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Abstract

Most differential privacy mechanisms are applied (i.e., composed) numerous times on sen-
sitive data. We study the design of optimal differential privacy mechanisms in the limit of a
large number of compositions. As a consequence of the law of large numbers, in this regime
the best privacy mechanism is the one that minimizes the Kullback-Leibler divergence between
the conditional output distributions of the mechanism given two different inputs. We formu-
late an optimization problem to minimize this divergence subject to a cost constraint on the
noise. We first prove that additive mechanisms are optimal. Since the optimization problem
is infinite dimensional, it cannot be solved directly; nevertheless, we quantize the problem to
derive near-optimal additive mechanisms that we call “cactus mechanisms” due to their shape.
We show that our quantization approach can be arbitrarily close to an optimal mechanism. Sur-
prisingly, for quadratic cost, the Gaussian mechanism is strictly sub-optimal compared to this
cactus mechanism. Finally, we provide numerical results which indicate that cactus mechanism
outperforms the Gaussian mechanism for a finite number of compositions.

This paper is Part I in a pair of papers, where Part II is [1].

1 Introduction

Likelihood ratios are at the heart of most privacy metrics. Consider the problem of quantifying the
privacy loss suffered by a sensitive variable X given an observation of a disclosed variable Y. For
example, X may represent a dataset and Y a randomized function computed over X. Privacy can
be measured in terms of properties of the privacy loss random variable, defined as

dPy|x—z

Ly . = log 7 (Y), (1)

Py x—u

where Y ~ Py x_, and x,2' € X = supp(X). The channel Py x is often referred to as a privacy
mechanism.
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Today, the most popular privacy definition (including, in practice [2—1]) is differential privacy
(DP), which quantifies privacy in terms of L, ,» when z,z’ are close or “neighboring.” Thus, given

a metric d: X x X — R, Py|x is said to be (¢, §)-differentially private ((e,d)-DP) [5] if

sup  sup [Py|x—y(A) — € Pyix—o(4)] <6, (2)
d(z,a!)<s ACY

where s determines when inputs x and 2z’ are neighboring, and ) := supp(Y). Intuitively, if a
mechanism is (g, §)-differentially private for sufficiently small ¢ and ¢, then an adversary observing
Y cannot accurately distinguish between small changes in X.

Most privacy mechanisms are applied several times on sensitive data. Quantifying privacy
guarantees under multiple compositions of a mechanism is a challenging problem. In the simple
case where the same mechanism Py |x is independently applied n times on data X generating
output Y, ie., Pynx = I, Py, x, the privacy loss random variable is given by

= dPy, | x—¢
PSS l - 5/7;, 3
Z dPY\X x( ) (3)

where Y; ~ Py, x_,. Differential privacy can be cast in terms of the privacy loss random variable.
The reader can directly verify that n independent applications of a mechanism Py |x is (e,9)-DP if

n +
sup E [(1 - e_(LW’_a)) ] < 0. (4)
d(z,x")<s

From the law of large numbers, the distribution of L? ,/n will concentrate around its mean, the
KL-divergence, as

1
EE (L ] = D (Py|x=ull Pyix=s') - (5)

Since the function f(u) := (1—e~"“*¢)7T is non-decreasing, in the limit of large compositions, privacy
mechanisms with lower values of D(Py|x—||Py|x=.) Will enjoy stronger (¢, §)-DP guarantees. Thus,
regardless of the exact distribution of the privacy loss random variable, its mean (5) plays a central
role in the privacy guarantees offered after many compositions. In applications such as privacy-
ensuring machine learning, the number of compositions frequently exceeds n = 103.

We study the design of privacy mechanisms with favorable (g,)-DP guarantees under a large
number of compositions. Our approach departs from previous work in that we focus on the large-
composition regime instead of optimizing (2). Since after many compositions, privacy will be mostly
determined by the mean of the privacy loss random variable (5), we solve the optimization problem

inf sup  D(Py|x—ul|Py|x=2)
Py | x€Z |z—a'|<s (6)
subject to sup E[e(Y —2) | X =2] < C,
z€R

where ¢ : R — [0,00) is a pre-specified cost function, s,C > 0 are constants, and Z is the set of
all Markov kernels on R. Note that the cost function is critical: without the constraint, (6) can be
trivially solved by any mechanism that is independent of X.

Our main contributions are as follows:

1. We show (Thm. 1) that additive mechanisms—i.e., where ¥ = X + Z for a noise variable Z
independent of X—suffice to minimize (6).



2. Even restricting to additive mechanisms, (6) is an infinite-dimensional optimization problem,
so it cannot be solved directly. Instead, we formulate an approximate problem that is finite
dimensional and can be solved efficiently. We prove (Thm. 3) that this approximate problem can
get arbitrary close to optimal.

3. We solve the approximate problem to derive (near) optimal mechanisms for the quadratic cost
function, i.e., ¢(x) = z2. We dub the resulting mechanism the “cactus mechanism” due to the
shape of the distribution (see Fig. 1). Surprisingly, the Gaussian distribution is strictly sub-

optimal for (6), as the cactus mechanism achieves a smaller KL divergence for the same variance.

4. We bound the (g,d)-DP for the cactus mechanism in the context of sub-sampled stochastic
gradient descent using the moments accountant method. Compared to the same analysis applied
to a Gaussian mechanism, our approach does better for a reasonable number of compositions.

1.1 Related Work

Identifying optimal mechanisms is a fundamental and challenging problem in the domain of differ-
ential privacy. There have been several works in the literature that have attempted to address this
problem. For instance, within the class of additive noise mechanisms and under the single shot
setting (i.e., no composition), Ghosh et al. [(] showed that the geometric mechanism is universally
optimal for (g,0)-DP in a Bayesian framework, and Gupte and Sundararajan [7]| derived the optimal
noise distribution in a minimax cost framework. For a rather general cost function, the optimal
noise distribution was shown to have a staircase-shaped density function [3—10].

Geng and Viswanath [11] showed that for (e,d)-DP and integer-valued query functions, in the
single-shot setting, the discrete uniform noise distribution and the discrete Laplacian noise distri-
bution are asymptotically optimal (for L' and L? costs) within a constant multiplicative gap in the

high privacy regime (i.e., both £ and § approach zero). Geng et al. [12]| studied the same setting ex-
cept for real-valued query functions and identified truncated Laplace distribution is asymptotically
optimal in various high privacy regimes. Finally, Geng et al. [13] showed that the optimal noise

distribution for real-valued query and (0,0)-DP is uniform with probability mass at the origin. Our
work differs from these works in that we focus on the optimal mechanisms under a large number of
compositions, rather than the single shot setting.

When considering a composition of n mechanisms, an important line of research has been to
derive tighter composition results: relationships between the DP parameters of the composed mech-
anism and the parameters of each constituent mechanism. There are several composition results
in the literature, such as [11-19]. More recently, Dong et al. [20] have proposed a composition
result for large n and for a new variant of DP, called Gaussian-DP, that leverages the central limit
theorem. These results can be sub-optimal (see, for example, [21, Fig. 1]). Consequently, numerical
composition results have gained increasing traction as they lead to easier, yet powerful, methods
for accounting the privacy loss in composition [21-24]. In particular, Koskela et al. [22] obtained
a numerical composition result based on a numerical approximation of an integral that gives the
DP parameters of the composed mechanism. The approximation is carried out by discretizing the
integral and by evaluating discrete convolutions via the fast Fourier transform algorithm. The run-
ning time and memory needed for this approximation were subsequently improved [21]. While our
work shares the focus on the large composition regime, we are primarily interested in synthesizing
optimal mechanisms rather than analyzing existing mechanisms.



1.2 Notation

The Lebesgue measure on R is denoted by A. We denote by Z the set of all Markov kernels! on
R, i.e., conditional distributions Py|x for R-valued X and Y such that x + Py |x—,(B) is a Borel
function for all Borel sets B C R. The set % denotes all Borel probability measures on R. We
fix a real-valued random variable X throughout, and let Px € & be its induced Borel probability
measure. The KL-divergence is denoted by D(P||Q), and also by D(pl|q) if P,Q < A with densities
p and ¢. The expectation is denoted by Ep[f] := [, f dP, and also by E,[f] if P < X has probability
density function (PDF) p. We let T, denote the shift operator, i.e., for a function f of a real variable
the function T, f is defined as (T, f)(z) := f(z—a), and for a measure P the measure T, P is defined
by (T, P)(B) := P(B — a).

2 Optimality of Additive Continuous Channels

We start by deriving characterizations of solutions to the optimization problem (6). The difficulty
of this problem lies in the fact that we are optimizing over all conditional distributions. This not
only makes the problem infinite-dimensional, but it also renders direct approaches ineffective. The
main result of this section, shown in Theorem 1, is that it suffices to consider continuous additive
channels. In other words, the optimization in (6) may be restricted to conditional distributions of
the form Py |x—, = T, P for some Borel probability measure P on R that is absolutely continuous
with respect to the Lebesgue measure. Equipped with this reduction, we build in the next section
an explicit family of finitely-parametrized distributions that are also optimal in (6).

2.1 Assumptions and Definitions
Throughout the paper, we require the cost function to satisfy the following properties.
Assumption 1. The cost function ¢ : R — R satisfies:

e Positivity: ¢(z) > 0 for all z € R, and ¢(0) = 0.

e Symmetry: c(z) = c¢(—x) for all z € R.

e Monotonicity: c(z) < e(2’) if |z| < |2/].

Continuity: ¢ is continuous over R.

Tail regularity: There ezist ., 5 > 0 such that c(x) ~ fx® as © — 0.

A natural choice of cost function is the quadratic cost c¢(x) = 22, but we allow ¢(z) to be any
function that satisfies the above assumptions. For example, c¢(xz) = |z|* for any positive « is a
natural family of cost functions.

