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Abstract

Given an independent and identically distributed source X = {X;}$2; with finite Shannon entropy
or differential entropy (as the case may be) H(X), the non-asymptotic equipartition property (NEP)
with respect to H(X) is established, which characterizes, for any finite block length n, how close
—%lnp(Xng -+ X,) is to H(X) by determining the information spectrum of X;X5---X,, ie.,
the distribution of —%ln p(X1 X2+ X,,). Non-asymptotic equipartition properties (with respect to
conditional entropy, mutual information, and relative entropy) in a similar nature are also established.
These non-asymptotic equipartition properties are instrumental to the development of non-asymptotic
coding (including both source and channel coding) results in information theory in the same way as the
asymptotic equipartition property to all asymptotic coding theorems established so far in information
theory. As an example, the NEP with respect to H(X) is used to establish a non-asymptotic fixed
rate source coding theorem, which reveals, for any finite block length n, a complete picture about the
tradeoff between the minimum rate of fixed rate coding of X; --- X,, and error probability when the

error probability is a constant, or goes to 0 with block length 7 at a sub-polynomial n=%, 0 < o < 1,

[e3 n

polynomial n~%, & > 1, or sub-exponential e="", 0 < «a < 1, speed. In particular, it is shown

that for any finite block length n, the minimum rate (in nats per symbol) of fixed rate coding of

X1Xs -+ X,, with error probability © ( n_° ) is H(X)+/0%(X)(2a)/ 22 +0(!22), where o > 0

Vinn
and 0% (X) = E[-Inp(X;)]? — H?>(X) is the information variance of X. With the help of the NEP

with respect to other information quantities, non-asymptotic channel coding theorems of similar nature

will be established in a separate paper.

Index Terms

Asymptotic equipartition property (AEP), conditional entropy, entropy, fixed rate coding, informa-

tion spectrum, mutual information, non-asymptotic equipartition property (NEP).
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I. INTRODUCTION

Consider an independent and identically distributed (IID) source X = {X;}°, with source
alphabet X and finite entropy H (X)), where H(X) is the Shannon entropy of X if X is discrete,
and the differential entropy of X, if X is the real line and each X, is a continuous random
variable. Let p(x) be the probability mass function (pmf) or probability density function (pdf)
(as the case may be) of X;. The asymptotic equipartition property (AEP) for X is the assertion
that

— %lnp(X1X2~--Xn) — H(X) (1.1)

either in probability or with probability one as n goes to co. It implies that for sufficiently

large n, with high probability, the outcomes of X;X,--- X, are approximately equiprobable

n(H(X)+e) —n(H(X

with their respective probability ranging from e~ toe )=9), where € > 0 is a small
fixed number. Here and throughout the rest of the paper, In stands for the logarithm with base
e, and all information quantities are measures in nats.

The AEP is fundamental to information theory. It is not only instrumental to lossless source
coding theorems, but also behind almost all asymptotic coding (including source, channel, and
multi-user coding) theorems through the concepts of typical sets and typical sequences [1].

However, in the non-asymptotic regime where one wants to establish non-asymptotic coding
results for finite block length n, the AEP in its current form can not be applied in general. In
this paper, we aim to establish the non-asymptotic counterpart of the AEP, which is broadly
referred to as the non-asymptotic equipartition property (NEP), so that the NEP can be applied
to finite block length n. Specifically, with respect to H(X), we first characterize, for any finite
block length n, how close —= Inp(X; X+ X,) is to H(X) by determining the information
spectrum of X;X,---X,, i.e., the distribution of —%lnp(Xng - X,); such a property is
referred to as the NEP with respect to H(X). For any IID source pair (X,Y) = {(X;,Y;)}2;
with finite conditional entropy H (X |Y) and mutual information /(X;Y'), where H(X|Y) is the
Shannon conditional entropy of X; given Y; if X is discrete, and the conditional differential
entropy of X; given Y; if X is continuous, we then examine, for any finite block length n, how
close —+ Inp(X"[Y™) (—=InZ (Z{;\nx)n)’ respectively) is to H(X|Y) (I(X;Y), respectively) by

p(Y"|X™)

determining the distribution of — Inp(X"[Y™) (= In* 5

, respectively), where p(z"|y™)

(p(y™|x™), respectively) is the conditional pmf or pdf (as the case may be) of 2" = zy25-- - 2,
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(W™ = 11y2 - - - Yn, respectively) given y" (x", respectively); these properties are referred to as
the NEP with respect to H(X|Y') and I(X;Y), respectively.

In the same way as the AEP plays an important role in establishing the asymptotic coding
(including source, channel, and multi-user coding) results in information theory, our established
NEP is also instrumental to the development of non-asymptotic source and channel coding
results. Using the NEP with respect to H(X), we further establish a non-asymptotic fixed rate
source coding theorem, which reveals, for any finite block length n, a complete picture about the
tradeoff between the minimum rate of fixed rate coding of X, --- X, and error probability when
the error probability is a constant, or goes to 0 with block length n at a sub-polynomial n~%,
0 < a < 1, polynomial n=%, a > 1, or sub-exponential e 0<a<l, speed. In particular, it
is shown that for any finite block length n, the minimum rate (in nats per symbol) of fixed rate
coding of X; X5 - -+ X,, with error probability © (\’}%) is H(X)++/0%(X)(2a), /22 +0("2n),
where a > 0 and 0% (X) = E[—Inp(X;)]> — H*(X) is the information variance of X. In a

separate paper [3], non-asymptotic channel coding theorems of similar nature will be established
with the help of the NEP with respect to other information quantities; in particular, it is shown
[3]] that for any binary input memoryless channel with uniform capacity achieving input X,
random linear codes of block length n can reach within /0% (X[Y)(2a)y/22 + O(22) of

the channel capacity while maintaining word error probability © (\’}%), where o > 0 and
o2 (X|Y) = E[-logp(X|Y)]? — H*(X|Y) is the conditional information variance of X given

Y with Y being the output of the channel in response to the input X.

