the oracle at every time step at a sin-
gle point in the domain D. The algorithm is allowed
the flexibility to use all previous information that it
has obtained from the oracle, i.e., Y = {Z,, , ,} to
decide its next point z7. We use Y to represent all
information that the algorithm has queried from the
oracle. We note, however, that the indexing with
time merely provides an intuitive optimization un-
derstanding. An alternate and a more general view
of this setting is the maximum information that can
be sourced from the oracle in a budget of T" queries.
The points at which these T queries are made can be
completely arbitrary and not necessarily sequential.

2.3 Non convex optimization in the ora-
cle model

Non convex optimization is the task of retrieving the
global minimizer of a non convex function g over its
domain D. In general, any non convex function g
has multiple local minimizers. In other words, non
convex optimization retrieves x* = argmin,.p g(z)
assuming such a global minimum exists. This is typ-
ically done with the help of an optimization method
M that involves iterative sampling from the domain
based on information from the previous samples.
Common first order optimization algorithms such as
stochastic gradient descent use only the information



from the previous sample and the gradient at the
previous sample to determine the next sample. How-
ever, formulating the non-convex optimization prob-
lem in an oracle framework aids in the assumption
of an algorithm agnostic approach that represents a
much more general scenario. It captures any first
order algorithm that can be provided with the flex-
ibility to choose the next sample using information
from all or some of the previous (noisy) samples and
(noisy) gradients in an arbitrary manner as desired.

We cast non convex optimization as a set recon-
struction problem in the oracle model. Intuitively,
this is because identifying the global minimizer re-
quires the identification of all possible minimizers of
the function. We discuss more elaborately on the
same in Section B.Jl The algorithm queries the ora-
cle for the function values and the gradients at vari-
ous points and internally reconstructs St using the
information Y = {Z,, ., }. The elements of the set
St could be viewed as the best guess of the possible
minimizers of a function in the function class by the
algorithm. At any time T or after T' queries, we de-
fine the error of the optimization algorithm M based
on St as

er(M,g,8r,¢) = Y g(z) —infg(z)  (2)

TEST

Thus, the error term helps evaluate the quality of
the algorithm’s estimate of the possible minimizers.
For oracles that are stochastic, the error given by
Equation (2)) in itself is a random variable. In this
case, the expectation of the error term over the ora-
cle’s randomness given by Eyler(M, g, D, ¢)] is con-
sidered.

Next. we discuss the minimax framework applied
to general statistical problems in short. The mini-
max framework allows for a well defined objective
to interpret the optimality of algorithms and has
been widely used in statistics and machine learning
[10,[15]. A general minimax formulation consists of
a family of distributions Q over a sample space A
and a function w: Q@ — Q. w(Q) is treated as a pa-
rameter of the distribution Q. We aim to estimate
the parameter w(Q) from on a set of m observations
A= (01,...,0p) drawn from the (unknown) distribu-
tion Q. In order to evaluate the quality of the estima-
tor w, we let p : 2 — R, denote a pre-metric on the
space (), which we use to measure the error of an esti-
mator w with respect to w(Q). We note that defining
this pre-metric in a suitable way maps different prob-
lems to the minimax framework. Thus, for a distri-

bution @) € Q and for a given estimator w : A™ — €,
we evaluate the quality of the estimate w(A) in terms
of the expected risk Eacqom[p(0(A),w(Q))]. A com-
mon approach for choosing an estimator w is to select
one that minimizes the maximum risk [11], given by

sup Eeqm[p(@(4),w(Q))]-
QeQ

An optimal estimator for this pre-metric then
gives the minimax risk, defined as

inf sup Eeqm[p(@(4), w(Q))] (3)
w QeQ

where we take the supremum (worst case) over the
distributions ) € © and infimum over all estimators
w.

Finally, we map general minimax risk to our set-
ting wherein, given a family of functions F defined
over domain D is optimized using a class of optimiza-
tion methods M on a budget of T" queries, we define
the minimax risk as following

6?(}-, D; Qb) = sup E(b[ET(Mv 9, D7 ¢)] (4)

inf

MeM gcF
where the supremum is over the family of functions
and the infimum over the optimization method. In
essence, we are interested in bounding limits on the
performance of the best possible algorithm on the
hardest possible function in the class. We describe
the general function class of interest below followed
by the construction of a difficult subclass of functions
in the next section.

