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Abstract—This paper addresses the power control problem in
an underlay cognitive radio network where NV selfish secondary
users (SUs) sharing a frequency band with a primary user.
The problem is studied from two perspectives: system level and
user level. At the system level, a secondary network manager
(SNM) is interested in minimizing the secondary network outage
probability subject to peak power constraints on SU transmission
power levels and a constraint on the maximum interference
generated at the primary receiver. The resulting system level
optimization problem is converted to a convex one. At the user
level, SUs selfishly increase their transmission power levels to
maximize their outage-based utility functions, and SNM imposes
a cost on each SU based on its interference power at the primary
receiver. The system level optimization problem is converted to a
convex one. The user level optimization problem is formulated as
a strategic (non-cooperative) power control game, which admits a
unique Nash equilibrium. A distributed algorithm for computing
the Nash equilibrium is proposed. Finally, an optimal pricing
scheme is presented which eliminates the gap between network
and user level performances by aligning the optimal solution of
system level problem with the Nash equilibrium of the user level
problem.

I. INTRODUCTION

Cognitive radio technologies aim to alleviate frequency
spectrum scarcity by enabling unlicensed users, alternatively
called secondary users or SUs, to transmit at the same
frequency spectrum with legacy users, alternatively called
primary users or PUs, as long as the SUs do not cause harmful
interference at primary receivers. Different mechanism for
coexistence of SUs and PUs has been studied such as underlay,
overlay and interweave [1]. In the underlay paradigm, the
paradigm of interest in this paper, SUs transmit concurrently
with PUs, but they should keep their interference temperature
at the primary network below a predetermined level [1].

Game theory provides a flexible framework for modeling the
interaction of selfish agents competing for shared resources.
Game theoretic solutions has been extensively studied for
power control problem in wireless networks in the past decade.
Among many results, authors in [2] studied existence, unique-
ness and efficiency of Nash equilibria in energy efficient power
control games for wireless networks. In [3], authors considered
an outage game for multi-cell uplink CDMA networks. They
studied uniqueness of Nash equilibrium as well as different
equilibrium seeking power update algorithms. It is well known
that Nash equilibria are inefficient in general, that is, the game
outcome at Nash equilibria is not generally compatible with
performance of the centralized solution [4] which implies that
power control games in wireless networks are in general in
inefficient. In [5], Alpcan et al. proposed a pricing approach

for closing the gap between the game outcome and the
centralized solution under fairly general conditions on the
game utility and the price functions.

Game theory has been considered for power control problem
in cognitive radio network. In [6], authors studied a game
theoretic approach for minimizing SUs’ transmission powers
subject to outage probability constraints at secondary and
primary receivers. In [7], authors considered a repeated power
control game with cheat proof strategies for SUs competing
for transmission in unlicensed bands.

In this paper, we consider a secondary network with N sec-
ondary transmitter-receiver pairs communicating at the same
frequency with a primary user. We study the power control
problem in a conflicting situation in which secondary network
manager (SNM) concerns about interference management task
and social optimality of power control problem, but secondary
users (SUs) are selfish decision-makers concerning about
maximizing their utility functions. We model this situation as a
two level optimization problem: system level and user level. In
the system level, SNM concerns about minimizing secondary
network outage probability when transmission power of SUs
are limited by peak power constraints as well as a constraint
on the interference power of secondary network at the primary
receiver. In the user level, SUs selfishly decide about their
transmission power levels in order to maximize their outage-
based utility functions, and SNM imposes a cost on the utility
of each SU based on its interference power at the primary
receiver.

+ We show that system level optimization problem can be
converted to a convex optimization problem.

o The user level optimization problem is modeled as a
strategic non-cooperative power control game. We show
that this game admits a unique Nash equilibrium, and a
distributed algorithm for computing Nash equilibrium is
proposed.

o We also derive the optimal interference pricing scheme
which aligns the system level solution as the Nash
equilibrium of user level problem.