The rest of the paper is organized as follows. Section [lI} is devoted to the NEP with respect to
H(X). All results in Section [II} are then extended to the case of H(X|Y') in Section [III, thereby
establishing the NEP with respect to H(XY). In Section we analyze the NEP with respect
to the mutual information and relative entropy. Finally, in Section [V| we apply the NEP with
respect to H (X)) to investigate the performance of optimal fixed rate coding of X; X, -+ X,,.

II. NEP WITH RESPECT TO ENTROPY

Define
A (X) ésup{)\zo:/p’\“(a:)da:<oo} (2.1)
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where [ dx is understood throughout this paper to be the summation over the source alphabet
of X if X is discrete. Suppose that
A*(X)>0. (2.2)
Let
740 2 [ po)l- npla)Pde - H(X) 23)
which will be referred to as the information variance of X. It is not hard to see that under the

assumption (2.2)),

/ [fllj:/\;((;))dy} |_1np<$)|kd$ <0 (2.4)

and
/p’\“(x)dx < 00
for any A\ € (0, \*(X)) and any positive integer k. Further assume that
o4 (X) >0 and /p(x)| Inp(x)|*dr < oo . (2.5)
Then we have the following result, which will be referred to as the weak right NEP with respect
to H(X).

Theorem 1 (Weak Right NEP). For any 6 > 0, let

rx(8) Ssup {A(H(X) +6)—1In / le(x)dx} .

A>0

Then the following hold:
(a)  For any positive integer n,
1
Pr {——m p(X™) > H(X) + 5} < 7X@ (2.6)
n

where X" = X1 X5+ X,,.
(b) Under the assumptions (2.2) and (2.5)), there exists a §* > 0 such that for any § € (0, §*]

and any positive integer n,

rx(6) = 62+ 0(8°) 2.7

2073(X)

and hence

—n(s—+0(69)

Pr{—llnp(X") >H(X)+5} <e X . (2.8)
n
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Proof of Theorem [l The inequality follows from the Chernoff bound. To see this is

indeed the case, note that

Pr{—%lnp(Xng---Xn)>H(X)+c5} = Pr{—Inp(XiXy-- Xp) > n(H(X) + )}

E[e—Inp(X1XaXn))

< gﬁ oA (X) 1)

— inf e "PHEOHO) - B~ (X1)]
A>0

— inf e—n[)\(H(X)—l-(S)—lnfp_’\+1(z)dx]
A>0

= e mx0), (2.9)
To show (2.7) and (2.8)), we first analyze the property of rx(d) as a function of § over the

region § > 0. It is easy to see that rx () is convex and non-decreasing. For any \ € [0, \*(X)),

define

2 P () —Inp(x)] dr —
0 2 [ el @] e~ HX) @.10)

which, in view of (2.4), is well defined. Using a similar argument as in [4, Properties 1 to 3],
it is not hard to show that under the assumption (2.2), 6(\) as a function of X is continuously
differentiable up to any order over A € (0, \*(X)). Taking the first order derivative of 6(\) yields

N PN e PN
d'(A) = /[fp‘”l(y)dy][ np(z)]”d [/ [fp_”l(y)dy}[ Inp(z)] d

> 0 (2.11)

2

where the last inequality is due to (2.5). It is also easy to see that §(0) = 0 and §'(0) = o%(X).
Therefore, () is strictly increasing over A € [0, \*(X)). On the other hand, it is not hard to
verify that under the assumption (2:2)), the function A(H(X)+4)—1In [ p~*"(z)dz as a function

of A is continuously differentiable over A € [0, \*(X)) with its derivative equal to
5—8(N). (2.12)

To continue, we distinguish between two cases: (1) A*(X) = oo, and (2) A*(X) < oo. In case
(1), since 0(A) is strictly increasing over A € [0, 00), it follows that for any 6 = §(\) for some
A € [0, \*(X)), the supremum in the definition of rx(J) is actually achieved at that particular
A, le.,

re(600) = ACH(X) + 6(\)) — In / P (@) da 2.13)
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In case (2), we have that for any 6 = §(\) for some \ € [0, \*(X)) ,
B(H(X)+§(N\)) —In / p PN (z)de < N(H(X) 4+ 6(N) —In / p M (2)dw (2.14)

for any 5 € [0, \"(X)) with § # A. In view of the definition of A\*(X), remains valid
for any 8 > A\*(X) since then the left side of (2.14) is —oo. What remains to check is when
B = (X). If

/p—)\*(X)—H(l,)dx ~ s

it is easy to see that (2.14)) holds as well when 8 = A*(X). Suppose now

/p_k*(X)H(J;)dx < 00 .

In this case, it follows from the dominated convergence theorem that

lim A (1) dx :/ N+ () de
Jim [ @) = [0 )
and hence by letting 5 go to \*(X) from the left, we see that (2.14) holds as well when 5 =

A*(X). Putting all cases together, we always have that for any § = 6() for some A € [0, \*(X)),

rx(6(N) = AMH(X) +d(N)) — ln/p_“l(a:)da: . (2.15)
Let
* 2 lim )
A" (X) _,\Tl,\*(X)é(/\)

Since both 6(\) and In [ p~**!(z)dz are continuously differentiable with respect to A € (0, \*(X))
up to any order, it follows from (2.15)) that rx(¢) is also continuously differentiable with respect
to 0 € (0, A*(X)) up to any order. (At § = 0, rx(d) is continuously differentiable up to at least

the third order inclusive.) Taking the first and second order derivatives of rx(J) with respect to

