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Abstract—In this paper, we consider joint iterative equalization
and channel estimation for TDMA systems over a frequency
selective, quasi-static fading channel. We assume a slowly varying
channel impulse response from one burst to the following one.
We modify the maximum a posteriori (MAP) criterion by taking
into account an a priori channel estimate obtained from the burst
preceding the one processed. Assuming that the receiver knows
the channel statistics, we propose to use the EM (Expectation-
Maximization) algorithm for a joint iterative equalization and
channel estimation. During each iteration of the receiver, the
EM algorithm reestimates the channel by using the a posteriori
probabilities (APP) available at the output of the equalizer. The
algorithm we propose has linear-time complexity per iteration.
Simulations show that our MAP receiver reaches the performance
of the MAP equalizer with perfect channel knowledge after a
few iterations, for high SNR and for small values of normalized
Doppler spread. They show also that our receiver outperforms
the MAP equalizer that uses a channel estimate obtained by using
a training sequence.

I. INTRODUCTION

In most practical wireless communication systems, the
receiver requires an equalizer, whose task is to detect the
transmitted symbols in the presence of intersymbol inter-
ference (ISI) and channel noise. Most previous works use
a suboptimal approach where the equalizer assumes perfect
channel knowledge and uses the channel estimate as if it
was the true channel. The problem of equalization for non-
ideal channel knowledge has been tackled in [3], [4] and
[5]. In [3], the sequence MAP criterion for equalization was
derived in the case of transmission over a frequency selective
channel, for Time Division Multiple Access (TDMA) systems.
The derivation of the MAP criterion led in this case to an
expression for which no exact implementation exists in the
literature. An approximate solution to the problem has been
proposed in [4] by using an iterative burst-by-burst equalizer
based on the Expectation Maximization (EM) algorithm. In
[5], an optimum MAP discrete-time rake receiver has been
proposed for CDMA systems when the channel is not perfectly
known. In this paper, we propose a new approximate solution

to the problem by performing an optimization on the channel
realizations and not on the transmitted sequences. We modify
the MAP criterion by taking into account an a priori channel
estimate obtained from the burst preceding the one processed.
We assume a slowly varying channel impulse response from
one burst to the following one. Assuming that the receiver
knows the channel statistics, we propose to use the EM
(Expectation-Maximization) algorithm [6] for a joint iterative
equalization and channel estimation. During each iteration
of the receiver, the EM algorithm with respect to the MAP
criterion reestimates the channel by using the a posteriori
probabilities (APP) available at the output of the equalizer.
The algorithm we propose has linear-time complexity per
iteration. The paper is organized as follows. In section 2, we
describe the system model. In section 3, we develop the EM
algorithm according to the MAP criterion. In section 4, we
give simulation results.

II. SYSTEM MODEL

We consider a data transmission system over a frequency
selective channel with an impulse response of length L. We
assume that transmissions can be organized into blocks of J
bursts. Each burst is composed of N data symbols sn with
transmitted energy En and time position pn = nT, n =
0, 1, ..., N−1, where T denotes the symbol period. We assume
that the first transmitted burst of each block comprises Np pilot
symbols and N − Np data symbols. These pilot symbols are
used for channel and noise statistical characteristics estimation
and channel estimation for the first transmitted burst but the
following bursts dont require pilot symbols. We assume that
the bursts are transmitted over a wide sense stationary un-
correlated scattering (WSSUS) channel. Let BDl denotes the
Doppler spread of the lth path. For simplicity of presentation,
we assume that the L paths have the same Doppler spread
and denote it by BD. We assume also that the Doppler spread
is sufficiently small that the channel can be assumed to be
constant over each burst and to vary from one burst to another.
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Let’s denote hj
l the channel coefficient corresponding to the

lth path, l = 0, · · · , L− 1, of the jth burst, j = 0, · · · , J − 1.
Within the jth burst, the sample of the received signal at time
instant n can be written as

rj
n =

L−1∑
l=0

hj
l s

j
n−l + wj

n, 0 ≤ n ≤ N + L − 2 (1)

where sj
k are the transmitted symbols of the jth burst and

wj
n are AWGN complex samples corresponding to the jth

burst with probability density function (pdf) N (
0, σ2

)
and

σ2 is the variance of the noise. The virtual symbols sj
−1,....,

sj
1−L are assumed to be known at the receiver and can

be set to 0. Let sj
n =

[
sj

n · · · sj
n−L+1

]T
and hj =[

hj
0 hj

1 · · · hj
L−1

]T
be the impulse response of the ISI

channel.
The received symbol in (1) can be written as

rj
n = sj

n
T hj + wj

n, 0 ≤ n ≤ N + L − 2. (2)

We introduce, for each transmitted burst, the vector rj =[
rj
0 · · · rj

N+L−2

]T
of N + L − 1 received samples.