2.4 Function class of interest

We paint an intuitive picture of the general func-
tion class before formally defining a subclass in the
following section. Let the space of optimization be
d-dimensional. Lets assume there exists a function
class consisting of 2¢ functions, each of which have
minimizers present in the dimensions dictated by an
element (a set) of the power set of d elements. In
other words, the identification of the minimizers of
a specific function requires the identification of its
corresponding element (a set) in the power set. If we
are able to define such a function class, we are able
to embed an exponential number of functions unique
in their set of minimizers in a d-dimensional space.
In the formal definition, we extend this to embed a
super exponential number of minimizers. We repre-
sent the broad class of non-convex functions by F.
In order to avoid issues with subsets, we formulate



an equivalent problem of estimating unique minimiz-
ers. Further, we modulate the depth of the function
at its minimizers using a random vector . Due to
the presence of this random vector 6 that modulates
the depth of the function at any minimizer, it is not
possible for the algorithm to zero in on a global min-
imizer until all the minimizers of the function have
been identified.

3 Problem Formulation

In this section, we formally introduce the problem
by means of a parametrized subclass of functions.
Our information-theoretic result relies on the con-
struction of a restricted class of functions. The use
of restricted ensembles is customary for information-
theoretic lower bounds [5, 19, [12]. We first show that
if a certain set S closely reconstructs the minimiz-
ers of a function in the subclass, there is no other
function in the subclass that S can minimize. Next,
we use Fano’s inequality to obtain a lower bound
on the parameter estimation which is equivalent to
function identification. We then define a hypothesis
test to show that non convex optimization is at least
as hard as function identification.

3.1 Constructing a difficult subclass of
functions

To construct the desired subclass of functions with
exponential number of minimizers, consider Z =
{0,1}¢. The number of unique sets z € Z is 2%,
generally called the cardinality of Z. The subclass
of functions G are designed have their minima at
{22 — 1/2,22 — 1/4}¢, the exact permutation de-
cided by a € V, where V C {—1,1}2" such that
any a, 8 € V satisfy

Ag(a,B) > 2%/4

where Apg denotes the Hamming metric. As the
minimizers are defined by elements of set V, it
parametrizes the subclass of functions. Thus, for
every a € V), there exists a function in the sub-
class. From a classical fact, we have cardinality
VI > (2/ve)*/2 [a].

In addition, we assume that a set of random vec-
tors © is sampled. The cardinality of © is 2¢ and
each element 6 € O is a vector of 2¢ random variables
that is associated with a function in the subclass.
Fach element of the vector 6, is sampled from the

distribution (1 — g) U0, 1], where U|0, 1] represents
the uniform distribution in the domain [0, 1]. Once
© has been sampled, each function is conditioned on
a 2¢ dimensional vector 6. We use 6 to characterize
the depth of the function at a particular minimizer.
As 6 is a random vector, the algorithm can never be
sure that it has identified the global minimizer un-
til it has identified all minimizers. Importantly, we
note that the function subclass is conditioned on the
set ©. The function subclass is given by

1 1
907 [0a) = 5 D (5 + 020 + 0a.:) fi ()
z2EZ

+ (% b= 0 fola) ()

where,

file) = min(|[(z — (22 = 1)/2)[]; , ¢)
fa(a) = min(|[(z — (22 = 1)/4)[|; , ¢)

The function class can be visualized as one with
inverted pyramids but separated by a constant ¢ such
that on summing, the peaks still remain maintaining
the non convex characteristic.

(6)

3.2 Optimizing well is equivalent to func-
tion identification

We claim that finding the global optimizer is equiv-
alent to the identification of all minimizers. This
follows from the fact that as 6 is a random vector,
the algorithm can never be sure there is not a lower
minima until all of them have been identified. We
note that for a given g, that is parametrized by «,
the set S, is completely defined and is equivalent to
the identification of a. We show that retrieving the
global optima is at least as hard as reconstruction of
the set S,. If the method M is able to optimize over
the function class G(0) upto a desired tolerance, then
it is capable of identifying the function g € G. In or-
der to show this, we define a discrepancy measure to
measure closeness of two functions in the subclass G
is measured. With two functions g, gs € G and for
any set S, we define

p(9ar 98,8 100, 08) =Y _ galx | 0a) + gp(z| 0p)
€S

— inf ga(2]0a) — nf gs(x|6s) (7)