Let & C % be the set of conditional distributions Py|x satisfying the cost constraint in (6), i.e.,
set

yZ:{PyLX'Ge@; sup E[C(Y—:E)|X::E]§C}. (7)
zeR
The infimal value in (6) is then
KL*:= inf sup D(Py|x=al|Py|x=a)- (8)

Py|x€Z g a'eRi|z—a'|<s

Tt is true that any conditional distribution from R into R has a version that is a Markov kernel [25, Chapter 4,
Theorem 2.10].



We are interested in computing KL*, as well as mechanisms Py x that approach this optimal value.
Note that, for clarity of presentation, we suppress the dependence on (s, ¢, C) in the notations &
and KL*.

In the main problem (6), we allow Py x to be any mechanism that produces Y given X. A
more restrictive but natural and easy-to-implement class of mechanisms is the additive mechanism
class. An additive mechanism is given by Py|x—_,(B) = T, P(B) where P is a Borel probability
measure on R. In other words, an additive mechanism Py|x has Y of the form Y = X + Z for some
noise random variable Z ~ P € 2 that is independent of the input X. Let Pyqq C £ be the set of
additive mechanisms satisfying the cost constraint in (6),

Podd = {P IS EP[C] < C} (9)

Since the KL-divergence is shift-invariant, restricting the optimization (6) to additive mechanisms
amounts to considering the simplified optimization problem

KL*,, := inf su D(P||T,P). 10
=i s D(PITLP) (10)

Of course, it is immediate that KL* < KL% ,,. In fact, we will show below that these quantities are

the same, meaning that there is no loss in restricting to additive mechanisms.

2.2 Optimality of Continuous Additive Mechanisms

The optimization problem in (6) is a convex problem, but the fact that the feasible set & is of
infinite dimension means it cannot be solved directly, nor do the tractable properties one expects
of a convex optimization problem necessarily follow. For example, in any finite dimensional convex
optimization problem, a symmetry in the problem leads to the same symmetry in the solution. In
this problem, one can see that shifting the mechanism—i.e., given Py |y, construct Qy|x—.(B) =
Py|x=z+-(B + z) for some z—does not change the cost constraint nor the objective value in (6).
Thus, one might be inclined to conclude that the optimal mechanism is invariant to a shift (i.e., is
an additive mechanism). Unfortunately, the infinite-dimensional nature of the problem means that
this conclusion is not immediate. We resolve this issue in the following theorem which states that
additive mechanisms are in fact optimal in (6).

Theorem 1. We have that
KL* = KL, (11)

and there exists a P* € Poqq achieving this value. Further, any such P* is necessarily absolutely
continuous.

Proof sketch. The proof is given in Appendix A. We give here only a high level description of
(k)

the approach. Let PY]TX be a sequence achieving KL*. We make these mechanisms increasingly
closer to being additive, while sacrificing neither feasibility nor utility, by considering the convex
combinations ®) ®

Pyl (B) :=E [PYlX:HZk(B + Z1) (12)
where Zj ~ Unif([—k, k]). Specifically, one can invoke Prokhorov’s theorem on the ﬁg?X, thereby

extracting a probability measure P* such that Fgf\)xzx — T, P* weakly for each fixed x. Finally,

we show that the mechanism P* is optimal by invoking joint convexity and lower-semicontinuity of
the KL-divergence. O



Remark 1. The proof of P* < X only relies on the property that P* < T,P* for every |a| < s,
which holds in view of KL* < oco. Therefore, any feasible additive mechanism must be absolutely
continuous with respect to the Lebesgue measure, i.e., if y € % satisfies sup, < D(u||Tap) < oo
then we necessarily have p < A.

3 Numerical Approximation: The Cactus Distribution

The optimization problem over additive mechanisms in (10) is infinite-dimensional, so it cannot be
solved numerically as-is, and it appears to have no closed-form solution for non-trivial cost functions.
The lack of closed-form solution is true even for the simple case of ¢(x) = x2: to our surprise, as will
be illustrated later, the Gaussian mechanism is not optimal!?> In our companion paper [1], we explore
the regime where s — 07; in this limit, we show that the optimal distribution can be determined
exactly, and in fact for quadratic cost the limiting optimal distribution is Gaussian—although for
other costs the optimal distribution is much more surprising.

In the regime of fixed positive s, to find practically achievable near-optimal mechanisms, we
resort to numerical approximation of (10). In this section, we fix s = 1. We can do this without
loss of generality simply by scaling: that is, the optimization problem in (10) with sensitivity s and
cost function ¢(x) is equivalent to the same problem with sensitivity 1 and cost function c(sz).

To approximate (10) by a numerically tractable problem, we (i) quantize the distribution, and
(ii) only explicitly parameterize the distribution in a certain interval. Specifically, we construct a
mapping from finite-length vectors to continuous distributions as follows.

Definition 1. Fix two positive integers n and N, and a constant r € (0,1). Consider the partition
of R by intervals {7, }icz defined by: J, 0 :=[-1/(2n),1/(2n)] and

<i—1/2, i+1/2] ifi >0,

n

jn,i = . . (13)
[“}/2, ’*}/2) Cifi<o.
We associate to each vector p = (po,p1,-.-,pn) € [0, 1]N+1 a piecewise constant function that is
defined by
npy, if z € Jy,i, with [i| < N,
n,r,P(:E) = g lil-N " . . (14)
npNT , ifx € Ty, with |i] > N.
We also associate with f,, ;. , the Borel measure P, , ,, where
Para(B)i= [ furplo) do (15)
B
Remark 2. Note that
N-1 2]?
N
/ forp(@) dz = po + Z 2pi + —— =: Srp. (16)
R im1 1—r

If S;.p =1, then P, ,p is a probability measure with density f, ,p. This distribution is symmetric
around the origin, i.e., fy, yp(z) = fnrp(—2). Further, its tails decay almost geometrically: for (N +
1/2)/n < 1 < x9 one has f,, , p(z2) = rnk . fnrp(x1) where k = ([nxe —1/2] — [nz; — 1/2]) /n =
ro — I1.

20f course, simply because Gaussian is not optimal does not imply that there is no closed-form solution. It is
possible to write a set of KKT conditions for (10), which we have omitted from this paper in the interest of space.
This set of KKT conditions cannot be solved in closed-form.



The main results of this section are: we show that the distribution family introduced in Defini-
tion 1 is optimal for (6), and we show that the optimal distribution within this family (which we
will call the cactus distribution) is obtainable via a tractable finite-dimensional convex optimization
problem.

We use the following notation. Consider the restriction of (10) to the mechanisms constructible
by Definition 1. For a fixed triplet (n, N,r) € N2x (0, 1), consider the set of mechanisms %,, y, C %,

(gn,N,r = {Pn,r,p ;D E [07 1]N+1 rp — 1} (17)

(Recall the definition of S, , from (16).) Denote the optimal value achievable by the class €, n, by

KL}, v-(C):= inf  sup D(P|T,P). (18)
PE%»,%N’T |a‘<1
Ep[c]<C -

We show next that we may restrict the shift a in (18) to take values over the finite set
{1/n,2/n,--- 1} (rather than varying over the whole interval [—1,1]), thereby rendering (18)
a finite-dimensional optimization problem amenable to standard numerical convex-programming
methods.

For each ¢ € Z, we denote the constants

- / ne(z) da. (19)

n,i

Theorem 2. Fiz r € (0,1), and positive integers n < N. The minimization (18) can be recast as

the following convex program over the variable p = (po,--- ,pN) € RN+1
| Nk »
S itk—N i
minimize max  — (P)i| = Plitk|) log + — pnr TN log s
p ke{l,..n} 2 ZN:H p|z k| i:%:k pNTT
1— k
+pn - r k‘logr‘l
N-1
subject to DPocn,o + Z 2pzcn i +2pN Z Cn, zr - <C,
=1 i=N
po + Z 2p2 1 —r 17
pizOforallze{O,...,N}. (20)
Proof. See Appendix B. O

Figure 1 shows an example of the distribution that results from the finite-dimensional optimiza-
tion problem in (20) with a quadratic cost. The shape of this distribution® has inspired the name
the “cactus distribution.” The following result shows that cactus mechanisms derived from the
optimization problem (20) are in fact globally optimal for the main optimization problem (6).

Theorem 3. Denote the optimal value a cactus distribution can achieve by

KL} = i inf KL* C+e). 21
Cactus 51>H01+ (n,N,r)lenNzx(O,l) n,N, 7’( ) ( )

We have that KL* = KL, otus-

3In addition to the state of Arizona being home of several of the authors.



p(z)

Fig. 1: The optimal distribution p(z), found by solving (20) (and dubbed the cactus distribution),
plotted on a semi-log scale. The cost function is ¢(z) = 22, and the parameters are: s = 1, C = 0.25,
n =200, N = 1600, and r = 0.9.

Proof. See Appendix C. O

Remark 3. The proof of Theorem 3 gives some guidelines for choosing the parameters (n, N,r).
For example, optimal cactus distributions can be obtained by restricting the ratio N/n (chosen
sufficiently large), and choosing 7 = 1 — Q4 (N1).

4 Numerical Results

We solve the optimization problem (20) using an interior-point method. An example of the cactus
distribution for quadratic cost is shown in Figure 1. Figure 2 compares the maximal KL-divergence
achieved by the cactus to that of Gaussian distributions for fixed sensitivity s = 1 and various o.
As noted above, varying o with fixed s is equivalent to varying s with fixed . The KL-divergence
for cactus is computed numerically, and for Gaussian mechanisms the KL-divergence is exactly
#. The cactus distribution outperforms the Gaussian distribution in terms of KL-divergence for
all values of o, although the difference decreases as o grows such that for larger values of o it
is difficult to discern any gap between the curves in Figure 2. (Our companion paper [!] gives a
theoretical explanation for why Gaussian is so close to optimal as s/o decreases.) To illustrate that
this improvement in KL-divergence leads to an improvement in (g, )-DP, we compute the achieved
privacy via moments accountant |[17] for each mechanism. Figure 3 shows the resulting e value as
a function of the number of compositions, for fixed § = 1073. Indeed, the cactus mechanism does
better than Gaussian.

