FURTHER RAO-BLACKWELLIZING AN ALREADY RAO-BLACKWELLIZED
ALGORITHM FOR JUMP MARKOV STATE SPACE SYSTEMS

Yohan Petetin, Francois Desbouvries

Telecom Institute / Telecom SudParis
CITI Department and CNRS UMR 5157
9 rue Charles Fourier, 91011 Evry, France
{yohan.petetin, francois.desbouvries}@telecom-sudparis.eu

ABSTRACT

Exact Bayesian filtering is impossible in Jump Markov
State Space Systems (JMSS), even in the simple linear
and Gaussian case. Suboptimal solutions include sequen-
tial Monte-Carlo (SMC) algorithms which are indeed pop-
ular, and are declined in different versions according to
the JIMSS considered. In particular, Jump Markov Linear
Systems (JMLS) are particular JMSS for which a Rao-
Blackwellized (RB) Particle Filter (PF) has been derived.
The RBPF solution relies on a combination of PF and
Kalman Filtering (KF), and RBPF-based moment estima-
tors outperform purely SMC-based ones when the number
of samples tends to infinity. In this paper, we show that it
is possible to derive a new RBPF solution, which imple-
ments a further RB step in the already RBPF with optimal
importance distribution (ID). The new RBPF-based mo-
ment estimator outperforms the classical RBPF one what-
ever the number of particles, at the expense of a reasonable
extra computational cost.

1. INTRODUCTION

Let x,, (resp. y,) be a sequence of hidden states (of ob-
servations) and let us consider the so called JMSS which
can be seen as a hidden Markov chain (HMC) in which
the transition and likelihood pdfs depend on a realization
of a discrete Markov chain (MC) 7,,:

n
p(rO:na X0:m 5 yO:n) = p(rU) H p(rk:‘rkfl) X
k=1

p(x0) [T Frmner ka1, 7e) [ ] ox ralxe ) (1)
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in which p(xy), say, is the pdf (w.r.t. Lebesgue measure)
of X, X0.pn = {Xk}Z:(y fk‘kfl(Xklxkfl, Tk) is the tran-
sition pdf of MC {xy}x>0 given ro.x, and gx(yx|xx) is
the likelihood of y given x; and ;. In a JMSS ex-
act Bayesian filtering is either impossible (in the general
case) or an NP-hard problem (in the linear and Gaussian
case), so one has to use suboptimal techniques [1] [2]
[3]. Among them, SMC methods can be divided into two
classes:
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e The first class approximates pdf p(x,,, ro.n|Yo0:n) by
a set of weighted samples {w?, x¢,, vy, }¥ |, which
is propagated using Sequential Importance Sampling
(SIS). Let

en = /¢(Xn)p(xn|y0:n)dxn (2)

be a moment of interest. Then one can deduce from
{wt,xt, vl N | the following Monte Carlo esti-
mate of ©,, (CL calls for classical):

N
Ok = " wid(xl). 3)
i=1

e The second class relies on the assumption that ex-
pectation

E;D(xn [r0:n,Yo0:n) (p(xn)) = D(ro.n) “)

is computable. According to Bayes rule,

p(Xn, I‘O:n|yO:n) = p(rO:n|y0:n) X p(Xn‘rO:nv yO:n)

so only p(rg.,|yo.n) is approximated by a set of
weighted samples. This solution is known as RBPF
[4] [5] [6]. An estimator of O,, is given by

N
OrP=> " w},a(rf,,). )
=1

One can deduce from an asymptotical analysis and from
the Rao-Blackwell theorem that estimator ORE outper-
forms the classical one @SL [4] [7]. The RBPF is of prac-
tical interest in JMLS, i.e in JMSS where transitions (resp.
likelihoods) fyx—1(Xk|Xk—1,7%) (tesp.  gr(Yr|Xx,7%))
are Gaussian and linear in xj_1 (resp. xx). In such mod-
els, p(X,|ro.n, Yo.n) is computed by KF so @SB could be
derived for a large class of functions of interest ¢.

