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from sourcek to samplei. They are expressed in
ugim3.

ABSTRACT

Non negative matrix factorisation (NMF) coupled to di-
vergence measure has been investigated in the frame of an
application to polluant source identification. It relies on
receptor modelling which considers the data matrix as the
result of cumulative effects of p sources.

NMF aims at finding a contribution matri& and a pro-

file matrix F' by minimizing a specific cost function. The
focus is made here on the Kullback-Leibler divergence
(KL) cost function. Linear equality constraints are incor-
porated into parts of the decomposition and general mu-
tiplicative like expressions, which take into account thes
constraints, are derived.

This method is applied in the frame of source apportion-
ment of particulate matter.

e Fis apx mmatrix of profiles. The general terff,
corresponds to the percentage of i chemical
specie coming from sourde

e F is then x m error matrix in ngi?3, whereFE is
assumed to be log-normal distributed matrix.

Non-negative matrix factorizations depend on the cost-func
tion used in order to measure the dissimilarity between the
initial data X and the producGF. Lee and Seung [10]
has studied two of the most popular cost functions, the
Frobenius norm and the Kullback-Leibler divergence.

In environmetrics, measurements are corrupted with
a wide range of uncertainties. Ho [4] proposed an effi-
cient way to incorporate a weight matrix which enables to

1. INTRODUCTION

Non-negative matrix factorization (NMF) is a well known
algorithm used in blind sources separation [11].

The method is based on the approximation of non-negative.

data matrixX by the product of two non-negative matrices
G and F'. Equation (1) called receptor model expresses
the error between the data and the approximated product

X=GFoE 1)

where the operatar is element wise product and :

e X stands for then x m data matrix. In the case of
environmental studiesy involves chemical species

lower the effects of large uncertainties. Up to now, few
works have been done in the field of constrained NMF.
The specificity ofG and F' enables to include for exam-
ple orthogonality constraints [7] or sparseness congsrain
[6]. Concerning our approach, we propose to define linear
equality constraints directly on some components of the
profile matrix and to take them into account in a Kullback-
Leibler divergence cost function. The aim of this paper
is to derive general rules for constrained weighted multi-
plicative NMF (KL-CWNMF). This matrix factorization

is applied in the field of source apportionment in order to
identify airborne particulate matter sources and thea-rel
tive contribution.

concentrations for all samples. They are expressed

in ng/m?3. Each element;; accounts for the con-
centration of the}* chemical specie coming from
the " sample.

e (G stands for the x p contribution matrix. The gen-
eral termg;; is referred to the mass contributions

2. KULLBACK-LEIBLER NMF

Divergence is similar to distance in the sense that it checks
positivity. Unfortunatly, triangle inequality and symmet
property are generally not satisfied.



2.1. Kullback-Leibler divergence C(H)=Dy(z || Gf) =, wi(z; 10gl’i—$i+zj Gijfi—

il G fi) (B
Kullback-Leibler is widely used in information theory and  —*° 25 Giili) @)

probability. It is used as an information gain, relative en-
tropy or an information divergence [8]. At the beginning, This partial divergence is approximated by the following
it measures the difference between two probability distri- auxiliary function which is a majorant function of the cost
butions and it has been generalized to evaluate the differ-C(f) (3):
ence between two non negative vectpeandg.
H(ff5) = S, w;[z; log ; — a5 Giifi
D(p | a) ZZ(polog(g)—erq)i ) %jfk[ ¢ +29Gijffj
wherei is the index of the resulting vector inside brackets — Zj m(bg Gi,;fj —log m)] (4)
and the operatos is element wise product wheregsis
element wise division.
Some basic properties are recalled: The majorization-minimization theorem implies thfAt+*
D(p”q)ZO:>p=q checks :

