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Equivalence of Insertion/Deletion Correcting Codes
for d-dimensional Arrays

Evagoras Stylianou, Lorenz Welter, Rawad Bitar, Antonia Wachter-Zeh, and Eitan Yaakobi

Abstract—We consider the problem of correcting insertion and
deletion errors in the d-dimensional space. This problem is well
understood for vectors (one-dimensional space) and was recently
studied for arrays (two-dimensional space). For vectors and
arrays, the problem is motivated by several practical applications
such as DNA-based storage and racetrack memories. From a
theoretical perspective, it is interesting to know whether the same
properties of insertion/deletion correcting codes generalize to the
d-dimensional space. In this work, we show that the equivalence
between insertion and deletion correcting codes generalizes to
the d-dimensional space. As a particular result, we show the
following missing equivalence for arrays: a code that can correct
t, and t. row/column deletions can correct any combination
of ti" 4 9! = ¢ and " + &' = {. row/column insertions
and deletions. The fundamental limit on the redundancy and
a construction of insertion/deletion correcting codes in the d-
dimensional space remain open for future work.

I. INTRODUCTION

Coding for insertions and deletions received a lot of at-
tention due to new applications such as DNA-based data
storage [1], [2], synchronization errors [3], [4] and racetrack
memories [5]. An important notion in this class of codes
is the equivalence of insertion and deletion errors. In his
original work [6], Levenshtein showed that a code can correct
t deletions in a length-n vector if and only if it can correct
any combination of ¢; insertions and t4 deletions such that
ti + tq = t. A more intuitive proof of the equivalence, which
line of thoughts we follow in this work, is given in [7].
A code C correcting deletions in g-ary length-n vectors is
evaluated by its redundancy defined as R = n —log, |C|. The
redundancy of t-deletion-correcting codes is bounded from
below by tlog, n — O(1) [6], [7]. The asymptotical tightness
of this bound is shown using the Varshamov-Tenengolts codes
[6], [8], [9] that can correct one deletion. Several recent works
considered constructing binary t¢-deletion-correcting codes,
t > 1, whose redundancy approach the previously mentioned
lower bound [10]-[17].

Codes correcting insertions and deletions in two-
dimensional arrays have been investigated in [18]-[23].
The model considered in [20]-[23] is that of coding for
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row/column insertions and deletions in two-dimensional
arrays. In [22], Hagiwara constructed codes that can correct
up to t. column and ¢, row deletions where ¢, and ¢, are
predetermined. In [20], [23], the authors constructed codes
correcting a variable number of column and row deletions
for a predetermined number of total deletions. In addition,
they provided a lower bound on the redundancy of codes
correcting insertions and deletions in arrays. Moreover, they
generalized the equivalence between insertions and deletions
across each dimension (columns and rows), separately. More
precisely, the authors showed that given an integer ¢, a code
can correct t,- and t., for all ¢, + t. = ¢, row and column
deletions if and only if it can correct the same number of
rows/columns insertions. However, combinations of insertions
and deletions of columns (and rows) was not studied.

In this work we generalize the equivalence between codes
correcting insertions and deletions to the d-dimensional space.
In this setting, the insertions and deletions are defined as
(d — 1)-dimensional hyperplane insertions/deletions in a d-
dimensional array. In the d-dimensional space there are
d = (,%) different types of (d — 1)-hyperplane dele-
tions/insertions. Each type of deletion is indexed by the
missing dimension. More precisely, let (z1,...,z4) describe
the axes of the d-dimensional space. Deleting a (d — 1)-
dimensional hyperplane not containing the axis x; is referred
to as an z;-deletion. See Fig. 1 for an illustrative example for
d = 3. For a vector t = (t1,...,tq), a t-deletion refers to the
combination of ¢; x;-deletions for ¢ € {1,...,d}. We show
that a code can correct t-deletions if and only if it can correct
t-insertions. We extend this result to combinations of insertion
and deletions, i.e., we show that a code can correct t-deletions
if and only if it can correct any combination of t4°!-deletions
and t'"-insertions such that ¢4°! + ¢" = ¢. We show that the
number of z;-errors (insertions plus deletions) must remain
the same for the equivalence to hold.