III. MODIFIED CRITERION FOR MAXIMUM a posteriori
CHANNEL ESTIMATION

For a robust intersymbol interference channel estimation
and transmitted symbols detection, we propose an EM-based
maximum a posteriori algorithm. The MAP estimate h̄j of
the channel hj is defined as

h̄j = arg max
h

p
(
h | rj

)
. (3)

In this paper, we propose to modify this criterion taking into
account the channel estimate h̄j−1 of the burst preceding the
one processed as follows

h̄j = arg max
h

p
(
h | rj , h̄j−1

)
. (4)

Our idea is that the first burst of each block of J bursts
contains pilot symbols serving for the channel estimation of
the first burst and that the estimation of the following bursts
is based on an initialization resulting from the estimation
of the burst preceding the one processed. Directly solving
the equation (4) is an intractable problem. However, the
solution can be reached easily by means of the iterative
EM (Expectation-Maximization) algorithm. Let’s denote sj =[

sj
N+L−2 · · · sj

0

]T
the vector of known and unknown

symbols transmitted within the j − th burst and characterized
by an a priori probability distribution p

(
sj

)
. The EM algo-

rithm inductively reestimates the vector h so that a monotonic
increase in the a posteriori conditional pdf p

(
h | r, h̄j−1) is

guaranteed. Given the received vector rj and the a priori
channel estimate h̄j−1, the EM algorithm starts with an initial
guess hj(0) of hj . The evolution from the estimate hj(i) to the
new estimate hj(i+1) is performed via the auxiliary function

by carrying the following expectation and maximization steps:
Expectation step: Compute Q

(
h,hj(i)

)
given by

Q
(
h,hj(i)

)
=∑

sj p
(
sj ,hj(i) | rj , h̄j−1

)
log p

(
sj ,h | rj , h̄j−1

) (5)

where the latter sum is operated over all possible transmitted
data vectors during one block.
Maximization step: Find the re-estimate hj(i+1) such that

hj(i+1) = arg max
h

Q
(
h,hj(i)

)
. (6)

We notice that the auxiliary function has several global
maxima. This leads to an ambiguity in the MAP estimation
of the discrete channel gain factors. To avoid this problem we
consider in our study that each block of J bursts comprises
pilot symbols which are known by the receiver.
Next, for simplicity of presentation we denote h(i) instead of
hj(i), r instead of rj and s instead of sj . We calculate now
the auxiliary function given in (5).

First, by noticing that

p
(
s,h(i) | r, h̄j−1

)
= p

(
s | h(i), r, h̄j−1

)
p

(
h(i) | r, h̄j−1

)
,

(7)

p
(
s,h | r, h̄j−1

)
= p

(
h | s, r, h̄j−1

)
p

(
s | r, h̄j−1

)
(8)

and that the terms p
(
hi | r, h̄j−1

)
and p

(
s | r, h̄j−1

)
are

independent of h, the auxiliary function (5) is equivalent to

Q
(
h,h(i)

)
=

∑
s p

(
s | h(i), r, h̄j−1

)
log p

(
h | s, r, h̄j−1

)
.

(9)
By using the conditional independence between h and s

given h̄j−1, we obtain

p
(
h | s, r, h̄j−1

)
=

p
(
r | s,h, h̄j−1

)
p

(
h | h̄j−1

)
p

(
r | s, h̄j−1

) .

Then, the auxiliary function can be written as

Q
(
h,h(i)

)
=

∑
s p

(
s | h(i), r, h̄j−1

)
log p

(
r | s,h, h̄j−1

)
+

∑
s p

(
s | h(i), r, h̄j−1

)
log p

(
h | h̄j−1

)
−∑

s p
(
s | h(i), r, h̄j−1

)
log p

(
r | s, h̄j−1

)
(10)

Since the third term is independent of h, it does not
influence the maximization of (6). We notice that given the
channel estimate at iteration i we can compute the probability
p

(
s | h(i), r

)
independently from h̄j−1. Moreover, from the

system model, we can compute p(r | s,h) independently from
h̄j−1. We must then compute and maximize the equivalent
form of the auxiliary function:

Q
(
h,h(i)

)
=

∑
s p

(
s | h(i), r

)
log p (r | s,h)

+
∑

s p
(
s | h(i), r

)
log p

(
h | h̄j−1

) (11)

which is equivalent to

Q
(
h,h(i)

)
=

∑
s p

(
s | h(i), r

)
log p (r | s,h)

+ log p
(
h | h̄j−1

)
.