D(p |l q) # D(q| p)
Itturns out from these properties that a specific divergence C(f¥) > min(H(f, f*)) = H(f**1, f%) > C(fF)

has to be minimized. (5)
So, minimizingH instead ofC' ensures that the cost func-
292 Classical NMF tion C is decreasing according to iterations. This mini-

mization with respect tg leads to solve:
Matrix factorization is often used to search parts based .
decomposition. It have been extensievely studied in the 2IL — 5~ ), G; ; — J;Ta > wﬂ:i% =0
literature, pca and singular value decomposition may be ’ ! 21 Guthy
some of the classical examples. NMF requires in the con-and the minimum is given by:
trary, the positivity of all of its components. It emerged in FrL = J;k o (GT oW
the 90s under the name PMF, then it has been more widely_, C’; w g (Gf t)) cound b _ her all
used with the work of Lee and Seung [10] in 1999 where e whole update may be found by putting tpget era
they defined two classical cost functions: The Frobenius the columns of th? prpﬁle matrix. Thg same thing may be
norm and the Kullback-Leibler divergence. They were the done for the contribution matrix G [4]:

first ones to propose the update rules called multiplicative F (X o W)
NMF updates. Other technics may be encountered such as F= arw °© ( (GF)) (6)
ALS or projected gradient [11].

G = GTO((WOX)FT> )
2.3. Theweighted KL-NMF WEF (GF)

TO our knOWIedge, the We|ghted NMF associated tO KL 2.4. &)'V”’]g an equa“ty constrained NMF prob'em
divergence has only been developped by Ho [4]. Main re- . _ _ _

sults are reported below. Practically, profiles recovery is never completely blira. |
The data matrix factorization leads to minimize the appro- SOme cases, information on components are available and

priate divergenc®y, (X || GF) with respect ta3 F such some values can be set to zero if some species are absent
as: from a source profile. This kind of knowledge should be

included as constraints in our algorithms. Up to now and

_ [X] N to our knowledge, no contribution supports weighted cri-
Dw(X | GF) = Z[Wo (Xelog [GF) X+GF)ig teria with constraints.

,J
() _ . '

where, X oY and<* account for respectively component-2.4.1. Introduction of equality constraints

wise product and element-wise division between two ma-

trices Linear equality constraints on the profile matrix are solely

taken into account. They simply reflect the presence or
. . _ : ol absence of some compounds in a source profile. In the
_W is the welght matnx_ defmed. bl = 20 where contrary, no knowledge on the contribution matéxis
> is the uncertainty matrix associatedXo provided.
The proof below is only devoted to the search of the e global formulation of equality constraints is done

profile matrix . The divergence is split into partial di-  through two matrice§ (p x m) and® (p x m):
vergences with one column d@f, )W and X respectively

denotedf,w andx. The divergence in (2) is the sum of FoQ-®=0 (8)
partial divergences of vectoisandG f:
Q is a binary matrix reflecting the presence or absence of
constraints on the source and the species :



1
0

if F;; has to be set.
otherwise.

Qij_{

9)

minap Dy (X — GB||GAF) = X — G® ~ GAF

& is the matrix of set values. Some profiles may be set to It may be seen that both minimizations lead to an approx-

zero or to a positive value.

Let ¥ be thei!” column of the F matrix and, be
thei*” column of the® matrix. Let alsoM; (I, x p) be
the constraint matrix issuing from tfi& column of the2
matrix containingl; constraints. It checks the following
relation :

M;fi —6;=0 (10)

whered; is the extraction of set values issued fram:
M;p; —0; =0
ande; is thei*” column of thed matrix.

imated factorization. We chose to develop the second one
under the principle that the unknowns remains in the sec-
ond part of the divergence. We focus on a column of the
data since the divergend@y, (X — G®||GAF) may be
split into partial divergences.
For sake of simplicity, the column indexis dropped in
next equations.

Let x be a column of the data matrix, one column
of the ® matrix, A f one column of theA F' matrix where
AF=F — .

LetU = GT and

For example, a 5 sources and two constraints case wherey, — (3, — (Gy);) log(z; — (Gy);)

the2"? and the4* component are set to values :

][Jﬂ:[

Let Span(T';) be the supplementary space to the rows of

80

01 0 00
30

}(11)
0 0 0 1 0

M; such that ran %ﬁ =p.

Iyis (p x (p — I;)), it checks the following normalization
Olix(p_li)

relation :
{ Tp—1:)x (p—1)

Let us consider the vectorial form of the model restricting
to the search of one column of the profile matrix. Equa-
tions (10) and (12) show that a column of the profile ma-
trix may be expressed :

M;L'; =

I7T, = (12)

fi =i +140;

wheref; is (p — I;) x 1 vector of free parameters.