II. NOTATION AND PRELIMINARIES

Denote the g-ary alphabet by %, £ {0,...,¢ — 1} and the

set of integers {1,...,n} by [n]. Moreover, denote the set of
d

d-dimensional arrays, in short called arrays, by E??‘Zl =

Tpxexna £ .. B4 with entries in X, We

abbreviate zg®d = 25?51:1 ", if n; = n; for all 4,5 € [d]. Let
(21,...,24) describe the axes of the d-dimensional space. For
two-dimensional arrays an x;-deletion corresponds to a col-
umn deletion and an xy-deletion to a row deletion. See Fig. 1
for an illustration in the 3-dimensional space. A t-deletion
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Fig. 1: Illustration of all possible plane deletion or insertion
in a 3-dimensional array.

where t € Zio corresponds to the combination of ¢; x;-

~ d 4
deletions for i € [d], resulting in an array X € E(‘?i:l(n t).

Moreover, a t-insdel where ¢ = ¢ + t3°! corresponds to the

combination of t4°!-deletions and t"-insertions resulting in
e R, (nt (8 —tieh)

an array X € X .

For X € ng and ¢4 ¢ Z‘io, the set of arrays resulting
from a ¢(¥)-deletion in X is called the deletion “ball” and is
denoted by D¢(X). We define a t(9)-deletion correcting code
C C ng as the code that can correct any t(@_deletion for
all X € C. The all-zero vector with “1” in the i-th position is
denoted by e;. The 1(%) denotes the all-one vector of length d.
Vectors ¢ of the form ¢ = (¢, ..., t) are denoted by t1(9). For
such vectors we denote the deletion ball by D (X). The t-
insertion and the insertion balls I¢(X) and I, (X) are defined
similarly. Moreover, the set of arrays resulting from t(D_insdel
in X is called the insertion-deletion “ball” and denoted by
DY (X). We define a ¢(¥-insdel correcting code C C 22®d
as the code that can correct any ¢(?-insdel for all X € C.
For an integer ¢ > 0, a t(d)_deletion refers to the collection
of all possible t-deletions such that Zle t; = t. We define a
() _deletion correcting code C C ZZW as the code that can
correct any t(?)-deletion for all X € C. The same notation is
used for insertions. For an integer a, we define d,(x) to be
equal to one if z = a and zero otherwise.

For j € [d], the projection P; projects an array#X €
E(?g:l " along the x;-th axis to an array P;(X) € E?;E[d] "
The projection P; preserves the order of the axes, i.e., it
projects X from the space with axes (x1,...,x4) onto the
space with axes (z1,...,%j—1,%j41,...,ZTq). Moreover, we
denote by P, ! the inverse projection, or the expansion, of
®Z{y i

an array X € X . " along the x;-th axis to obtain

an array P, YX) e E? 1™ The inverse projection Pj’l
also preserves the order of the dimensions (z1,...,z4). For
example, given an array X € X" in the (z1,x3) space,
the inverse projection Py 1(X) expands each entry of X to a
vector in X} along 22 to obtain Py 1(X) € zgxnxn.

Next we state in our notation two preliminary results derived
in [20], [23] for the 2-dimensional case. Lemma 1 is used as
a building block of our proofs.

Theorem 1. [23, Theorem 1] A code C C ¥7"" is a t3).
deletion correcting code if and only if it is a t®)-insertion
correcting code, i.e., for any arrays X, Y € X",

D?(X) NDZ(Y) # 0 if and only if T3(X) NIZ(Y) # 0.
for any choice of t € 2220 such that t +to = t.

Lemma 1. [20] For a positive integer m and i,j €

[2!, any two arrays X € E((Im+51(i))x 020 g Y €
m+61(]))><(m+62(]))y it holds that

2q
D2, (X)NDZ(Y) #0 < I (X) N2 (Y) #0.

ITI. SYMMETRIC INSERTION/DELETION EQUIVALENCE

In this section we prove the following theorem.

Theorem 2. A code C C EZW is a t1\®deletion-correcting
code if and only if it is a t1(Y-insertion-correcting code.