0, we have
o) = 20
Cdrx(8(N) dA
- d\  dé
Cdrx(6(V) 1
B d\ ()
1 ) p M (2)
= S0 |HE) 000 + 250 - / oy s
_ (2.16)
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and

" d\
ry(0) = i

1
— m (2.17)

where § = d(\). Therefore, rx () is convex, strictly increasing, and continuously differentiable
up to at least the third order (inclusive) over § € [0, A*(X)). Note that from (2.16) and (2.17),
we have 7 (0) = 0 and 7% (0) = 1/0%(X). Expanding rx(8) at 6 = 0 by the Taylor expansion,

we then have that there exists a 6* > 0 such that

rx(6) = —5——0% 4+ O(6°) (2.18)

20%(X) (X )
for 6 € (0,0%]. The inequality now follows immediately from and (2.18). This
completes the proof of Theorem [I] [ |

Having analyzed the function rx(9), we are now ready for a stronger version of the right

NEP. For any A € [0, \*(X)), define

A p M)
fr(2) =TT (2.19)
2 (X,\) / @)p(a) |~ np(z) — (H(X) + 5(0) [ da (2.20)
2,0 / Sr@)p(a) |- np(z) — (H(X) + 5(0) da @.21)
and .
frlz) 2 H ) (2.22)

where 6()\) is defined in (2.10). Write My (X,0) as My (X). It is easy to see that 0%(X,0) =
0%(X), 0%(X,\) =& ()\), and

Ma(X) = [ pla) |- np(a) ~ HCO) da (2.23)
Then we have the following stronger result.

Theorem 2 (Strong Right NEP). Under the assumptions 2.2) and (2.3), the following hold:

(@)  Forany 6 € (0, A*(X)) and any positive integer n

g 1
éH(X, )\, n)e*nrx((s) > Pr {_ﬁ 1np<Xn) > H(X) + 5} > éH(X’ )\7 n>efnrx(6)
(2.24)
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(b)

where \ =1’y (6) > 0,

_  20My(X,N)
A =

e QUi r(X.N) — QU +vidan(X V)] (2.29)
¢, (X, \n) = IR o e (X)) (2.26)

. % C A C A S —Y;
with Q(p*) = % and Q(p,) = 5 — %, Q) = 7= [ e *12du and

C < 1 is the universal constant in the central limit theorem of Berry and Esseen.

1
2

For any § <c lnT”, where ¢ < oy (X) is a constant,

Q( oV > _OMulX) Pr{—%lnp(X") > H(X)+(5}

(X)) T V(X)) =
dv/n CMp(X)
< (aH<X>) T Vo (X) (27

Proof of Theorem 2} From (2.13), it follows that with A = 7y (4)

rx(8) = A(H(X) + ) — In / P (2)dz | (2.28)

Then it is not hard to verify that

Pr{—%lnp(X”) > H(X) +5}

= / p(z™)dz"

—% Inp(z™)>H(X)+6

- / £ (@) fa@™)p(a)da"

7% Inp(zm)>H(X)+d

_ / e—n[—%/\lnp(m")—lnfp‘“l(y)dy] Ala™)p(z)dz"
—Lmp(an)>H(X)+6

_ / o[~ R A I p(a™) = A(H(X)+6)+7x (5)] Ala™p(a™)da™
—Linp(a")>H(X)+6

—  onrx(9) / efn/\[f% lnp(m")f(H(X)+5)]f)\(xn)p(xn)dxn

—In p(a™) —n(H(X)+3)

= ¢ x() / e VAT (XA T ) I@™)p(a”)dz"
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e ©) / / e—ﬁAoH (X,A)Pf)\ (l'n)p(l’n)dl‘ndp

p>0 —InpG™) —n(H(X)+8) _,
Vo g (X.A)

“+o00
e~ rx(9) / e_ﬁAUH(XvA)Pd(]_ —Fn(P))

0
+oo
e x®) | F(0) / Vidop(X, e VXA (p)dp (2.29)
0

where the last equality is due to integration by parts,

_ A p, —Inp(Z") — n(H(X) +9)
R & e I )

_ ~ —Inp(Z) — (H(X) +0)
= Pr{z Jnon (XN >p}

i=1

and {Z;}_, are IID random variables with pmf or pdf (as the case may be) f\(z)p(z). Let

—+o00

& 2 F,(0)— / Vindog (X, \e ViAo XNe o (0)dp (2.30)
0
+oo
- / iAo (X, NeViNrs XN 7 (0) — Fy(p)]dp (2.31)
0

At this point, we invoke the following central limit theorem of Berry and Esseen [2, Theorem

1.2].

Lemma 1. Let V|, V5, - - - be independent real random variables with zero means and finite third

moments, and set
n
o, => EV.
i=1
Then there exists a universal constant C' < 1 such that for any n > 1,

Pr {zn:‘/; > ant} — Q)

Towards evaluating &,, we can bound F),(p) in terms of Q(p), by applying Lemma (1| to

sup
—oo<t<+00

< Co,* Y EVi*.
=1
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{=Inp(Z;) — (H(X)+d)}",. Then for p > 0, we have
] CMu (X, \)
£,(0) < Q(0)+ Jroh (X
1 CMu(X,)\)
2 /nod(X, )
CMpy(X,\)

N
Q(p) — ot (X ) A)] (2.33)

(2.32)

:’11\

>

\V
— o

and
[1 2C My (X, A)r

5 - Q(p) - \/EO%(X, )\)

where [x]" = max{z,0}. Now plugging (2.32) and (2.33) into (2.30) yields

1 CMa(X,N)
< 4 Z2mHE A
S NN TE 8

(2.34)

