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On the Mutual Definability of Classes of Generalized Fuzzy Implications
and of Classes of Generalized Negations and S-Norms"

Helmut Thiele
Abstract

Given the rea functions v : [0,10- [0,10and o, rT: [0, 19 - 0,10 First we de-
fine afunctional operator SMP where SMP(g, V) : [0, 1% - ©,10and S MP(a,v) is
interpreted asthe“ S-implication” generated by v and 0. Secondly, we define functional
operators NEG(m) : [0, 10— [0,10and SNOR(m) : [0, 1% - ,10where NEG(m) isin-
terpreted as the “negation” generated by 1mand SNOR(7) isinterpreted asthe “ S-norm”
(T-conorm) generated by 1. We investigate under which assumptions these operators
areinjective (bijective) and which properties of the “argument functions’ are translated
into the “value functions’. Numerous well-known results on negations, S-norms, and
implications can be derived within the framework of this genera approach. Further re-
sults concern the mutual definability or R-implications and T-norms.

Keywords. S-implications, S-norms, negations, R-implications, T-norms, QL-
implications.

1 Introduction

In literature one can find numerous papers concerning the generation of implications by
negations and S-norms on the one hand and vice versa, i. e. of negations and S-norms by
implications on the other hand. See [4-14,17,18,20,22-25], in particular [8], for instance.

The presented paper isto deepen these results, in particular, it isto show how by these gen-
eration procedures separate properties of negationsand S-normsare translated into certain
separate properties of implications and vice versa.

We start our investigations by recalling the fundamental definition of anegation and of an
S-norm.

Assumethat v :[0,10- 0,10

Definition 1.1
1. vissaidto beanegationif and only if v satisfies the following axioms:

NE1 Or(r O,10- v(v(r))=r)
NE2 v(0)=1
NE3 v(1)=0
NE4 Or0s(r,sO0,100r <s - v(s) < v(r))
2. Theset of all negations is denoted by NEGATIONS,

Now, weassumethat o : 0,13 - [0,10

Definition 1.2
1. gissaidtobean S-normif and only if o satisfies the following axioms:

SN1 Or(r O [0,120- o(r,0) =r)
SN2 Or(r 0 [0,10- o(r,1) =1)
SN3 OrOsOt(r,st O ,1Mr <s - o(r,t) < o(st))

YLong version of a paper originally published in 27th International Symposium on Multiple-Valued Logic
(ISMVL ' 97), St. Francis Xavier University, Antigonish, Nova Scotia, Canada, pages 183-188



SN4 OrOsOt(r, st O 0,1Is<t - o(r,s) < o(r,t))

SN5 Or0Os(r,s0 ,10- o(r,s) = a(s,r))

SN6 OrOs0t(r,s,t O 0,10- o(r, o(s,t)) = a(a(r,s),t))
2. Theset of all S-normsis denoted by SNORMS,

Finaly, weassumethat 77 (0,17 — (0,100

Definition 1.3
1. missaidto bean S-implication if and only if 1t satisfies the following axioms:

SIM1 Or(r 0 [0,10- m(r(r,0),0) =r)
SIM2 Os(s0 M,10- 1(0,s) = 1)
SIM3 Os(s0 M,10- 11(1,5) =9)
SIM4 Or(r O 0,10- m(r,1) = 1)
SIM5 Or0sOt(r,s,t 00, 10r < s - 11(s,t) < m(r,t))
SIM6 Or0dsOt(r,s,t 0 ,1Ms<t - (r,s) < r(r,t))
SIM7 Or0s(r,s 0 0, 10- m(ri(r,0), 11(s,0)) = 11(s, 1))
SIM8 Or0sOt(r,s,t O, 10- 7(r, 11(s,t)) = 71(s, 11(r, t)))
2. Theset of al S-implicationsis denoted by SMPLICATIONS

Remark Asweareinterested in the trandation of separate propertiesinto other separate
properties of the functions considered, we do not care about the independence of the axiom
systems formulated in the definitions above.

