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Abstract

We introducea graph-theoretical approach to the study
of approximationof non-Booleanfunctionson Booleanal-
gebra. We showthatoptimalinterpolationsof non-Boolean
functionsby Booleanfunctionsare linkedto minimalchro-
maticdecompositionsof graphsattachedto thesefunctions
andwestudyspecialverticesin thesegraphs.

1 Intr oduction

The purpose of this paper is to develop a graph-
theoretical approachfor finding optimal Boolean inter-
polationsof non-Booleanfunctions on Booleanalgebras
(see[10, 9]). Theinterestin non-Booleanfunctionhasbeen
sparkedby work dealingwith theapplicationsof set-valued
non-Booleanfunctions in circuit design[3, 8, 1, 2, 6, 5]
and[4].

Let
���������
	����� ����������

bea Booleanalgebra,where
�

is a set,
	

and
�
arebinaryoperationson

�
calleddisjunc-

tion and conjunction,respectively,
�

is a unary operation,
calledthecomplementationoperation,and

�����
aretwo spe-

cial elementsof
�

, with
������

suchthat the usualaxioms
of Booleanalgebrasaresatisfiedasgivene.g. in [11].

Elementsof
���

, where � � � will be denotedby
capital letters ! ��"#�$�$$ , while elementsof the algebra

�
will be denotedby small letters. Elementary � -tuples,
that is, membersof the set % �����'&�� , will be designatedby( ���)�$�$$

. Booleanfunctionswill bedenotedby small let-
ters * �,+-�$�$$ . Arbitrary functionswill bedenotedby capital
letters: . ��/0��$$$ .

If 132 � and 4)25% ����6& weusethenotation1-7 �98 1 if 4 �:�1 � if 4 �;��$

Note that 4 7 �<� for 4=2>% �����'& . If ! �?� 1A@ �$�$$�� 1 � � 2�B�
and
( �C� 4�@ �$�$$�� 4 � � 2D% �����'&�� , define !5E as the

conjunction1 7F@ ���� 1 7HG� . We have(JI � 8 � if
( �LK�

if
( ��LKM�

for every
( �
K 2N% ����6&�� . Also, if

( ��OK
, we have!5EP! I �>� for every !Q2 �B� .

The binary operation“+” is definedon
�

by 1SR;T �1�T �-	 1 � T for 1 � TU2 � . An easyargumentby induction
on � shows that if V'@ �$�$$W� V � 2 � suchthat VYX�VWZ �D� for�\[^]
�`_�[ � and

]J��a_
, thenb@HcdXec � V X � f@HcdXec � V X $

If ! �<� 1 @ �$�$$W� 1 � � 2 ��� , thenwe denote1 @ 	 1dg 	����6	 1 � by !�hh hh h hh h h . Also, if ! �i" 2 � � , ! �<� 1 @ �$$�$� 1 � �
and
"j�k� Tl@ ��$$$�� T � � , we denoteby !mR " the � -tuple� 1A@nR�To@ �$�$$�� 1 � R=T � � .

Lemma 1.1 Let
�p�q�����i	����r� �����������

be a Booleanalge-
bra.

1. For every !Q2 ��� wehave s Eutlvxwy @iz G !5E �{� .
2. If ! ��" 2 � � , then

� R s Eutlvxw�y @�z G ! E " E �?� !?R"�� hh hh h hh h h .
Proof. Since both identities involve only Boolean

operations,they can be proven immediately by Müller-
LövenheimVerificationTheorem(Theorem2.13from [11])
by observingthat the functionsdesignatedby the expres-
sionsfrom the left andright membersareequalfor all ele-
mentaryvectors

K 2|% �����'&Y� .
It is usefulto notethatthemapping}�~ ���0���B�����p�

definedby } � ! ��"��J��� !�R "B� h h hh h hh h h for ! ��" 2 �B� is a dis-
tanceon

�B�
, in thesensedefinedin [11], p. 313. Namely,



it is clear that } � ! ��"����j� if and only if ! �N" and
that } � ! �i"��J� } �e"#� ! � . It is easyto verify that for every1 � T � V02 � we have1�R=T [U� 1�RaV �A	|� VMR�T �H$
This impliesimmediately} � ! �i"���[ } � ! �
���A	 } �����i"��
for ! �i"��H� 2 � � , which justifiesour observation.

