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Abstract—We derive the outage capacity of a bursty version of this protocol is rate optimal. If it is located close to the
the amplify-and-forward (BAF) protocol for small signal-to-noise  destination, the ratio between the outage capacities afdiec
ratios when incremental relaying is used. We show that the 4,4 forward with incremental relaying and the cut-set ksbun
ratio between the outage capacities of BAF and the cut-set .
bound is independent of the relay position and that BAF is with feedback approachds/\/ﬁ for the case of one r.e_lay. In
outage optimal for certain conditions on the target rate R. This [4] Avestimehr and Tse dealt with the outage capacities ef th
is in contrast to decode-and-forward with incremental relaying, fading relay channelithout feedback. They showed that the
where the relay location strongly determines the performacse of ‘normal’ version of amplify-and-forward is not applicaldier
the cooperative protocol. We further derive the outage cap@ity oy values of SNR since in this case the relay amplifies the

for a network consisting of an arbitrary number of relay nodes. . . . S e
In this case the relays transmit in subsequent partitions of NOIS€; which makes decoding at the destination more difficul

the overall transmission block and the destination accumutes 1hey then considered a bursty version of amplify-and-fodva
signal-to-noise ratio until it is able to decode. (BAF) and showed that this protocol is outage optimal for the

frequency division duplex channel without feedback. Thimi

Keywords—cooperative communications, incremental relaying, |ine with [5], where the author revises the fact that the citpa
bursty amplify-and-forward, e-outage capacity of an ideal bandlimited additive white Gaussian noise ckann
can be approached by pulse position modulation with a very
low duty cycle in the low power regime (as statedlin [5], this

One-bit feedback in a relay network, also called incrementact dates back to a publication by Golay in 194D [6]). Finall
relaying [1], improves utilization of network degrees oédr in [7] it is shown that BAF is also outage optimal for a wide
dom by minimizing the resources required for retransmissioclass of independent channels where the distribution fomst
Specifically, the one bit of feedback dictates whether thre smootf.
packet was received correctly, in which case retransmissio The question addressed in this paper is the following: What
is not needed, or if it was received incorrectly, making the e-outage capacity of a BAF protocelith incremental
retransmission necessary. Analysis of this and more genetlaying when TDMA is applied, i.e., source and relay traitsm
forms of feedback is complicated by the fact that the averageorthogonal time slots? For that purpose, we first congfuker
transmission rate is random, since it depends on the numbge-relay case. If the bursty transmission from the souase h
of retransmissions required and, hence, the probability gt been successful, the relay transmits in the second tishe s
successful source transmission. an amplified version of its own receive signal. The destamati

The problem of variable rate has been addressed|in [1] then accumulates the SNR values from the source and the
introducing a long-term average rafie However, average rate relay transmission and tries to decode. If it is still noteatd
with asymptotically small error, i.e. Shannon capacityn@ decode, an outage is declared. For the general caSerelays,
a good metric for our analysis, since we consider Rayleighe transmission procedure is as follows. After the source
block fading where errors are inevitable at any nonzetgnsmission, the destination tries to decode. If it is fdea
transmission rate. Hence, we allow outage events and derigedecode, the ‘first’ relay transmits an amplified version of
expressions for the maximal transmission rate that achiewg own receive signal to the destination. (The questiorctvhi
an outage probability lower than a given target error rate relay should transmit as the ‘first’ relay can be solved, for
This rate, called the-outage capacity, was introduced i [2]instance, by taking individual channel conditions intoaaut.)
Thee-outage capacity of decode-and-forward with incrementak described before, the destination then tries to decoge af
relaying in the low SNR regime was derived in [3]. There, theaving accumulated the two SNR values. If the destinatipn is
authors solved the problem for the averageutage capacity however, still not able to decode, it sends a negative fegdba
by introducing a factor that accounts for the variabilityeduand the ‘second’ relay transmits. This procedure continues
to channel states. It is shown that the performance of decode
and-forward with incremental relaying strongly depends ON1Eor more information on the smoothness of the distributiencfions the
the relay location. If the relay is located close to the seurcinterested reader is referred fd [7].

I. INTRODUCTION
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until the destination has either accumulated sufficient SNR (a) AF with incremental relaying:
to decode or all relays have transmitted. If the destinaion

then still not able to decode, an outage is declared. However

Y : e P S S or R
once the destination is able to decode during the transmnissi |
procedure, it broadcasts a positive feedback indicatiagttie % %

next time slot is reserved for the source in order to transmit B
the next packet.