+o00
n\o e~ ViAo (X A)p _ CMu(X, )‘)yr
[ ot e [a) - GRS o

0
p*
1 CMg(X, )\ / _ CMpy(X,\)
- ke e A X\ Vo (X,\)p _ ) d
e
1 CMy(X,\) / O M (X, \) .
= — AT — ’ d _ \/ﬁx\UH(X,)\)p
2" Vo (X, \) / Q) Vo (X, \) ( c )
p*
20 My (X, \) / 12 o i
— n\o P
Vnod (X, \) * \/27r6 te P
0
20 My (X, ) +] 1 rvmopoen?® , micd oo
= e 2 2
\/ﬁU%I(Xa )‘> 0 V2T P
20Mpy (X, A nAZo% (X0 i
= T QW (X ) - QU + VoK, V)
H )
= &u(X,\n) (2.35)
© _ CMy(X,\) : . . :
where Q(p*) = Trot(x - and meanwhile plugging (2.34) into (2.31) yields
J2ACAE]
y 1 20 My (X, A7
. > A X\ —Vnxog(XN)p | = . H ) d
-z /ﬁ 7u (X, A)e QW -y W
0
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_ 3 —vmen(xnp |1 _ 20Mp (X, M)
~ [ Voutx. e [2 Q) - e

—+00

- [l 22

—+00
1
— —-£ f\f/\aH X,\) pd
[ 7= ﬂ
Px

= EEEQ, + V(X))
_ §H(X,)\,n) (2.36)

where Q(p,) = % — 2\?]\:’{ Comblnmg (2.29) with (2.33)) and (2.36) completes the proof of
part (a) of Theorem [2]

Applying Lemma([l]to the IID sequence {— Inp(X;)—H (X))}, we get (2.27). This completes
the proof of Theorem 2} u

Remark 1. Note that \ = ' (§) = O(d). When X\ = (1) with respect to n, it can be easily
verified that £;(X, A\, n) and §,,(X, A, n) are both on the order of \/iﬁ, by applying well-known

inequality

[

1 1 ¢

_t2 1 2
ol < Q) < :

V2r

| =

Meanwhile, on one hand, it is easy to see that

nA o'H(X )

Er(Xam) < e o (X)) 4+ 2CMa(X )

Vo (XN
On the other hand,
pxtv/mAo (X))
n)\QU?_I(X A) "AQU%I(X)‘) 1

2
£ (X An) = S B Q(VnAou(X,\)) —e™ = / e T dp
iAo (XA)

nA2 crH(X A)

n)\QU%_I(X,)\) o
=R O maon (X)) — e /

_ (ptvmAT g (X,0))?
2

e
\ 2T P

nx%?ﬁ,(x 2)

_ . O(y/mAon(X,A) /

1 _PP+2evmrog (XN

2 4
2V 27T
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nA2 UH(X A)

> e 2 Q(Wnhog(X, ) /

2
2o (Y QC’MH(X, A)

— ¢ Aop(X,\) — )
VA = (X

To further shed light on &g (X, \,n) and £, (X, \,n), we observe that
1 nx2 UH(X A)

V2 /AeH(X, ) + S

And therefore, whenever \ = o(1) and A\ = w(n™!),

1
\/%f Ao (X, \)

nA2 o'H(X A)

S qumenx e () =+ (5)

which further implies
_ n>\2012q(X )
Eu(X,An) = e Q(vnAoy (X, ) (1 +0(1))
n/\%%(x 2)
§,(X.An) = e Q(vnAau(X, ) (1 —o(1)).
Remark 2. Another interesting observation from the proof of Theorem [2] especially (2.29), is

the recursive relation between

Pr{—%lnp(X”)>H(X)+5} _ Pr{

—Inp(X™) —nH(X) - J }
Vnop(X) Vnop(X)

e (i)

A = —Inp(Z") — n(H(X) +9)
2 = pe| I o)

As shown in the proof, a proper bound on Fy,(p) (using Berry-Esseen Central Limit Theorem)

[

and

FZ,n(p)

results in a bound @224) on Fy,, (W) To continue, we can apply this bound (2.24) on
Fy..(p) to get another bound on F’ X.n (ﬁ#@)) Numerically, we can keep tightening the bound

= 5 . . . . L. .
on Fx, (m) in this recursive manner until no significant improvement can be made.

The probability that —1 Inp(X™) is away from H(X) to the left can be bounded similarly.
Define

A" (X) Esup {)\ >0: /p’\H(x)dx < oo} : (2.37)

Suppose that
A" (X)>0. (2.38)
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14
Define for any 6 > 0

rx.—(8) 2sup [/\(5 - H(X)) - ln/p’”l(:v)d:v}

A>0
and for any \ € [0, \* (X))
A1
P (x)
5_(\) 2 / — 2 np(z)]de + H(X) .
[/ P (y)dy]

Then under the assumption (2.5)), 6_(\) is strictly increasing over A € [0, \* (X)) with §_(0) = 0.
Let

A" (X) = )\Tgl’?(lX) d_(N) .

Following the proof of Theorem [I} we have that rx () is strictly increasing, convex, and
continuously differentiable up to at least the third order inclusive over € [0, A* (X)), and

furthermore

rx(8) = A(6 — H(X)) —In / P () da

with A =7’ _(9) satisfying

5_(\) =46
Define
2 A P () _ _ _ 2
(60 & [ mpla) — (H(X) 0 ) e
and
()

Mu-(x,0) 2 [ I~ Inp(e) — (H(X) - & (\)[*da

S (y)dy]
In parallel with Theorems [I] and [2] we have the following result, which is referred to as the left

NEP with respect to H(X) and can be proved similarly.