The discrepancy measure p(ga, 98, S|0q, 03) is non
negative and symmetric in its arguments. This pre-



metric could be intuitively viewed as the ¢; func-
tional norm over the set of interest which seems nat-
ural in the context of non convex optimization. Us-
ing p(ga,98,S|0a,03), we define the minimum dis-
crepancy measure between any two functions in the
subclass G by

W(G(5)) = £ inf p(ga, g5, S | 0a:05) (8
(G(0)) = min_ inf inf p(ga, 95,5 |0 05)  (8)

In the context of a predefined subset of functions
G, we denote ¥(G(0)) as W(5). Next, we show that
optimization up to a certain tolerance implies the
identification of a specific function in the subclass.

Lemma 3.1. For any set S such that the for any
:E1,332 €S satisfy l|x1 — x2|l; > ¢ and any 0, €
{(0,1 — —) "}, there can be at most one function
Jo € Q such that

Zga(ﬂj |0a)

z€eS

—infge(z|ba) < ¥(0)/3  (9)

Thus, if we have a set S that minimizes a function
ga € G up to a certain tolerance (¥(6)/3), then S
cannot approximately minimize any other function
in the subclass G.

Proof can be found in Appendix [AJl Now, con-
sider an optimization method M € M which makes
a set of queries to the oracle. The method is allowed
to make use of this information in any arbitrary man-
ner before it makes the next query. In addition, after
T queries, the algorithm reconstructs a set Sy from
the information that it has obtained from queries
to the oracle. Assuming that an optimization algo-
rithm is able to reconstruct a set S that minimizes
expected error up to a certain tolerance (1(9)/9), we
can then define a hypothesis to identify a* correctly
at least 2/3 of the time.

Lemma 3.2. Suppose that an algorithm M, with
access to Y = {T,, .} = ¢p(x' : 2T g% | 0) obtains an
expected error satisfying

Egler(Mr,®,G,D] < ¥(0)/9

then one is able to construct a hypothesis test a :
ozt x5 g% 0) =V, such that for all 6 € {(0, 3
%)2d}, we have ma%SIP’[@ #a*10] <1/3

a*e

Proof can be found in Appendix[A.2l Thus, if the
optimization method is able to obtain a small enough
error, we are able to identify the correct function
most of the time.

3.3 Oracle answers and coin tossing

We now show that for the defined function subclass,
the stochastic first order oracle answers (f(z),v(x))
can be viewed as coin tosses. Specifically, we asso-
ciate the scaling factor to the bias of a coin for each z.
Thus, the information obtained from oracle answers
can be interpreted as information obtained from flips
of 2% coins, with each coin having a bias from the set

k(0) ={{1/2+a.0+b,.lz € Z}|a € V,0, € O}
(10)

We represent the oracle decision process in terms
of coin tosses with the following algorithm

1) Pick ¢ indices between {1,...,2¢} without re-
placement. Z, represents the corresponding set of
Z’s

2) Draw b, € {0,1} for each z according to a
Bernoulli distribution with parameter 1/2 + «.d +
ea,z

3) For a given input x, return the value g, (z |6,)
and a sub-gradient U, (z) € 9gy(z]0,) of the func-
tion based on the outcomes of the coin tosses b,

Go(z]0) : bel

ZEZ(

(1=b:)fo(z)  (11)

We observe easily that E4[g. (2 |0a)] = ga(z|0a)
is satisfied as required by Equation (I]). As the ex-
pectation is over the randomness of the oracle, this
holds for the sub-gradients as well.

3.4 Lower bounds on coin tossing

Estimating the lower bounds on correctly predicting
o € V from the information obtained from the or-
acle, thus, boils down to probability of success in
estimating a binary vector from coin tosses.

We note that the subclass of functions are
parametrized by the finite set V. However, note that
the conditioning of the function subclass on the ran-
dom vector 8 € {(0,1 — $)M} modulates the depth
at the minimizers in Equatlon (). To link this con-
ditioning with Fano’s, we use a result that treats this
conditioned random variable as a latent variable and
provides a bound on information obtained under this
conditioning over any arbitrary distribution of © [3]
(further details in Appendix [A.3]). In our setting, it
involves estimating o from answers returned by the
oracle Y = {Z,, .} = ¢(a! : 27;g%|6). Thus, by
evaluating the mutual information between o and
Y and upper bounding the same, we upper bound



the information from Y that the algorithm could use
to estimate its set reconstruction Sp. In other words,
this bounds the best St possible by any algorithm.