To give a reasonable comparison in the context of machine learning, we modified the tutorial code
in TensorFlow-Privacy [26], which implements the DP-stochastic gradient descent (SGD) algorithm
with a Gaussian mechanism on a convolutional neural network (CNN) model. We use the training
results from the original tutorial as a benchmark, then replace the Gaussian mechanism with our
cactus mechanism, and train the model using the renewed setting. We select a noise level o = 1/0.1.
We test the original and modified model on a popular image dataset, MNIST, which is of size 60000.
We choose a batch-size 250, such that each epoch consists of 240 iterations (i.e., compositions) and
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Fig. 3: Privacy parameter € versus the number of compositions, computed via the moments accoun-
tant, where 6 = 1073, and quadratic cost C' = 0.1 with fixed sensitivity s = 1.

the sub-sampling rate? is ¢ = 250/60000 ~ 0.00417. Figure 4 shows the achieved (g,8)-DP as
computed by the moments account in this setting. Fixing § = 107°, Figure 5 shows the tradeoff
between privacy € and accuracy of the resulting CNN as the number of training iterations increases.
One can see that for a fixed privacy budget (i.e., fixed € and ¢), the cactus mechanism allows more
training iterations and, thus, better accuracy.

4The cactus mechanism is not optimized for subsampling. Nevertheless, we observe numerical performance of the
cactus mechanism in the subsampling setting outperforming that of the Gaussian mechanism.
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A Proof of Theorem 1: Optimality of Additive Continuous Chan-
nels

Let F' : Z — [0,00] denote the objective function in (6), i.e.,

F(Pyx) = | Su1|?>< D(Py|x=ull Py|x=v)- (22)

Thus,
KL*= inf F(P . 23
e (Pyix) (23)

Fix a sequence of conditional distributions

(k)
{Py|X}keN c P (24)
satisfying
x 1 (k)
KL = lim F (P ). (25)

Recall that by assumption, the version of each conditional distribution P}(,k‘; we choose is regular,

le., © — P;,’T;Zx(B) is a Borel function for each Borel set B C R. Note that KL* < oo since,

e.g., the Gaussian mechanism is feasible. Throwing away the first few elements in the sequence, we

assume that F <P}€IT3() < oo for each k € N.
We break the proof down into several steps:

1. Introduce Markov kernels Fgf‘)x as “continuous” convex combinations of the P}(,k';(
2. The Fgf‘)x also satisfy the cost constraint.

3. The ﬁgf‘)x asymptotically achieve KL*.

4. The P&\)sz are asymptotically shifted versions T, P* of a fixed P* € 4.

5. P* achieves KL*.
: : (k)
e Step 1: Averaging the PY|X'
For k € N, we will define the Markov kernel ﬁgf‘)x € Z by

—(k 1 k k
Pyix—o(B) = 5 /_ k P8y (B+2)de (26)

Of course, we need to check that (26) indeed yields a Markov kernel ﬁ&\)x- In view of Fubini’s

theorem, it suffices to check that the map (z, z) — P}(,k&(:m s
Borel set B C R). This joint measurability is not self-evident, so we check next that it indeed holds.

Let the transition probability kernel L) : R? x B(R) — [0,1] be defined by

(B + z) is jointly Borel (for every fixed

L™ ((z,2), 4) = P, (A). (27)

11



Let N®) : R? x B(R) — [0, 1] denote the map
(k) _ pl(k)
NO((z,2), B) = PY,_,, . (B+2). (28)

For each (z,z) € R? and Borel set B C R, we may write N*)((z,z2), B) as the integral of a
nonnegative Borel function against L((z, z), dy), namely,

N (2, 2), B) = /R 15(y — 2) L((z, 2), dy). (29)

Hence (see, e.g., [25, Chapter 1, Proposition 6.9]) (z, z) — N®)((z, z), B) is a Borel function. Hence,

ﬁg?x as given by (26) is indeed a well-defined Markov kernel on R.
For the next steps, we will use the following notation

k,x
) P§4’X:$<B>, (31)
1
UR(B) = o5 AB N[k K. (32)
Note that Rgﬁ’;) € # and P%*:*) € 2 for each fixed (k,z) € N x R, and (26) may be rewritten as
P = gt o UM, (33)

e Step 2: The Fgf‘)X satisfy the cost constraint.

Fix k € N, and we will show next that ﬁg?x € X, ie., that ﬁg?x satisfies the cost constraint.
Recall that a Markov kernel Py|y € Z belongs to & if and only if it satisfies

sup Epy. (_, [Toc] < C. (34)
zeR

By the assumption that p! &( € &, we have that

Ep(k) [Tpc] <C (35)

Y| X=x

for every x € R. Shifting the variable of integration in (35) by a fixed constant —z, we obtain that

E Td < C (36)

(k)
I- PY\X x

for every (z,z) € R%. Replacing x by = + z in (36), we conclude that (see (30))

ER(k,x) [Tpc] < C (37)
Y|X==2
for every (z,z) € R%2. We proceed via the following standard approximation by simple functions
argument.

Fix z € R, and let 3, a;1p,(y) be a nonnegative simple function upper bounded by (Tyc)(y).

Integrating against Rgf";)zz(dy) we deduce from (37) that

Z RY‘X (B <C (38)

12



for every z € R. Integrating (38) against U*)(dz), and noting that P*-*) = Rgf";? oU®) (see (33)),
we deduce that
Z a; P*9(B;) < C. (39)

Now, as (39) holds for all nonnegative snnple functions below T,c, taking an increasing sequence of
nonnegative simple function converging pointwise to T,.c we conclude that

Epeem [Toc] < C. (40)
In other words (see (31)),
E_w [Twc] <C. (41)
PY\X T

As (41) holds for all z € R, we have shown that F@X S

e Step 8: The ﬁg?x are asymptotically optimal.
Next, we use monotonicity of the KL-divergence under conditioning (see Lemma 1) to show the
limit .
KL = lim F <P§/|)X) . (42)
— 00

Shift-invariance of the KL-divergence implies that, for each z,2’, 2 € R,

D < Y|X ZHRY|X Z) D <PY\X x-i-z”PY|X =z’ +z> : (43)
Thus, as (z + z) — (¢/ + z) = z — 2/, we conclude that
_ (k)
\xSIi&sD < V= IRy > = <PY\X> (44)
z€R

By assumption of optimality of the p® (see (25)), there exists a kg such that for all & > ko,

Y|X
k.x k.x *
|m§19.01/[‘)<sD <R§,|X 2HR§,|X > < KL* 4+ 6. (45)
z€R
By definition of KL-divergence, we infer Rgf";)zz < Rgff;(,):z for all z € R and |z —2'| < s. Also, (45)
shows in particular that

s B D (RGBT < ®L* 46 (46)

Using (33), Lemma 1 yields that
sup D <P<’f’w>|yp<kvm’>> < KL*+4. (47)

lo—a’|<s

Taking § — 07, we see that (42) holds.
e Step 4: P*7) is asymptotically T, P* for a fixed P*.

Next, we show that there is a measure P* € 4 such that, for every x € R, we have the weak
convergence

pkz) T p* (48)
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as k — oo.
First, for each fixed x € R, we establish the total-variation distance convergence

lim HP(’”) — 1, pk0) HTV — 0. (49)
—00
We may write
(h,0) L[5 )
(LP® ) (B) =g | RYRL.(B)d (50)
Therefore, for any Borel set B C R we have that
1 |z
p*)(B) — T,PE0(B)| < — ko) (B)dz < L 1
(B) G SN o LR (51)

where A denotes the symmetric difference. As the bound (51) is uniform in B, we conclude that
the total-variation limit in (49) holds.

The next ingredient we need is that the set {P(k’o)}keN C & is tight, i.e., that for any € > 0
there exists an n > 0 such that

sup PEO(R\ [—n,n]) <e. (52)
keN

Fix & > 0. By the assumption that c¢(x) ~ f|x|* where a, 8 > 0, we have lim|;|_, ¢(x) = 0o. Thus
there exists an integer n such that ¢(z) > C'/e whenever |z| > n. Then, for each (z,k) € R x N,

RER_, R\ [-n,n]) = PYL_, (RN [=n+ 2z,n + 2]) (53)
cly—2) k)

- /R\[—n+z,n+z1 oy Frix=:v) (54)

< c(n)_lEP)(/;T)X:Z[TZC] (55)

<cn)t.C (56)

< g, (57)

where (54) follows by monotonicity of ¢, (55) by nonnegativity of ¢, and (56) since P}(,ITE( € Z.
Hence,

o REY (RN [-n,n]) <e. (58)
z,k)ERX

Averaging over z, we deduce that (52) holds, i.e., that {P*0)},  is tight.