For solving the axiomatization problem we introduce the following functional operators
SMP, NEG, and SNOR where

SIMP : FUNCT(2) x FUNCT(1) — FUNCT(2)
NEG : FUNCT(2) — FUNCT(2)
SNOR: FUNCT(2) — FUNCT(2)
where FUNCT(1) =g {$]¢ : (0,10~ 0,10} and FUNCT(2) =gt {9|@ : 0,103 — 0,10,
Assume

v OFUNCT(1)
o, 0 FUNCT(2).
Then we define for every r,s 0 [0, 101

Definition 1.4
1. SIMP(a,v)(r,s) =ge 0(V(r),9)

2. NEG(m)(r) =gef 71(r, 0)
3. SNOR()(r,s) =g T(11(r, 0),9).



2 Some fundamental properties of the functional operators SIMP,
NEG, and SNOR

The following theorems and corollaries express fundamental properties of the functional
operators defined above.

Theorem 2.1

If 1. Or(r 00,20- v(v(r))=r) and
2. Or(r 00,10- o(r,0)=r)

then
1. NEG(SMP(a,v))=v and
2. NOR(SMP(a,v)) = 0.

Proof

ad 1. We define
(1)  LYr) =g¢ NEG(SMP(0, V))(r).
By definition of NEG we have to prove
(2) LYr)=9MP(o,v)(r,0),
hence by definition of SSMP it is sufficient to prove
(3) LYr)=oa(v(nr),0).
By assumption 2, i. e. SN1, we have
(4 o(v(r),0) = v(r),

hence
(5 L) =v(n).

ad 2. We define
(6) LS'(r,9) =gef SNOR(SMP(a, V))(r,S).
By definition of SNOR we haveto prove
(7) LS'(r,s) = 9MP(g,v)(SMP(a, v)(r,0),9),
hence by definition of SSIMP it is sufficient to show
(8) LS'(r,s)=9MP(a,v)(a(v(r),0),s) = a(v(a(v(r),0)),s).
By assumption 2, i. e. SN1, we get
9 a(v(r),0)=v(r),
hence we obtain
(20) LS'(r,s) = a(v(v(r)),s).
Because of assumption 1, i.e. NE1, we have
(1) LS'(r,s)=af(r,s),
i.e assertion 2 holds.

We denote by
FUNCT(1,NE1)

the set of all functions ¢ O FUNCT (1) which fulfill the axiom NE1, furthermore by
FUNCT(2,SN1) and FUNCT(2,SIM1)

theset of all functions ¢ [0 FUNCT (2) which fulfill theaxioms SN1 and SIM 1, respectively.



Corollary 2.2
SIMP : FUNCT(2, SN1) x FUNCT(1, NE1) — FUNCT(2) isan injection.

By the following theorem we characterize the set of all images SMP(o,v) for
0 O FUNCT(2,SN1) and v O FUNCT(1,NE21).

Theorem 2.3

If Or(r 0 @,10- m(ri(r,0),0) =r) then SMP(SNOR(m7), NEG(1)) = TT.
Proof We define

(1) L, s) =g SMP(SNOR(11), NEG(m))(r,S).

By definition of SMP we get

(2 LSr,9) = NOR(M)(NEG(m)(r),9),

hence by definition of NEG we obtain

(3 LSr,s) = NOR(m)(7(r,0),9),
thus by definition of SNOR we obtain
(4) LS9 = n(n(m(r,0),0),s).

By assumption of theorem 2.3 we have

(6) m(m(r,0),0)=r,

hence

(6) LYr,s)=m,s),
i. e. theorem 2.3 holds. [ |

Corollary 2.4
1. SMP isabijection from FUNCT(2, SN1) x FUNCT(1, NE1) onto FUNCT(2, SIM 1).

2. [SNOR,NEG] isthe inverse mapping of the bijection SMP.

3 Ontrandating propertiesof functionsby applying thefunctional op-
erator SIMP

Now, we investigate which properties of the “argument functions” o and v aretranslated to
certain properties of SMP(o, v).