2 The Graph of a Function over ���
Let .�~ �B�|�d��� bea function. Its graph ��� has

�B�
asits setof vertices;anedge

� ! ��"�� existsin �P� if. � ! � R=. ��"����[:� !DR "B� hh hh h hh h h $
To simplify the notationwe denotethe relationdefinedby
thegraph ��� by �o� .

Note that if .�@ � . g ~ ���5�-��� aresuchthat . g � ! ���� R:.�@ � ! � for !�2 ��� and
� 2 � , then � � F � � �6�

because. g � ! � R>. g ��"B��� � R>.�@ � ! � R � R>.�@ �e"����.�@ � ! � R�.�@ ��"�� for every ! �i" 2 ��� . Therefore,it is clear
that several distinct functionsmay sharethe samegraph.
In particular, ��� � ����� , where . �`� ! ����� R>. � ! � for!m2 �B� .
Definition 2.1 Let .9~ �B�5�d�q� beanarbitraryfunction
(not necessarilyBoolean)over the Booleanalgebra

�q��e���
	����� �6��������
.

A Boolean� -interpolationof . is a family of Boolean
functions %Y*o :¡�¢£25� & indexedby a partition � of theset�B�

suchthat for every block ¢ of � , *o  � ! �¤� . � ! � for
every !p2S¢ .

An interpolationof theleastcardinalityis saidto beop-
timal.

Notethateverysetof theform .�¥ @ ��¦� is anindependentset
in thegraph ��� for

¦ 2 � . Indeed,if ! �i" 2�.�¥ @ �`¦W� , then. � ! � R�. ��"B�£�q�{[�� !kR "�� hh hh h hh h h , so there is no edge
between! and

"
. Moreover, if

¦Y��§ 2 � , then the set. ¥ @ �`¦W�n¨ . ¥ @ �e§�� is independentif
¦ R §5[ } � ! ��"�� for

every !p2�.�¥ @ ��¦� and
" 2©.�¥ @ �e§� .

The next theoremis a generalizationof Theorem2.1
from [10]:

Theorem2.2 For everyindependentset ª in thegraph � �
theBooleanfunction *¬«~ �B���d�p� definedby*¬« � ! �n� b® t «�¯° . �e"�� bEutlv,w�y @iz G ! E " Eu±² (1)

is such that * « � ! �n� . � ! � for every !Q2Sª .

Proof. Suppose!m2©ª . Then,* « � ! �n� . � ! ��	 b® t « ¥Av�³ z ¯° . �e"�� bEutlvxwy @iz G ! E " E ±² �
andwe shallprovethat . ��"B� s Eutlvxw�y @�z G !5E " E [ . � ! � .
Indeed,

" 2 ª � %�! & implies
� ! ��"��´�2 �l� be-

cause ª is an independent set, that is, . � ! � R. �e"�� [ � R s Eutlv,w�y @iz G !5E " E . Therefore,s Eutlv,w�y @iz G !5E " E [>� R�. � ! � R�. ��"\�n� . � ! � R�. �e"¤�x� ,
so . �e"�� s Eutlvxwy @iz G !5E " E [ . �e"��A� . � ! � R=. ��"��x�µ���. �e"�� . � ! ��[ . � ! � . Thus, *¬« � ! �n� . � ! � .
Theorem2.3 For every Boolean � -interpolation %Y*   ¡¢^2�� & of a function . , thepartition � is a chromaticde-
compositionof thegraph �P� .

