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Abstract—
valued fuzzy relations and some of their properties: reflexivity, sym-

This paper introduces some concepts of interval-

metry, T-transitivity, composition and locally reflexivity. It is also
introduced the concept of T-transitive closure for an interval-valued
fuzzy relation. An algorithm to compute the T-transitive closure of
finite interval-valued relations, some properties and some examples
are given.
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1 Introduction

Fuzzy sets, FS, were introduced by Zadeh in 1.965 [1]. Since
then many generalizations of fuzzy sets have been proposed to
model the uncertainty and the vagueness in linguistic variables
replacing the unit interval by another structure such as posets
or lattices [2, 3, 4]. One of these generalizations are type-2
fuzzy sets, FS2, [5, 6, 7] were introduced by Zadeh. A Type-
2 fuzzy set on a universe of discourse X, FS2, is a fuzzy set
whose membership function is another fuzzy set on [0,1]:

A= {((@,u), pale, w) | Ve € X, Vu € [0,1])

Type-2 fuzzy sets have been widely studied and applied since
in many cases the uncertainty can be better expressed by a
fuzzy set than by a single numeric value. The problem with
type2 fuzzy sets though is their computational complexity and
the difficulty for an expert to select the adequate fuzzy subset
as membership degree of an object to a linguistic label. This
is why some simplifications have been proposed, such as the
use of only some families of fuzzy sets such as triangular and
trapezoidal ones. One of the most popular and useful simpli-
fication is the use of interval-valued fuzzy sets.

Interval-valued fuzzy sets (ZVFS) were introduced in the
60s by Grattan-Guinness [8], Jahn [9], Sambuc [10] and Zadeh
[5]. They are extensions of classical fuzzy sets where the
membership value between 0 and 1 is replaced an interval in
[0,1]. They easily allow to model uncertainty and vagueness
because sometimes it is easier for experts to give a “member-
ship interval” than a membership degree to objects on a uni-
verse. ZVFS are a special case of type-2 fuzzy sets that sim-
plifies the calculations while preserving their richness as well.
Intuitionistic fuzzy sets on X (ZFS) introduced by Atanassov
[11]. In intuitionistic fuzzy sets each element has a member-
ship degree, u, and a non-membership degree, v satisfying:
n+rv <1

A= {(z, p(x), v(x)) | v € X, p(x), v(x) € [0,1]}

The value m = 1—p—v is a measure of the uncertainty. This
paper is organized as follows: In section three we introduce
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some important properties of interval-valued fuzzy relations
such as reflexivity, symmetry, T-transitivity, composition and
local reflexivity. Traditionally, the study of conjunctions be-
tween interval-valued fuzzy sets has been reduced to be mod-
eled with t-representable t-norms. However, not all general-
ized t-norms are t-representable. Moreover, some of the non
t-representable t-norms sometimes satisfy even more proper-
ties than t-representable t-norms [12]. Probably the most im-
portant property a fuzzy relation can fulfil is transitivity with
respect a given t-norm. Since many times the data are given
by a proximity relation P (i.e.: a reflexive and symmetric but
not necessarily transitive fuzzy relation), there are some meth-
ods to obtain a transitive relation close to P to replace it when
transitivity is required. The most popular way to do this is
calculating its transitive closure. In section four we introduce
the concept of T-transitive closure for an interval-valued fuzzy
relation and its expression in a finite universe for any t-norm.
A few methods to compute it and some examples are given.

2 Preliminaries

2.1 Interval-valued fuzzy sets

Definition 2.1 [13] Let L = (L, <p) be a lattice that satis-
fies:

1. L= {[x1, 2] € [0,1]% with zy < x5}
2. [z1,22] <p [y1,y2] if and only if v1 < y1 and x4 < yo
Trivially:

[z1,22] < [y1,y2] & 21 < y1, 20 < ypora; <
Y1, T2 < Y2
[.131,.7?2] =L [yhyﬂ < T1 = Y1,T2 = Yo

O0r = [0,0] and 1, =g [1,1] are the smallest and the
greatest elements in L respectively.