The rest of the paper is organized as follows. Section II
describes the network model along with system level opti-
mization problem. Section III describes user level optimization
problems along with game design. Section IV presents some
numerical results to illustrate the performance of the pricing
scheme in aligning the system level and user level solutions.
Section V concludes the paper.
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II. SYSTEM LEVEL OPTIMIZATION PROBLEM

Consider a cognitive radio network with N secondary
transmitter—receiver pairs sharing a frequency band with a
PU. Secondary transmitter (ST) ¢ communicates with sec-
ondary receiver (SR) i, and at the same time, interferes
with signal reception at other SRs as well as the primary
receiver. Let H;Y and G} represent fast fading and slow
fading components of channel power gain between ST-i and
SR-j, respectively. Let H;Y and G} represent fast fading
and slow fading components of channel power gain be-
tween ST-i and the primary receiver. Slow fading compo-
nents of secondary-transmitter-secondary-receiver (STSR) and
secondary- transmltter-primary-receiver (STPR) channel power
gains, ie., {G3} } iy and {G7P N are assumed to be fixed
during the time-scale of interest in thls paper. We assume that
fast fading components of STSR and STPR channel power
gains, i.e., {HSS} j—, and {Hflp , be independent and
exponentially dlstrlbuted random varlables with unit mean.

We consider a scenario in which SUs are not able to
track fast fading components of channel gains, hence, they
allocate their transmission powers according to slow fading
components. In this scenario, a proper measure of secondary
network QoS is the outage probability. Let SINR,; be the signal
to interference plus noise ratio (SINR) of SR-¢ which is given
by

SSs SSs
SINR; = ]CV*Y Hii P —, (1)
0%+ Ej:l,j;éi G HG P,

where P; is the transmission power of ST-j and o? is the
additive noise power at SR-i. We define the network outage
probability, O (Py,--- ,Py), as

O(P, -+ ,Py) = Pr(SINRY < vn)
N
= 1-J](@—Pr(SINR; < yn))
=1
N
= 1-JJa-0:i(P,---,Px)), (2
=1

where SINRY = min; SINR;, v, is a a predetermined
threshold value and O; (Py, -+, Py) = Pr(SINR; < ) is
the outage probability of SU-i. Network outage probability
represents the fraction of time that at least SINR of one SU
falls below ~;y. Following the results of [8], it is easy to
show that for Rayleigh distributed STSR channel gains, outage
probability of SU-¢ is given by:

,@ N 1
O; (Py,--- ,Py)=1—e “a'i H W 3
i=1j7i L+ G“
Hence, O (Py,--- , Py) can be written as
N "'2’Yth N 1
O (P, H o H 0G5 P

i=1 j=lgzi L+ GSS

In the system level, the SNM is interested in minimizing
the secondary network outage probability when transmission
powers of SUs are limited by peak power constraints and a
constraint on the average interference that they cause to the
primary receiver. That is, in the system level, transmission
powers of SUs are given by the solution of following opti-
mization problem:

minimize ~ O (Py, -, Py)

R
subject to : (4)
Zij\il foPz S Qm;

where P, and @), are the peak power and peak interference
constraints, respectively. Note that the interference constraint
represents the average interference at the primary receiver
where the average is taken over fast fading components of
STPR channel power gains. The constraints in (4) are convex,
but the objective function is complicated. To simplify the ob-
jective function, we define the following equivalent problem:

minimize  —log (1 —O (Py, -, Pn))

Py, Py

subject to : 5)
OSPiSPma Z:LvN

Zil\il fopi < Qm~

The objective function in (5) can be expressed as

N 52 Yen G35 Pj
Z 215;;_}: + log H H 1 tEYVSSJP

=1 i=1j=1,j%#1

(6)

Note that T, HJ L L %gi " is a posynomial [9],

hence, the objective functlon in (5) can be convexified using
the transformation P; = e’. We define the new optimization

problem as:
minimize  —log (1 -0 (eﬁl e ’eP}v>)
PPy
subject to : el < P, i=1,-- N @)

Zl L GiPel < Q.

The objective function in (7) is convex, and the constraints
are convex. Hence, (7) can be solved using efficient numerical
algorithms.