Proof. For every ¢32©� andevery ! ��" 25¢ , we have. � ! � Ra. �e"��n� *   � ! � Ra*   �e"��¶[>� R bEutlvxwy @iz G ! E " E
by Theorem2.1 of [12]. This shows that

� ! �i"B�·�2¸�l� ,
which implies that ¢ is an independentset. Thus, � is a
chromaticdecompositionof �P� .
Corollary 2.4 There is a bijectionbetweentheBoolean� -
interpolationsof . andthechromaticdecompositionsof the
graph � � . Further, if ¹ is a minimal chromaticdecompo-
sition of the graph �P� , then the correspondingfamily of
Booleanfunctions %¬*   ¡\¢º2·¹ & is an optimal interpola-
tion of . .

Proof. This statementfollows immediatelyfrom Theo-
rems2.2and2.3.

The classof functionsthat we discussbelow serves to
show thatBooleaninterpolationsfor non-Booleanfunctions
arenot unique,in general.

Definition 2.5 A function . ~ ��� ��� � is » -
evanescible, where » is a subsetof

�B�
, if . � ! �\��� for

every !Q2�» .

A characterizationof Boolean » -evanesciblefunctionsis
givenbelow:

Theorem2.6 Let
�¼���e���
	����� ��������Y�

bea Booleanalge-
bra and let »¾½ �B� . A Booleanfunction

+ ~ �B�^�d�¾�
is » -evanescibleif andonly if

+-� ( �\[¼� R s�¿ t6À � E for
every
( 2�% �����'&�� .

Proof. Supposethat
+

is » -evanescibleandtake
� 2©» .

Then,since
+A�`���#� s Eut6Á G +A� ( ��� E , we have

+A� ( ��� E ��
, so
� E [m� R +A� ( � . Consequently, s ¿ t6À � E [m� R+-� ( �

, so
+-� ( �¶[L� R^s ¿ t6À � E .



Conversely, supposethat
+A� ( �¶[L� R s�¿ t6À � E for ev-

ery
( 2:% �����'&�� . Then,since

+
is a Booleanfunction we

canwrite for !m2©» :+-� ! �´� bEutlvxw�y @�z G +-� ( � ! E[ bEutlvxw�y @�z G�Â � R b¿ t6À � EuÃ ! E� bEutlvxw�y @�z G Â ! E R b¿ t6À ! E � EuÃ �;���
because! 2m» implies s ¿ t6À !�E � E � !5E , which
shows that

+
is » -evanescible.

Note that if ª is anindependentsetin thegraph � � and*6@ � * g are two Booleanfunctionsthat interpolate . on ª ,
then * @ R;*'g is a Booleanª -evanesciblefunction. Thus,a
Booleaninterpolantof . for anindependentset ª of �P� is
uniqueif s ¿ t « � E ��� for every

( 2|% ����'&Y� .
Theorem2.7 Let .Ä~ �B�����p� bea functionandlet ª be
an independentsetin ��� . For everyBooleaninterpolating
function

+ ~ �B������� for . on ª wehave * « [>+ , where* « is theBooleanfunctiondefinedin Theorem2.2.

Proof. Since
+

is an interpolatingBooleanfunction for. we canwrite
+-� ! ��� s�I tlvxw�y @�z G +-�`K� ! I � . � ! � for

every !p2�ª . Therefore,. � ! � ! E � bI tlv,w�y @iz G +A��K� ! I ! E �Å+-� ( � ! E [^+-� ( �
for every !q2�ª . Consequently, s ³�t « . � ! � !5E [º+A� ( � .Since * « � ( ��� b³�t « . � ! � ! E
for every

( 29% ����'&Y� it follows that * « � ( �5[<+A� ( � for
every
( 2�% �����'&Y� , so * « [a+ .