To prove Theorem 2 we need three intermediate results.
In Claim 1, we show that t(@_deletions and (% -insertions
in an array X are not affected by the projection P, (X) and
the inverse projection P, (X) such that ¢, = 0. We then
extend Lemma 1 to the d-dimensional space, cf., Lemma 2,
and use it as a building block in our proofs. In particular,
we use Lemma 2 to prove Theorem 3 showing that a code
is a 1(?)_deletion-correcting code if and only if it is a 1(4)-
insertion-correcting code. Having the aforementioned results,
prov(iing Theorem 2 follows by showing that for any X,Y €
207, D (X)NDE (Y) # 0 if and only if I (X) NI (Y) #
(). The proof holds by using the exact same steps as in the proof
of [20, Corollary 2], but extended to the d-dimensional space
and is given in Appendix A.

We start with the first intermediate result.

Claim 1. For any two vectors ri,r4 € N such that there
exists a k € [d] for which 1, = 72, = 0 and any two arrays

Xex® Sty e 2397:1("”“), it holds that,
d d
Dy, (X)NDy,(Y) # 0 =

DF, () (Pu(X)) N D (Pu(Y)) # 0,

where k denotes the k-th dimension in the d-dimensional space
and Py(r;) € N1 is equal to 7; with the zero deleted in
the k-th position for j = 1,2.

The same statement holds for the insertion case.

Proof. We first prove the “if” part. Let D € D¢ (X)ND¢_(Y)
and D' € D () (Pe(X)) N D‘f):(lrz)(PK (Y)). The k-th
dimension is not affected by a deletion in both arrays X and Y.
Therefore, the deletions do not affect the mapping of the g-ary
symbols to ¢"-ary symbols along the axis x,, when using the
projection function. Thus, the (d — 1)-dimensional hyperplane
deletions in X,Y correspond to (d — 2)-dimensional hyper-
plane deletions in the respective projected arrays. Hence, we
have P;1(D’) = D.

We now prove the “only if”” part. By expanding the ¢"-ary
symbols to g-ary symbols along the z,-th axis, i.e., by apply-
ing the inverse projection, the (d — 2)-dimensional hyperplane
deletions in P, (X), P, (Y) transform to (d — 1)-dimensional
hyperplane deletions in X,Y with no x,-deletions. This
follows from the definition of the projections. o



We now state and prove the second intermediate result.

Lemma 2. For positive integers mi, ..., Ma and i,j €

[d], for any two arrays X € E?’Z:l(mﬁée(l)) and Y €
d .

2= (e tD) i olds that,

D (X) NDE (Y) £ & T2 (X) N2 (Y) £0.
Proof. We only show the “if” part. The “only if” part is
proven similarly. We prove the statement by induction over
the dimensions. The two-dimensional case, i.e., d = 2, was
already shown in [20] and is recalled in Lemma 1. To illustrate
the proof techniques used in the proof and in this work, we
choose the three-dimensional case as the base case of the
induction. Without loss of generality, we show that

D¢ (X)NDL (Y) # 0 < I (X) NI (Y) # 0.
Base case d = 3: We show that
DI (X)NDE(Y) # 0= I2 (X)NIE (Y) # 0.

For X € X" and v e mp* X qe D e
D? (X) N D (Y). Since the deletion does not affect both
arrays along the axis z3, then we can project along this axis
to transform the given three-dimensional deletion problem to
a two-dimensional deletion problem by Claim 1. Thus, the e; -
deletion in X converts to a row deletion in P3(X) and the es-
deletion in Y to a column deletion in P3(Y). Hence, it holds
that P3(D) € D2 (P3(X)) N D2 (P3(Y)). By Lemma 1, we
have the following statement

Dz, (P3(X)) NDZ, (P
&I, (Ps(X ))mlz(

3(Y)) # 0
3(Y)) # 0.

Therefore, there exists a P3(I) € I2_(P3(X)) N 12 (P3(Y)).
Let I = P; '(P3(I)), by Claim 1 the previous statement is
equivalent to stating that there exists a I € I (X) N ]I3 (YY),
This results from applying the inverse pr0]ect10n Py () on
the respective arrays, transforming the row/column insertions
in the two-dimensional space to e;-/es-insertion in the three-
dimensional space; thus concluding the base case.