L1 is a complete lattice an the supremum and infimum are
defined as follows.

Definition 2.2 [12] Let {[v;, w;]} be a set of intervals on L.
Then

1. Infimum:
Infr{[vi,wi]} = [infimun{v;},infimun{w,;}]

2. Supremum:
Supr{[vi, w;]} = [supremun{v;}, supremun{w;}]

Definition 2.3 [13] An interval-valued fuzzy set A on a uni-
verse X is a mapping:
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A= {(aa [xlva]) | acX, [1’1,5&2} € L}

Definition 2.4 [13] Let X be a universe and A and B two
interval-valued fuzzy sets. The equality between A and B is
defined as: A =1, B if and only if A(a) =, B(a) Va € X.

Definition 2.5 [13] Let X be a universe and A and B two
interval-valued fuzzy sets. The inclusion of A in to B is defined
as: A Cp, Bifandonly if A(a) <p, B(a)Va € X.

Definition 2.6 [13] A negation function for interval-valued
fuzzy sets N is a decreasing function, N : L — L, that satis-

fies:
1. N(0p) =1 1
2. N(lL) =7 0g

IFN(N([x1, 22])) =L [#1,x2] for all [x1, 2] in L then N is
called an involutive negation.

Definition 2.7 A strong negation function for interval-valued
fuzzy sets, N, is a involutive function, N' : L — L, that satis-

fies:
1. N(0p) = 11,
2. N(1p) =1 0p

T-norms are generalized to the lattice £ in a straightfor-
ward way.

Definition 2.8 A generalized t-norm function [13], T, is a
monotone increasing, symmetric and associative operator, T :
L? — L, that satisfies: T (1p,[x1,72]) =1 |21, 2] for all
[x1, 22] in L.

Due to monotony, it is easy to show:

T (SuprA{[vi,wil}, [y1,y2]) =1 SuprAT ([vi, wi, [y1, y2]) }
T(Infr{[vi,wil}, [y1,y2]) <r Infr{7 ([vi,wil, [y1,y2])}

Due to the associativity of 7 the conjunction of three or more
intervals can be defined inductively as:

T(a,T(b,c)) =1 T(T(a,b),c) =1 a AbA cwhere
AN=,T.

where a = [al,ag}, b =L [bl,bg} andc:L [61,62].

T([Jil, 1‘2], [yl, yg]) and T([l‘l, .1‘2}, [yl, yg]) will denote the
lower and the higher values of T'([z1, 23], [y1, y2])-

Definition 2.9 [/4] Let {x;} in [0,1]. A t-norm T in ([0, 1], <
) is left-continuous if it satisfies:

T(Sup x;,y) = Sup T(x;,y)

Right-continuity can be defined in a similar way. This property
is also called sup-preserving.

Definition 2.10 [/3] A generalized t-norm operator T is t-
representable in L' if there are two t-norms: T, and Ty
(11,15, in ([0,1],<)) that satisfy:
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T (w1, 22, [y1, 92]) =1 [Ta (21, 91), To(22, 42)]
where Ty (v, w) < To(v,w) Yv,w € [0, 1].

Let x =, [x1,22] and y =, [y1, y2] be two intervals on L.:

Example 2.1

Infr({[z1, 2], [y1, v2l}) =1 [min(z1,y1), min(x2,y2)] is
t-representable by means of T' = min in ([0,1],<):

Example 2.2 The following product generalized t-norm xp, is
t-representable:

w1 ([z1, 22], (Y1, y2]) =1 [z1 % y1, 22 * Yo

Example 2.3 There are two generalizations of the
Lukasiewicz t-norm [12]:

o Ty([z1, @], [y1,92]) =1
[max(0,21 +y1 — 1), maz(0, 22 + yo — 1)]

o Tw([z1,22], [y1,92]) =L
[max(0,21 +y1 —1),maz(0,21 +y2 — 1, 20+ y1 — 1)]

Note that T, is t-representable but Tyy is not.