In this paper we derive a new RBPF algorithm for
JMLS. More precisely, we start from the RBPF with op-
timal ID and show that a further RB step is indeed possi-
ble, at a reasonable extra computational cost. As a conse-
quence, the induced moment estimator outperforms GSB,
whatever the number of particles IV (i.e, our results are



not asymptotical). We next propose an extension of our
algorithm to nonlinear JMSS.

The paper is organized as follows. In section 2, we
recall the classical RBPF for JMLS, then we derive our
new RB estimator in section 3. The variance properties
and computational cost of both estimators are compared
in section 4. In section 5 we adapt our algorithms to JMSS
which are no longer conditionally linear and Gaussian.
We finally run simulations in section 6.

2. THE CLASSICAL RBPF FOR JMLS

Let us consider the following model:

T, 1s a discrete MC (6)
= Fn (Tn)xnfl + Gn (Tn)un (7)
Yn = Hn(rn)xn + Ln (rn)vn (8)

where xg, uy,---,u, and vq,---,Vv, are independent
and independent of rg, - - - , 7,,. We set xg ~ N (my, Py),
u, ~ N(0,Q,) and v,, ~ N(0,R%). So model (6)-
(8) is nothing but a classical linear and Gaussian state-
space system, except that its dynamics (given by matrices
F,.(r), Gn(rs), H,(r,) and Ly, (r,)) depends on the
realization of a discrete MC r,.

As is well known [8] [9], the exact computation of the
filtering pdf is not possible in such models because

= Z p<r0:n |y0:n>p(xn|r0:na yD:n)

To:n

p(Xn|y0:n)

is a Gaussian mixture which grows exponentially with time
n. To cope with this issue, suboptimal solutions have
been developed. The so called RBPF solutions propa-
gate a set of weighted samples {w?,r} }¥  but assume
that E(¢(xy)|ro:n, Yo.n) is computable [4]. We now re-
call their principle.

As in SMC algorithms, the problem consists in propa-
gating recursively the set {w!, r§., }V . According to (5)
we should also compute the moments

{E(é(xn)[rs Yo ) iy = {@(rp) HE0. 9)

This is achieved by using SIS techniques and the KF. Let
us assume that at time n — 1 we have a set of weighted
particles {w;-z—hré:n—l}gil’ with ré:n—l ~ Q(r0!7l—1)’
that approximates p(ro.,—1| yo.n—1). Then one updates
this set of weighted particles as follows:

hd Sample ril ~ q(rn‘ré:n—l);
e Compute

p()’n|3’0:n—1, ré:n)p(rﬂri—l)

q(r7i1|r6:n—1)

i i
w,, 0 W,,_q

with SN wi = 1.

In order to prevent the concentration of the total mass on
few particles, one can resample trajectories {ri. 3N, ac-
cording to weights {w? }~ , then set w?, = 1/N [10] [11].

The optimal sampling distribution g(r,,|r}.,,_;) which min-
imizes the variance of the weights given {r} , ;}¥, and

Yo:n is

p(Yn|y():n71a r(i);nflv T‘n)p(Tn|Tfl,1)

Pl K1 ¥0m) = 4
niomn—l " p(ynlyO:nfh I'(Z):nfl)
(10)

Next, given rg.,,, model (6)-(8) is linear and Gaussian. So
let

p(Xn_1 |r6:n—1a Yo:n—1) =

N (-1 m:z—1|n—1§ P:z—1|n—1)’
where A (x; m; P) denotes the Gaussian pdf with vari-
able x, mean m and covariance P. Then p(y,|yo.n—1,
r).,_1,Tn) is a Gaussian pdf whose moments are given
by the predicted observation mean and predicted observa-
tion covariance of the KF, i.e