Theorem 3 (Left NEP). For any positive integer n,
1
Pr {—— Inp(X™) < H(X) — 5} < e7mrx=(0) (2.39)
n

Furthermore, under the assumptions [2.38)) and [2.5), the following also hold:

(a)  There exists a 6* > 0 such that for any § € (0,6*] and any positive integer n,

1
205 (X)

rx._(0) = 62+ 0(8°) (2.40)
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and hence

1 —n (= 83
Pr{——lnp(X") < H(X) - 5} < AT (2.41)
n

(b)  Forany § € (0,A* (X)) and any positive integer n

= 1
Em— (X, A, n)e_mx**(‘;) > Pr {_E Inp(X") < H(X) — 5} > §H,_(X, )\m)e—mxﬁ(é)

(2.42)
where A =1’y _(§) >0, and
i 20 My _ (X, \)
X, A\,
A =, 0
n>\2o%1 (X,))
+em 2 [Q(Wnhon (X, X)) = Q(p* +Vidom (X, \)]  (243)
nAZod (X,
§H7_(X, An)=e 2 Q(ps + Vndou (X, \) (2.44)
with Q(p*) = 8= and Q(p.) = § — 8=,
(¢) Foranyd<c lnT”, where ¢ < oy (X) is a constant,
dv/n CMy(X) 1 . B
2(7atw) Vi = P <500 -}
d\/n > CMp(X)
2.45
G R

Remarks similar to those (Remark[I]and [2) following Theorem [2]can be drawn here concerning

Theorem [3

IIT. NEP WITH RESPECT TO CONDITIONAL ENTROPY

Consider now an IID source pair (X,Y) = {(X;,Y;)}°, with finite conditional entropy
H(X|Y), where H(X|Y) is the Shannon conditional entropy of X; given Y; if X is discrete,
and the conditional differential entropy of X; given Y; if X is continuous. Let p(z|y) be the
conditional pmf or conditional pdf (as the case may be) of X; given Y;, and p(y) the pmf or
pdf (as the case may be) of Y;. By replacing —< Inp(X™) with —= Inp(X"[Y™), all results
and arguments in Section |lI| can be carried over to this conditional case, yielding the NEP with
respect to H(X|Y).

Specifically, define

Wiy 2sup {3z 00 )| [ el dy < o0} G.1)
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where [ dy is understood throughout this paper to be the summation over the source alphabet
of Y if Y is discrete. Suppose that
A(X]Y)>0. (3.2)

Let
2 (X]Y) / / () [ In p(aly) Pddy — HA(X|Y) (3.3)

which will be referred to as the conditional information variance of X given Y. It is not hard

to see that under the assumption @D

// ffp iy ’—lnp(l“lyﬂkdxdy < o0 (3.4)

—’\+1 (u|v)dudv]

// M (2]y)drdy < oo

for any A\ € (0, \*(XY)) and any positive integer k. Further assume that

and

o3 (X|Y) >0 and // p(z|y)| Inp(x|y)Pdzdy < oo . (3.5)
Define for any 6 > 0
x|y (0) —sup[ (H(X|Y)+46) — ln// M x|y dwdy (3.6)
A>0

and for any \ € [0, \*(X]Y))

// ffp A“(x|y) ] [—Inp(z|y)] dedy — H(X|Y) . (3.7)

M (u|v)dudv

(Throughout this section, §(\) should be understood with its above definition.) Then under the
assumptions (3.2) and (3.5)), 6(\) is strictly increasing over A € [0, \*(X|Y")) with §(0) = 0. Let

\ A
A" (X]Y) —/\T/\l*l(%mé()\) .

By an argument similar to that in the proof of Theorem |1} it can be shown that 7 x|y (&) is strictly
increasing, convex and continuously differentiable up to at least the third order inclusive over

d € [0,A*(X1Y)), and furthermore 7y (d) has the following parametric expression

rx )y (6(N) = AMH(X|Y) + (A m// M (2]y)dxdy (3.8)
with §()\) defined in and A = 1’y (0). For any A € [0, A*(X[Y)), define

A “(z]y)
Mlz.y) = [ [ p(v) —’\+1 (ulv)dudv

(3.9)
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2(X|Y,\) / / S, )p()p(ely) |- np(ely) — (H(X]Y) + 6(0) Pdudy  (3.10)

My (XY, ) / / I, y)p(u)p(ely) |- paly) — (HXY) +6O0) dady — (3.11)

where 0()\) is defined in (3.7). Write My (X|Y,0) as My (X|Y). Itis easy to see that 0% (XY, 0) =
o2 (X|Y), o3 (X|Y,\) = &()), and

My (X|Y) = / / plely) |~ npaly) — HXY))[ drdy (3.12)

In parallel with Theorems [I] and [2] we have the following result, which is referred to as the

right NEP with respect to H(X|Y) and can be proved similarly.

Theorem 4 (Right NEP With Respect to H(X|Y)). For any positive integer n,
1
Pr {——lnp(X"|Y”) > H(X|Y) + 5} < Xy () (3.13)
n

where X" = X1 X5---X,, and Y™ = Y1Y5---Y,. Moreover, under the assumptions (3.2) and
(3.9), the following also hold:

(a) There exists a 0* > 0 such that for any ¢ € (0,0%| and any positive integer n,

S — 3 .14
and hence
1 n 52 3
Pr {—— I p(X"|Y") > H(X|Y) + 5} < ¢ "G em O (3.15)
n

(b)  For any 6 € (0, A*(X|Y)) and any positive integer n

1
£ (XY, A n)e @) < Pr{——lnp(Y”\X”)>H(X|Y)+5}
- n
< (XY, A n)e X (3.16)

where X\ =1'yy(6) > 0, and

20 M (X|Y,\)
Vo (X]Y,N)

nAZo2, (X|Y,))

£ QA (XY, ) — Q" + Vdeu (XY N)] - (B17)

nAZo? (X|Y,N)