III. GAME DESIGN AND USER LEVEL OPTIMIZATION
PROBLEM

In the user level, we consider a scenario in which SUs
selfishly choose their transmission power levels to minimize
their outage probabilities, but SNM imposes a cost on each
SUs based on its average interference power at the primary
receiver. This pricing scheme assists SNM to guarantee a
level of QoS in the secondary network, and also control
the amount of secondary network interference at the primary
receiver. We model this scenario as a strategic non-cooperative
power control (SNPC) game in which SUs simultaneously
and independently determine their transmission powers levels.
The strategy of SU-7 is its transmission power level P;, and
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its action set is P; = [0, P,,]. The utility function of SU-i,
U; (P;, P_;), is defined as

U; (P, P_;) =log(1—0; (P, P_;)) — GV P;, ®)

where p; is a positive number representing the price per unit
interference power that SU-i causes at the primary receiver,
and P_; is strategies of all SUs expect SU-:. Note that the
term log (1 — O; (P;, P_;)) in (8) is a metric for the QoS
of SU-i. Let PNV = Py x --- x Py and N = {1,--- ,N}.
We refer to this game as (N, {P;},{U; (-)}). The user level
optimization problem can be expressed as
max Ui (P,P_;) YieN. 9)
Different solution concepts has been considered for strategic
games which among them, Nash equilibrium is the most
widely accepted solution concept. PNE ¢ PN s a Nash
equilibrium of the SNPC game (N, {P;},{U; (-)}) if, for all
1 € N, we have
Ui (PN, PYF) 2 U; (P PYF) YR EP. (10)
Hence, knowing that other SUs play their Nash equilibrium
strategies, no SU can increase its utility by unilaterally deviat-
ing its transmission power level from the equilibrium strategy.
But, in general, a game may not have a Nash equilibrium. In
the next Theorem, we study existence and uniqueness of Nash
equilibrium of the SNPC game.
Theorem 1: The SNPC game (N, {P;},{U; (-)}) admits a
unique Nash equilibrium.
Proof: Please see Appendix A. |
In general, computing Nash equilibria of a game is a complex
problem, and efficient algorithms of computing Nash equilibria
for different game types is an active research area, e.g., see
[10] and references therein. Here, we introduce a distributed
algorithm for computing unique Nash equilibrium of the
SNPC game (N, {P;},{U; (-)}). We refer to this algorithm as
Algorithm 1. Initially, Algorithm 1 sets transmission powers
of all SUs to zero. At nth iteration of the algorithm, for all
i € N, SU-i declares its strategy Pi(n) to other SUs, and
constructs strategy vector of other SUs, P(n) Then, SU-: will

compute its best response to p™ B; (P(")> which is given

by B; (P") = min (Pm,l;(’P(_i))) where F, g}P(_’;))

is obtained by solving the following equation for P; (see
Appendix A for more details)
o? 1 & ¥ hG”P s
Gt O ‘ =G (D)
i 4 i1 G32P; —l—%hG“sP

Then, SU-i sets B; P(_"i)) as its strategy for the next iteration
of the Algorithm.

We note that Algorithm 1 just requires massage passing
among the SUs. In this next lemma, we establish that under
Algorithm 1, transmission powers of SUs converge to the Nash
equilibrium.

Algorithm 1 SU-; Power Update
1: Initialize Pi(l) =0, and set n = 1.

2: repeat

3 Send P™ to other SUs.

4: Construct P(Z) using strategies of other SUs.
5 Compute B; (P(_"i) .

6 Set PV By
7: Setn < n+ 1.
8: until the sequence {P(")}

Pi”}).

oo
converges.

n=1

Theorem 2: Let P\ be the strategy vector of SUs at n
P™
converges to the unique Nash equilibrium of the SNPC ggiﬁé
<N> {Pz} ) {Ui ()}>
Proof: Please see Appendix B. |

At each iteration of Algorithm 1, SU-: solves the nonlinear
equation (11) for P; in order to obtain its best response to
P(_”i). In the next Lemma, we propose a fixed point iteration
for solving (11).

Lemma 1: Let {m,, (i)},°_, be the sequence generated

by fixed point iteration w1 = T; (7T (2) 7P(_"i)) with
71 (i) = 0 where T} (wm (i), P™

2

th iteration of Algorithm 1. Then, the sequence {

) is given by (12). Then,
{mm (i)}5-_, converge to the solution of (11).
Proof: Please see Appendix C. |
Remark 1: In the process of computing fixed point iteration
Tma1 = 1y (ﬂm (i), P(_"i)), we follow the usual convention

thatlfoo L —.