(12)
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Next, we assume that the L resolvable paths of the channel
are independent. We model the channel coefficient hj

l corre-
sponding to the lth path, l = 0, · · · , L − 1, of the jth burst,
j = 0, · · · , J − 1 as follows :

hj
l = αj

l h̄
j−1
l + F j

l , (13)

where F j
l is the innovation and the coefficient αj

l is to be
determined next based on the statistical properties of the
innovations process. We model also h̄j−1

l as noisy version of
hj−1

l , where the noise distortion has a Gaussian distribution
as follows :

h̄j−1
l = hj−1

l + bj−1
l . (14)

We assume that after estimation of the channel corresponding
to the j−1th burst, the sequence of data is correctly detected.
That means that the data sequence of the j − 1th burst plays
completely the role of a reference sequence for the jth burst.
Hence, the noise distortion corresponding to the estimation
of channel j − 1 has a Gaussian distribution and we can
have a perfect knowledge of its statistics. We notice that this
hypothesis is verified for large values of the signal to noise
ratio and for large values of N .
Since we assume that the bursts are transmitted over a WSSUS
channel, we can easily show that the coefficient αj

l verifies

αj
l =

Rhl(1)
Rhl(0) + Rj

bl(0)
, (15)

where Rhl(n) = E[(hj
l )

∗hj+n
l ] and Rbl(0) is the variance

of bl, which are independent of j. The operator (.)∗ denotes
conjugation. We note that αj

l is independent of j and will be
denoted by αl. We note also that

Rhl(1) = Rhl(0).J0 (2π BD T (N + L − 1)) , (16)

where J0 (·) is the 0th-order Bessel function of the first kind.
We show also that the innovation F j

l is Gaussian distributed
with variance θl = Rhl(0) − 2αlRhl(1) + α2

l (Rhl(0) + Rbl),
which is independent of j.

Then we can write

p
(
hl | h̄j−1

l

)
=

1
πθl

exp

⎛
⎜⎝−

∣∣∣hl − αlh̄
j−1
l

∣∣∣2
θl

⎞
⎟⎠ (17)

Since we assume that the L resolvable paths of the channel
are independent, we obtain

p
(
h | h̄j−1

)
= 1

(πL)
∏L−1

l=0 θl
exp

(
−∑L−1

l=0

( |hl−αlh̄
j−1
l |2

θl

))
,

(18)
.

Using the system models (1) and (2), we know that

p (r | s,h) = 1
(πσ2)K exp

(
−∑K−1

k=0
|rk−sT

k h|2
σ2

)
(19)

where K = N + L − 1.

Finally the auxiliary function is given by

Q
(
h,h(i)

)
= c − ∑

sk
p

(
sk | h(i), r

)
(
∑K−1

k=0
|rk−sT

k h|2
σ2 )

−
(
h − Λh̄j−1

l

)†
Ξ−1

(
h − Λh̄j−1

l

)
,

(20)
where c is an additive factor independent of h, Λ = diag{αl}
and Ξ = diag{θl}. Maximizing Q(h,hi) as a function of h
yields

h(i+1) =
(∑K−1

k=L−1 rkE
(
sk | h(i), r

)
+ σ2Ξ−1Λh̄j−1

l

)
(∑K−1

k=L−1 E
(
sks

†
k | h(i), r

)
+ σ2Ξ−1

)−1

,

(21)
where

E
(
sk | h(i), r

)
=

∑
d∈D

dp
(
sk = d | h(i), r

)
(22)

and

E
(
sks

†
k | h(i), r

)
=

∑
d∈D

dd†p
(
sk = d | h(i), r

)
. (23)

Here, D denotes the set of possible vectors sk.