. i _ (b) BAF with incremental relaying:
The remainder of the paper is organized as follows. In

Section[Il the system model is introduced and the relay

protocol is described in detail. Sectign]lll deals with the S
derivation of thee-outage capacity and points out the possible P g or
gains due to feedback. In Sectibn] IV theoutage capacity T

of BAF with incremental relaying is compared to the cut- R
set bound. Furthermore, in Sectibd V our work is extended

to networks with an arbitrary number of relays and, finally, % §
Section[V] summarizes our finding and concludes the paper. FB
Throughout the paper, we assume the feedback link to be one block

perfect, i.e., source and relay receive information aboatess

or failure of prior source transmission reliably. Investigns Fig. 1. Transmission model for incremental relaying. If sweirce-destination

; i link is not in outage (feedback’B = 1), the source transmits during the
of ImperfeCt feedback are done in [8] second sub-block, too. If the source-destination link ioitage (feedback

Il. SYSTEM MODEL FB = 0), the relay aids communication during the second sub-block

First we consider a network consisting of one sousge
one relayR, and one destinatioD. We use a block Rayleigh then comparable to pulse position modulation with a very low
fading profile, i.e., the channel gairs, i € {sd,sr,rd}, duty cycle (see[]5]).
are modeled as independent, zero-mean, circularly-syronet
complex Gaussian random variables that remain constant for
the duration of one transmission block of lenglh The  In this section we derive theoutage capacity of BAF with
variancess? of the channel gains are proportional i incremental relaying. The way is similar to the one presgnte
with d; being the distance between two nodes andenoting in [3]. We first derive an expression for theoutage capacity
the path-loss exponent which typically lies betwelrand 5  Wwithout feedback and then introduce a pre-factor that takes
for cellular mobile networks [9]/T10]. White Gaussian rwis  feedback into account. The instantaneous channel cadacity
added at each receiving node. Noise realizations are assur@dalf-duplex relay channel where BAF is applied is given by

IIl. OUTAGE CAPACITY OF BAF

to be independent and identically distributed (i.i.d.) anawn - SNR

from a zero-mean, circularly-symmetric Gaussian distigou ~ CBar(SNR,7) = - logy <1 t—

with varianceNy. An average transmit power constraintBf o[22

is used at the source and the relay over a transmission block, (|hsd|2 + > rd RN )) (1)
respectively, and SNR is defined 38R = P/N,. We further |hal? + |hse|* + 7/SNR

impose the half-duplex constraint on the relay, which meaf#is expression is similar to the ones givenlin [4], [7]. How-

that the relay can either receive or transmit at any timeaimst ever, we consider an additional pre-log factorig®, which

but cannot do both simultaneously. is due to the half-duplex constraint, and use the logarithm t
The idea of AF and BAF with incremental relaying isthe base2 in order to express capacity in bit/s/Hz. We set

shown in Fig.[lL. The overall transmission block is divided [EIIE:

into two time slots of equal length. During the first time a(h,7) := |hgal|® + 3 e OB

slot the source broadcasts its message with patdo the [ral? + hse|* + 7/SNR

destination and the relay (subfigure (a)). The destinatiemt and drop the dependence hn= (|hsq|?, |he:|?, |hral?) and T

sends a one-bit feedback®) indicating success or failure in the following for the sake of description. An outage event

of source transmission. Depending on the feedback eitleer titcurs ifCsar (SNR, 7) is not large enough to serve a required

source transmits its next message or the relay retransmitstarget rateR. Hence, we have

amplified version of its own receive signal, i.e., an ampglifie 92R/T _ 1

version of the source’s first message. As stated in Seftion I, pff]?F) =Pr (a < 7) .

this protocol has poor performance for low values of SNR. SNR/7

Performance can be improved enormously if source and ref@ince we are interested in— 0, i.e., a target error rate that

transmit bursts during their time slots, i.e., both trarisonly approaches zero in the low SNR regint®R — 0), we have

for a fraction of(77T") /2 and with powerP/r (= — 0) in order to ensure, by choosing in a suitable fashion, that the right

to meet the average power constraint (subfigure (b)). Thishand side within thér(-) expression tends to zero. A proper