Definition 2.11 [/3] A generalized t-conorm S is an increas-
ing, commutative, and associative operator S : L? = L, that
satisfies: S(O, [x1,22]) =p [21, 22] and S(11, [21,22]) =1
1.

Due to the associativity of S we can write:
S(a,S8(b,¢)) =1 S(S(a,b),c) = asybsy ¢ where 7 =, S.

For example, S = Supy, is a generalized t-conorm.
In this paper the next definition is proposed.

Definition 2.12 Ler {[v;, w;]} be in L. A generalized t-norm
operator T is left-continuous if and only if:

T (Supri{lvi, wil}, [y1, o) =2 Supp{T ([vi, wil; [y1, 92])}

Right-continuity can be defined in a similar way. A t-norm,
a negation and the dual t-conorm of 7 with respect to N is
called a De Morgan triplet.

3 Interval-valued fuzzy relations

This section contains some definitions on interval-valued
fuzzy relations that generalize the ones of fuzzy relations val-
ued on [0,1]. In the next section, 7 -transitive relations will be
generated using the Sup — 7 product.

Definition 3.1 [15] Let X1 and X5 be two universes of dis-
course. An interval-valued fuzzy relation R : X1 x Xo — L
(where LT = (L, <) is a lattice) is a mapping:

R= {((aab)a ['xay]) | a € Xlab € Xo, [x,y] € L}
where © = R(a,b) and y = R(a,b).
In the rest of the paper, it is assumed that X; = X9 = X.

Definition 3.2 An interval-valued relation R : X? — L is
reflexive if:

R(a,a) =1 1 Vae X
838



IFSA-EUSFLAT 2009

Definition 3.3 An interval-valued relation R : X? — L is
[ar — ag]—reflexive if:

R(a,a) > [a1, 9] Va € X
where a1, gy € [0, 1] and aq < .
Definition 3.4 An interval-valued relation R : X2 — L is
symmetric if:

R(a,b) =1, R(b,a)Va,be X

Definition 3.5 Let 7 be a generalized t-norm operator and
let R interval-valued fuzzy relation on X. R is T -transitive if:

T(R(CL, b)7 R(bv C)) <L R(a7 C) vav b7 ceX

Proposition 3.1 If 7T is t-representable with Ty and Ts (T =
[T1,T3)) then an interval-valued relation R : X? — L is
T -transitive if and only if R is Ty-transitive and R is Ty-
transitive:

Definition 3.6 Let 7 a generalized t-norm. Let S a gener-
alized t-conorm from S and let be <7 the n-ary generalized
t-conorm defined by associativity. Let Ry and Ry be two
interval-valued fuzzy relations on a finite set X = {cy, ...cp, }.
The S — T -composition of Ry and Ry is defined as follows:

(R1osT) R2)(cqs ) =L VerexT (Ri(cq, cx), Ra(cr, cr))

where Ve GXT(Rl (an Ck)v Ry (Cka CT‘)) =L
T(Ri(cq,c1), Ra(cr,¢r))7 .7 T (Ri(cq, Cm), Ra(Cm, cr)).

Definition 3.7 The local equality relation of a fuzzy interval-
valued fuzzy relation R on X is the fuzzy relation ER is:

a=2b;

a #b.

Definition 3.8 An interval-valued relation R is locally reflex-
iveif ER Cr R.

SupL VcEXmax(R(av C)) R(C7 &))

ER(a,b) = { [0’0]7

It is easy to prove that if R is an reflexive interval-valued rela-
tion then R is a locally reflexive interval-valued relation.

4 7 -transitive closure for IVFSs

In this section it is proved the existence of the 7 -transitive
closure of an interval valued fuzzy relation and its calculation
via sup — 7. The sup — 7 product is associative if 7 is left
continuous of the universe is finite. Moreover, it is proved that
the sup — 7 product is continuous and so is the calculation of
the 7 -transitive closure for finite universes. An algorithm to
calculate the 7 -transitive closure is provided.