P(Ynlyom—1, rf):n—lv Tn) = N(Yn? }N’;(Tn), S;(Tn))a

where

Vu(ra) = Yn— Hn(rn)mi\n—l(rn)’ 1D
va,(rn) = H,(r,) :z\n NG )Hn(rn)T
4+ Ln(r)RUL, ()7, (12)
m;, o (rn) = Fu(r)my_y, g, (13)
;|n71(rn) = Fn(rn)PikuanrTL(Tn)
+ Gu(r)QnGa(ra)”, (14)

p(}’n |y0:n—1 9 ré):n—l) =

ZN(yTL?yzL(Tn))S;)(Tn))p(r“‘ril—l) (15)

In this case the new weights are given by

wi _ w;,1p(}’n|}’0:n717r6;nf1) (]6)

N
" Y oica W 1 P(YnlYom—1,Thp 1)

and thus do not depend on particles {r¢ } ¥, . Finally from
(5), estimator ©ORP deduced from this RBPF is given by

N
> wi(rf,,). (17)
=1

3. A FURTHER RB STEP

We assume as previously that p(ro.,—1|yo:n— 1) is approx-
imated by a set of weighted samples {w? ,,ri, }¥,.
From model (1) we have

Z p(r7L|T7L—1)p(r0:7z—1 |YO:7L—1) X

ro:n—1

p(Xna Tn ‘yo:n—l) =

/fn\n—l(xn|rna anl)p(xnfl |r0:n717 }’0;n71)an71-
(18)



If we plug the Monte Carlo approximation of p(rq.,—1|
Yo:n—1) in (18), we get an approximation p(Xy,, 7' |Y0:n—1)
of p(Xn, 7| Yo:n—1) given by:

Zw rn|r 1) X

/fn\n—l (Xn ‘Tnv Xn—l)p(xn—l ‘Iﬂ(;):n—la yo:n—l)dxn—l

5(Xna Tn|y0:n 1

N(mil—l\nfl 7P;71\n71)
N
= Zw:z—lp(rn‘ﬂz—l)film—l(xmTn) (19)
=1
where

§:L|n71(x7 T) = N(X mn\n l(r); P;,\nfl(r»’(zo)
where mn| 1 (r) and P’ njn—1(r) are respectively defined
in (13) and (14).

Next, according to Baye’s rule we have (here N/’ stands
for numerator):

gn(yn|xn7 Tn)p(xru Tn |y0:n71)
Sor SN (%, ) dxy, '

p(xn> rnlyO:n) =
(21

Plugging (19) into (21) we get an approximation p(X,,, 7' |
yO:n) Ofp(xn; Tn ‘yO:n):

ﬁ(xn: Tn|y0:n) =

N ) . .
Zi:l Wy, _1P(Tn|75 1) gn (YnlXn, Tn)f;‘n_l (Xn,7n)

> SN (%, 7 ) dx,

(22)

Since 9n (Yn |Xn7 Tn) = N(Yn, Hn(rn)xn; Ln(rn)R;}L X
L%(r,)), we have

ﬁ(xna Tn|YO:n) =
SN W p(ralrh N (s 7 (7); SE (7)€L (X 70)

S SNk p(ralrt N (Y 7 () S ()

where y¢ (r,,) and S (r,,) are defined respectively in (11)
and (12) and

) = N(xp;ml,, (ra); Pl (ra), (23)
n‘n (rn) = g, (rn) + K, ()5 (), (24)

) = (T= K, (1) Hp (ra)) P, 1 ()(25)

Kn(rn) = P;L’L‘TL—I(T")HZ;(TTL)S:L(T") L(©6)
Finally, setting forall 1 <7 < N

wiz(“t) = wzz—lp(rnlr;—1>N(Yn§S’;(Tn>§ S%(Tn))’
27

we get a new estimator ORB~2 of ©,, given by

S SN wh (1) @ (T 1, )
S S wi ()

One can next derive the approximation of p(ro., |yo.n)
for the next iteration by using the optimal ID (10), since

p(Yulyom—1, r%):nflv ) and p(yu| Yo:n—1, r%):nfl) have
already been computed.