Induction hypothesis: For a positive integer d — 1 assume
that it holds that

DEHX)NDE (YY) £ 0 e I3 H(X) NIE (YY) # 0.
Induction step: Given the induction hypothesis we show that
the equivalence holds also for d, i.e.,

D¢ (X)NDL(Y) #0 =12 (X)N1Z (Y) # 0,

and let D € D? (X)NDZ (Y). To apply Claim 1 and use the
induction hypothesis, we project the arrays on an axis different
than the ones affected by a deletion. For the given case, we
have d — 2 available axes to project on. Assume we project
on the axis z,, where x € [d] \ {1,2}. Thus, we transform
the (d — 1)-dimensional hyperplane deletion in X and Y to a

x“]@[x”
*®*®*
ﬂ@ x“1®£xw @ﬂ
ﬁ@)*@ﬁ
xw)@[xm

Fig. 2: A flow chart of the proof of Theorem 3 for d = 3.
Given a array D € D4(X) ND{(Y), we show the existence
I € 1¢(X)NI§(Y). Given the existence of X, Y, D, and the
orange arrays one can show by Lemma 2 the existence of the
green and purple marked arrays and the array 1. Since X, Y
and 1 are connected via the purple arrays as shown one can
conclude the equivalence.

(d—2)-dimensional hyperplane deletion in P, (X) and P, (Y)
(c.f. Claim 1). Therefore, we can write that

D, (X) N DY, (Y) #9,
& D (P(X)) N DL (Pu(Y)) # 0,
o T (PL(X)) NI (Py (V) £ 0,

where the last equivalence follows from the induction hy-
pothesis. Hence, there exists a P.(I) € I 1(P.(X)) N
I2-1(P,(Y)). Due to the fact that we have projected on an
axis x, # 1,22 and given Claim 1, we can interpret the
(d—2)-dimensional hyperplane insertion in P,;,(X) and P, (Y)
as a (d — 1)-dimensional hyperplane insertion in X and Y by
applying the inverse projection P 1(-) to the projected arrays.
By the above observations we conclude that there exists a
Ield (X)NIZ (Y) if there exists D € DZ (X) N DY (Y)
and conclude the “if” part of the proof. O

We now show the equivalence of 1(®-insertion and 1(%-
deletion-correcting codes by using the results of Claim 1
and Lemma 2.

Theorem 3. A code C C ¥7°°

code if and only if it is a 1D-insertion-correcting code.

is a 1\ _deletion-correcting

Proof. We provide an illustration of the proof for the case of
d = 3 in Fig. 2. Assume there exists an array D € Zgn_l)m
such that D € D¢(X) N D¢(Y). For simplicity of notation,
we fix the order of the deletions in X and Y to obtain D to
be an z4-deletion first, then an x4_1-deletion and so on until

making an x;-deletion. Note that the proof can be replicated



for any ordering by the comprehensiveness of Lemma 2 which
is our main building block. To prove the statement, we build a
grid-like structure with axes 7, j € [d] and arrays as grid points
denoted by X*7. We define X% £ X, X% £ Y, and X0 £
D. For fixed j = 0, let the series of arrays {X“?}¢ , be
defined such that X*~1:0 € DZ (X"9) for i = {1,...,d}. We
define the series of arrays {X°7}%_ similarly for fixed i = 0.
The strategy of the proof will show the existence of arrays X %7
for any 7,5 € [d] such that X%? € I (X%9) N I¢(X%).
By the definition of the series we have that X0 ¢
D¢ (X50) N DZ (X%!). By Lemma 2 there exists an array
X1 ¢ Id (X1 9) N I¢ (X®'). From that it follows that
X110 e ]D)d (X2 9N Dd (X1 ). By applying again Lemma 2
we have that there exists an array X*! € I¢ (X%9) N
IZ (XY1). For j = 1, by repeating the aforementioned
strategy we can show the existence of the series of arrays
{X®114_,. Given this series of arrays one can show the
existence {X*2}¢ |, where j = 2 and given the starting
statement X*! € D¢ (XI1) N DZ (X%2). Therefore by
consecutively incrementing j € [0,d — 1] and for each j
incrementing consecutively ¢ € [0,d — 1], then for each pair
(7,7) by Lemma 2 one has the following equivalence: Given
X e DE (X)) N DE (XHH) there exists an array
Xirhitl ¢ ]Id (XY N ]Id ((X“7T1). Therefore, we have
proven the existence of an array X494 € 1¢(X40) N 1¢(X%9)
which concludes the proof. O

IV. EQUIVALENCE OF INSERTION AND DELETIONS
CORRECTING CODES: GENERAL CASE

In this section we show the the equivalence of ¢(*)-insertions
and t(¥-deletions in d-dimensional arrays for any number
of (d — 1)-dimensional hyperplane insertions and deletions,
respectively, i.e., we show the equivalence of t(D_deletion-
correcting codes with t(d)-insertion-correcting codes for any
td) ¢ Z‘io. The proof follows similar steps as the one used
by the authors in [23] for the two-dimensional case.