This is the general form used for solving constrained prob-
lems in next sections. We shall use also the following for-
malism A F' for matrix or A f; for the associated column
vector :

Afy=fi —

(13)

Vi or AF=F—-9® (14)

2.4.2. KL-CWNMF formalism

We try in this section to extend the approach to the case

of Constrained weighted NMF. In the case of Frobenius

Bi =T; — (G(p)i Ci = Zj Umﬂj

andD; = (z; — (Gy)i)log(3_; Ui ;05)

The partial divergence of one column vector may be ex-
pressed :

Dy(z—Gy | UO) = w;[4; — B; + C; — D] (15)

Let:

_ Ui ;05
E; = (xi_(G@)i) Zj S, Ui 0F
Using the property that- log X) is convex, the majorization-

minimization theorem enables to define a majorant func-
tion that checks the property ( 5):

Ui, ;0% )
Ez UMGZ‘"

(log U; ;0;—1og

H(0,0%) =Y w;[A;— B+ Ci —E;]  (16)

Free parameters are gathered in ¢heector so that the
minimization has to be made with respecttderivating
with respect td@; leads to:

ok Us; s
=2 williy — g- 3 wilwi — (Ge)i)splgr =0
Putting together the unknown parameters:

fé‘rl _ > wili .
07 Cwi (i —(Go)s %]
£ wili—(Go)i) oy

Rearranging into a vectorial form:

)

ComputingA f for thei** column of the profile matrix,

1 o (z—Gyp)ow)
0" = gy o (UTW

norm, the work has already been investigated by Delmairedenoted from nowA f;, leads to multiply each terme by

[1]. Usually, the Kullback-Leibler divergence is related t
the data matrix and the unknown matrix factorization. The

second part of the divergence is generally devoted to un-

known variables.
Equation (14) enables to write an approximated formu-

lation of X — G® so that another minimization may be
investigated:

I'; (the column index is from now taken into account):

_ _OfF

k+1
Af; T IO GTuw;

7T T (2=Gp)ow)
o (1“11“1. G NG

) an

Given thatl;,T'? = diag(1,x1 — w;), with w; thei" col-
umn of the(2 matrix, it may be noticed that this operator
only selects active components among the profile vector
in (6). The previous expression may be summarized into
matrix formulation :



AV

Wo (X — GO)
GTW oG

k+1
AR = GAFF

o(1-9Q)
(18)
and the following update of the profile matrix F is:
F_(I)O(I—Q)o [GTWo(X—Gé)}
(19)

GT™W G(F — )
In order to prevent divisions by 0, the previous expression
may be modified according to the following one :
F-9 7 Wo (X —GP)
GTW GF—2+¢€Q)

It may be noticed thatX — G®) are considered as equiv-

F—®«—

F—& oﬂ—Qﬁ{G } (20)

A number of 92 valid samples corresponding to air-
borne particles with size lower than 1@ were consid-
ered. Sampling was performed under various meteorolog-
ical conditions so that particles could be collected under
the influence of several emission sources. The chemical
composition of samples was determined focusing on metal
elements (Al, Ca, Cr, Cu, Fe, K, Mg, Mn, Na, Ni, Pb, Sn,
Ti, V, Zn) and ionic species{l~, NO3, SO;~, NH}").

A previous work dedicated to the identification of poten-
tial sources [1] enabled to identify source profiles con-
tributing mainly to the atmospheric particulate backgmun
sea salts, aged sea-salts, secondary inorganic aerodols an
crustal particles. Their respective profiles were in good
agreement with results from literature [2] [12] [5]. 5 in-
dustrial expected sources are considered: blast furnaces,

alent data, as a result, it has to be non negative, otherwisesteel slag, ores sintering plant, sintering chimney and fer
the negative component has to be replaced by 0. Practifomanganese plant.

cally, the case is very rarely encountered. It turns out also
that if the initial valueAF° is positive, thenAF* is al-
ways non negative.

2.5. Summary of the algorithm

Non negative matrix factorization is an iterative algamith

To sum up,X is made with 92 samples and 19 chemi-
cal species(y is a 92 samples and 9 sources matrix &hd

is a 9 sources and 19 chemical species matrix.

Moreover thed  matrix involves uncertainties provided
by chemical analysis methods.