The conditional probabilities p
(
sk = d | h(i), r

)
can be

computed by means of the forward-backward algorithm [2].
This algorithm introduces the functions:

αk(m) = p
(
Σk = m, {rn}k−1

n=0 | h(i)
)

, (24)

and
βk(m) = p

(
{rn}K−1

n=k | Σk = m,h(i)
)

, (25)

Σk denoting the state of the trellis at time k and m =
0, ...,M − 1 the M distinct states of the code trellis. These
functions can be computed respectively by the forward recur-
sion

αk+1(m) =
M−1∑
m′=0

αk(m′)γk(m′,m), (26)

with the boundary conditions

α0(0) = 1, α0(m) = 0, for m �= 0 (27)

and the backward recursion

βk(m) =
M−1∑
m′=0

βk+1(m′)γk+1(m′,m), (28)

with the boundary conditions

βK−1(0) = 1, βK−1(m) = 0 for m �= 0. (29)

The conditional probability function

γk(m′,m) = p
(
Σk = m, rk | Σk−1 = m′,h(i)

)
(30)

can be computed as follows

γk(m′,m) =
∑
d

pk (m | m′) qk (d | m′,m) p
(
r | sk = d,h(i)

)
(31)
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where pk (m | m′) = p (Σk = m | Σk−1 = m′) and
qk (d | m′,m) = p (sk = d | Σk−1 = m′,Σk = m). The
needed probabilities are given by

p
(
sk = d | h(i), r

)
=

∑
m,m′ αk−1(m′)γk(m′,m)βk(m)qk (d | m′,m) (32)

IV. IMPLEMENTATION AND COMPLEXITY EVALUATION

We give here a summary of the algorithm and evaluate the
complexity of its different steps :

1) Initialization. The channel estimate of the first transmit-
ted burst of each block of J bursts is obtained using the
classical MAP criterion (3) which gives

h0(i+1) =
(∑K−1

k=L−1 r0
kE

(
sk | h0(i), r0

))
(∑K−1

k=L−1 E
(
sks

†
k | h0(i), r0

))−1

,
(33)

where E
(
sk | h0(i), r0

)
and E

(
sk(sk)† | h0(i), r0

)
are

given respectively in (22) and (23), by replacing h(i) by
h0(i) and r by r0.
We propose to obtain h0(0) by using a training sequence
of length Np + L − 1. Since the channel noise is
additive, white and Gaussian, the maximum likelihood
estimator based on the observations generated by the
training sequence is the least squares estimator [8]. Let
s̃ =

[
sn0+Np+L−2 · · · sn0

]T
be the vector of

training symbols, with 0 ≤ n0 ≤ N − Np − L + 1
and S̃ be the Np × L Hankel matrix with first col-
umn

[
sn0+Np+L−2 · · · sn0+L−1

]T
and last row[

sn0+L−1 · · · sn0

]T
. The least squares channel

estimate h0(0) is given by

h0(0) = (S̃†S̃)−1S̃†r̃. (34)

The receiver needs to estimate Rbl(0). We can easily
justify that Rbl(0) can be estimated with σ2/Np. In
fact, the channel estimate h0(0) can be modelled as

h0(0) = h0 + b0, with b0 =
(
S̃†S̃

)−1

S̃†w̃ being
circularly symmetric complex Gaussian distributed with

covariance matrix R0
b = σ2

(
S̃†S̃

)−1

. Since we use

a CAZAC sequence, we have R0
b = σ2/NpIL. By

considering that the SNR is high we can assume that
there are no errors of decisions. Then, each burst can
be considered as a training sequence for the following
burst and equation (34) can be used by replacing the
Np-length training vector by the total sequence of the
burst preceding the one processed. Therefore, for a large
number N , we can approximate Rbl(j) by σ2/N , for
j ≥ 1. Hence, we have Rj

b = R0
bN0/N for j ≥ 1.

The estimate of the channel noise variance σ̂2 is obtained
using the N0 + L − 1 training symbols

σ̂2 =
1

Np

n0+Np+L−2∑
k=n0+L−1

∣∣∣rk − sT
k h̄(0)

∣∣∣2 . (35)

Each decoded sequence in each burst can also serve for
having better estimation of σ2, but the algorithm is not
very sensitive to the errors of estimation of σ2. Hence,
we estimate σ2 using the training sequence included in
the first burst of every block.

2) For each iteration index i

a) Using the a posteriori probabilities (APP)
p(sk = d | h(i), r) computed by means of
the forward-backward algorithm, calculate
E(sk | h(i), r) and E(sk(sk)† | h(i), r) defined in
(22) and (23), respectively.

b) Compute a new channel estimation h(i+1) as de-
fined in (21).