Theorem 4. A code C C DI
code if and only if it is a t\D-insertion-correcting code.

is a t'D-deletion-correcting

Proof. For notational convenience we define the vector ¢/ £
(c1,..-,¢j—1,0,¢j41,...,cq) € N In this proof, the vector
t@ can be written as ¥ = ¢;,1() 4 ¢/ 2 ¢, ., where t; =
min;e(q t; and ¢; £ ¢ — t; for ¢ € [d], to emphasize the
composition. Without loss of generality, we show the proof
for j = 1, since by symmetry the proof holds for all j € [d],
and write ¢ £ ¢;. Let ¢/ £ Y% | ¢;, the proof proceeds by
induction over t’. For simplicity, we fix in some parts of the
proof the order of the x;-deletions. That serves for a better
presentation of the proofs and incurs no loss of generality.
In the proof the contraposition is shown, i.e., we show that
D¢, (X)ND¢, (Y) # 0 if and only lfﬂfl (X)mrg (Y) #0.
We only show the “if” part since the * only if” part follows
by using similar arguments

Base case ZZ 1 ¢i = 1: For the reader’s convenience, a
flowchart of the proof for d = 3 is presented in Fig. 3. There
are d — 1 possibilities for ¢! such that Zle ¢; = 1. We show
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Fig. 3: A flow chart ofthe proof of Theorem 4 for d = 3. Given
an array Cp41 € DY (X)NDE (YY), we show the existence
Grt1 € Htl,c(X) N ]If1 (Y). leen the existence of X, Y,
Cr+1 and the orange arrays one can show by Lemma 2 the
existence of the green marked arrays and then by Theorem
2 and Lemma 2 the existence of brown and purple marked
arraysand the array Gpy1.

the proof steps for ¢! = e,, i.e., there is a combination of
t1(?_deletions and an extra x,.-deletion for € [d].

For any two arrays X, Y € EZW, assume there exists a
array D such that D € Dfl)c(X) MNDg, (Y).Letk = dt, define
the array By, such that By € ID)‘til(X) and D € D¢ (B) due
to the choice of ¢'. For simplicity, we define C; € D? (Y).
Let o € [d]* denote the vector whose entries o; denote the
series of x,,-deletions to obtain D from C; and fix o = k.

We define the series of arrays {C, kf ! such that

Dg (Csfl)
C, "
© {Dim (Con)

ifs=1lors=k+1
otherwise.

where Cy 2 Y and Ck+1 = D. We show that there exists a
series of arrays {BS}S o Tesulting from hyperplane insertions
starting from By, and leading to an array By € X7 n® , such that
By € DY (X) N Dfl(Bo). By the aforementioned deﬁn1t10ns
we have that Ck+1 € bd (Bk)ﬂD‘i (Ck). By Lemma 2, there
exists a By_; € 14 (Bk) NI (Ck) Applying Lemma 2 se-

quentially shows the existence of the series of arrays {B; ’;;5,



i.e., by Lemma 2 for each C,11 € DZ (B,) NDE, (Cy)
there exists a B,_1 € I, (Bs)NIZ (C,) for s € {k,...,1}.
Hence, we show the existence of an array By € Xj
that By, € DY (X) N DY (By).

By Theorem 2, the existence of B implies the existence
of an array Fj, € I, (X) N1 (By), i.e., obtained by a #1(4)-
insertion in By. Let u € [d]* denote the vector whose entries
u; denote the series of x,,-insertions to obtain Fj, from B
and fix uy = . We define the arrays {F,}*_, such that

s=1
P {]Igm(Fsl) if s =k

such

IZ (Fs_1) otherwise,

where Fy £ B. Noting that C; € D (By)ND? (Y) and ap-
plying Lemma 2, there exists an array G1 € I (Bo)NIZ¢ (Y),
which means that F € Dgu] (F1)NDZ (G1). By sequentially
applying Lemma 2 we can show the existence of the series
of arrays {G,}**] such that G, € Hfl’c(X) N ]Iill,c(Y).
Meaning by the fact that Fs_y € D¢ (F,) N DY (Gy)
there exists an array G,11 € I¢ (F,) NI (G,) for s €
{1,...,k}. Hence, we have shown that if there exists an
array Cp41 € ]D),f_llyc(X) ﬂ]D),E_lM (Y), then there exists an array
G €If, (X)NT¢, (Y), which concludes the base case.
Induction hypothesis: ~ Given any vector ¢! such that
S% ¢ =1/, and two arrays X, Y € ng it holds that

DY (X)NDY (Y)#£0 < I (X)NI, (Y) #0,

where t1 . = t1 + .