Our first tests concern the Kullback-Leibler weighted NMF

based on the successive estimation of the contribution ma-(KL-WNMF) without equality constraints.

trix G with a fixed profile matrix F and then the estimation
of F with a fixed G. The iterative procedure is outlined be-
low:

¢ While the stoppping rule is not checked

{

Check for positivity of X — G®) and project it if neces-
sary

Search for F at constant G

Search for G at constant F

Normalizing F and G}

At the end of every iteration, a normalization step is ap-
plied to the rows of the profile matrix F. The contibution

matrix G is then updated to keep unchanged the product

GF.

3. INDUSTRIAL SOURCESIDENTIFICATION BY

NON NEGATIVE MATRIX FACTORISATION

The application proposed in this work concerns a series of
airborne particulate matter sampled from a coastal city in

Northern France close to an integrated steelworks (Figurel

Fig. 1. Location of the area under study: Dunkerque -
North of France

—WNMF

Al Ca Cr Cu Fe K Mg Mn Na Ni Pb Sn Ti VvV 2n Cl NO3SO4 NH4

Fig. 2. Secondary inorganic aerosols

The KL-WNMF applied to our data allows us to rec-
ognize some sources such as sea salts, aged sea salts and
the secondary inorganic aerosols. The latter are typically
identified by the presence d¥O; SO3~ and NH,
(Figure 2).

Sources profile
500 — — T

[ Jcase KL-WNMF

ng/ug

Hm+ﬁ“‘m‘ﬁﬁﬂ+%

I
Al Ca Cr Cu Fe K Mg Mn Na Ni Pb Sn Ti V 2Zn Cl NO3SO4 NH4

Fig. 3. Intermediate profile between crustal source and
blast furnaces-steel plant source.



However, results of the algorithm are ambiguous in
the case of extra profiles coming from industrial emis-
sions. According to experts, some profiles do not show ——— el
the source separation. For instance, Figure 3 shows a pro- soof '
file in which the separation of crustal particles (natural
emissions) and blast furnaces-steel plant source (iridustr
emissions) could not be obtained. The contribution of the ]
industrial source is evidenced in this case by the amount £
of Fe, Ca and Zn much higher than the one expected for

T
[ case KL-CWNMF

500 4

the crustal source. The same ambiguity is noticed with ]
other profiles. ]
The use of constraints appears as an interesting way e
ol i .

to get better fits for profiles compared to characteristics A Ga G Gu ke K Mg Wm Na N Pb sn TV 70 G NO3So4N
known for emission source samples. The next step of our
tests is to add some equality constraints to our algorithm.
As previously mentioned, the four sources contributing
the particulate background are in agreement with litera-
ture results so that we have considered that their profiles  The profile of figure 5 is characterized by the presence
could be considered as known. of a large amount of calcium and the presence of iron,

The © matrix specifies which elements are fixed to aluminium, manganese and magnesium. This profile can

some constraints. In this case, corresponding cells are seP€ ascribed to particulate matter from steel slags emitted

Fig. 5. KL-CWNMF: Steel slag profile

to 1 (table 1). in the form of fugitive emissions.
Sources profile
Table 1. © matrix e
AlCaCrCuFe KMgMnNaNiPbSnTiVZICI~ NO, SO~ NH]
1111111 11111111 1 1 1 1 or 1
1111111 11111111 1 1 1 1 00l J
1111111 11111111 1 1 1 1
1111111 11111111 1 1 1 1 500 1
TO0000001011110 1 1 0 1 £ o] ]
0001010 01010001 1 1 0 1
0000010 01010001 1 1 1 1 ]
0000O0OO01 00101010 O 1 0 0
000O0O0O11 01101010 1 1 1 1 2008 ‘ : ! o 1
100} B . . L H 4
The zeros in thé&) matrix corespond to elements for ol L e L
. . . | a r u e g Mn Na Ni Pb Sn Ti V Zn CI NO3SO4 NH4
which estimates are computed by the algorithm.
oo sowespome Fig. 6. KL-CWNMF: Ores sintering profile

I [ Jcase KL-CWNMF

800 : : : 4

The profile described on figure 6 shows a large amount
of Fe, Ca, Al and Mg and small quantities of Mn, K and
Na. This can be attributed to fugitive emissions due to
handling of the sintered ores inside the steelworks site.