Theorem 3.1
1. If v fulfills NE1 and o fulfills SN1, then SMP(a, v) fulfills SIM 1.
If v fulfills NE2 and o fulfills SN2 and SN5, then SMP(a, v) fulfills SIM2.
If v fulfills NE3 and o fulfills SN2 and SN5, then SMP(a, v) fulfills SIM3.
If o fulfills SN2, then SMP(a, v) fulfills SIM4.
If v fulfills NE4 and o fulfills SN3, then SSMP(o, v) fulfills SIMS5.
If o fulfills SN4, then SMP(a, v) fulfills SIM6.
If v fulfills NE4 and o fulfills SN5, then SMP(o, v) fulfills SIM?7.
If v fulfills NE1 and o fulfills SN1 and SN6, then SMP(a, v) fulfills SIM8.

© ®© N OO O~ W D

If v is continuous and o is continuous, then SMP(a, v) is continuous.



Proof
adl SIM1
We have to show
(1)) SMP(o,v)(IMP(a,Vv)(r,0),0)=r.
By definition of SMP it is sufficient to prove
(2) o[v(SMP(a,v)(r,0)),0] = a[v(a(v(r),0)),0] =r.
By SN1 we get
(3 a(v(r),0)=v(r),
henceit is sufficient to show
(4 o(w(v(r)),0)=r.
But (4) holds because of NE1 and SN 1.
ad 2 SIM2
We have to show
(5) S9MP(cg,v)(0,9) =1
By definition of SMP it is sufficient to prove
(6) o(v(0),s)=1.
By NE2, SN2, and SN5 we have

(1 v(0)=1,
(8) a(s=1,
and

9 o(l,9=0(s1),
respectively, hence (6) holds.
ad 3 SIM3
We have to show
(10) SMP(o,v)(1,9 =s.
By definition of IMP it is sufficient to prove
(11) o(v(1),s) =s.
By NE3, SN1, and SN5 we get
(12) v(1)=0,
(13) a(s0)=s,
and
(14) o(0,s) = o(s,0),
respectively, hence (11) holds.
ad 4 SIM4
We haveto prove
(15) SIMP(o,v)(r,1) = 1.
By definition of SMP it is sufficient to show
(16) o(v(r),1) =1.
But (16) holds because of SN2.



ad5 SIM5

We assume
a7 r<s
Thewe haveto prove
(18) SIMP(o,v)(s,t) < SSMP(g,v)(r,1).
By definition of SMP it is sufficient to show
(19) a(v(9),t) < a(v(r),t).
By NE4 we get
(20) v(s)=v(r)
hence because of SN3 (19) holds.
ad 6 SIM6

We assume
(21) s=<t.
Then we have to prove
(22) 9IMP(o,v)(r,s) < SMP(a, v)(r,t).
By definition of IMP it is sufficient to show
(23) a(v(r),s) < a(v(r),t).
But (23) holds because of SN4.
ad7 SIM7
We haveto prove
(24) SMP(g,v)(SMP(o,v)(r,0),SMP(o,v)(s,0))
=S MP(a,V)(s).
By definition of IMP it is sufficient to show
(25) ofv(a(v(r),0)),a(v(s),0)] = a(v(s),r).
Because of SN1 we get
(26) a(v(r),0)=v(r)
and
(27) a(v(s),0) = v(s),
hence, in order to prove (25), it is sufficient to show
(28)  a(v(v()), v(s)) = o(V(9).T).
Because of assumption NE4 we have
(29) wv(v(r)) =r,
hence (28) holds because of SN5.
ad 8 SIM8
We haveto prove
(30) SIMP(ag,v)(r,MP(a,Vv)(s 1))
= SMP(a, v)(s,SMP(a, v)(r,t)).
By definition of IMP it is sufficient to prove
(31) a(v(r), o(v(s),1)) = a(v(s), a(v(r),1)).
But (31) holds because of SN5 and SN6.



ad 9 This assertion holds because of well-known properties of continuous functions.