Lemma 3.3. An estimate @ of a Bernoulli param-
eter vector o chosen uniformly at random from the
packing set V that is obtained from the outcome of
¢ < 29 coins chosen uniformly at random at each
iteration t = 1,..,T satisfies

sup Z / Pria# a0 =0y}Pe(o)Palc)
Pe acV 12
S 1_2€T(1—|—25) + log 2

- 27082/ /e)
where the probability is taken over coin toss ran-

dommess of the oracle and the uniform randomness
over the choice of a*

Proof. We introduce notation to represent the /¢
coins chosen and set of oracle answers obtained. For
t=1,...,T, Us represents the subset of ¢ coins cho-
sen at each iteration, X;; represents the outcome of
the th coin at time instant ¢ and Y;; represents a
vector of dimension equal to that of o*

Y, — Xt,z if i € Uy
Y70 otherwise

The core of the proof deals with the estimation of
the mutual information between the information ob-
tained for the queries from the oracle and the true
parameter of interest o, I({U;,Y;},,a*|0). By
the chain rule for mutual information and proper-
ties of the conditional entropy, we have:

T

ZI((Uth);

1

I({Up, Ye}izy; 0 16) =

o~
Il

B

< D (U, Yi);a0"[0)

o~
Il

1
< Tmtaxf((Ut, Y); ot | 6)

(13)

We consider I(Uy,Yq;0% | 0) =
maxy [ (U, Yy;* |0)  without loss of generality.
The rest of the proof follows directly from Fano’s
inequality.  Thus, it is sufficient to show that
I((Uy,Y1);0* | 6) < £(1426)? to bound the estimate
of the mutual information between the queries and
«*. By the chain rule for mutual information,

I((U,Y1);0"|8) = I(Y1;0" | Uy, 0) + I(a*; Uy | 6)

a” ’ {Ut’7}/;f’}§/_:117 9)

Due to independence between the sampling process
of Uy and a*, the second term I(a*;U; |6) = 0. We
can rewrite the first term from the definition of con-
ditional mutual information as

I(Y1;a*|Uy, 0) = Eu[KL(Py, o+ 0.0l Pyi|0,,0)] (14)

As « is uniformly distributed over V and from the
convexity of KL Divergence, we have [16]

KL(Pma* U1,9||PY1\U1, )

h}‘ ZKL PYl\a U179||]P)Y1\Ol U1,0 ) (15)
acy

For any pair «, o* € V, the summation of the KL
Divergence can be bounded by the KL divergence be-
tween ¢ independent pairs of Bernoulli variates with
parameters being 1/2+0+6y and 1/2—§—6y. Thus,
we denote the KL, Divergence between a single pair
of Bernoulli variates with parameters 1/2 + § + 6
and 1/2 — 0 — 0y by KIL(4,6) given by

KL(Py|oax,17,60 [Py 1a,0,6,) < KIL(J,60)

_ L L +0+06,
2 1T —6+6
1 166,
——0—f)log2——
+(2 0) 0g%+5+00

+ 0+ 6p)log 7

_ 49 + 46y
=2(0+6p)(1+ 25 — 20,
8(6 4 6p)*

—1-20—26

)
(16)

From Lemmal[A.T] (see Appendix[A.3]), we take sup
over the latent variable, here 6y. Thus, we have

_ (1+426)?

< 2
s < 2(1+20)

8(6 4 6p)*
KL(8) < _
(0) < sup o505,

(17)
Thus, as long as 6 < 1/4, from the bound , we have

KL(Py; o, v1,6l[Pyi[v,0) < (1 +28)*¢ (18)

Following the proof backwards leads to the desired
upper bound I((U,Y); a* |0) < T4(1+26)?, thereby
completing the proof. O



4 Main theorem and Proof

In this section, we provide our main theorem stating
that first order methods take exponential time to
span the search space to identify a global minimizer
and its proof.