Definition 4.1 Let T be a generalized t-norm and let R :
X2 — L be an interval-valued relation on a finite universe X.
The T -transitive closure of R is the relation RT : X x X — L
that satisfies:

1. RCy R”.
2. If R Cy R and R’ is T -transitive then RT C; R’ .

Lemma 4.1 R is T -transitive if and only if R ogup, 7 R Cp,
R.
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Proof.

o Ris 7T-transitive = R ogyp, 7 R Cp R:
(Rogup, T R)(a,b) =L
Supr, cex{T (R(a,c), R(c,b))} <r R(a,b)
due to 7 (R(a,c), R(c,b)) <p R(a,b)Va,b,c e X

o Rogyp, 7 R Cr, R= RisT-transitive:
Supr, aex{7 (R(a,d), R(d,b))} <r R(a,b) Va,b € X
Then Ve € X T (R(a,c), R(e,b)) <r, R(a,b)O

Lemma 4.2 Let R be an interval-valued relation. If RT exists
then it is unique.

Proof. Let S; and S, be two relations. If S7 and S5 are transi-
tive closures of R then according to definition 4.1: S7 Cp, So
and Sy Cp, S1, consequently Sy =1, So[.

Lemma 4.3 Let R be an interval-valued relation in a uni-
verse X and an let T be an arbitrary generalized t-norm.
Then the transitive closure of R always exists.

Proof. Consider the set Qi of 7 -transitive fuzzy relations
containing R. Let us define the fuzzy relation Sj(a,b) =p,
Infr.scan{S(a,b)}. We will prove that S}, is 7 -transitive.
Due to monotony of generalized 7 -norms it is obtained:
T(SE(CL, b)a S?%(ba C)) =L

T(Infr sicar{S1(a,b)}, InfL s,eq,{S2(b,c)})

<t Infr s,eqpInfr s,eap{7 (S1(a,b), S2(b,c))}

< InfL SEQR{T(S(av b),S(b, C))} =L S}k{(a7 o)t

Proposition 4.1 Let X be an arbitrary universe.  Let
{S1,...,Sn} a set of interval-valued relations. If T is a left-
continuous generalized T -norm, then it satisfies:

ROSupLT (SUPL Vi:l..n{Si}) =L
Supr, vi=1.n{ R osup, 7 Si }

Proof.

Rogup, T (Supr vi=1..{Si})(a,c) =L

Supr vex{T (R(a,b), Supr vi=1.,{Si(b,c))}
=1 Supr vi=1..n Supr vex{7 (R(a,b),S;(b,c))}
=L (SUPL Vi:l..n{R CSupr T Sz})(aa C)D

Definition 4.2 Given a generalized t-norm T, the T-power
RUMT of a fuzzy relation R on X is recursively defined as
follows:

1. RWT =R
2. RW7 = RP-V7 65, 7 R
Lemma 4.4 If A C; B then A% C; B%)

Proof.
Trivial due to monotony of 7.

Theorem 4.1 Let X be an arbitrary universe and T a left-
continuous t-norm. The transitive closure of R is:

RT =1, Supr vken{R™7}

Proof.
Let S = Supy, vren{R™ 7} be. By proposition 4.1:
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S@r =5
(Supr, viken{R®TY) ogup, 7 (Supr vien{ RV }) =1
Supr viaen{RFIT} =1 Supr vimem 0,13 {R™7} C S

By lemma 4.1, it follows that S is T-transitive.
Moreover, if R C S’ and S’ is T-transitive, then again by
lemma 4.1 and 4.4 it holds that:

RAT Cp @7 & RKWT Cp g C )

hence S C; S’ and RT =, SOCI.