Corollary 3.2
1. If visanegation and o is an S-norm, then SMP(a, v) isan S-implication.

2. The mapping SMP is an injection from the class SNORMSx NEGATIONS into the
class SMPLICATIONS

Remark Theorem 3.1 makesit possible to derive further “injection theorems”.

4 Ontrandating propertiesof functionsby applyingthefunctional op-
erators NEG and SNOR

In this chapter we investigate which properties of the “argument function” T are translated
into certain properties of NEG(717) and SNOR(71).

From these results we can conclude that SMP is a surjection, i.e. a mapping onto
SIMPLICATIONS.

Theorem 4.1
1.1. If it fulfills SIM 1, then NEG(T) fulfills NE1.

1.2. If refulfills SIM2, then NEG(r) fulfills NE2.

1.3. If rfulfills SIM3, then NEG(r) fulfills NE3,

1.4. If mfulfills SIM5, then NEG(m) fulfills NE4.

2.1. If rwfulfills SIM1, then SNOR(r) fulfills SN1.

2.2, If mfulfills SIM4, then SNOR(r) fulfills SN2,

2.3. If fulfills SIM5, then SNOR(r) fulfills SN3.

2.4. If rwfulfills SIM6, then SNOR(r) fulfills SN4.

2.5, If mfulfills SIM1 and SIM7, then SNOR(r) fulfills SN5.

2.6. If mfulfills SIM1, SIM7, and SIM8, then SNOR(1) fulfills SN6.

2.7. If iris continuous, then NEG(mt) and SNOR(m) are continuous.

Pr oof
ad 1.1 NE1

We haveto prove
(1) NEG(m)(NEG(m)(r)) =r.
By definition of NEG it is sufficient to show
(2 n(n(r,0),0)=r.
But (2) holds because of SIM1.
ad 1.2 NE2

We haveto prove

(3) NEG(m)(0)=1.

By definition of NEG it is sufficient to show
(4 m0,0)=1

But (4) holds because of SIM2.



ad 1.3 NE3
We haveto prove
(5) NEG(m)(1)=0.
By definition of NEG it is sufficient to show
(6) m1,0)=0.
But (6) holds because of SIM3.
ad 1.4 NE4
Assume
(7) r<s
Then we have to prove
(8) NEG(m)(s) < NEG(m)(r).
By definition of NEG it is sufficient to show
(9) 1(s,0) < mr,0).
But (9) holds because of SIMS5.
ad 2.1 SN1
We haveto prove
(10) SNOR(m)(r,0)=r.
By definition of SNORit is sufficient to prove
(11) m(7(r,0),0)=r.
But (11) holds because of SIM 1.
ad 2.2 SN2
We haveto prove
(12) SNOR(m)(r,1) =1.
By definition of SNOR it is sufficient to show
(13) m(m(r,0),1) = 1.
But (13) holds because of SIM4.
ad 2.3 SN3
We assume
(14) r<s
Then we have to prove
(15) SNOR(m)(r,t) < SNOR(1)(S 1).
By definition of SNOR it is sufficient to show
(16) m(n(r,0),t) < n(7(s, 0),t).
From (14) by SIM5 we get
(17) 7(s,0) < r(r,0),
hence (17) implies (16) because of SIM5.
ad 2.4 SN4
We assume
(18) s<t.



Then we have to prove

(19) SNOR(m)(r,s) < SNOR(m)(r,t).

By definition of SNORit is sufficient to show
(20) m(r(r,0),s) < r(rr(r, 0),t).

But SIM6 implies (20).

ad 2.5 SN5

We haveto prove

(21) SNOR(m)(r,s) = SNOR(m)(S,1).

By definition of SNORit is sufficient to show
(22) n(n(r,0),s) = (7(s, 0),r).