3 Booleanand Isolated Verticesin Graphs of
Functions

In [12] we extendedthe classesof upper and lower
semi-Booleanfunctionsof one-variableintroducedin [9]
by introducingthe notion of

(
-Booleanfunction for

( 2% �����'&Y� .
For
( 2�% �����'&�� we saythat .k~ ���;�d�O� is an

(
-

Booleanfunctionif . � ! � R|. ��"���[U� R�!5E " E for every! ��" 2 ��� . The next lemmawill allow us to formulate
anotherdefinitionof

(
-Booleanfunctions.

Lemma 3.1 Let
���N�e�)�i	����� �6�i����Y�

be a Booleanalge-
bra, .Æ~ �����d�Ç� , !�2 ��� and

( 2�% ����6&�� . The
followingconditionsareequivalent:

1. !5Eu. � ! �n� !5Eu. � ( � ;
2. . � ! � R=. � ( �¶[U� R�!�E ;
3. . � ! � R=. ��"���[U� R�!5E " E for every

" 2 ��� .
Proof. (1) implies(2): We have !5E � . � ! � R^. � ( �x�¶�!5Eu. � ! � R=!5E�. � ( ���;� .
(2) implies(3): By theVerificationTheoremwith respect

to
"

becausefor
"�� (

condition(3) reducesto (2), while
for
" 2�% �����'&��n� % ( & , condition(3) reducesto theidentity. � ! � Ra. �e"���[L� .
(3) implies (1): By condition(3), choosing

"È� (
we

have . � ! � R{. � ( �=[�� RU!�E ( E �É� R:!5E . Thus,!5Eu. � ! � Rº!5Eu. � ( �)[ !5E�Rº!5E �D� , which implies!5Eu. � ! � R=!5E�. � ( ���;� .
Definition 3.2 Let

�����e���
	����� � ������Y�
bea Booleanalge-

bra. A function .D~ ���|�d��� is locally Booleanat point!m2 ��� if . � ! �n� bEutlvxw�y @�z G . � ( � ! E $ (2)

If . is locally Booleanat ! , thenwe say that ! is a
Booleanpoint of . .

It is easyto seethat all points
K 29% ����6&�� are Boolean

pointsfor . .

Theorem3.3 Let . ~ ���9��� � be a function and let!m2 ��� , where
�L���e�)�i	����� �6�i����Y�

is a Booleanalgebra.!Q2 �B� is a Booleanpointof . if andonly if anyof the
equivalentconditionsof Lemma3.1 are satisfiedfor every( 2|% �����'&Y� .

Proof. Supposethat ! is a Booleanpoint of . . By
multiplying both sidesof the equality(2) by !5E we have!5Eu. � ! �{� !5EP. � ( � , which is the first condition of
Lemma3.1.

Conversely, supposethat !�Eu. � ! �� !5Eu. � ( � is sat-
isfied for every

( 2{% ����6&�� . Then,by taking the join of
theseequalitiesandusingPart 1 of Lemma1.1wehave:. � ! �n� bEutlv,w�y @iz G ! E . � ! �n� bEutlvxw�y @�z G ! E . � ( �H�
which shows that ! is a Booleanpoint of . .

Note that a point !O2 �B� is isolatedin the graph �P�
if andonly if thereis no edge

� ! �i"B� for any
" 2 �B� , or,

equivalently, if . � ! � Ra. �e"���[:� !DR "�� h h hh h hh h h $
for every

" 2 ���0� %�! & . Therefore,thegraph ��� of any
Booleanfunctionis totally disconnected.



Lemma 3.4 Thefollowingconditionsare equivalent:

1. . � ! � Ra. �e"���[U� !DR "B� hh hh h hh h h for every
" 2 �B� ;

2. . � ! � R{. �e"B�a[�� R s Eutlv,w�y @iz G ! E " E for every" 2 ��� ;
3. . � ! � R^. �e"��M[Ä� R^!5E " E for every

" 2 ��� and
every
( 2�% �����'&�� .