Lemma 4.5 Let T be any generalized t-norm, then:

T ([x1, 22, [y1,y2]) <p Infr([x1, x2], [y1,y2])
V[z1, 2], [y1,92] € L

Proof.
T ([w1, 2], [y1,v2]) <p T([x1,22],11) =1 [21, 22]

= [T ([z1,22], [y1,y2]), T ([21, 22], [y1, 92])] <1 [21,22]
T ([x1, 22, [y1,92)) =r T ([y1,y2l, [21, 22])
T([y1.y2), 1) =1 [y1, 2]

= [T ([x1, x2], [y1,92]), T ([x1, z2], [y1, 92])] <t W1, 92]
Therefore:

T ([z1, 72], [y1,y2]) <m

T([mla 1‘2], [ylayQ]) <m
T ([w1, 2], [y1, 92]) <

<L

inimum|zy, y1)

inimum|xa, Yo =
Infr([z1, z2], [y1,y2])0

Lemma 4.6 Let S be any generalized t-conorm, then:

S([z1, w2], [y1,y2]) > Supr([z1, 2], [y1,y2])
V[l'l,xQ], [ylvyZ} el
Proof.

S([x1, 2], [y1,92]) >1
= [S([z1, 2], [y1,92]),

S([z1,22),11) =1 [1, 22]
S([z1, 22, [yl,yz])} >1 [z1,22]

S([x1, 22, [y1, v2)) =L S([y1, 2], [21, 22]) >r
S([y1,y2), 1) =L [y1, 2]
= [S([z1, z2], [y1,92]), S([x1, 2], [y1, ¥2])] =L [Y1,92]
Therefore:
S([x1, z2], [y1, y2]) > mazimun|zy, yi]
S([z1, 22, [y1, y2]) > mazimun[zs, y2] =
S([x1, 22, [y1, y2]) =1 Supr([z1, 22], [y1,y2])0

Due associativity of 7

T ([w1,22), T ([y1,y2), [21, 22])) =L
T(T ([x1, 2], [Y1,92]), [21, 22]) =L [®1,22] & [y1,92] &

[21, 22]
Infr([z1, z2], Infr([y1, 92, [21, 22])) =L
Infr(Infr([z1, z2], [y1,y2]), (21, 22])) =L [T1,%2] Ap—ing
W1, y2] Ar—ing [21, 22]

Lemma 4.7 Let T be an arbitrary generalized t-norm. Let P
be a path with a cycle:

P =R(a,a1) A R(ay,a2) A ... & R(ai—1,a:) A
R(ay,c1) A R(c1,¢2) A ... A R(eq,ar) A R(ag, ai+1) A
LA R(ak,b)

then

P = R(a,a1) A R(ay,as) A ... A R(az—1,at) A
R(ay,c1) A R(c1,¢2) A ... A R(egq,ar) A Rag, az+1) A
.. A R(ag,b) <p R(a,a1) A R(ay,a2) A ... A
R(at_l,at) A R(at,at_H) Ao A R(ak,b)
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Proof.
Trivial due to 7T ([x1, 2], [y1,92]) <L
[1, 2], [y1, y=] in L and associativity of 7.

[y1,y2] forall

Theorem 4.2 Let X be a finite universe with cardinality n.
The transitive closure of R, RT  is:

T =1, Supy, p—1.,{RFT}
Proof.
R(k)T (a, b) =L

=L SupLal,a2,~~7ak—1R(a7a1) A R(a17a2> A
A R(ag—1,b) <

SUPL al,ag,...,ak,lR(aaal) Arnfy
Arng, R(ag—1,b) according

=L
R(al,ag) AlnfL
to lemma 4.5.

Now suppose k& > n. Then R*) C; R(™ because it exists
a cycle (lemma 4.7). Therefore, the cases £ > n need not be
considered [J.

Corollary 4.1 Let X be a finite universe with cardinality n.
If R is a locally reflexive relation, the transitive closure of R
is:

RT = Supp j—1.n—1 {RM7}
Proof
If R is a locally reflexive relation then R(a,b) < R(a,a).

Consider a cycle of length 7, then its strength is:
RM™7 (a,a) =1,

=L SUPLal,az,m,aqu(a’al) A R(avaL?) A
oA Rlag—1,a) <g

SupL a1,02,-~~7ak71R(a7 al) Arnfy
R(ai,a2) Ay Amg,  Rlagp—1,a) <
R(a,a)O

Theorem 4.3 Let X be a finite universe with cardinality n. If

R is a reflexive fuzzy relation on X then the transitive closure
of R is:

RT =r R(n—l)T

Proof.
R(a,b)®7 =

=5 T(R(a,a), R(k)T(a7 b))
<1, Supr, cex{T(R(a,c), RM7 (¢, b))}
=7 R(k'H)T(a, b)

Therefore R(a,b)®7 <, R¥F+DT(qb) < RM7T C
RE+D)7T

Theorem 4.4 Let T be a t-representable t-norm (T =
[Ty, Ts]) and let R = [R, R] be a interval-valued relation.