Notice that the inversions and multiplications of the matrices
in the initialization step have complexities which do not
depend on N . Indeed, the inversions of matrices Rh and(∑K−1

k=L−1 E
(
sk(sk)† | h(i), r

)
+ σ2R−1

h

)
in equation (21)

requires L3/6 multiplications each. Notice that when K is
sufficiently high, we can approximate this matrix by a diagonal
one which is independent from the transmitted sequence.
Hence, for complexity reduction, we propose to compute this
matrix only for the first burst of each block. We notice that L
is small enough with respect to N and that when N increases
the calculation of the covariance matrix remains linear in N
but the matrix inversion has always a bounded complexity
depending only on the number of paths L.

V. SIMULATION RESULTS

Here we present some simulation results in the case of
channel length L = 3. We consider block-by-block channel
estimation using BPSK symbols. Each burst of N = 512
information bits is transmitted over a quasi stationary channel.
The different channel taps are modelled as independent zero
mean complex Gaussian random variables with variance 1/L.
In Figure 1, we show the performance of the proposed receiver
after four iterations and a normalized Doppler spread value
BDT = 1/100. In our simulations we assume that the first
transmitted burst uses Np = 16 pilot symbols. In order to avoid
the propagation of estimation errors we assume that after each
J transmitted bursts a burst is transmitted with pilot symbols.
We consider the three values J = 40, 20 and 10. The signal
to noise ratio is given by SNR = Eb/σ2 where Eb is the
energy per transmitted bit. Comparison is done with the MAP
equalizer that has perfect channel knowledge and the MAP
equalizer that uses a channel estimate obtained by using 16
pilot symbols included in each transmitted burst.

This figure shows that the best achievable BER for the three
values of J considered is almost reached after 4 iterations.
We also that the performance of the proposed algorithm, for
the three values of J considered, approaches the performance
obtained when the equalizer has perfect channel knowledge
for large values of SNR. However, we notice a significant
degradation in performance for low SNR and for large number
J of bursts within one block. For a further characterization
of the proposed receiver we show in Figure 2 the BER per-
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formance for different values of normalized Doppler spreads
when J = 10. This figure shows a degradation in performance
for large normalized Doppler spreads and for low SNR. For an
additional characterization of our receiver, we show in Figure
3 the BER as a function of the SNR for two different numbers
of pilot symbols Np = 16 and Np = 8 when BDT = 1/100.
Two numbers of bursts per block are considered J = 20
and J = 10. Simulations also show that when Np = 16,
the performance of the proposed receiver at the third iteration
approaches the performance obtained when the equalizer has
perfect channel knowledge. However, when Np = 8, there is a
significant gap in terms of performance compared to the case
of perfect channel knowledge.

8 9 10 11 12 13 14 15 16

10
−4

10
−3

10
−2

SNR

B
E

R

Proposed MAP algorithm, J= 40
Proposed MAP algorithm, J=20
Proposed MAP algorithm, J=10
MAP equalizer with training−based channel estimate
MAP equalizer with perfect channel knowledge

Fig. 1. Raw BER as a function of SNR when BDT = 1/100

8 9 10 11 12 13 14 15 16

10
−4

10
−3

10
−2

SNR

B
E

R

Proposed MAP algorithm, J=10, B
D

T=1/100

Proposed MAP algorithm, J=10, B
D

T=1/50

Proposed MAP algorithm, J=20, B
D

T=1/100

Proposed MAP algorithm, J=20, B
D

T=1/50

MAP equalizer with perfect channel knowledge

Fig. 2. Raw BER as a function of SNR for different normalized Doppler
spread values

VI. CONCLUSION

In this paper, we proposed an iterative channel estimation
algorithm according to a modified maximum a posteriori

8 9 10 11 12 13 14 15 16

10
−4

10
−3

10
−2

SNR

B
E

R

Proposed MAP algorithm, J=20, N
p
=8

Proposed MAP algorithm, J=20, N
p
=16

Proposed MAP algorithm, J=10, N
p
=8

Proposed MAP algorithm, J=10, N
p
=16

MAP equalizer with perfect channel knowledge

Fig. 3. BER performance for different numbers of pilot symbols

criterion taking into account the channel estimate of the burst
preceding the one processed. We assumed that the channel is
invariant during the transmission of one burst and that it vary
from one burst to the following one depending on the Doppler
spread. In order to avoid the propagation of estimation errors,
we assumed that a burst comprising a training sequence is
transmitted once every block of J bursts. Simulation results
have shown that our iterative receiver can reach after a
few iterations the performance of the MAP equalizer with
perfect channel knowledge for high SNR. For low SNR, a
degradation in performance is noticed when the number J
or the normalized Doppler spread value is large. Hence, in
practice, it will be interesting to adapt the number of bursts
within one block depending on the SNR value or on the
doppler spread.
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