Theorem 4.1. There exists a universal constant
co > 0 such that any first order method provided
with information from ¢ < 2% oracle answers to op-
timize over the function class Fpe,(D) satisfies the
following lower bound

2d
Sl;p € (Fncv, #) = co\/ T7 (19)

Proof. We consider an oracle that reveals informa-
tion based on ¢ of the 2¢ coin tosses with respect
to the point with which it has been queried. From
Lemma [3.3] we have the lower bound

prlLan¢aw:%n@w@n¢@

Pe 1%

(T(1+26)% +log 2
>1-2
2¢1log(2//e)

Applying the upper bound from Lemma re-
quires the expected error to satisfy the conditions
under which the upper bound holds, that is, the ex-
pected error is required to be within a certain toler-
ance. In order to evaluate the tolerance, we derive
V() as follows.

First, we compute inf g, (z) which is achieved at
the global minima given by,

o (22 —-1)/2  if a, = 1,argsup;b,,
(2z—1)/4 if o, = —1,argsup; b,,

At any such point x* that minimizes g,, all z € Z
in the summation apart from the one at which the
minimum occurs contribute (1/240)c+(1/2—d)c = ¢
while from the z where the minimum occurs, we have
a contribution of (1/2 — §)c. Thus, we have

1
inf go(2) = (|2] = 1e+ (5 — 0 —supba,)e

= (2]~ et (- e

(21)

We note that p and ¥ are defined over sets S, which
contain the algorithm’s estimates of the minima of
a function in the function class G. The error is com-
puted as a sum over all the elements in the set S. In

other words, any point in the set that is incorrectly
identified as a minimizer adds to the error and cor-
respondingly to the discrepancy measure.

Consider two functions g,,gs € G and the set S.
From Equation [7 for a specific x € S

s 9By O = YJa — inf g, — inf
P9 98,5, %) = ga() + gp(2) — inf ga(x) — inf gs(z)
We first estimate go(z) + gg(x) as follows

ga () + gp(2)

1
= 2_d Z(l + CJ[25 + 525 + ea,z + eﬁ,z)fl(xy Z)
zEZ

+ (1 =00 = B:0 = 0a,. — 05.2) f2(, 2)

= 2% Z[(l + ea,z + eﬁ,z)fl(x7 Z)
z€Z
+ (1 = o — Op.2) fo(, 2)|I(s # Bz)
+ [(1 + 2042(S + ea,z + Hﬁ,z)fl(xy Z)
+ (1 =200 — 04, —03) fo(z, 2)|[I(c; = B2)
(22)

In order to better parse the summation, we denote
the contribution for each z as {go(x) + gs(x)}.

For a, # 3., we have

{9a(@) +gs(2)}. =
c(14+64.+05,) ife=(22-1)/2
c(1—6q.—052) ife=(22-1)/4
2c if v #(22-1)/2,(22 —-1)/4

For a, = 3., we have

{9a(z) + 95(2)}. =

(1—-20—60,.—03:)c

) ifa,=06,=12z=(22-1)/2
(1-26—04,.—0p.)c

)

)

ifa,=0,=-1,z= EQZ - 1;/4

(1+20+ 604, +0s.)c ifa,=8,=1lz=2:-1)/4
(1+20+6,.+03:)c ifa,=06,=-1,z=(22-1)/2
2¢ ifa, =06,z #{(2:-1)/2,(22 — 1)/4}

Putting these together lead to multiple cases
which we will explore in detail. Note that we are
interested in lower bounding ¥(¢§). Since we do not
have control over the selection of 6, and 63, we
develop a lower bound for the worst case. We re-
fer to “common minimizer” and “unique minimizer”
loosely for intuitive understanding. These could be
viewed as a minimizer present at that particular x
for both the functions but the function value may be
different due to its dependence on 6.

1) If x is a “common minimizer”: The first two
possible cases with a, = [, are satisfied. Con-
sidering infg, we have a contribution of {g,(z) +
98(x)}: = ¢(1/2 —0) from this z and |Z — 1|2¢ from



all other z’s. The resulting sum would cancel out
inf, g, + inf, gg leading to p = 0.

2) If x is a “unique minimizer”: The first two pos-
sible cases with a, # 3, are satisfied. Considering
infg, we have a contribution of {go(z) + gs(z)}. =
¢(1/2 4+ 9) from this z and |Z — 1]2¢ from all other
2’s. The |Z — 1|2¢ from all other z’s exactly cancels
with the first term in inf, g, + inf, gg. We are now
left with p = ¢(1/2 +§) — ¢(1/2 — §) = 2dc.