Che (28)

4. DISCUSSION

4.1. Properties of ORB—2

Let us now compare the conditional mean and variance of
GRB and @RB . From (16), E(@RB|{rO e 1IN Yom) =
N
die1 w;, Z’r‘n D, (rh1,7n) X P(rn|Thp 1, Yom). Ac-
cording to (16) and (10)
w?ﬂ X p(rn|r(i):nfl7 in’ﬂ)
wi("ﬁ)

Wl 1 p(ralri_)p(YalYom—1:Thm_1,7n)
N
Zi:ern N (rp, %n)
U),fl(’/'n)

N P
D1 Zrn wi, (7n)
where w¢, (1) is defined in (27). So
E( RBl{rO n}z 1, Yo: n) =
On the other hand, let us remark that
var(OF5 2 {ro; -1 1y yon) = 0. (30)

Consequently, removing the dependence in {r{.,,_;}Y
which have been sampled according to the same distribu-
tion for both estimators, we have

E(éSBb’On) = E(éSB_2|yO:n)'
Applying the RB equality:
var(X) = var(E(X|Y)) + E(var(X]Y)),

ORB-2 (29)

to (29), we get var(OFB|yg.,.) = var(@RB-2jy, Y+
E(var(©8B|{ro.,_1}Y 1, ¥0m)|Yom). In conclusion our
RB estimator @5]3’2 outperforms the classical one (:)5B
recalled in Section 2 since both estimators have the same

mean but the variance of ©RB=2 is lower or equal to that
of ORB,

4.2. Extra computational cost

The counterpart of this variance reduction is that it in-
volves an extra computational cost. However this extra
computational cost is not prohibitive, as we now see. Re-
member that computmg ©RB-2 jnvolves the computation
of {wi (r,)}XN; and {®,, (I‘O:nil, 7,) } X, for all different
values taken by r,,.

First, observe that both estimators need the compu-
tation of (11)-(14). The only difference comes from the
computation of {®,,(r}.,,_1,7,)}Y; which has to be done
for all r,, in the case of our estimator (?)EB —2, but only for
the new sampled particle 7%, in the case of the original esti-
mator ORB. However, the computation of ®,, (th.p1s7Tn)
is just given by the KF which has been partially computed
in (11)-(14). So if one needs to compute ®,,(r}.,, 1, 77)
forall 7, 1 < ¢ < N and if K is the possible number of
values taken by r,, our RB solution involves the computa-
tion of 3 x N x (K — 1) extra equations, see (24), (25)
and (26). However, if ¢(x,,) = X,, only the computation
of (24) and of (26) is necessary.



5. EXTENSION TO NONLINEAR JMSS

Our new RB estimator was developed for JMLS and does
not need any additional assumptions as compared to the
original RBPF [4]. In a nonlinear model, it is no longer
possible to compute w?, (r,,) and ®,,(rf.,,_, ry) for all i,
1 <7 < N. However, remember that their computation
relies on the KF. So if given r,, non linearities are not too
severe, it remains possible to compute our further RB esti-
mator ©FB~2 using well-known approximate techniques
such the Extended KF (EKF) or the Unscented KF (UKF)
[12].

Now, if nonlinearities are severe one needs to adapt
our RB methodology to the first class of SMC methods
for JMSS, see section 1. Remember that in this case we
do not compute P, (ry.,,) but rather look for propagating
an approximation of p(Xy, ro.n|Yo:n) [4] [13]. Let us as-
sume that the set {w?_,rd.,_1,x%_1, Y, is a discrete
approximation of p(X,—_1,%0.n—1|y0:n—1). We next fol-
low the approach of Section 3. If we inject this discrete
approximation in (18) and incorporate the new observa-
tion y,, (see (21)) then we get an approximation p(x,|
Yo:n) (or Slmply ﬁn\n) Ofp(xn|YO:n) given by

N )
- Zr,,LZizlw:L (Tn)p(xn|xiz—1 yYn, Tn)

Pn|n (Xn): Zrnzl{\lew% (’I"n)