(XY, n)=e 2 Qo + VnAou(X[Y, V) (3.18)

gH(X|Y’ A, n) =

. X CMy(X|Y,\) 2C My (X|Y,A
with Q(p*) = % and Q(ps) = % - \/Egg((X”Y,A))'
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(©)  Foramyd<c lnTn’ where ¢ < oy (X|Y) is a constant,
3/ CMpy(X|Y) 1
- < Pr{——Inp(X"|Y") > H(X|Y)+§
¢ <0H(X|Y)) ok (X[Y) = U n np(X"Y") > H(X[Y) +

i\ CMu(X|Y)
= (aH<XrY>>+ﬁaz<XrY>' G419

The probability that —XInp(X"Y™) is away from H(X|Y) to the left can be bounded

similarly. For completeness, we state the result without proof again. Define

A" (X]Y) 2sup {)\ >0: // P (zly)dzdy < oo} . (3.20)

Suppose that
A (X]Y) >0, 3.21)

Define for any 6 > 0

rxy,-(0) —SAlilg[ (0 — H(X|Y)) 1n// P (zly) dmdy}
and for any \ € [0, \* (X]Y))
// ffp P (xly) Inp(zly)] dedy + H(X]Y) .

)‘+1 (u|v)dudv]

(Throughout this section, 6_ () should be understood with its above definition.) Then under the
assumption (3.5), 0_(\) is strictly increasing over A € [0, A\* (X]Y)) with 6_(0) = 0. Let

AL(X|Y) = lim 5N

By using an argument similar to that in the proof of Theorem |1} it can be shown that 7y, (9) is
strictly increasing, convex, and continuously differentiable up to at least the third order inclusive

over ¢ € [0, A* (X|Y)), and furthermore 7x|y,—(0) has the following parametric expression

rxpy,—(6-(A)) = A(0-(A) — H(X[|Y)) ln// M (ly)dady

with A =7y, () satisfying

5 (\) =35,

Define
2 p(y Hl(ﬂy) ozl — _ 2
v 2 [ / Ty |~ ) = CHXIY) = 5 ) ey
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and

AJr1<55|y) 3
i 2 / 7 fp 7 | nplely) — (HOXIY) — - ()] dedy.

M (ulv)dudv
In parallel with Theorem [3] we have the following result, which is referred to as the left NEP

with respect to H(X|Y') and can be proved similarly.

Theorem 5 (Left NEP With Respect to H(X|Y')). For any positive integer n,
1
Pr {—— Inp(X"Y") < H(X|Y) — 5} < e mrxpy=0) (3.22)
n

Furthermore, under the assumptions (3.21)) and (3.3)), the following also hold:

(@)  There exists a 6* > 0 such that for any § € (0,6*] and any positive integer n,
1

Tx‘y7_<(5) = Wéz + O<53) (323)
and hence
1 52 3
Pr{——lnp(X”|Y”) < H(X|Y) - (5} < ¢ "R T (3.24)
n

(b)  Forany 6 € (0, A* (X|Y)) and any positive integer n

&y (XY A m)e =@ < Pr {‘%hﬂp(Y"\X”) < HX|Y) - ‘5}
< Eu_ (XY, A\ n)e rx1v-() (3.25)
where \ = 7"’X|Y7_(5) > 0, and
G XA =
+ ew [Q(vndon,—(X|Y,N) — Q(p" + VnAow— (XY, \))] (3.26)
£ (XY, A n) = ewc?(p* + VAo (X[Y, X)) (3.27)

20My, (XY

. N CMp. _(X|Y,\)
with Q(p*) = H—(l and Q(p.) = % Vnod (XY )"

Vol (XY )
(c) Foranydé<c an where ¢ < oy (X|Y) is a constant,

Q( oy/n )_ CMy(X]Y) < Pr{_%lnp(xﬂyn)gH(X|Y)—5}

o (X|Y) Vo (X[Y)
av/n CMy(X|Y)
<UH(X|Y)> - Vo (X|Y) (3.28)

October 20, 2011 DRAFT



20

Remarks similar to those (Remark[I]and [2) following Theorem [2]can be drawn here concerning
Theorem @l and [5

Theorem [] will be used in [3] to show that for any binary input memoryless channel with
uniform capacity achieving input X, random linear codes of block length n with either Elias’

generator ensembles or Gallager’s parity check ensembles can reach within 6 4 7xy () + lg—” —
In 20=C)Mp (XY, \) "
0'3 . . . . . oy
XYY of the channel capacity while maintaining word error probability upper bounded

n

by (£(X|Y, A\, n)+ 21 ﬁjﬁ{;f(ﬁﬁg”) e~ x1v®_1In particular, when § = /2a0%(X[Y)/22, the

anﬂ + O(n*alnﬁ) and the achievable rate

(in nats) of random linear codes of block length n with either Elias’ generator ensembles or
Gallager’s parity check ensembles is within /20, (X]Y )/ 22 + (o 4 1)22 + O(22) of

the channel capacity; when § = T for any c, the word error probablhty is upper bounded by

(A-C)My(X]Y)
o (X[Y)

word error probability is upper bounded by

Q (oH i X|y)) +— 7 X(I)i(/‘)}:)f and the achievable rate (in nats) is within \F + 5 ln” ln
of the channel capacity.

We conclude this section by illustrating x|y (6) and o%;(X|Y") when X and Y are the uniform
input and the corresponding output of the binary symmetric channel (BSC) and the binary input
Gaussian channel.

Example 1 (BSC): Combining and (3.8)), it is not hard to verify that
P 60)) = [ [ b)) i )dady
// o, y) fr(. ) In p(zly) fr(z, )dxdy
p(zly)
= D(p(z[y) fr(z,y)llp(z]y)) (3.29)

For BSC, simple calculation reveals that

l—p ifz=y
p(zly) = . (3.30)
P otherwise
and
(L—p) Mt e
— —— ifr=y
plaly) fu(z,y) = P R _ (3.31)
= Hli(lfp)_xﬂ otherwise
By defining
—4q
D(qllp) =(1 - q) ln +qln?
-P p
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and (3.29), we have

A1
rar(0) = D (p”l f (L—p)>*!