3) If x is not a “minimizer”: We have a contribu-
tion of 2¢ from all 2’s. |Z| — 1 of these terms cancel
with the first term of inf, g, +inf, gg leaving behind
p=2c—c(1/2—-0) =c(3/2+9)

Now summing over all x € S, which is the algo-
rithm’s guess of the minimizers or the internal re-
construction, the discrepancy measure has at least
2¢d contribution from the Ay(a, ) terms. Thus,
we have

24c
p(gomgﬁ78 ‘ 904765) 2 FA’H(O@B)

Using the above insights, we now evaluate ¥(J) as
follows

d
20¢ 2 _ ﬁ (23)

— . . > -
U(4) min_inf p(ga, f5) > 2d 4 2

a#£Beg S

Finally, we set € = ¢d/18 satisfying the require-
ment of € < ¥(§)/9 required to apply Lemma 2. We
choose ¢ = 1/8, considering the minimum possible
separation between two different minimizers, which
results in € = §/144 and in this regime, the following
holds
(T(1 4 26)% +log 2

2 log(2/ /%)

Replacing § = 144¢ and rearranging leads to

1/3>1-2 (24)

roa(Z) @

Thus, we have proved that the reconstruction of
a set that has a low error on the function subclass
requires an exponential number of queries. As set
reconstruction is equivalent to identification of all
minimizers, it boils down to our claim that identifi-
cation of global minimizer takes exponential time.

5 Discussion

5.1 Comparison with non adaptive

queries [8, [14]

In this section, we define and differentiate between
non adaptive evaluations considered in [§, [14] and
adaptive evaluations for which our result holds.

Definition 5.1 (Non adaptive queries). The queries
Z1,...,27 on the domain X are fixed apriori for all
functions f € F and the oracle returns (noisy) func-
tion values yi,...,yr. Thus, we could denote the
queries as a x1(F),...,zp(F).

The notation in the following Definition [5.2] uses
sequential representation for intuitive and clear op-
timization interpretation. However, the results are
much more general (please see Lemma [3.3]) and ap-
ply to any adaptive method that include branch and
bound, divide and conquer, dynamic programming,
or any other conceivable method.

Definition 5.2 (Adaptive (sequential) queries).
The queries z1,...,z7 on the domain X for
each function g € G can be chosen as
{z1,91,...,2i—1,¥i—1} — z; and the oracle returns
(noisy) function values yi,...,yr. Thus, we could
denote the queries as z1(g),...,z7(g).

The result for the non adaptive case is obtained
by constructing a function approximation on 7" non
adaptive queries in the ¢ norm [8, 14], where the
evaluation points in the domain are fixed aprioiri for
a given function class F, that is, z1(F),...,z7(F).
The bound in [&; [14] is obtained by picking a single
function f € F and performing an inf over a pre
defined grid of points in an algebraic manner. It is
straightforward that for this lower bound to hold for
the function class F, the points chosen must remain
the same. This is because picking a different set of
points for a different function f’ € F would change
the result. Thus, the non adaptive requirement is
embedded in the result.

On the other hand, our framework allows for each
function g € G to be queried on a different set of
points x1(g),...,zn(g) using the information gath-
ered about ¢g from the oracle answers to previous
queries. That is, we bound the maximum amount
of information about a function g € G that can be
accumulated from a budget of T' queries using any
conceivable first order algorithm. The adaptiveness
is captured in the evaluation of mutual information



within our information theoretic framework (please
see Lemma [3.3)) while only a non adaptive grid is
considered in [8, [14].

Finally, in the non adaptive scenario, there exists
a bijection from the query points to an algorithm.
However, in the adaptive scenario, such a bijection
from the query points to algorithms does not exist
and requires information theoretic approaches such
as this work.