> oo
A. Game Design

In this subsection, we derive the optimal interference pricing
scheme which aligns the solution of network and user level
optimization problems. Let P* be the solution of optimization
problem (4), and p* = [u}, -, u}‘V]T be the optimal inter-
ference price vector. For P* to be the Nash equilibrium of the
SNPC game (N, {P;},{U; (-)}) with pricing scheme p*, P}
should be the best response of SU-i to P*_i, ie

2 1 G35 Pr
= I = G (13)
Gii Pz Pz G=1.ji G P + ’Ytthi Pj

for all 4 € A. Hence, the optimal interference price of SU-i,
(7, is given by

M*_ 'Yth O_ + Z GSSP*
ey \app? P4, GHP oGP
JF# Jed

According to (14), optimal interference price of SU-i is
inversely proportional to slow component of its STPR channel
power gain which implies that SNM imposes high interference
price on SUs with small STPR channel power gains to avoid
severe interference at other SRs. Note that, with a flat pricing
scheme, SUs with small STPR channel power gains transmit
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“Yth
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(n)

—1i

T, (7rm (i), P

):

O'

SS
(2

0.5
s

GS
+ Z G3? ’Ytths

Jj=1,j#1 P(n) + mn(z)

(12)

with high powers which results in higher outage probability
compare to optimal pricing scheme. Employing optimal pric-
ing scheme also guarantees that the interference constraint at
the primary receiver is respected at the Nash equilibrium.

IV. NUMERICAL STUDY

In this section, we present our numerical results for a
cognitive radio network with 4 secondary transmitter-receiver
pairs. We model the slow fading component of fading power
gain between a secondary transmitter and a secondary/primary
receiver as (071) Y ~! where d is distance between the cor-
responding transmitter and receiver, and log (Y') is a Gaussian
distributed random variable with zero mean and standard de-
viation 0.1. We also assume that the d is uniformly distributed
over [0,1000]. The noise power o2 is assumed to be 10713
First, SNM computes the optimal power levels, and the optimal
interference price of each SU. Then, SUs will be notified about
their interference prices. Then, SUs employ Algorithm 1 to
compute their Nash equilibrium strategies.

Fig. 1 shows the power update of SUs for 10 iterations of
Algorithm 1. In Fig. 1, we set Py, Qn and -, to 10dB,
0 dB and 10dB, respectively. Similar quantitative behavior
continue to hold for other values of P, Qun and 7. As
Fig. 1 shows, using Algorithm 1 with P = 0, transmission
power of SUs converge to their Nash equilibrium strategies as
predicted by Theorem 2. It also shows that using the optimal
pricing scheme, SNM is able to align the optimal power
levels to the Nash equilibrium of the power control game, and
hence, control the behavior of selfish SUs. Finally, as Fig. 1
shows, the output of Algorithm 1 with P = 0 constitute an
increasing sequence of power updates as predicted by Lemma
2 in Appendix B.

V. CONCLUSION

In this paper, we studied the problem of power control in
cognitive radio networks from system level and user level point
of views. In the system level, we considered a scenario in
which secondary network manager is interested in minimizing
the network outage probability when transmission powers of
SUs are limited by peak power constraints and a constraint on
the interference power of secondary network at the primary
receiver. In the user level, we considered a scenario in which
SUs selfishly decide their transmission power level to maxi-
mize their utility functions. We showed that the system level
problem can be transfered to a convex optimization problem.
We also modeled the user level problem as a strategic non-
cooperative power control game which admits a unique a
unique Nash equilibrium. A distributed algorithm for comput-
ing the Nash equilibrium is also proposed. Finally, we derived

Power Updates of STs according to Algorithm 1

—
-8 p(
—_— P
—t— p{™)
- p[™

10

- ‘ Optimal power levels

Power Updates (Watt)

Number of Iterations (n)

Fig. 1. Secondary network throughput scaling under

the optimal pricing scheme which enables secondary network
manager to close the gap between the network performance at
user level and system level solutions.

APPENDIX A

We start the proof by showing that the SNPC game
(N, {P;},{U; (-)}) admits a Nash equilibrium. Then, we
show that the Nash equilibrium is unique. Note that the action
set of SU-i, P; = [0, P, is a non-empty, closed and bounded
subset of R. Hence, it is compact by Heine-Borel Theorem
[11]. P; is also convex. U; (P;, P_;) is a continuous function
in P;. It is easy to show that U; (P;, P_;) is concave with
respect to P;. Hence, the SNPC game (N, {P;},{U;(-)})
admits a Nash equilibrium [12].