By tightness of {P*:0)},cy, we conclude via Prokhorov’s theorem [25, Chapter 3, Theorem 5.13]
after passing to a subsequence that there is a P* € 2 such that P*0) — P* weakly as k — oo, i.c.,
for every continuous and bounded function f: R — R we have

lim Epeo)[f] = Ep«[f]. (59)
k—o00
This immediately implies that, for each x € R, we also have
T, P*0) — T, P (60)

weakly as kK — oo. As convergence in total variation is stronger than weak convergence, we conclude
from (49) and (60) that for every z € R

pkz) T p* (61)
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weakly as k — oc.

e Step 5: The additive mechanism P* is optimal.
The final step is showing that P* attains KL* and satisfies the cost constraint. By joint lower-

semicontinuity of the KL-divergence [27, Theorem 1], we deduce from (61) that for each z € R
D(P*|| T, P*) < liminf D (P(k’O)HP(k’x)) . (62)
k—o0
But we also have )
sup D (PU“O)HP(’“@)) <F (PY‘ ) . (63)
lz|<s

Therefore, taking the supremum over |z| < s in (62), we infer from (42) that

sup D(P*||T,P*) < KL*. (64)

|lz|<s

Hence, it only remains to check that P* € P,qq for us to conclude that equality holds in (64).
For every A > 0 and z € R, the function 1;_4 4 - T;c is continuous and bounded. Hence, the
weak convergence P*:%) — T, P* yields

Er, p+ [1[—A,A} -Txc] = klggo Epk.2) [1[—A,A] . Tmc] . (65)
As ﬁg?x € &, nonnegativity of ¢ implies in view of (65) that
Er,pr [1—a,4 - Tuc] < C. (66)
By the monotone convergence theorem, taking A — oo yields
Er.p [Tod < C, (67)
In other words, P* € &,qq4. Therefore, we must have

< < sup 2 Pr).
KL* < KLY D(P*|| T, P* 68

|z|<s
Combining this inequality with (64), we conclude that

KL* = KL}y = sup D(P*|T,P*). (69)

lz|<s
This completes the proof of the first statement of the theorem.
For the last statement of the theorem, we show that the relation p < T,u for every |z| < s
(which holds for P* by (69) and KL* < o0) is enough to conclude that p < A. Fix a Borel set
B C R such that A(B) = 0, and we will show that u(B) = 0. Note that the function z — (Tu)(B)

is Borel as it is given by the convolution 1p %  where n(A) := pu(—A). Then, by Tonelli’s theorem
and translation-invariance of the Lebesgue measure,

/ (To)(B) dA(z) = / 15— (b) dpu(b) dA(z) (70)
R

RQ

_ /R g (b) dA(z) du(b) (71)
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_ /R 1) dA(@) du(d) (72)
_ /R (Ty\)(B) duu(b) (73)
:/R)\(B)du(b) = 0. (74)

Thus, (T,n)(B) = 0 for A-almost every z. In particular, (T,u)(B) = 0 for at least one = € [—s, s].
Thus, p < Tpp implies p(B) = 0, and the proof is complete.

Remark 4. The lemma stated below, showing that conditioning increases divergence, is a well-
known fact. It is shown in the literature under various assumptions on the underlying distributions
(see, e.g., [28, Theorem 2.2 and Section 2.6]). We use it in the proof of Theorem 1 in the specific
situation where one of the conditional distributions is absolutely continuous with respect to the
other for each individual input. As in |28, Remark 2.4|, Doob’s version of the Radon-Nikodym
theorem can be used to derive that conditioning increases divergence in our case. For completeness,
we add a proof of this lemma here.

Lemma 1 (Conditioning increases divergence). Let Py|X,P}//‘X be Markov kernels on R such that
Pyix—, < P{/\X:x for every x € R. Then, denoting the marginalizations of Pxy := Py|x ®
Px, Py = P}’,|X ® Px in the second coordinate by Py, Py, we have that

D (Py|IPy) < Eewpy | D (Prix=c|Pyx—e) |- (75)

Proof. Since by assumption Py x—, < P{/‘ v, for every * € R, a generalization of the Radon-

Nikodym theorem by Doob (see | Chapter 5, Theorem 4.44]) yields the existence of a version of

the Radon-Nikodym derivatives dPy‘ X—z/dP Y| y—, Such that the function
(z,y) — B ix=
7 dP{/\X x

() (76)

is jointly measurable. We show that this function is a version of dPx y /dP% . First, note that
Pxy < P)/(,Y are equivalent. Indeed, for any Borel set £ C R, denoting the sections by FE.

{y €R; (x,y) € B}, we have that Py y(F) = 0 if and only if Py|x—(E;) = 0 for Px-a.e. z, and
a similar statement holds for P)’Qy. By assumption, Py|x—, < P}’,| v, for each x, so we obtain
Pxy < P)’Qy. By joint measurability and nonnegativity, using the disintegration theorem (see,

e.g., [25, Chapter 1, Theorem 6.11]) we obtain that for any Borel E C R?
dPy‘X - dPY|X m
()dPXYl’?J // y)dPy x_,(y) dPx (x) (77)
/ dPY\X x . dP)//|X |

/ / APy x—o () dPx (2) (78)

=Pxy(E (79)
Thus, we have the equality
dPxy dP Ay x=z
: 80

for Py y-a.e. (z,y).
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Define f : [0,00) — [~1/e,00) by f(0) = 0 and f(t) = tlogt for ¢ > 0. By the disintegration

theorem and (80), we have the equality

dP
D (Pxy|Pxy) = /sz <ﬁ> dPxy (81)
_ dPY\XZI /
—/R/Rf (m( )) dPY\X:deX(l’) (82)
= Eevpy [D (PY\X=€HP1,/\X:§)] : (83)

On the other hand, disintegration with respect to Y yields the following bound. Denote by
Pxy, P)/qy the disintegrations of Px y, Py ) with respect to Py, Py,. In particular, Pxy and P)/qy
are Markov kernels on R. By the disintegration theorem and Jensen’s inequality,

D (Pxy|Pxy) = /R2f (Zii:) Py (84

/ / (jzlzi: y)) APy =y () APy (1) (85)

/ [ (g(y)) dPy(y) (86)

where 9(y) = /R zizi(x,y)dP)’(Y:x(x), (s7)

For this application of Jensen’s inequality, we use the fact, shown next, that g is finite Pj-a.e. In
fact, we show that g is a version of dPy /dPj,. Note that Pxy < Py , implies that Py < P§,. Now,
for any Borel B C R, the disintegration theorem yields that

dpP XY (
Joari = [ [ 5wy aPy @ aRy ) (59)
XY
dPx vy ,
= — dP 89
e (59)
:PX7y(R><B) :Py(B). (90)
Thus, we have that
dPy
. 91
o) = G ) (o1)
for Pj,-a.e. y. Hence, we obtain from inequality (86) that
D (Pxy|Pxy) = D (Py|Fy). (92)
Combining inequality (92) and equation (83) we obtain the desired inequality (75). O

B Proof of Theorem 2: Finite-Dimensionality

Note that the vector p only includes p; for 0 < i < N. We will simplify our analysis by defining p;
for all integers i. Specifically, for i € Z\ {0, -+ , N}, we denote

pi = . (93)
prl=N i i > N
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Thus we may rewrite the formula for f,, , in (14) as

farplx) =np; ifze Ty, (94)
We show first that
sup  D(Pp,pllToPnrp) = max p; log Pi , (95)
a€R:|a|<1 k€L:k|<n =2 Di+k

then we show that this formula is equal to the objective function in (20). For convenience, we drop
the subscripts on fy, ;. and P, ,, throughout this proof. We may assume p > 0, since any vector
p with some zero coordinate will be infeasible in both optimization problems (18) and (20).

Fix a € [-1,1]. For each i € Z, let j,‘;i = (ﬂ i+1/2> denote the interior of 7, ;. We start

n '’ n
by showing that the function

f
T of
is integrable, which would allow us to use countable additivity of the Lebesgue integral to split
D(P||T-oP) into a sum of integrals over the J; ;. Let k € Z be the unique integer such that
a—+ % € Jn,k, and denote A := k — an. From

F, := flog (96)

k—1/2 1 k+1/2
2 ap L B2 (97)
n 2n n

we conclude that 0 < A < 1. Consider an integer i and areal z € 7y ;. If 2 < (i—1/2+A)/n, then

E=A _itk—1/2  (i+k—1)+1/2
n n

r+a=x+

(98)
and, since A <1,

k—A _ i—-1/2 k-1 i +k—1)—1/2
Jim12 ko1 (k-1 -12

n n n n

rt+a=x+

(99)

Inequalities (98) and (99) together imply that z +a € J; ., ;. Similarly, if z > (i — 1/2+ A)/n
then x +a € J; ;.. We may ignore the countably many cases x = (i —1/2+A)/n (as i varies over
Z) for the sake of integrating F,. We conclude that for every z € R such that nz — A + % is not an

integer,
i—1/2+A
Y

i—1/2+A (100)

n

. DPi . '
Fy(z) = { np; log T if ©€Jni, o<

np; log pﬁk’ if ©€ Ty, o>

Since [ |[Ful =Y ez fj0_ |F,|, we obtain

/\Far = n <A
R i€z

Now, we may conclude that F, € L'(R) by comparison with a geometric series. Indeed, we show
the convergence of the series

Dbi
Pitk—-1

Di
Di+k

log

+(1-4)

log

) . (101)

(102)
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for each fixed ¢ € Z. Consider the set of indices
I=Z\{-N—|f],--- ,N + (]}, (103)

and note that for each ¢ € I we have p;y; = parTI=N for both values j € {0,¢}. In particular, for
1 € I we have that

1 1
log 22| = ||i| — i +£|| -log — < |¢] - log ~. (104)
i-+0 r T
Therefore, we obtain the bound
[llpylogy 147 pi
Sy < L. g i |1 < 0. 105
=T N = P8 pe| ©°° (105)

li| <N+|¢]

As Sj, and Sj_1 are both finite, we conclude from (101) that F, € L*(R). Therefore, by countable
additivity,

DT P =Y [ R, (106)
i€z ¥ Ini
ie.,
i
D(P||T-,P) i | Alo 1-A)lo . 107
2 Zp < & Pitk—1 T ) gpi+k> (107)