(3D

where
Eiz(rn) = w;—1p(rn‘ril—1)p(yn|x;—1vTn)v
p(Yn|Xn—17rn) = /gn(Yn|XnaTn) X

fn\n—l(xn|xn—17 rn)dxru

In (Ynl%n, rn)fn|n71(xn

Yn,Tn)

P\Xn|Xn—1, , T =
( n‘ =1 Yn n) P(Yn|an1,7"n)

So an RB estimator of ©,,is given by:

@Rsz _ Zi]ilzrnw%(rn)E(d)(xn) IXn—1,¥n,"n)
n N — .
Zi:er"wn (Tn)
(32)

The computation of (:)EB*2 for nonlinear JMSS requires
those of p(y %1, ) and E(@(x,)| X1, ¥, 7). Let
us now discuss on some approximation techniques when
these terms are not computable.

e One can approximate p(y,|Xn—1,7,) and the first
order moments of p(X,|Xn—1,Yn,7n) by using lo-
cal linearizations or the Unscented Transformation
[12], and next compute an approximation of OFB~2,
In the first paragraph of this section, we proposed
approximations based on these techniques. Con-
trary to the first paragraph where they were used to
run an EKF/UKE, here they are just used to compute
an approximation of the estimator, and we do not
propagate this approximation in time. The advan-
tage is that we avoid to propagate numerical errors
in time.

e The product

A, = p(rn ‘rn—l)p(}’n |Xn—1a Tn—l) X
E(o(xn)[Xn—1,¥ns7n) (33)

can be rewritten as
An = p(rn|Tn—1) X

/ (b(xn)fn\nfl (xn|xn—17 T'rz)gn (YTL|X7L7 rn)dxna

(34)
so if p(Yn|Xn—1y Tn—l)E((b(Xn)‘ Xn—1,Yn;, Tn) is
not computable, then one can sample x> ~ f,1,—1
(Xn|x¢,_,7,) for a given r,,, and approximate the
RB estimator ORB~2 by

@)RBAS _ Zf—V:ern @L(m)qﬁ(xz) .
" SN S, @ ()

(35)

where

@ (r) = p(ro|rt_1)gn(ynlxim ' rn)  (36)

which are now computable whatever the considered
model. Contrary to the classical SMC methods for
nonlinear JMSS where we sample {x?, 7%}V | [4]
[13], we have just sampled {x7*}¥ , for all r,, to
compute an estimator of ©,,.

6. SIMULATIONS

We compute the empirical mean square error (MSE) at
each time step, averaged on P = 200 simulations, and
defined by MSE(n) = L >0 |64 — ©7|%. Here |||

is the euclidean norm, @% is the true mean at j-th realiza-
tion computed by a PF with N = 10° particles, and @fl In

denotes either the estimate of ©/, computed by the RBPF
with optimal ID or by our algorithm.

We test our algorithm for JMLS. We track a maneuver-
ing target described by its position and velocity in Carte-
sian coordinates, X, = [Pz, Pz, Py, Pyl - The model is de-
scribed by equations (6)-(8); mode r,, represents the be-
havior of the target (straight, left turn or right turn) and
parameters of the model are

1 sin(w, T 0 — 1—cos(w,T)
Wy Wy
0 cos(w,T) 0 —sin(w,T
F(T) = l—ccgs(er)) sin(LETT) ) ’
0 —— 1 —o
0 sin(w,T) 0 cos(w.T)

(1 0 0 O B 1 B
H—{O 0 1 0],Wherewr—0rad.s whenr =1,

w, = 3m/180rad.s"! when r = 2 and w, = —37/180
rad. s—! when r = 3, G (1) = Lixa, L (%) = Iaxa,

= Z 0 0
i 0 0 2
2 |7 o:
Q:Uv (2) 0 T3 %2 andR:(O 0'5)
o o L T



We set T = 2s, 0, = 3m?/sec® and 0, = 0, = 10m.
The Markovian transition probability is p(r|ri—1) = 0.4
if rp = rip—1 and p(rg|rg—1) = 0.3 otherwise. A realiza-
tion of the target tracking scenario is displayed in Fig. 1.
We compute OFB and ©ORB~2. Since both algorithms are