Then RT = [R™,R").
Proof.

RMIT (a,b) =,
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:L SupL al,ag,...,ak,1R<a;a1) A R(a13a2) A
A (ak,l,b)
=1 SUPL ay,a0,....an_1 [R(a,a1) A1 R(ay,a2) A

ey A1 R(ak,l,b),R(a,al) Ao R(al,az) AD)
oy A2 R(ak—lab)]
=1 [MaZa, as....an_ R(a,a1) A1 R(ar,a2) My
ey A1 R(ak,l,b)
yMATa; sy, an_, B(a,a1) Ay R(ay,az) Az ..., A
R(ag—1,b)]
= RM71 (a,b), ROI™: (a,b)]
where A= [A1,As]. Then T = [T},Ty] = R? =
R, R0

Definition 4.3 The distance d of the supremum on L is de-
fined for all 1,22, y1,y2 € [0,1] by d([z1, z2], [y1,y2]) =
maz(|z1 — y1, |r2 — yal)-

Definition 4.4 Let RS be two interval-valued fuzzy relatons
on a set X. The distance d between R and S us defined by:

d(R,S) = supy yexd(R(z,y), S(z,y))

Lemma 4.8 d is a distance on the set Rx of interval-valued
fuzzy relations on X L.

Proof.
The supremum of distances is a distance.

Theorem 4.5 Let T be a generalized continuous t-norm and
Rx the set of interval-valued fuzzy relations on X. Rx with
the sup-T product is an ordered topological semigroup.

Proof.

e Associativity is a straightforward exercise.

e The interval-valued re-
. - [1,1], x=y; . . .
lation E(x,y) = [00]. otherwise. the identity

element of Rx.

e Continuity: Since 7T is defined on a compact set, it is
uniformly continuous. Therefore:

Ve > 0,36 > 0 such that
VYm,n,m',n' a,b,a b €0,1]
mazx(|m —al,|m' —d'|,|n = b, |n/ = V]) =
T ([m,m], [n,n']) =T ([a, ], [b,V]) < e(*)

We want to prove that given two interval-valued fuzzy
relations A, B € Rx:

Ve > 0,39 > O such that VM, N € Rx
max(d(M,A),d(N,B)) <d=dMoN,AoB) <e

Given ¢, we take 6 > 0 satisfying (*). Then:

d(MoN,AoB)=
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e Monotonicity is an immediate consequence of the mono-
tonicity of 7.

Corollary 4.2 For any positive integer n the map assigning
to an interval-values fuzzy relation M on a finite set its n'"
power is non-decreasing and continuous if the corresponding
generalized t-norm T is continuous.

Corollary 4.3 If a generalized t-norm T is continuous, the
map that assigns the T -transitive closure to the interval-
valued fuzzy relations on a finite set is non-decreasing and
continuous.

Theorem 4.6 Given a method to calculate the transitive clo-
sure of a fuzzy relation. Nevertheless, there are more effective
methods and algorithms. For example it is possible to use an
extension of the Floyd-Warshall algorithm [16]

4.1 Algorithm to compute the transitive closure of an
interval-valued fuzzy relation

Let R be an interval-valued relation on a finite universe X
with cardinality n and let 7 be a generalized t-norm. It is
possible to compute R7 using the next algorithm:
for k < 1 until n do
for i < 1 until n do
for j «— 1 until n do
R(@,j)« Supr (R(Z7 3)7 T(R(Z7 k), R<ka ])))
end for
end for
end for

Example 4.1 Let T be a
generalized t-norm T, ([x1,x2), [y1,92]) =1 [max(0,z1 +
y1 —1),max(0,22+y2 — 1)] and let R : X x X — L be the
following interval-valued relation:

[1,1] [0.6,0.8] [0.6,0.9] [0,0]
P [1,1]  [0.4,0.9] [0.6,0.9]
- [1,1]  [0.6,0.9]
[1,1]

The computation of the T -transitive closure of R is the follow-
ing:

[1,1] [0.6,0.8] [0.6,0.9] [0.2,0.8]

BT _ [1,1]  [0.4,0.9] [0.6,0.9]

- [1,1]  [0.6,0.9]
[1,1]

Note that by theorem 4.4, RT = [R" | RW]

Example 4.2 Let T be a generalized t-

norm T([x1, x2], [y1, 42]) =1 [W(z1,51), Min(z2, y2)] and
let R: X x X — L be the following interval-valued relation:

[1,1] [0.6,0.8] [0.6,0.9]  [0,0]
. [1,1]  [0.4,0.9] [0.6,0.9]
- (1,1 [0.6,0.9]
[1,1]

The computation of the T -transitive closure of R is the follow-
ing:
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[1,1] [0.6,0.8] [0.6,0.9] [0.2,0.9]

BT _ [1,1]  [0.4,0.9] [0.6,0.9]

- [1,1]  [0.6,0.9]
[1,1]

Note that by theorem 4.4, RT = [RW , RMin]

Example 4.3 Let T be a gener-
alized t-norm Tw ([x1, x2], [y1,y2]) =1 [maxz(0,21 + y1 —
1),max(0,21+y2—1,22+y1 —1)]andlet R : X x X — L
be the following interval-valued relation:

[1,1] [0.6,0.8] [0.6,0.9]  [0,0]
. [1,1]  [0.4,0.9] [0.6,0.9]
- 1,1 [0.6,0.9]
[1,1]

The computation of the T -transitive closure of R is the follow-
ing:

[1,1] [0.6,0.8] [0.6,0.9] [0.2,0.5]

BT [1,1]  [0.4,0.9] [0.6,0.9]

- [1,1]  [0.6,0.9]
[1,1]

Note that the generalized T -norm in this example is not t-
representable.

5 An Application

It is possible to model social relations using Interval-valued
Fuzzy Sets. For example, it is possible to model “friendship”.
Let R be a relation which describes the degree of friendship
between pairs of people. If A and B are friends and B and C
are friends, then it will probably exist some degree of friend-
ship between A and C'. In this context, the 7 -transitive closure
can be used to learn friendship of individuals from a chain of
friends, for example, from common friends.

Example 5.1 Let R be an interval-valued relation which
models the degree of friendship between four people
{a,b,c,d}. It is possible to model the transitivity of friend-
ship using the generalized t-norm x*p,([x1, 23], [y1,y2]) =L
[331 * Y1, T * yg}

[1,1] [0.6,0.9] [0.6,0.7]  [0,0]

P [1,1] 0,0]  [0.2,0.8]
= 1,1] [0,0]
[1,1]

Initially, d has only friendship with b. In addition, the uncer-
tainty of degree of friendship between b and d is wide. It is
interesting to see how friendship is propagated.

[1,1] [0.6,0.9] [0.6,0.7]  [0.16,0.72]
BT _ [1,1]  [0.48,0.63] [0.2,0.8]
- [1,1]  [0.096,0.5]
[1,1]

In R” d has some degree of friendship with a, c learned by a
common friend b. The uncertainty of degree of friendship of d
with the rest of them has been propagated as well.
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6 Conclusions

Traditionally, the study of interval-valued fuzzy sets has been
reduced to t-representable t-norms. We have generalized the
main properties of interval-valued fuzzy relations: reflexivity,
symmetry, composition, local reflexivity and t-transitivity. We
also have generalized the T-transitive closure for any t-norm
and an algorithm to compute it is provided. It is analyzed the
case of t-representable t-norms and proved that in this case
the T-transitive closure of I? can be obtained from the two
classical T-transitive closures of the lower and higher relations
(theorem 4.4). Some examples are provided.
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