€L

Let By denote the same sum as Sy but without the absolute value sign,

By = gpz log P (108)
Finiteness of the Sy yields from (107) that
D(P|T-,P) = ABj—1 + (1 — A)By. (109)
Also, the relation we are aiming to prove (95) can be restated as
sup D(P|TyP) = max By. (110)

|d)<1 le|<n

We deduce from k = an+ A, |a| <1, and 0 < A < 1 that we must have —n < k < n+ 1. If it holds
that —n + 1 < k < n, then what we have shown in (109) implies, in view of 0 < A <1, that

D(P|T-,P) < ‘IEEXBE. (111)

We treat the remaining two extreme cases k € {—n,n + 1} separately. First, if kK = —n then A =0,
in which case

D(P|T-,P) = B_,, <max By. (112)
[e]<n

Second, if k =n + 1 then A = 1, in which case

D(P|T-,P) = B,, < max By. (113)
|e]<n

Combining all cases, we conclude that

sup D(P|TyP) < ‘n|1ang (114)
d|<1
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We establish now that the reverse inequality in (114) also holds. Let ¢ € {0,--- ,n}. The shift
ay := {/n satisfies |ag| < 1 and ay + % € Jnye. Also, Ay := € — ayn = 0. Therefore, we conclude
from (109) that

D(P|T ., P) = B (115)
This shows that
D(P||T,P) > By. 116
sup (P TaP) = max By (116)
In addition, consider £ € {—n,---,—1} and the shift a} := ¢/n. Then, in this case aj, + % € Tno+1-
Also, A} := ({ +1) — ayn = 1. Thus, by (109), we have that
D(P|T_4, P) = B(g41)-1 = B (117)
Therefore,
D(P||T_4P) > By. 118
sup (PIIT—aP) > _max By (118)

Combining (116) and (118), we conclude that

sup D(P|T-4P) > max By. (119)
|d|<1 le|<n

Inequality (119) together with the reverse inequality (114) yield that the desired equation (95) holds,

ie.,
Di

sup D(P||T,P) = max pilog . (120)
la|<1 kl<n <=2 Dit+k
Next, we show that the expression
max p; log Pi (121)

reduces to the form given in the statement of the theorem. By construction, p; = p_; for each ¢ € Z.
Thus, we have for each k € Z

By, = Zpi log

1€EZL

Pi p—j Pj
'Z = Zp_j log ‘] = ij log '] = B_k. (122)
Pi+k e P—j+k et Pi—k
Therefore, By, = (By + B_j)/2 for every k € Z. Note that this is a symmetric expression in k. As
By = 0, the KL-divergence is nonnegative, and By > 0 for every |k| < n (see (115) and (117)), we
conclude that

D(P|T,P) = max l(B + B_%) (123)

1 C gk 2T

We now rewrite (123) in terms of p; for only 0 < ¢ < N, by taking advantage of (93). Fix
ke {l,---,n}. We may write

Pj DPi+k
By =) pjlog—L— = "pijrlog ==, (124)
j€L Pi-k 2z pi

SO
p

L 125
Pi+k ( )

B+ B_r =Y _(pi — pisk)log
i€Z
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We split this sum at the points —N, N — k, and N. For any k € {1,...,n}, using the assumption
that n < N, we may write

—k—
> (i = pitk) Z (P —p\2+k\)log .
i€z —N+1 Pli+kl
[ee]
+ Z — pitk) lo — Ditk) log . (126)
i=N—k 1=—00 Pitk
In fact, the third term in (126) is identical to the second. This is proved by
—-N [e'¢) )
Z (p p2+ Z — P—i+k log — (127)
=0 N P—ivk
o
=> (i 1) log 2 (128)
=N Pi—k
- p
k
= Z Pit+k — Di lOg s (129)
i=N—Fk pi
o
= 3 (i — pi) log 2 (130)
i=N—k Pitk
Moreover, we may rewrite this expression as
- p
Z (pi - pz—i—k) log ) ‘
i=N—Fk Pi+k
N-1 ' pari—N
= (pi — pr ™) log - W Z+k N T Z (o7 —pyr™F M) log ——p (131)
i=N—k PNT
N-1 ' i .
== Z (pZ — pN’f'H—k_N) lOg W +pN Z TZ_N(l — T'k) IOg T‘_k (132)
i=N—k i=N
N-1 p 1 Tk
. k— y - J—
= > (i —pnrF V) log erilk—N +px—klogr L (133)
i=N—k

Putting all of the above together shows that (123) is exactly equal to the objective function in (20).
Finally, we show that the cost constraint

Eple <C (134)

is equivalent to the one given in (20). By nonnegativity of ¢, we have that

/fC—Z/ anC—szcnz— 00n0+22pz0nz+2pNZCm7’ ) (135)

1€EZ €L

and the proof is complete.
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C Proof of Theorem 3: Optimality of Cactus

We will use the integration shorthand

/Af::/Af(a:)dx. (136)

Define s i .
T { aéZ i)t}?el?wiée. (137)
Note that v € (0,1/2] and vy < a. Define the PDF
() = exp (—|a|") - x 7, (138)
where
= [ exp (el do (139

is the normalization constant. As v € (0,1}, the function z — |z|” is subadditive. Hence, for any

z,y € R we have the inequality
Yz +y)

<exp(ly|7). 140
o (1y") (140)
For each o > 0, denote the dilated PDF

@) = (2) (141)

=—v(=)-

We denote the result of convolving a PDF ¢ with ¥ by q,,
Qo = q* 7. (142)

For any a € R, it is easy to see that

Tu(40) = (Taq) 4 (143)

so we denote this common quantity by T,q,.
Due to the length of the proof, we break down some of the initial steps into the following five
auxiliary lemmas. The proof resumes in the subsequent subsection.

C.1 Auxiliary Lemmas

The first lemma helps reduce the problem to considering only continuous PDFs. Specifically, it
shows that a convolution g, can perform arbitrarily close to how the original PDF ¢ does.

Lemma 2. For any PDF q and constant n > 0, there is a constant oo € (0,1) such that o € (0, o¢]
implies the inequalities

D(q5|ITugs) < D(q||Tug), for alla € R, (144)
Eg, lc] < Eqlc] +n. (145)

Proof. First, by the data-processing inequality, for any a € R and ¢ > 0,

D(¢o||Tago) < D(q||Taq). (146)
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Thus, (144) always holds. We may assume that E,[c] < oo, for otherwise (145) trivially holds. Now,
we will establish (145) for all small o by proving the limit
lim E, [c] = E4[c]. (147)
oc—0t
Let (Q,F, P) be a probability space and Z,V : 2 — R be independent random variables with
PDFs ¢ and 1, respectively, with respect to A, i.e., with Pz(B) := P(Z~Y(B)) and Py(B) :=
P(V=Y(B)) we have
dPz dPy
@ o=V (148)
Then, for any o > 0, the random variable Z, := Z 4+ oV has PDF ¢, (see equations (137)—(142)).
Denote integration against P by [E; in particular,

E[f(Z,V)] == /Q F(Z(w), V() dP(w) (149)

for any Borel function f:R? — R.

By Slutsky’s theorem, we have that Z, — Z in distribution. By the continuous mapping theorem,
we also have that ¢(Z,) — ¢(Z) in distribution. Thus, by the Lebesgue-Vitali theorem [29, Theorem
4.5.4], to conclude that (147) holds, it suffices to show uniform integrability of {c¢(Z,)}o<o<1, i€,
it suffices to show that

lim  sup E [¢(Zy) - 1(k,00)(c(Z5))] = 0. (150)
K—00 0<o<1

To establish (150), it suffices to uniformly upper bound the ¢(Z,) (for o € (0, 1]) by an integrable
random variable. To see this, note that if

sup ¢(Zy) <U (151)
0<o<1

for some random variable U : Q — R with E[U] < oo, then we have the inequality

OigglE [C(ZO') ’ 1(K,oo)(C(ZU))] <E [U : 1(K,oo)(U)] ) (152)

and the limit
lim E [U -1k 00 (U)] =0 (153)

K—oo

follows by absolute continuity of the Lebesgue integral in view of E[U] < oo.
Now, we show that a uniform bound as in (151) holds. Recall that for any (u,v) € R? and
0 < s < t, denoting ||(u,v)]|s := (|u|® + |[v]*)*/*, one has from Holder’s inequality that

0l < (s 0)lls < 227l 0)]le (154)
In particular, for any r > 0, denoting £, := max(1,2"~!), one has that
(lul + o))" < € (Jul" + |v["). (155)
In addition, by the tail-regularity assumption on ¢, there is a constant 57 > 0 such that

co(x) < B (1+ [z|%) (156)
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for every x € R. Then, for any u,v € R, we have that
c(u+v) < B (14 Lo (Jul* + [v]")). (157)
In particular, for every o € (0, 1],
«(Z) < b1 (1 +4a (12" +|[V]7)) = U. (158)

Now, we have that E[|V|%*] < oo by definition of 1. Further, by assumption on ¢, there are A, 35 > 0
such that |z| > A implies
Balz|* < c(x). (159)

Then, as
1Z|% < A" +|Z]% - 1p\[—a,4)(2) < A% +c(2)/ 52 (160)

and E[e(Z)] = Eq[¢] < oo by assumption, we also have that E[|Z|%] < co. Thus, E[U] < co. Hence,
by absolute continuity of the Lebesgue integral, the uniform bound in (158) implies the uniform
integrability of the set {¢(Zy)}o<o<1, s0 (147) follows by the Lebesgue-Vitali theorem, and the proof
is complete. O

The following lemma shows that the integrands when computing D(qs||T,q,) have equi-small
tails as a varies over [—1, 1]. This will allow us to focus on approximating ¢, by a cactus distribution
only in a bounded interval.