')

_ p(1=p)p* =1 -p)")
= D(p+ P L (1= p) pl. (3.32)
On the other hand, by substituting (3.30) and (3.37)) into (3.7),
pl=p)p?—(0-=p 1-p
I(A) = P (1= p)o In p (3.33)
and eventually, we have
0
Tx|y(5) =D p+ 1= P (334)
ln Tp

and plugging (3.30) into (3.10) with A\ = 0 yields

oy(X|Y) = (1-p)In*(1—p)+p’p—[-plp— (1 —p)In(l —p)]*

= p(l—p)ln? 1-p (3.35)

Moreover, as X and ) are both finite alphabets, it is easy to show that A*(X|Y") = oo, where
N (X]Y) is defined in (3.1)). Then

1—
AY(X]Y) = Jim §(3) = (1~ p)In P (3.36)
and
A .
Tmac =l rxjy(0) = —Inp (3.37)

Based on Theorem {4, A*(X]Y") and ry,.x can be interpreted in the following way. As
1

max —— In p(z"|y") = — Inp,
Yyt n
then
lim  Prd—inp(X"[Y") > H(X|Y)+0 Prd—Lmp(xnym) = —1
im r<——1In — Pr{——In ——In
5 A*(X]Y) n P n P b
— pn — enlnp — e Mmax

In addition, for § > A*(X|Y),

Pr {—llnp(my") > H(X|Y) + 5} 0.
n
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2.5 ryy{9) vs. § when p=0.10

2.0r

1.5F

’x\y(’s)

1.0p

0.5f

0'%.0 0.5 1.0 15 2.0

Fig. 1. rx|y(d) for BSC

By adopting the convention that 0ln0 =0 and e™> = 0,

D(p+ln+p
P

+o0 if § > A*(X]Y)

p) if § € [0, A*(X[Y))

A sample plot of x|y () is provided in Figure (1| when p = 0.10.
Example 2 (Binary Input Gaussian Channel): Without loss of generality, we assume that the
input of channel is modulated to {+1,—1}, and therefore

1 _ly—=?

e 22 (3.39)

€T) =
p(ylz) 5

for x = {41, —1}, where o is the variance of the noise. Calculation of x|y (6) and o7, (X[Y) is
much more involved than that for BSC. Tedious evaluation is omitted here with results presented
as follows. Let U be a standard Gaussian random variable, i.e.

1 w2

and define
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Then

s = Bl (Tﬂzjﬁﬂg] )] E[lng("ijlﬂ (3.40)

oty — ELCIE] (o [(L))

o (X|Y)=E [ln2g (UU; 1)} - {E {— In g (UU; 1)} }2 (3.42)

To get better understanding of those quantities, let us first determine \*(X|Y") and A*(X|Y).

and

In fact, we can show that \*(X|Y) = oo by verifying that

/p(y) [Zp‘”l(wly)] dy < o0

rzeX

for any finite A > 0. Towards this, observe that

/ p(v) [Z p”l(x\w] dy

reX

is an increasing function with respect to A since p(z|y) < 1 for any = and y. Therefore,

/ p(v) [Zp—mmy)] 4 = B {gA (JUU + 1)}

zeX
< B[ (721)] <o
g

2

EleV] =7 < o0

as

for any finite s. Now let us show the claim A*(X|Y) = oo. According to (3.40),

e e e )

_ %mE{ (“U;l)}—mxm

As H(X|Y) is a constant and always less than In2, the claim A*(X|Y) = oo is equivalent to

d oU +1
WE[ ( 7 )}

show
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is unbounded when A — oo. By the fact that §(\) is an increasing function of A, which also

d oU +1
—InE |¢*
we only have to verify that

WE [¢" (737)] ~mE[g" (*z)] | Bl (7))

k+1—k E [ (

implies that so is

or simply - [g’““ ( o1 ”

E [g* (27)]
is unbounded when k — oo, which is indeed the case as

Bl ()] \
B CH)] £ s

Z?:o o le ?

]

2(k+1)2—2(k+1)
© (e a2 )
2k2 2k
@(e a2 )

4k

= @(e?)%oo

as k — oco. And consequently, it is not hard to see that
rx|y(0) — 00
as 0 — oo. The interpretation based on Theorem [ is as follows:
L Inp(a"ly") ~ H(X]Y)
can approach oo for proper choice of z" and y", but
lim Pr {—%lnp(X”D/") > H(X|Y) + (5} =e > =0.

d—00

Figure 2| shows a sample plot of ryy(6) for BIGC with o = 1.0.

IV. NEP WITH RESPECT TO MUTUAL INFORMATION AND RELATIVE ENTROPY

Consider now an IID source pair (X,Y) = {(X;,Y;)}2, with finite mutual information
I(X;Y) > 0. Let p(y|z) be the conditional pmf or pdf (as the case may be) of Y; given X;. In
this section, we extend the NEP to /(X;Y’) and relative entropy.
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30 rxy{d) vs. § when ¢=1.00

25

201

7 x1(0)

101

Fig. 2. rx|y(d) for BIGC

A. NEP With Respect to 1(X;Y)

We begin with the left NEP with respect to I(X;Y). Define

A (X:Y) 2sup {)\ >0 //p(.r,y) {pz(;(y;;)}/\dxdy < oo} .
Suppose that

A (X;Y)>0.
Let

i) 2 [ [t w2y - rixy)

“4.3)
which will be referred to as the mutual information variance of X and Y. It is not hard to see

4.1)

4.2)