Induction step: Assume that the induction hypothesis holds
for all values 0 < % ¢; =t/ where ¢; = 0. We prove that
the hypothesis holds for Zle c¢i+1=1t+1,ie., by adding
an extra hyperplane deletion. Let the extra deletion be an x-
deletion and define t} . = (t,t+ca,...,t+co+1,... t4cq).
Assume that there exists an array D such that D € Df,l ) (X)n
]D)g,1 . (Y). Let &' = dt+t'+1, then we defined the arrays By,
and Cj, such that By, € Dfl’c (X) and Cy € Dfl’c (Y). The
rest of the proof follows from the base case, by using &’ instead
of k and therefore is omitted due to space limitations. |

By considering the collections of all £()-deletion-correcting
codes such that 2?21 t; =t we have the following corollary.

Corollary 1. A code C C E’;W is a t'D-deletion-correcting
code if and only if it is a t\D-insertion-correcting code.

V. INSDEL EQUIVALENCE
So far we have only considered the equivalence between
insertion and deletion correcting codes. In this section we
are going to discuss the equivalence between t(?)-deletion
and ¢t(9-insdel correcting codes. First, we need the following
claim.

Claim 2. For positive integers my, . .

ri = (0,...,0,7;,0,...
i1 me .

g = it holds that

D% (X) NDY(Y) # 0 < ID, (X) NIDL (Y) # 0.

.,mg, © € [d], a vector
,0), and any two arrays X, Y €

Proof. We only show the “if” part, since the “only if” part
follows by similar arguments. Let D € D¢, (X)ND?,(Y). We
define a consecutive series of projections of an array X along
the axes in a set Z C [d] by Pz(X). Let Z = [d]\ {i}, we have
Pz(X),Pz(Y) € Xin@-1- Since we do not project along
the axis affected by deletions we can transform the (d — 1)-
hyperplane deletions to symbol deletions in Pz(X), Pz (Y)
by Claim 1. Thus, there exits a Pz(D) € DL (Pz(X)) N
D? (Pz(Y)) such that P; ' (Pz(D)) = D. Hence, by [7] there
exists a Pz(I) € ID}. (Pz(X)) NID}. (Pz(Y)). According to
Claim 1 it follows that there exists a Pz (Pz(I)) = I €
Y, (X)NIDZ (Y), since all entries of 7/ are zero except the
i-th position. O

It is important to note that the position of r; within the
vector 7* must remain the same for any equivalence. This
means that x;-deletions are only equivalent to x;-insdels and
not to xj;-insdels, j # i. We show this idea through a
counterexample for two-dimensional arrays.

Counterexample 1. The equivalence of a (1,0)-deletion-
correcting code and a (0, 1)-deletion-correcting code does not
hold. To show this, we consider two arrays X,Y € Y3%3
and assume there exists an array D € Y2%3 such that
D € D? ((X) ND3 ((Y) as follows.

11 1 101 11
X=10 10|, Yy=[o0o 1 0], D=0 0],
01 1 00 1 0 1

where D is obtained by deleting the second column from X
and Y. Since more than one row of X and 'Y are different, we
see that DF ; (X)ND§ | (Y) = 0 and therefore the equivalence
does not hold.

Given this result, we show that the insertion/deletion equiva-
lence holds if one fixes a number of insdel for each dimension
to be deleted.

Lemma 3. For positive integers my, . ..,mq, i € [d], a vector

d
t=(t1,...,ta) € N% and any two arrays X, Y € E?ezl "
it holds that,

DY(X) NDY(Y) # 0« IDF(X) NIDE(Y) # 0.