700 4

nglug

300 4

200(- R Sources profile

T T R R =i =T 1

250 4

. . 200 4
Fig. 4. KL-CWNMF: Blast furnaces - steel plant profile z

According to chemical composition data available for ool ; , , , |

reference samples of industrial particulate emissions [9]
[3], each source may be recognized from the relative abun- H M (
dance of elements and ions appearing in profiles. The first o= e L W T T

industrial source profile given in figure 4 is characterized

by a high amount of iron and in lower proportions cal-

cium, zinc and manganese. Such features are encountered  Fig. 7. KL-CWNMF: Sintering chimney profile

in the case of particles emitted by blast furnaces or by the

steel plant, these two sources showing similar profiles. The profile of figure 7 corresponds to the sintering



chimney point source. It is characterized by the pres- [3] Hleis D. Evaluation de la contribution @missions
ence ofCi~, K, Fe, Ca,NH; and Pb. From figures sidrurgiquesa la teneur en particules en suspension
6 and 7, it can be noticed that compositions of particu- dans I'atmosphré uneéchelle locale, Thesis, Uni-
late from the ores sintering either as fugitive emissions or versié du Littoral GBte d’'Opale, 2010.

point source emissions unit are different. The separation[

of both sources appears to be clearly obtained. 4] Ho N-D. Non-negative matrix factorization algo-

rithms and applications. Thesis from Ecole Polytech-
nigue de Louvain, 2008

[—Jcase KL-CWNMF

asol - ] [5] Hopke P.K. Theory and Application of Atmospheric
aool ] Source Apportionment, in Developments in Environ-
sof o ] mental Science, Volume 9, Edited by A.H. Legge, El-
1 sevier, Ltd., Burlington, MA, pp. 1-33, 2009.

E , [ [6] Hoyer P. Non-negative matrix factorization with
| sparseness constraidournal of Machine Learning
] Research1457-1469, November, 2004.
T o [7] Jiho Y. and Seungjin C. Nonnegative Matrix Fac-

I — L L |
Al Ca Cr Cu Fe K Mg Mn Na Ni Pb Sn Ti V 2Zn Cl NO3SO4 NH4

torization with Orthogonality Constraint®ournal of
computing science and engineeringpl. 4, no. 2,

Fig. 8. KL-CWNMF: Ferromanganese alloys profile pp.97-109, June, 2010.

[8] Kullback S. Information Theory and Statistidsdew
Moreover, the ferromanganese alloys emissions may  York .Courier Dover Publications997.

be easily recognized (figure 8) with the presence of the
Mn. Ee }(/:a an Al and(Pgb ) P [9] Laversin H. Traceurs et formes chimiques du fer

dans les particuleémises dans I'atmosphe depuis
un site si@rurgique: Etude spectroscopique et car-
ackrisation de comp@s de eférence et de particules
collecées dans I'environnemerithesis from Univer-
sité du Littoral Gbte d’Opale 2006.

Finally, identification without equality constraints pides
ambiguous results due to mixture of multiple sources while
constrained NMF algorithm enables to identify sources
correctly.

[10] Lee Daniel D. and Sebastian Seung H. Learning the
parts of objects by non negative matrix factorization.
4. CONCLUSION Nature vol. 401, n 6755, pp. 788-791, 1999.

. L . . . ) [11] Lin. Chih Jen. Projected Gradients Methods for
This article is devoted to the introduction of simple linear Non-Negative Matrix FactorizatiorNeural Compu-

equality constraints into the NMF algorithm. Particularly tation. vol. 19, n 10, pp. 2756-2779, 2007.
the focus is only made on the weighted KL divergence. ’ ' ’
Then, general mutiplicative rules are derived (20) which [12] Ten-Harkel M. J. The effects of particle-size distri-

enable to directly update the profile matrix and the contri- bution and chloride depletion of sea-salt aerosols on
bution matrix (KL-CWNMF). This technic is used in the estimating atmospheric deposition at a coastal site.
frame of particulate matter source identification. Tests ar Atmospheric Environmenvol. 31, n 3, pp 417-427,

made on the available data with and without constraints. It 1997.
turns out clearly that constraints enable a better ideatific

tion of source profiles which are in good agreement with [13] Viana M., Kuhlbusch T. A. J., Querol X. and
chemical literature. Alastuey A.. Source apportionment of particulate

matter in Europe: a review of methods and results.
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