Proof. The equivalenceof the first two conditionsfol-
lows immediatelyfrom Part 2 of Lemma1.1. Using the
DeMorganLaw� R bEutlvxw�y @�z G ! E " E � ÊEutlvxw�y @�z G\Ë � R=! E " E�Ì �
weobtaintheequivalenceof thelasttwo conditions.

Theorem3.5 Every isolated point of a function . is a
Booleanpoint of thefunction.

Proof. Supposethat !�2 ��� is an isolatedpoint of. . Then,by Lemma3.4 we have . � ! � R>. ��"���[?� Rs Eutlvxw�y @�z G ! E " E for every
" 2 � � . In particular, taking"�� ( 2|% ����'& � wehave. � ! � Ra. � ( ��[>� R=! E

for every
( 2^% ����6&�� , which is oneof theequivalentcon-

ditionsof Lemma3.1.
If
�

is a finite Booleanalgebrathat has
�

atoms,then¡ ��� ¡ �pÍ�ÎH� . Thus, it is easierto test whether !Ï2 �B�
is a Booleanpoint for a function . thanto testwhether!
is an isolatedpoint in � � (

Í6Î
vs.
Í6ÎH���

tests),especiallyif�
hasa large numberof atoms. In computingthe graph��� , we begin by identifying the Booleanpointsand,then,

determinewhich of theseareisolatedpoints.

Example3.6 Considerthe4-elementBooleanalgebra
�L�� % �������§¬�i§ � &��
	����� � �������� anda function .�~ �?����� . We

saw that
����

areBooleanpoints. We claim
�

is an isolated
pointin thegraph��� if andonly if . �e�l�n�º§ . �e§W�µ� R §W� . �e§� ;
similarly,

�
is an isolatedpoint in ��� if . �,�Y�¤��§ . �e§� R§W� . ��§W�µ� .

An element4 is anisolatedpoint in ��� if andonly if the
all of thefollowing conditionsaresatisfied:. � 4 � Ra. �e�l�Ð[ 4 �. � 4 � Ra. �,�Y�Ð[ 4R ���. � 4 � Ra. �e§�Ñ[ 4R §¬�. � 4 � R=. ��§ � �Ñ[ 4R § � $
It is clearthat 4 ��� trivially satisfiesthe first two condi-
tions. Thus,

�
is an isolatedpoint if andonly if . �e�l� R

Ò
Ò

Ò
Ò§�

§�

�
Figure 1. The Graph ���

. �e§��[D§ and . �e�l� RL. �e§W�µ��[D§W� . Theseconditionsim-
ply . �����,§�B� . �e§�x§W� and . �e�l�,§�� . ��§W���x§ , respectively.
Adding the last two equalitiesyields . �e�l�a�Æ§ . �e§�µ� R§W� . �e§� .

Conversely, if . �e�l���m§ . ��§W�Ó� R §W� . �e§�� , then . ����� R. �e§�n�>§ . ��§W��� R § . �e§��[Å§ and . �e�l� R�. �e§���n�>§W� . �e§� R§W� . �e§W�µ�[�§W� , which shows that
�

is an isolatedpoint. The
argumentfor

�
is similar.

It is not difficult to seethat
§

is an isolatedpoint if and
only if . �e§���?§ . �,�Y� R §� . ����� , hence

§W�
is sucha point

if . �e§W�µ���<§ . �e�l� R §W� . �x��� . Further, if both
§

and
§W�

are
isolated,thensoare

�
and
�
.

Consider, for example, the function . defined by. �e�l�0�Ô� , . �e§����<§ � , . �e§ � ��� . �x�����Q� . Noneof the
verticesof ��� is isolated.Indeed,thegraphof this function
is shown in Figure1.