)



choice ofr would ber = vV RSNR (like in [4]). Plugging incremental relaying as
this into the above equation results{AiR/SNR — 0. Hence, 5
outage probability can be expressed as cBAD) WCE(BAW 7

pBA) — Pr(a < g(R,SNR))

out

Q

202. 02,02
L, (1 £ SR 7) ®
with g(R,SNR) being given by E(N) Ora T 04

J— The factor2/E(N) in (@) is due to possible savings in the
g(R,SNR) = \/ % (22 RISNR _ 1) . required arr{mfnt)of sub-blocks for transmitting a specific
source message. If only transmission over one sub-block
In order to derive thec-outage capacity, we first state thas required, i.e., source transmission has been successful
following lemmaf3 gain of 2 can be achievedE(N) = 1), since then the
Lemma 1:Let U, V, andW be independent exponentiallysource can transmit its next message after reception of the
distributed random variables with meai}, o2, ando?2. If positive feedback from the destinatioFK = 1)4. If both
g(x) is a continuous function at = 0 and g(z) — 0 as sub-blocks are necessary for transmitting one and the same
x — 0, then message, i.e., source transmission has failed and theaielay
1 VIV o2 4 o2 communication ](B = 0), we perform at least as good as a
lim —— Pr (U+ —— < ¢( )> =Lt BAF protocol without feedback®(N) = 2). Moreover, it
70 g(z) VtW+ta 204,040 (3 °an easily be verified that if we consider a one-dimensional
geometry, where the relay is placed on a straight line betwee

We are now able to write L .
source and destination, and the path-loss model presemted i

. plBAF) o2 + o2, Section[T), the optimal relay location that maximizes the
Séﬁo g(R,SNR)2 - 202,02,02, (4) outage capacity ig}, = 0.5 independent of the path-loss factor
g(R,SNR)—0 a.
and thee-outage capacity in bit/s/Hz of BAmithout incre- IV. COMPARISON

mental relaying after some proper manipulations becomes
In order to compare the-outage capacity of BAF with
(BAF) _ 1 202,02 02%€ incremental relaying to the cut-set bound (CSB), we define
Ce ~3 log, { 1+SNR o +o2 ) ®)  the following performance criterion (cf.[3],[11]).
' . Definition 1: The ratio between incremental relaying and

where we used the approximatibn the cut-set bound for the same target outage probalility
. defined as
x (BAF)
———~ —log, (1 +2). (6) C,
logy(e) — 2 Ae) = —C(ggB) <1. ©)

As mentioned before[5) does not consider the variability o

the transmission rate in a long-term perspective. Thisabélri The outage capacity of the CSB with incremental relaying is
ity is due to the feedback from the destination to the sounce agiven by [3

the relay. In order to take it into account, the average armofun

transmitted sub-blocks required for sending one spe_zcif_jccm elosB) 5 L log, <1 4 SNR 20§da§rar2de> . (10)
message must be considered. If the source transmissiamgduri 1+e 02, 4 02

the first sub-block has been successful, only one sub-block

is required independent of the relay. However, if the sourwéhere we have applie(N) > 1 + e. This lower bound
transmission has failed, relay transmission over the skcoon the average amount of sub-block transmissions makes
sub-block is necessary. If the destination is still not aiole sense for the following reason. Our target error rate isrgive
decode after the second sub-blocks, an outage will be @etlaby e. Consequently, the outage probability for the source
We define a random variabl&’ that describes the numbertransmission in the first sub-block must be higher than oakqu
of sub-block required for transmitting a specific messagt c. In order to get a tighter bound for theoutage capacity
The average ofV —for the one-relay case— only depends oaf the CSB with incremental relaying, it is thus reasonable t
the source transmission during the first sub-block. We hauseE(N) > 1 + e. Comparison of BAF to the CSB leads to
E(N) = 1+ Pr(“S to D fails”). With these considerations,the ratio

we are able to express theoutage capacity of BARwith 1+e 14e

MIS N T TiPreswDfals) Y

2Proof can be found ifJ4].
3This approximation is related to the approximatibr(1 + z) =~ x for
small values ofz. 4Recall that we assume block fading.



The outage probability of source transmission in the low SN

regime can easily be derived. We get 1
. NR
Pr(“S to D fails”) = Pr T log, [ 1+ |hsd|25— <R
2 T 0.8

log, (e) R | R =0.009

o2,SNR ’ ol R=0.05
where we again set = VRSNR, let /R/SNR — 0, and < R=01
used the approximation given il (6). Sinee(“S to D fails”) I
must be higher tham, we get an upper bound on the targe  ( 4¢
error rate ofe < '8,

sd
Fig. [@ depicts the ratid\(e) versus SNR in dB fok =

0.001. The distance source-destination has been normalizec (.9

1,i.e.,0%, = 1. Obviously,A(e) is a monotonically increasing -10-8 -6 -4 -2 0 2 4 6 8 10
function in SNR. We see that the values df(¢) for a given SNR [dB]

SNR are lower if the rateR is increased.
Fig. 2. The ratioA(e) versus SNR fore = 0.001 and different values of

rate R in bit/s/Hz. The distance source-destination has been altred to1.
V. EXTENSION TO K RELAYS