Lemma 3. If the PDF q satisfies
sup D(q|Taq) < o0 (161)
lal<1

then for any o >0

do
Touqo

log = 0. (162)

lim sup / Q0
F70a|<1 JR\[-z,2]
Proof. Assume that ¢ satisfies (161). By the data processing inequality, we also have

sup D(¢o||Tags) < 0. (163)
lal<1

Suppose, for the sake of contradiction, that (162) does not hold. That is, suppose there exists ¢ > 0

where
4o
1090

log =e. (164)

lim sup Sup/ 4o
z2—00  |a|<1 JR\[—2%,z2]

This implies that there exists a sequence {(zn, an)}nen, where 2z, 0o and sup,ey |an| < 1, such

that for all n
[ .
R\[~2n,2n]

Since [—1,1] is a compact set, there exists a convergent subsequence {ay, }ken, say a,, — a where
a € [—1,1]. Moreover, for any z > 0, for sufficiently large k£ we have z,, > z, which implies

4o

an o

log >e/2. (165)

4o

any, qo

log >e/2. (166)

lim sup / 4o
k—oo JR\[—z,z7]
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Recall that v is as defined in (138) and that, as shown in (140), it satisfies the inequality

Y(z +y)

o) <exp(ly|") (167)
for every z,y € R. Thus, for any a,b, z € R,
(TaQU)(Z) = QU(Z - CL) (168)
1 z—a—cx
[k (2227 a0
Y /oY 1 —b—

< elamtl?/e /RQ(x)gw <%> du (170)
= el (Thg0)(2). (171)

Thus, for any a,b € R, we have the uniform bound

Hlog Tuqs
Tb 4o

< (’a_b’y. (172)

L>(R) g

Applying this bound to the integral in (166) gives

/ 4o * = / 4o -
R\[—2,2] R\[—2%,2]
< / 9o - <
R\[—2,z2]

4o

q T, q
1 o 1 alo
,—Zank Qo

Taqs -

(=)

log (173)

log q{)’
Touqo

AN
< <M> +/ ¢ - |log 1. (175)
o R\[—2,2] Toqo
Recalling inequality (166) and that a,, — a as kK — oo, we have, for any z > 0,
/ 4o |log 2| > &/2. (176)
R\[~2.2] Tado

Finally, note that by finiteness of the KL-divergence D(¢,||T,q,) (see (163)), we also have that

[o
R

Indeed, the function f(t) := tlogt over (0, 00) is lower bounded by —1/e, so dividing the integration
region over the two regions where f is positive or negative we obtain

4o
Tuqs

log < 0. (177)

2
/ gs |log Qo | _ Er,q, [ fo 9o } < D (¢, Tago) + — < 00. (178)
R alo Ta o €

Thus, by the monotone convergence theorem, we must have

lim 4o |log o | — . (179)
200 JR\[~2,2] Toqo
As this contradicts (176), the lemma is proved. O
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The following lemma gives an exp(—O(w?)) lower bound on the minimum value of g, over
[—w,w] and on the probability that Z, ~ ¢, exceeds w, both as w — oo.

Lemma 4. For a PDF q and a constant o > 0, we have that

/[ )qg =exp (—O(w")) (180)
and
|2|1;qu”($) = exp (-O(uw”)), (181)

both as w — 0.

Proof. First, we show that there is a bounded Borel set B with A(B) > 0 such that

po= ;Ielgq(a:) > 0. (182)
Note that we may remove the boundedness condition on B. Indeed, if the Borel set B satisfies
A(B) > 0 and inf,epg(x) > 0, then the bounded Borel sets Ay, := B N [—m,m| also satisfy
A(Ap,) > 0 and infgzea,, g(x) > 0 for all large m by continuity of A and the definition of the infimum.
Now, to see that such a B exists, consider the Borel sets B,, := ¢~ '([1/n, o)) for integers n > 1.
For each n > 1, we have that inf,cp, g(x) > 1/n. Suppose, for the sake of contradiction, that
A(Bp) = 0 for each n. Then we would have

Mg ((0.000) =2 [ | UIt/moo) | | =2 [ U B. | =0. (183)

n>1 n>1

Hence, ¢ = 0 a.e. However, this would contradict that ¢ is a PDF. Thus, we conclude that A(By,) > 0
for some n. In short, there must exist a bounded Borel set B with A(B) > 0 and inf,ep g(x) > 0.
Fix such a B, and let xg > 0 be such that B C [—x, z].

Recall that we define ¢, = g+ 17 (see equations (137)—(142)). For each w € R, Tonelli’s theorem

implies that
0 —z\ 1
/ qoz/q(x)/ w(y >—dydx. (184)
[w,00) R w o o

Performing a change of variable, we have for every z,w € R

& y—x\ 1
—dy = .
/w TJZ) ( g > o Y /[(w—m)/cr,oo) ¢ (185)

Further, for any z > 0, by definition of 1, we have the bound

v = / ¢ >exp(—(z4+1)7)-x7, (186)
[2,00) [z,2+1]

where x = [ exp(—|u|”) du is the normalization constant for ). Therefore, whenever w > x we

have y
/[( Yoy |2 <_ CU%W) > X (187)

Now, combining (184) and (185), nonnegativity of the PDFs ¢ and ¢ implies the bound

> du da. 188
/Wq /B o(a) /K V) duds (188)
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Since B C [—xg, zp], we conclude from (187) that for every w > zo

_ Y
/ G > / - exp <_ (u> ) S de (189)
[w,00) B o

> A(B)ux - exp (— (Wy) . (190)

g

The estimate in (180) follows by taking w — oco.
Finally, we show that (181) holds. Let wg > 0 be such that f[_w w2 1/2 for every w > wy.
Then, for any w > wp and x € [—w, w],

4o () = /R Q) (@ — u) du (191)
— (o) / 9() exp (~|z — u["/o") du (192)
R
> (0x)! / a(u) exp (—|z — u["/o") du (193)
> (020" exp (—(2/0")u) / g (194)
[—w,w]
> (20x)_1 exp (—(2/a")w7). (195)
The estimate (181) follows by taking w — oo. O

Conversely, the following lemma gives an upper bound on the tail of any distribution that satisfies
the cost constraint.

Lemma 5. For any P € A, if Ep[c] < 0o then

PR\ [~=z,z]) = o (c(x)™") (196)
as T — 00.
Proof. We start by showing that
tli)m P({ec>t})-t=0. (197)

Denote f(t) := P ({c¢ > t}) for t > 0. Note that f is a decreasing nonnegative function over (0, c0).
Further, f is integrable by nonnegativity of ¢ and by the assumption in the lemma since

/OOP({C > 1)) dt = Eple] < oo. (198)
0

We show that these three properties of f yield that f(t) = o(t™1).
Suppose, for the sake of contradiction, that there is an € > 0 and an increasing sequence t,, ,/* 00
of strictly positive numbers such that

fltn) 2 +— (199)
for every n € N. Since f is decreasing, we infer from (199) that
€
102 Y 1 (200)
neN ntl
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for every t > t;. Integrating both sides in (200), integrability of f implies that

ln
oo>/(t1’oo)f225<l—t ) (201)

neN n+l

By convergence of the series in (201), we conclude that ¢, /t,+1 ~ 1 as n — oo. In particular, the
constant

7= inf " (202)
nENtn+1
satisfies 7 € (0,1). Set 0 = e7, and note that § > 0. Then, from (200) we obtain
0
f(t) : 1(t1,oo)(t) 2 Z . tn+1 : 1(tn7tn+1}(t) (203)
nEN
> Z (tn7tn+1 ) (204)
nEN tn
0
> Z 1(tn7tn+1 z ' 1(t1700)(t) (205)
nEN

However, (205) contradicts the integrability of f. Thus, we conclude that it must be the case that

ft)=o(t™) (206)

as t — o0.
To finish the proof of the lemma, recall by the tail-regularity assumption on ¢ that we have

im <) _ B8 (207)

2|00 |2]®

for some «, 8 > 0. Thus there are 0 < ; < 8 < (2 such that for sufficiently large |z|, f1]|z]|* <
c(x) < Pa|x|®. Then, for all large enough ¢, we have that

P({e>th) > P (R\ [-(t/8)"°, (¢/81)"°]). (208)

Writing = = (¢/81)"/%, we conclude that for all large =
c(2) P (R\ [—z,2]) < o P (R\ [~ 2]) (209)
= 2o (7 [-0/80)1/, ¢/0)°] (210
< @tP ({ec>1t}). (211)

b
Taking t — oo, we obtain from (206) that

c(x)P R\ [~z,z]) = 0, (212)
as desired. O

The final auxiliary lemma gives an upper bound on the tail of the cost constraint incurred by a
cactus distribution.
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Lemma 6. Fiz r € (0,1) and integers N > n > 1, and set w = (N — 1/2)/n.

c(x) < frx® for x > w. Then, we have the bound

. « 2 (a oel 1 r 1
ch,w“Ngﬁlea<1w_ n (2)"log; +T(a+ )>,

SN r rn® (log %)QH

where £y = max(1,2%71).
Proof. By monotonicity of ¢,

(i+1/2)/n
ch,ﬂ‘i_N = Z/ e nert™N
g

i>N >N Y (i=1/2)/n

5 (EER)

i>N
i+1\"
_5@(% - ) "

i>0
w® N Li_a(r)> 7
1—r rn®

< /Blgoc <

where

Li_(r) = Z kork

k>1

is the polylogarithm function. To finish the proof of the lemma, we show next that

Y T(a+1
i) <2 2] + Mot
(& IOg P (log %)
Now, consider the function g : (0,00) — (0, 00) defined by
g(x) == x%r®
We have that
d(x) = (a + zlogr) ™ 1re.

Assume that

(213)

(214)

(215)

(216)

(217)

(218)

(219)

(220)

(221)

Thus, g increases until it reaches a maximum at xo = «/ log% then it decreases. Thus,

Li_a(r) < g(l20)) + g([z0]) + / 0.