To show the uniqueness of Nash equilibrium, we exploit the
structure of best response function of each SU given strategies
of other SUs. Given P_;, let F; (P_;) : PN~1 — R, be the
solution of unconstrained version of optimization problem in

9), i.e., F; (P_;) satisfies the first order optimality condition:

%Y 1 ENI G P
G:fFZ (P,i)2 Fi (P—z) G=1,ji GZSFz (P—L) + ﬁ/tth‘?Pj
= G, (15)

Note that F;(P_;) is the best response of SU-i to
P_; if F;(P_;) is feasible, ie. F;(P_;) € P;. It
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is easy to show that

oU,; (P;,P_;) :
—ap, > 0 for PL <

F; (P_;). Hence, the best respolnse of SU-i, B; (P_;), to
P_; is given by B;(P_;) = min(P,,F;(P-;)). Let
F(P) = [FR(P_y),-- ,Fy(P_y)]" and B(P) =
[Bi(P-1),--- By (P-n)]

A strategy vector P € P¥ is a unique Nash equilibrium of
the SNPC game if and only if P is a unique fixed point of
B (P). Thus, the proof is complete if we show that B (P)
has a unique fixed point. To this end, we show that F (P)
and B (P) are standard functions [13]. F (P) is a standard
function if it satisfies the following properties for all P > O:

o Positivity: F' (P) > 0.
o Monotonicity: F (P;) = F (P5) for Py > Ps.
o Scalability: F' (aP) < oF (P) for a > 1.

To show the positivity of F' (P), we note that the left hand
side of (15) is decreasing with F; (P_;) for P_; = 0. It also
tends to zero and infinity as F; (P_;) tends to infinity and
zero, respectively. Hence, F; (P_;) is the positive and unique
solution of (15) which implies F (P) > 0. Monotonicity of
F (P) directly follows from (15). To show that F (P) is
scalable, we note that F; («P_;) is the solution of following
equation for P;

Yn Gl

0 A G P yaGiiab,

For a > 1, aF; (P_

2
0" Yth
SSs
G Pi

=, Gif . (16)

;) can not be the solution of (16) since

7% %h
Gssa2F; (P_ ~)2

] 12# GifaF; (
This observation implies that any real number greater or equal
to oF; (P_;) can not be the solution of (16) for @ > 1.
Hence, F; (aP) < oF; (P_;) and F (aP) < oF (P) for
a > 1. This implies that F' (P) is a standard function, and
consequently B (P) is standard function since minimum of
two standard functions is a standard function [13]. Since the
SNPC game admits at least one Nash equilibrium, B (P) has
at least a fixed point, and the fixed point is unique since B (P)
is a standard function [13].

’YthGﬂ OéP
—i) + fYtthfOZPj

< /JleZp

APPENDIX B

In this Appendix, we show that the sequence of power
updates generated by Algorithm 1 converge to the unique
Nash equilibrium of the SNPC game (N, {P; } {U; ()}). To

{P(") } , generated

n=1

- B(P™)

this end, we show that the sequence

according to the fixed point iteration pth)

with PY =0, is a convergent sequence.
{P(") is an increasing sequence.

Proof: We ShOWn:t%liS result by induction. Note that
P® » PW. Assume that P™ = P~ Since B(P)

Lemma 2:

is a standard function, we have B (P(”)) - B P("l)?

from monotonicity property which implies P("*1) = p()

s |

Since {Pi(")} is upper bounded, Lemma 2 implies
Oon:l

that {P(”)}

oo

is a convergent sequence [11]. Hence,
n=1
p) converges to the unique fix point of B (P) which
n=1
is Nash equilibrium.

APPENDIX C

First, we rewrite (11) as the following fixed point equation
0.5

Yth o’ G5
MG‘;_P Gss+ Z Gss %h

Jj=1,j#i <n) +
7, (P, P))

It is easy to show that T; (Pi, P(fi)) is a standard function
with respect to P;. Hence, if it has a fixed point it will be
unique.
Lemma 3: {m,y, (i)},°_, is an increasing sequence.
Proof: The proof is similar to that of Lemma 2, and is
skipped to avoid repetition. |
It is easy to show that {m,, (i)} -_, is bounded. Hence,

Lemma 3 implies it is convergent. Since T; (Pi,P(_T? is
standard, {m, (¢)} ~_
of (11).

-RL:

, converges to the unique fixed point
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