0

T
—True Track
-©-Estimated Track (RB-2 estimate]

-2001

400+

1%

-6001

-8001

y-coordinate (p, )

-10001

-12001

_ . . . . . .
14—0900 -50 0 50 100 150 200 250
x-coordinate (p,)

Fig. 1. Target Tracking Scenario - Jump Markov Linear
Model

computationally intensive (a KF is run for each particle),
we just take 100 particles and we perform a resampling
step at each time step. Results are displayed in Fig. 2(a)
and as expected ©FB~2 outperforms OFB. As we see, the
gap is important. This is because we use few particles and
because the Markovian transition probabilities are close.
Indeed, remember from (29) that

RB ?= ( RB|r0n layOn)

Z (I)n (r6:77,—17 Tn)p('f'n |r6:n—1 ) yO:n)’

Tn

\\Mz

in which p(rn|r6m_1, ¥o:n) is the optimal ID in (10). So
for each i, (:)RB is the estimator built by sampling one par-
ticle 7%, ~ p(rp|r., 1, yom), whereas ORB=2 uses the
mean of ®,,(r}.,,_1,7n) according to p(ry, |r0 1, YOun)-

So ORB-2 will really outperform OFB if the a posteriori
distribution {p(7,|r{.,,_1,Y0:n)}r, is almost uniform for
all 1 <4 < N. According to (10), this can happen when
p<yn‘y0:n717 r%):n—lv 7an) and p(rn‘rfz—l) do not depend
too much on r,,, i.e. when the dependency of the model in
MC {r,} is weak and the Markovian transition probabili-
ties are close.

In paragraph 4.2, we discussed on the extra computa-
tional cost for @RB 2. It is thus of interest to take into ac-
count the computation time. So we compute the efficiency
for both estimators at each time step defined as [14]

1

() = SisEmEC )

(37
where C'(n) is the CPU time to compute both estimators.
The efficiency is displayed for 10 < n < 50 (for smaller
values of n, the efficiency of OFB~2 is approximately
10°) in Fig. 2(b) and indeed we see that ORB~2 is of
practlcal interest since its efficiency is greater than that of
@RB
Let us now compare ©FB~2 computed with Ny = 50
particles to the the classical RB estimator OFP computed

T T T T T T T
s —&—RB estimate 4
—RB-2 estimate|5

. . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50
Time

(a)

T T T T T T T
—=- RB efficiency
6 — RB-2 efficiency| |

~
T

Efficiency

. . . I FE = Nialan
10 15 20 25 30 35 40 45 50
Time

(®)

Fig. 2. MSE (a) - Efficiency (b) - JMLS - Close Marko-
vian transition probabilities - N = 100 ¢(x,) = x,,

with Ny = 200 particles. MSE and efficiency are dis-
played in Fig. 3. With 50 particles only OFB~2 still out-
performs (:)RB even if the gap is weaker in terms of MSE.
However, this is corrected by the computational cost since
we used less particles to compute ORB=2. As we see in
Fig. 3(b), the efficiency is not responsive to the decrease
of the number of particles.

We next increase the dependency of the model in {r,, }
by setting w, = 87/180rad.s~! when r = 2 and w, =
—87/180 rad.s™! when r = 3, and we take more dis-
persed transition probabilities by setting p(rg|ry—1) =
0.6 if ri = rg—1 and p(rg|ri—1) = 0.2 otherwise. Results
are dlsplayed in Fig. 4 and as expected the gap between
ORB-2 and OFB g less important than in the previous
simulation. However, (:),P;B_2 remains more efficient than
OFB a5 we see in Fig. 4(b).

7. CONCLUSION

In this paper we derived a new RB estimator of a moment
of a function of interest in JMLS. We proved that this esti-
mator is actually an RB version of the already RB estima-
tor with optimal ID, and as such outperforms the original
estimator. We discussed on the extra computational cost
needed by our approach, and we extended our algorithm
for nonlinear JMSS. Our approach was finally validated
by simulations.
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