Proof. We only show the “only if” part, since the “if” part
follows by similar arguments. Let ¢S = (¢ins ¢ins . ¢is)
and ! = (¢l ¢del . tdel) such that ¢ = ¢S 4 ¢del,
Assume that there exists an array I € E®?:1(mi+(tins_t?d))
y q
such that T € ID¢(X) NIDY(Y). The order of deletions and
insertions matters here, therefore we define X’ and Y’ to
be the arrays resulting from tdel_deletion, i.e., it holds that
X' € D, (X) and Y' € D%, (Y). It then follows that
I e ]If;ns (X n Hfins (Y’) By Theorem 4, there exists an
array D € E;@Ll(mii(t;m”?e})) such that D € D, (X') N
DY, (Y') and as a result D € D¢(X) ND¢(Y). O
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APPENDIX

In this section, we provide a proof of Theorem 2, i.e., we
d . . .
prove that a code C C Ef}® is a t1(?-deletion-correcting code
if and only if it is a t1(%)-insertion-correcting code.

The proof requires the following intermediate results.

Claim 3. For any two arrays Xi,X 41 € EZ}M, D¢ (X1) N
D% (Xi1) # O if and only if there exist t — 1 arrays
Xo,..., Xy € I such that D(X;) N DY (Xis1) # 0 for
all1 <1<t

Proof. We prove the “if” part by induction over ¢. The proof
for the “only if” part follows similarly and is omitted. First,
we define the base case of the induction, then the induction
hypothesis and finally the induction step.

Base case t = 1: This is a trivial case in which the
statement is already satisfied, i.e., there are no intermediate
arrays since D¢(X;) N D4 (Xy) # 0.

Induction hypothesis: Assume that the statement holds for
a given t € [n—2]. That is, there exist two arrays X1, X;41 €
EZI’W that satisfy D%, (X;)NDE, (X;+1) # () and there exist t—
1 arrays X, ..., X; € 27" such that D (X;) D (X;11) #
O forall 1 <i<t.

Induction step: We show that the statement holds for
t+ 1. Let Xy, Xyyp € 527" be such that DY, (X1) N

]D)‘(itﬂ)l(XHg) # (). Define the two arrays Xi,X;11 €

(n—1)®1 (d) .
g that result from 1'%-deletion form X; and X;;2

respectively, i.e., X; € D¢(X;) and X;41 € D¢(Xs42) and
DY (X1)NDE, (X¢41) # 0 . Then, by the induction hypothesis,
there exist ¢+ — 1 arrays Xo,...,X; € Eén_l)w such that
Df(X;) NDF(Xis1) # 0 forall 1 <i <t o

Then, by Theorem 3 we deduce that I (X;)NI$(X;11) # 0
for 1 < i < t, therefore, there exist ¢ arrays Xo, ..., Xy41 €
£ such that for all 2 < ¢ < ¢+ 1, it holds that
X, € Hg(ii_l) n H%(Xl) By definition, X; € H‘%(Xl) and
Xiy2 € I$(X;41), combine with X5 € 1¢(X;) and X4 €
I (X, 1) derived from the aforementioned result, it holds that
Xl S D%(Xl) QD% (XQ) and XtJrl S D%(Xﬂrl) QD% (X.tJrQ).
Consequently, we showed that for 1 < ¢ < ¢4 1 it holds that,

X, € D4(X;) NDY(X;p1). (1)
This completes the “if” part of the proof. O
Next we state a similar result for the insertion case.

Claim 4. For any two arrays X1, X1 € EZI‘W, 14, (X1) N
14 (X¢11) # O if and only if there exist t — 1 arrays
Xo, ..., Xy such that 1$(X;)NI§ (X4 1) # O forall 1 < i < t.

Proof. Follows using similar statements as in Claim 3. O

Theorem 2 can be proven using the results of Claim 3 and
Claim 4 as follows. For any two arrays X;,X;1; € E;‘W,
if DY (X1) N DY (X¢g1) # 0 then form Claim 3 we know
that there exist t — 1 arrays Xo,...,X; € ZZW such that
D¢(X;) NDY(X;11) # 0 for all 1 < i < t. According to
Theorem 3, there exist ¢ arrays Xl, e ,Xt S Z((I"H)@d S
Zg"w such that for all 1 <3 <,

X; € I9(X;) NI¢(Xip1). )

Finally, by applying Claim 4 we conclude that I, (X;) N
14, (X441) # (. The “only if” part follows similarly.