From SIM7 we get

(23) n(n(r,0), (s, 0)) = r(s,r),

hence we obtain by the substitution 71(s,0) for s
(24) n(n(r,0), n(1(s, 0),0)) = n(7(s, 0), 1),

hence (24) implies (22) because of the assumption SIM 1.

ad 2.6 SN6

We haveto prove
(25)  SNOR(m)(r, NOR(17)(s, t)) = SNOR(1)(SNOR(1)(r, 9), 1).
By definition of SNOR it is sufficient to show

(26) n{n(r,0), m(m(s, 0),t)] = M r(7(7x(r, 0),9), 0), t].
Now, by SIM7 we obtain

m{n(r(7(r,0),),0),t] = n{ 7x(t, 0), (7(r, 0), 9)] .(27)
hence by SIM8

= nin(r,0), n(i(t, 0), 9)],
hence by SIM7 and SIM1

= i(r, 0), 7(71(s, 0), t)],
hence (26) holds.

ad 2.7 If m is continuous, then NEG(m)(r) =g 7(r,0) is continuous, hence

SNOR(T)(r,S) =¢e TI(7T(r,0),S) is continuous, trivially.

[ |
Corollary 4.2

1. If misan S-implication, then NEG() is a negation and SNOR(m) is an S-norm.

2. [SNOR,NEG] is a bijection from the class SMPLICATIONS onto the class
SNORMSx NEGATIONS.

3. SMP is a bijection from the class SNORMSxNEGATIONS onto the class
SIMPLICATIONS

4. SMP isthe inverse mapping of the bijection [SNOR,NEG] and vice versa.

5. If we restrict the classes NEGATIONS, SNORMS, and SSMPLICATIONS by the con-

ditions of continuity, then the restricted classes are invariant with respect to the map-
pingsSIMP, [SNOR, NEG].



Remark Theorem 4.1 (together with theorem 3.1) makesit possible to derivefurther “bi-
jection theorems”.

5 Further results

For 7,7: 0,103 — [0, 10ve define

Definition 5.1
1. RIMP(T)(r,9) =g¢ef Sup{t|t O [0, 1[0 1(r,t) < s}
2. TNOR(m)(r,s) =ger Inf{t|t O 0, 1 7(r,t) = s}

Theorem 5.1
For every r,s 0 [0, 1] TNOR(RIMP(1))(r,s) < 1(r,9).

Theorem 5.2
If for every fixed r O [0, 10the function 1(r,s) is monotone and left-hand continuous with
respect to s (1 [0, 1L] then for every r,s 0 [0, 1[)

17(r,s) < TNOR(RIMP(1))(r,s).

Denoteby FUNCT(2, MLHC2) theset of all functions¢ : 0,13 — [0, 1Csuch that for every
fixed r O [0, 1the function ¢(r,s) is monotone and left-hand continuous with respect to
s [,10]

Corollary 5.3

1. If Tt OFUNCT(2, MLHC2), then TNOR(RIMP(1)) = T.

2. RIMP: FUNCT(2, MLHC2) — FUNCT(2) isan injection.
Theorem 5.4

If for every fixed r 0 [0, 10the function 1i(r, s) is monotone and right-hand continuous with
respect to s [0, 10) then for every r,s 0 [0, 1[]

RIMP(TNOR(m))(r,s) < m(r, ).

Theorem 5.5
For every r,s 0 [0, 1L] i(r, s) < RIMP(TNOR(m))(r, S).

Denote by FUNCT (2, MRHC?2) the set of all functions¢ : [0, 103 — [0, 10such that for every
fixed r O [0, 100the function ¢(r,s) is monotone and right-hand continuous with respect to
sO 0,10

Corollary 5.6
1. If TOFUNCT(2, MRHC2), then RIMP(TNOR(m)) = T1.

2. TNOR isabijection from FUNCT(2, MRHC2) onto FUNCT(2, MLHC2).
3. RIMP istheinverse mapping of TNOR and vice versa.

In a forthcoming paper we will investigate which properties of T and m are trans-
lated by RIMP and TNOR analogously to theorems 3.1 and 4.1, respectively. See
aso[1,2,8,15,19-21].

In aforthcoming second paper we will study relations between QL -implications on the one
hand and negations, T-norms, and S-norms on the other hand, following the “ philosophy”
presented in this paper.
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