(0,00)
We have N
(Lol + g([]) < 29(0) =2 (%gl) ,

/ g Ma+1)
(0,00) (log I)QH

T

and

The proof is thus complete.
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C.2 Proof of Theorem 3

By Theorem 1, there is a PDF ¢* that satisfies both

sup D(q"(|Taq") = KL*, (225)
jal<1

Eg|c] < C. (226)

We may assume that ¢* is even; indeed, we may replace ¢* with the even PDF (¢*(x) + ¢*(—x))/2,
which satisfies the cost constraint by evenness of ¢, and which also has a better KL-divergence than
that of ¢* by joint convexity of the KL-divergence. Fix arbitrary constants 6,7 > 0, and we will
find a cactus distribution that attains the KL-divergence (225) to within § and the cost (226) to
within 7.

By Lemma 2, there is a o > 0 such that the PDF ¢} satisfies the bounds

sup D(q;Tagq;) < KLY, (227)
lal <1

Egld <C+

N3

(228)

Throughout the proof, we will denote
q:=q (229)
for short. Let

Q(B) = /Bq (230)

be the probability measure induced by g. We will construct a cactus distribution that approximates
q.

We first note a few properties of q. Note that ¢ is an even PDF. Further, it is uniformly
continuous, and strictly positive over R. Thus, ¢ is locally bounded away from zero. For each z > 0,
denote the minimum

Mz i= min Q(‘T)v (231)
|lz|<z

so u, > 0 for every z. In addition, ¢ is upper bounded: by Young’s inequality, we have that

lall ooy = llg* * 7 Lo ) < Na* Il prqry - 197 ooy = (ox) ™" =: M. (232)

In fact, g satisfies a property resembling local y-Hélder continuity. Specifically, as in the proof of
Lemma 3 (see (167)—(171)), we have that

q(z) < 7 g(y) (233)

for every x,y € R. Therefore, for some |t, ,| < 1 we have

e 2M
() = a(w)] = aly) =7 1] < Ty (251

where the latter inequality follows whenever |z — y| < o. In particular, for all £ € (0,2M), we have
that
e \/v
o)
Before constructing the parameters (n, N, r) of the cactus distribution, we note a fundamental
lower bound on n. For the cost constraint to be satisfied, we need ¢, 0 < C to hold. Nevertheless,

lg(z) —q(y)] <e whenever |z—y|<o- ( (235)
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by continuity of ¢, every real number is a Lebesgue point of ¢. In particular, as 0 is a Lebesgue
point of ¢, we obtain

C
Cno = Sy (2{‘}7711/ Gl c0)=0 (236)

as n — 0o. Let nyi, be the least positive integer such that

no < C (237)

for every n > npin. Note that ny, depends only on ¢ and C.
Now, we choose the integers n and N. Denote the constants

a\ @
0o =4 <E) (o + 1) (238)
0! = (20,)"* (239)
y =2 ;r Y ea) (240)

2 1\
i = 2M - min [ ———, —— 241

€ min (Cfnmin 9(,10) (241)

1/~ 1/9
Zmin,0 ‘= (lOg (; ' <§M> )) (242)

| [ 269; 1/(a+1)
Zmin,1 ‘= <5 ﬂ1€a> (243)
got1 /(o)
min,2 ‘= 244
: ? (ﬁlea > ( )
o 0 (245)
Zmin += MaX | Zmin,0y min,1 Zmin,2; W .

Since ¢ = g (see (229)), Lemma 3 yields the existence of a constant zy > 0 such that z > zp implies
the uniform bound

sup / q

la]<1 JR\[—2,2]

In addition, Lemma 4 yields the existence of constants 7, z; > 0 such that z > z; implies (see (230)
and (231))

q
Tuq

< Z
-3

log 0 . (246)

min (p,, Q([z,00))) > exp (—727). (247)
By the tail-regularity assumption on ¢, there are constants S, 82, zo > 0 such that
B2z < c(z) < 12 (248)
for every z > z5. By Lemma 5, we have that (see (230))

lim QR \ [—z,2])e(z) = 0. (249)

Z—00

Let z3 > 0 be large enough that z > z3 implies

B
Blga

QR\[-z2))e(z) € g7 . (250)
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If z > max(z2, z3), then by (248) and (250) we may bound the tail of @ also by

Q(R\ [2,2]) < 5121;;& g (251)

Let z4 > 0 be the smallest number such that both inequalities

s OBila

2 oA (252)
o > <§>7 A8 (253)
o 0
hold for all z > z4. Fix a rational number
2 > max(Zmin, 20, 21, 22, 23, 24, 205 (254)
that is a ratio of an odd integer by an even integer, and set
w:=z+ 1. (255)

We choose z (hence also w) here to belong in N —I—% for simplicity, but we note that any other choice
(of denominator) is also valid provided that w is increased so that the subsequent choices in (260)

below can be made. Set
22'y+1M

ei= T e (256)
Denote g
2 2MN\ 7

By the uniform continuity of ¢ shown in (235), we have that

2
lg(z) —q(y)] < e whenever |z—y| < —. (258)
no
Note that nuyin < ng since € < epin, which in turn follows because w > zmin,0. We note also that
€ < Emin implies 26/, < ng. Set

ny:=e"" . (259)

By construction, we have that n; = 2ng. Thus, we may choose integers n € [ng,n1] and N > n

such that ON — 1
=2 260
w 5 (260)

Next, we choose the parameter r, thereby completing the cactus distribution construction. De-

fine, for i € {0,--- , N — 1},

. X

By evenness, continuity, and strict positivity of ¢, we have that

N-1
po+ Y 2= /[ } > 1, < / g<L (262)
i=1 —ww

li|<N—1 [Fww]
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Thus, for any r € (0, 1), setting

1—r =
PN = <1 - <p0 + Z 2]%')) ) (263)
i=1

we infer from (262) that the vector p = (po,---,pn) belongs to (0,1]¥*!, and by construction it
satisfies S,.p = 1. We will choose r as

ri=1- -2 (264)

and define py as in (263) for this choice of 7.

Therefore, f,rp is a valid cactus distribution. By uniform continuity of ¢ (see (258)) and by
definition of the p; (see (261)), we have that f,, , , uniformly approximates g from below over [—w, w:
for every x € [—w, w]| we have that

0<q(z) = forplx) <e. (265)
We will deduce from the uniform bound (265) that f, ,, approximates ¢ in the two senses:
EMWMS&M+2 (266)
and
ag}%ﬂmmWLhmwfzag}Xﬂﬂﬂ)+d (267)

Combined with (227)—(228), we would conclude from (266)—(267) that
Efpld <C+n (268)

and
sup D(fo,rpllTafnrp) < KL* +46. (269)
lal<1
Now, we show that f, ., satisfies the cost constraint (268). Since fu rpli—ww] < ¢lj—w,w], We
have that

Ef, ,ple - ] S Egld < C+ . (270)
We show next that .
Eforple IR\ )] < 7 (271)
By construction of f,,p, and since w = (N —1/2)/n (see (260)), we have the expression
Efn,r-,p [C ’ 1R\[—w,w}] = 2pN Z Cn,iri_N- (272)
i>N

We bound the terms 2py and ) .o n cn,ﬂ‘i_N separately. By Lemma 6, we have the bound

. a  2(ogl 4T 1
Z Cn,irl_N < ﬁléa ( < + (e) o8 L al (a i )> . (273)

i>N 1=r rne (log %)QH

By definition of r (see (264)), and since w > 1 and n > 26/,, we have that r > 1/2 > 1/e. Thus, we
deduce from (273) that

i—N w® O
Z Cn,iT" < Blga <1 — + l)a+1> ’ (274)

SN ne (log
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where 6, is as defined in (238). In addition, we have that (recall that we denote by P, ,, the
probability measure associated with f;, , p)

2pN
1—r

= Porp R\ [mw,w]) =1 = Py pp ([-w,w]) . (275)
As fp rp uniformly approximates ¢ from below over [—w, w] to within € (see (265)), we have that
Pprp([—w,w]) > Q ([—w,w]) — 2ew. (276)

Thus, by the bound on the tail of @ in (251)

2pN 1 n
< R\ [— 2 < - =+ 2ew. 277
1_T_Q( \ [~w,w]) + Ew_ﬁlﬁawa g 2w (277)

Further, combining inequalities (252)—(253) and using the definition of € in (256), we obtain

n
<—. 2
°= 12831 L wott (278)
Thus, we deduce
n-(1-r)
2py < ———=. 279
PN = 3681l w™ (279)

From the expression in (272), multiplying inequalities (274) and (279) and noting that 1 —r < log %,
we obtain

n O
Er e Ipyowal] < 2 (14— ). 280
farwl€ IR\ —ww)] < 5 ( (wnlog 1) ) (280)
By definition of r, we have that
1 0!
log=>1—r=—"%=. (281)
r wn
Using inequality (281) in (280), we obtain
n.3_n
Efn,'r,p [C : 1R\[—w,w]] S g . 5 = 57 (282)

which is inequality (271). Combining (270)—(271), we deduce (268), i.e.,
Efrpld <C+n. (283)

Next, we show that f, ,p satisfies the KL bound (269). We begin by splitting the integration
at the points +z. By finiteness of the considered KL-divergences, we have for each |a| <1

fnrp q
D n,r T—a n,r -D T—a § n,r 1 —— —ql
(fnrpl T-afnrp) — D@ T-aq) /[_sz] <f rplog " —alog 7
In r,p
+/ fn,r, lOgé
R\[—2,z2] P T—afn,r,p
q
—I—/ qlog . 284
R\[—z,7] 1 ag (284)

We already have a uniform bound for the last integral in (284): since z > zp, the estimate in (246)
holds and we obtain

q 1)
sup/ qlog < - (285)
la|<1 JR\[~2,z] Tog — 3
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We proceed to bounding the first integral in (284) uniformly by

frp q 0
sup/ <f log ——>*— — qlog < - 286
la|<1 J[—2,z2] P T—afn,r,p T_aq 3 ( )

We do this via deriving an upper bound on the integrand that is uniform in both a and the variable
of integration. From w > §/(12M) (245), e > e~ ™7 (247), and (253), we have that

Haw . )
< Pw ).
e< - -min <1, 3 w> (287)

Define the function g : [—w,w] — [0,¢] by
9:=9q— forp- (288)

That the range of ¢ is contained within [0, €] follows since f;, . p, approximates ¢ from below uniformly
over [—w,w] to within . Thus, z = w — 1 yields

sup [|Tagllpoe ((—2,2) < € (289)
la|<1

We note that, over [—z, z|, the inequality

fnrp q < g) < g> T oq
log ——*— —qlo <—qlog|1—-T_,%) —glog|1—=)+4+glo 290
fnrplog T oform e T g ay ) ~9l8 ) TIle—, (290)

holds; that all the logarithms are well defined follows since g < ¢ over [—w, w]. Indeed, subtracting
the left hand side from the right hand side in (290), we get the function

—qlog <1 — g) —glog <1 - T_ag> , (291)

which is nonnegative over [—z, z] since ¢ is nonnegative over [—w,w]. Now, we bound each of the
terms in (290). It is easy to see that for 0 < ¢ < 1/2 one has

—log(1 —t) < 2t. (292)
Now, we show that g/q < 1/2 over [—w,w]. Indeed, this is equivalent to g < 2f, ;5 over [—w, w].