Sincethegraphis not thetotally disconnectedgraph, .
is not a Booleanfunction; however, the chromaticnum-
ber of this graphis

Í
, becausethe sets ¢ w � % �����'& and¢ @ � % §¬��§W�e& aremaximal independentsets. The Boolean

interpolatingfunctionsare:*  YÕ � 1 �O� . ������ 1 w � w 	 1 @ � @ �Ö	 . �,�Y�W� 1 w � w 	 1 @ � @ ��� 1 �*   F � 1 �O� . ��§�W� 1 w § w 	 1 @ § @ ��	 . ��§ � �W� 1 w �e§ � � w 	 1 @ ��§ � � @ �� § � � 1 � § � 	 1 §�Ö	5��� 1 � §�	 1 § � �� 1 � § � 	 1 � §�	 1 § � � 1 � 	 1 § � � 1 � 	�§ � $
Note that for both ¢ w � % ����6& and ¢ @ � % §¬�i§ � & the inter-

polatingfunctionsareunique.

Example3.7 Considerthebinaryfunction .¼~ � g �d�j� ,
where
�

is thefour-elementBooleanalgebraintroducedin
Example3.6 and . is the binary function specifiedby the



× ×

× ×
× ×

× ×

× ×

× ×
× ×

× ×�������l��e����§W�µ��e§'��§��e§¬�������§W��������e§W�`�i§W����,�6�i§�
�,������

�e����§��e����Y��e§¬�i����e§'��§W�Ó��e§W����§���e§W����§����§ � ��Y��,�6�i����x�6�i§W���.�¥ @ �e�l� .�¥ @ �,�Y�
Figure 2. ��� for the function .�~ � g �d�C� of
Example 3.7

following table: . � 1 � T � � §Ï§W���� � � � �§ �Ñ� � �§W� � � � �� �Ñ� � �
The graph ��� is shown in Figure 2. The Booleanfunc-
tionsthatcorrespondto themaximalindependentsets¢ w �.�¥ @ ����� and ¢A@ � .�¥ @ �x��� are *o  Õ � ! �n�º� and

*   F � ! �´� b��Ø ®uÙÛÚ @ bEutlvxwy @iz G ! E " E� bEutlvxwy @iz G b��Ø ®uÙÛÚ @ ! E " E� bEutlvxwy @iz G ! E b��Ø ®�ÙeÚ @ " E $

A directverificationshows thatb��Ø ®uÙÛÚ @ " Ø w�y w Ù � § �b��Ø ®uÙÛÚ @ " Ø w�y @ Ù � �b��Ø ®uÙÛÚ @ " Ø @ y w Ù � �b��Ø ®uÙÛÚ @ " Ø @ y @ Ù � § � $
Thus,*   F � ! �n� ! Ø w�y w Ù § � 	 ! Ø w�y @ Ù 	 ! Ø @ y w Ù 	 ! Ø @ y @ Ù § � $
4 Conclusionsand OpenProblems

The graph �P� of an arbitraryfunction .p~ �B�Å�d�O�
over a Booleanalgebradefinedin this paperis a tool for
determiningBooleaninterpolationsusing the independent
setsin suchgraphs.An algorithmthatfindsmaximalinde-
pendentsetsusingBooleantechniquesis givenin [7].

If » is a maximalindependentsetand !�2 �B� denote
by
¦ À³ a Booleanvariable,where¦ À³ � 8 � if !Q2©»�

otherwise

Then,the » is amaximalindependentsetin ��� if thefam-
ily % ¦ À³ & satisfiesthesystemof Booleanequations¦ À³ �LÜ % Ë ¦ À ® Ì � ¡�. � ! � R=. ��"����[L� !�R "�� hh hh h hh h h &
for !p2 � � . Suchsystemscanbesolvedusingabranching
technique,as discussedin [7]. We are now developinga
specializedalgorithmthat begins with the specificationof
the non-Booleanfunction in a tabular form andgenerates
themaximalindependentsetsof thegraph�P� .

Graphsof specialclassesof functionssuchasgeneral-
ized Booleanfunctions(see[13, 14, 15]), or chain-valued
functions,etc.shouldalsobeinvestigated.
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