In this section we extend the previous work to relay net-
works with an arbitrary number of relay nodes. The basic S S S
transmission model is illustrated in Figl 3. The basic idea i£ | S or or or
that the destination sends negative feedbaéks £ 0) until R, R,, R,
it has accumulated sufficient SNR to decode. For instance, in
the second sub-block either the soufcer the first relayR, T T T b
transmits depending on whether source transmission has bee K+1 K+1 K+1 K+1
successful during the first sub-block or not. In the third-sub FB FB FB

block either the sourc8 or the first relayR; or the second | one block |

relay Ro transmits depending on whether the previously accu-

mulated SNR has been sufficient for the destination to decddg 3. Transmission model for BAF with incremental relayiand an arbi-

and so on. Once the destination has accumulated enough ngfgr?ﬁé"tazrt?;rzgmt&%dfgfg;'dfpin{dliﬁé}(’)r?%?gﬁ’rgsgéﬁé'2’ o K

to decode reliably, it sends a positive feedbadlB (= 1)

indicating that no more relay transmissions are requireaeiV

this happens, the source starts transmitting its new messagof description. For the low SNR regime, the capacity can be

the next sub-block. We can immediately conclude that suchygproximated by

procedure would lead to a maximal gain &f+ 1 (compared

to a BAF protocol without incremental relaying) if source Car.x (SNR, 7) ~ SNR log,(€) ok (13)

transmission in the first sub-block is successful. If alaysl ’ K+1

have to transmit, the possible gain reduces.ttf the SNR at and the outage probability eventually becomes

the destination still is not sufficient to decode after #ieth

relay has transmitted, an outage is declared. pf)]ié? ~ Pr(ak < gx(R,SNR)), (14)
The instantaneous channel capacity for BAF wifhrelays

and a TDMA transmission sche?ne, )\:vhere one transn%issiélnere we usedy (R, SNR) = (K + 1)R/(logy(c) SNR).

block is divided into& + 1 sub-blocks of equal length, is >'Nc€ the solution gets involved due to the structure:gf
"~ we use the following inequality to upper bound it:

given by
SNR min{x,y} > W yeRT
T 9 - 9 9 ’
Cpar,x(SNR, 7) = Krl log, <1 + TOLK) . (12) r+y+o
where ¢ is an arbitrarily small and positive number. By

where we used the abbreviation defining

RS oyl hsr, 2 2N 2 2
= |hg Ik STk "o . ‘
e [l +; [egal® + [her, [+ 7/SNR g 1 [fa +I;mln{|h“d| e[

and again dropped the dependence on(fie-1)-tuplehy = We get
(Ihsa|?, |2, [heral?), & = 1,...,K, and 7 for the sake Pt > Pr(al < gi(R,SNR)). (15)



Using results given in[4] and applyingl (6) again finally yiel V1. CONCLUSIONS ANDOUTLOOK

K We presented the-outage capacity of a bursty version of
(BAF) I1 (Uid + Ufrk) the amplify-and-forward protocol when incremental refayi
lim (RO;NII;)KH > k=l is used, i.e., there is a one-bit feedback from the destina-
sNRoo  IEUD (K +1)lo2, H Urkdaﬁk tion indicating success or failure of source transmissitfa.

ax (RL.SNR)=0 compared this protocol to the cut-set bound with incrementa

and, therefore, asroutage capacity of BARithoutincremen- relaying and were able to show that for the one-relay case
tal relaying of the ratio between the-outage capacities is independent of the
relay location and that BAF is also outage rate optimal in a

C(B AF) 1Og < 1+ SNR setting with feedback if proper target rate adaptation diad.
- K+ 2 Furthermore, we extended our results to networks with an
arbitrary number of relays where the destination indicafes
L (K+1) lo2, Hk 102402, € 16 each sub-block if it has been able to decode (i.e., the number
H Y o2 ) - (16) of required relays is not fixed, but adapted dynamically ® th
b= (T + o, channel conditions). The one-bit feedback in our invesitgs
The e-outage capacityith incremental relaying then is has been considered to be received perfectly by the soutce an
1 the relay. Current research deals with the effects of ingoérf
Cﬁﬁ? < m log, (1 + SNR feedback. Initial results can be found [n [8].
T K
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where we only considered the broadcast and the multiple
access cut (normally one would ha€ cuts). We now apply
Definition[d in order to compare the performance of BAF with
incremental relaying to the CSB with incremental relaying.
Accordingly,

1+ Ke

Ex(N)

In contrast to the one-relay case, we see that the ratio batwe
the e-outage capacities depends on the relay locations, which

determine the average amount of required sub-blocks (i.e.,
Ex(N)). Clearly,e < & (Ex(N) — 1).
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