But ¢ — e < fp,p over [—w,w], which implies in view of € < p,,/2 < ¢/2 (over [—w,w]) that
q < 2fprp, as desired. Thus, we obtain that over [—z, 2]

2M
—qlog <1 - T_ﬂ) < 24T % < 25 (293)
q q Hw
and ) )
2 2
—glog<1—g>§i§i§€. (294)
q q Huw
It is also clear that over [—z, z]
T M M
glog aqgslog—§€<——1>. (295)
q Hw Hw
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Plugging in inequalities (293)—(295) into (290), we obtain the uniform bound

fn r,p q 3Me
log =P (1o < 296
Jnrplog T ofarp *Twd ™ 1 (296)
over [—z, z]. Integrating, we deduce
Jnrp q 6:Me &
log =P _ g < <2 297
/[_sz] fnﬂn’p g T—afn,r,p g T_aq Nw 3 ( )

where the last inequality follows by (287).
It remains to upper bound the middle integral in (290), for which we also derive a uniform upper

bound
1)

fnrp
sup / frrplog ———F— < —. (298)
la|<1 JR\[—2,2] P T—afn,r,p 3

We will further split the integration at the points +(w +1). By evenness of f;, , p, we have that this
integral depends only on |a|, i.e., for each a € [-1,1]

fn rp fn r,p
fn,r, log ——"— = fn,r, log ————. (299)
/R\[_sz] g T—afn,r,p R\[—2%,2] P Tafn,r,p
Thus, it suffices for (298) to show that
fn ) 0
sup frrplog =—2— < -. 300
0<a<1 /]R\[—z,z] i T—afn,r,p 3 ( )

Consider first the integral

fn r,p
fnrplog ——— (301)
B\ (wtDwtt] o Teafnrp

for fixed a € (0,1]. From the proof of Theorem 2, we can write the integrand in (301) as follows.
Extend the definition of p; to all i € Z by

Di == DN el (302)
pnr=N_if )i > N.
For each i € Z, there is an integer j with |j| < n, such that we have
fn r,p Di
log ——*— = np; lo 303
fn,r,p & T—afn,r,p piiog pi-l—j ( )
over [Jp; except possibly at a single point. By definition of w, we have that
R\ [-(w+1)w+1]= ] s (304)

[i|>N+n

Further, if |{| < N +n and |j| < n, then |i+j| > N. Hence, from (303) we have that over 7, ; with
lil > N +n

. . 1
frrplog 7fn’r’p = ner‘Z‘_N(|Z'| — i+ j])logr < nszrM_N log —. (305)
T—afn,r,p r
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Summing over |i| > N + n, we obtain

/ roplong 2= 3 [ gl gt (306)
R\[—(w+1),w+1] —afn D i[> N+n T—afn 7D
L2 "log +
Coiogd Y T os}
" jilzn -
Using the upper bound on py in (279), we obtain that
forp _ mmr"log
lo 2 < L. 308
/R\[—(w+1),w+1} farplog T ofnrp — 3B1loaw® (308)

Asl/e <r<1landlogl <1 -1 using the definition of r given in (264) and w > 24 (see (245)),
we have the bound
nnr™log 1 - enn(1 —r) < end,
301lwe — 3B1lw* T 35150/[00""1

IN

1)

—. 309
d (309)
Thus, we have shown that

Jnrp d
oy | frrplog Lmre— < 2. (310)
a€(0,1] JR\[—(w+1),w+1] P T—afn D 6

The final integral bound we need is the following:

fnrp(@)
sup/ frrp(x)log =—2———dx
0<a<l Jw—-1<|z|<w+1 7”“17( ) T—afn,r,p(x)

By evenness of f, ,p, we have that

IN

5
5 (311)

fn r p(l‘) f72z r,p
fopp(z)log ————dx = frrplog = . (312)
/w—1<x<w+l i T—afn,r,p(x) (w—1,w+1] i (T—afn,r,p) ’ (Tafn,r,p)
Consider the function inside the logarithm in the integrand:
frp()?
Tya) = L . 313
p( ) fn,r,p(3j + a)fn,r,p($ - CL) ( )
We will prove the uniform upper bound
sup p(x;a) < exp <2w7/> , (314)
z€(w—1w+1]
a€(0,1]
where 7' := (y+ @) /2 € (v7,«) is as defined in (240). Note that
N+n
(w - lLw+ 1] = U jn,i- (315)
i=N—n

For each a € (0,1] and = € (w — 1, w + 1], there are integers N —n <i< N+nand 0 < j,k <n
such that )
N

316
Pi+jiPi—k ( )

plwsa) =
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Thus, it suffices to show that exp(w“/) is an upper bound on each of the terms

- 1
Pi Pk PN - (317)

p; pNT™ pRp T

for 0 < i,5,k < N — 1 with |i — j| < n. First, for 1/7", denoting m = nw/(20,)"/* > 2, we have

the bound .

my (204)" % /w

m 2
Hence,
1 ¥

Sszse (319)

For pi/py with 0 < k < N — 1, we have the bound
M 2M /(1 — 2M /(1 —
Dr. < _ /( r) _ /( r) (320)

py ~mpy ne(2py/(L=71)) 0P pp(R\ [—w,w])
2M /(1 —1r) <M/(1—T)_Mwe“‘ﬂ‘

= 321
= QRN Fwyu]) = ne 0 (321)
Hence,
Pk 2Mwe™” -
< <e¥ 322
ern - 9& > € ’ ( )
where the last inequality follows from (253) for all small 4, e.g., for
§<3-202. 90\t (323)

(alternatively, we may increase the size of w at the outset). Consider next p;/p; for 0 <i,j < N—1
with |i — j| < n. By definition of the p; and uniform continuity of ¢, we have for 0 < k < N — 2

£
[ = pral < (324)
By the triangle inequality, we deduce
1 —7jle
lpi — pjl < i~ jle n]’ <e (325)
Thus,
ST S TR S Y (326)
pj pj Huw
The last term py/px can be bounded using (279) to obtain
(1 — a / / ,
PN < n (1 7")/(651&{&) ) _ 77001 - < 77001 ‘eTlU'Y < ew'y’ (327)
Dk /Lw/n 651 Ea,uwwa—i— 65140

where the last inequality follows from (253) for all small 7, e.g., for
1< 24B10a - X - (02) 77 (328)

(alternatively, we may increase the size of w at the outset). Collecting (319), (322), (326), and (327),
we obtain the following upper bound on the integral in (312):

Prrp((w—1,w+1]) - 207", (329)
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Further,

Parpl(w = 10+ 1)) £ Paypl( = 1,0]) + Parip((0,0)) (330)
< QUw— 1) + 5 ~ P p(10, 0] (331)
< Q(w—1,u]) + 5 — (0, w]) — cw) (332)
= cw + Q((z.00) (333)
<ew+ 1%1% (334)
<= ﬁlzaza’ (335)

where the last inequality follows by (278). Hence, the integral in (312) is upper bounded by

2¢ i
Brbaur 16 (35

where the last inequality follows since w > zpin (see (245)). Thus, we have shown that (311) holds,
which when combined with (310) gives (298).
Combining (285), (286), and (298) gives, in view of (284), the desired inequality (269):

Sup D(fn,r,pHTafnmp) < KL* +94. (337)
la]<1

Recall that we showed in (268) that
Ef . pld <C+n. (338)

To sum up, we make the dependence on C explicit in the optimal values, i.e., we write KL*(C),
KL} v ,(C), and KL¢ (C). What we have shown above yields that

Cactus
KL v, (C +1) < KL*(C) + 6. (339)

Consider the values

KL (C) =

Cactus

& KL, ¢ 340
(nvNyT’)lenNQX(O,l) n7N77‘( )7 ( )

so (as defined by (21) in the statement of the theorem) KL, 1us(C) = lim, o+ KL, 0405 (C + ).
We conclude that
KL*(C + 1) < KL¢uetus(C + 1) < KL¥(C) + 4. (341)

Taking 6 — 0T, we have
KL*(O + 77) é KL%actus(O + 77) é KL*(C) (342)

Finally, being the infimum of a jointly convex function over a convex set, the function C' — KL*(C)
is convex. Since it is also finite, we see that KL*(C') is continuous over (0,00). Thus, taking n — 07,
we see that

KL, 00 (C) = KL*(C), (343)

Cactus

completing the proof of the theorem.
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