5.2 Comparison for e-accuracy [8, [14)]

In this section, we show that our bounds are a) a lot
tighter that those obtained for the non adaptive case
and b) hold for any desired accuracy e. The prior
result obtained for an e-accuracy with 7" non adap-
tive queries is T = Q(e~%) in [8, [14] or equivalently
e = Q(T~/%) while our Theorem Il for T' adaptive
queries is € = Q(4/ %) We have logy € = d — 3 logy T
versus logy e = —élogz T. Given the above, ours

is clearly a lot tighter. Furthermore, the bound in
[], [14] is not increasing with respect to d for e > 1

5.3 Comparison with local minimax [13]

While both [13] and ours are based on adaptive func-
tion evaluations, the former proposes a local mini-
max framework while we propose a global minimax
framework. The local minimax framework considers
a function class that is similar to a reference function
class. They show that the bounds under the above
assumption are similar to those of convex optimiza-
tion. In contrast, we do not incorporate such an
assumption as we are interested in establishing the
fundamental hardness of non convex optimization.
Our result complements the above as the assump-
tion of requiring a reference function class with full
knowledge that is similar to the one being optimized
over is difficult to incorporate apriori. To make this
more concrete, we present the local minimax formu-
lation below.

Lemma 5.1. [13] For a true underlying function
f € ©, a reference function fy € © and a constant
Cy, with e,(fo) depicting the range in which the lo-
cal minimax rates apply to be of the same order as
convergence rate Ry(fo), the local minimax estima-
tor T, that has complete knowledge of the reference
function fo is defined as

illf sup Pr[’g(%\n; f) > Can]
Zn fe@’ || f—folloo<en(fo) I

where £(Zy; f) = f(z) — ir;ff(ac)

The local minimax result above considers a supre-
mum only over functions f that are €,(fy) - away
from a reference function fo, i.e., || f— follco < €n(fo0)-
Our global minimax result considers a supremum
over all functions f € F. This is arguably a more
challenging scenario since it considers a supremum

over a bigger set.

6 Conclusion

We provide lower bounds for non convex optimiza-
tion for up to first order. Importantly, we note that
there is no restriction on the queries being sequen-
tial or related in any manner and the function is
not required to be differentiable. Thus, we obtain
algorithm agnostic lower bounds. Our future work
includes exploring better rates with access to sec-
ond order information or imposing the function class
to be differentiable. On the other hand, situations
with constraints on queries to be sequential in nature
or using distributed optimization provide interesting
avenues to understand if they lead to worse rates and
by what factors.
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Supplementary Material: First Order Methods take Exponential Time to
Converge to Global Minimizers of Non-Convex Functions
A Detailed Proofs

A.1 Proof of Lemma [3.1]

Proof. From Equations [7l and [§ and given that there is an S and « such that )¢ go — inf g, < ¥(9)/3, we
xX
have for any 8 # «,

V() < p(gas 98 S [8a:08) = D gal(w|8p) — inf ga(x |6a) + gs(x| 65) — inf gg(x | 65)

€S
<Y (9a(@]6a) —infga(x]6a)) + Y _(g5(x|635) — inf g5(x|05))
zeS €S
<WE)/3+ 3 (950 |85) — inf g (] 65)) (26)
€S
Rearranging, we have,
> (95(x]85) — inf gs(x[65)) = 20(0)/3 (27)
€S

A.2 Proof of Lemma 3.2

Proof. We build an estimator of the true a*, denoted as a. If there exists an « € V such that

Y gal@]0a) — inf go(x]6a) < U(5)/3
TEST

then we assign a(St) to a. In any other case, we pick @ at random. From the above hypothesis, we have that

Pla # 6] 0] < Pa[ ) galr|6a) —infga(z|6a) > ¥(5)/3] < 1/3

TEST

where the upper bound is by the Markov’s inequality under the expected error assumption. As this is true
for any 6, maximizing over a completes the proof. U

@;fy\ W)
(o)

Figure 1: The estimation problem, represented as a Bayesian network

A.3 Result on Fano’s with conditioning [3]

The result stems from extending Fano’s inequality to a slightly more general scenario as shown in Figure [
Adopting it to our setting involves estimating a* from answers returned by the oracle Y = {Z,, .} = ¢(z! :

2% 10)
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Lemma A.1. [3] Let « € V and 0 be random variables and let & be any estimator of a* obtained from samples
Y. If the random variables o and 0 are independent, then
i supg,co L(a*;Y |8 = 6p) + log 2
sup Z /6 Pr{ia #al|0 = 60y}Pe(0p)Pala) > 1— 0 og V] (28)

Pe acy v

Thus, it is sufficient for us to show the RHS, that is, Fano’s inequality in the conditioned case with the
supremum applied over 8y while estimating the mutual information which we derive in Lemma [3.3] We note
that the algorithm uses Y to internally reconstruct the set St.
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