[£)]°

that under the assumption (4.2)),

I

l_|

k
— ‘—IH%‘ dzdy < oo
[ p(u,v) pp )] dudv] Py

/ / p(z.y) {pgﬁ(/yﬂ)f

4.4)
and
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for any A € (0, \* (X;Y)) and any positive integer k. Further assume that

07(X;Y) >0 and // p(z,y)

Define for any 6 > 0

|>)’ dxdr < oo. 4.5

rxy(6) 2sup [)\(5 —I(X;Y))—In / / p(z,y) [p WE}}_A d:cdy] (4.6)

A>0

and for any A € [0, \* (X;Y))

foalwy) = (27 - @.7)
[ [ p(u,v [p ”1‘:;)] dudv
(N é//p(x,y)f_k(:zc,y) [— In %} dedy + 1(X;Y) . 4.8)

(Throughout this section, 6_(A) should be understood with its above definition.) Then under the
assumptions (4.2) and (4.5)), _(\) is strictly increasing over A € [0, \* (X;Y)) with §_(0) = 0.
Let

Sx-v) A
A" (X;Y) _M/\!*_lgl(;Y) d_(N) .

By an argument similar to that in the proof of Theorem [I| it can be shown that rx.y,_(d) is
strictly increasing, convex and continuously differentiable up to at least the third order inclusive

over § € [0, A* (X;Y)), and furthermore rx.y,_ () has the following parametric expression

rxy—(0_(A) = A0_(\) — I(X;Y)) — ln//p(m,y) [%] : dzxdy 4.9)

with A = 1%, () satisfying
d_(\)=0.

Further define for any A € [0, \* (X;Y))
2

o2 (XY, ) //f_ z,y)p(z, y) |In ppyL)> (I(X;Y) = 0_(\)| dedy — (4.10)
M;_(X:Y,)) //f_ z,y)p(x, y) |In Zg(g)—(I(X;Y)—(S_()\)) dedy . (4.11)

Write M _(X;Y,0) simply as M;(X;Y). It is easy to see that o7 (X;Y,0) = 07(X;Y),
o7 _(X;Y,A) =0d"()), and
]z) —I(X;Y))

vy = [ [t B3
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In parallel with Theorems [3| and [5] we have the following result, which is referred to as the

left NEP with respect to I(X;Y’) and can be proved similarly.

Theorem 6 (Left NEP With Respect to I(X;Y')). For any positive integer n,

1. p(Y™X™) } _
Pri—In—— 2 <[(X;Y)=0p < e xv-0) (4.13)
ey < 106
Furthermore, under the assumptions @.2)) and [.5), the following also hold:
(a) There exists a 0* > 0 such that for any ¢ € (0,0%| and any positive integer n,

1

v (0) = ———§° 3 4.14
and hence
n n —-n 52
prd L P vy 2l < e o0 (4.15)
n p(Y™) — ’ -

(b)  Forany 6 € (0, A* (X;Y)) and any positive integer n

B 1 p(Yn|Xn)
X:Y. )\ mxy-0) < prd B T (X Y)=§
f[ﬁ( y 4 ,n)e = r{n n p(Yn) — ( ? )

< G- (X;Y A n)emrxiv=(0) (4.16)

where A = 1.y, (0) > 0, and

: 20M- (XY, )
(X:Y, A = .
A = Y
n)\2a'%7(X;Y,/\)

te 7 [QWVRAar- (XY, N) = QU0 + Vidor - (XY A)] (417)
n)\2cr%7(X;Y,/\)

£ (XY An)=e 7 Q.+ Vndo - (X;Y, ) (4.18)

} . CM; (XY ) 20M;,_ (X;Y )
with Q(p") = ZoE= iy and Qlp-) = 3 = RS

(c) Foranyd <c an where ¢ < o;(X;Y) is a constant,
ovn CM;(X;Y) 1 p(y™|X™) .
Q(O—I(X7Y))_\/EU§’(X’Y) S Pr{ﬁanSI(X,Y) 6}
( 3/ ) CM(X;Y) @19)
o1(X;Y)) " Vnof(X;Y)

is away from I(X;Y’) to the right can be bounded in a

p(Y"|X™)
p(Y™)

similar manner. For completeness, we state these bounds again without proof. Define

The probability that < In

N (X;Y) Zsup {)\ >0 //p(:c,y) {p;?g)rdxdy < oo} . (4.20)
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Suppose that
A(X;Y)>0. (4.21)

Define for any 6 > 0

rx.v(0) ésup [)\(I(X;Y) +9) — ln//p(x,y) [p(yw)]/\dxdy] (4.22)

A>0

and for any A\ € [0, \*(X;Y))

alz,y) = % } (4.23)
[ [ p(u,v) [ p“; ] dudv
// (x,y) fr(z,y) {ln <(|))} dedy — I(X;Y) . (4.24)

(Throughout this section, §(\) should be understood with its above definition.) Then under the
assumptions (@.21)) and (@.5), 6()) is strictly increasing over A € [0, \*(X;Y)) with 6(0) =
Let

A*(X;Y) 2 lim 6(N).

By an argument similar to that in the proof of Theorem [I| it can be shown that rx.y(J) is
strictly increasing, convex and continuously differentiable up to at least the third order over

§ €0,A*(X;Y)), and furthermore rx.y(d) has the following parametric expression

rxy (5(N) = AI(X;Y) + 5(A ln// p(z,y) { plylz } ddy (4.25)

with A = 1., (6) satisfying
d(A)=90.

Further define for any \ € [0, \*(X;Y))
2

1 PWl) . .

o2(X;Y,\) //f,\ z,y)p(z,y) p(y) —(I(X;Y)+6(N)| dedy (4.26)
plylz) _ o

1(X;Y,0) //f,\ z,y)p(z,y) ‘ o) —([(X;Y)+0(N)| dxdy . (4.27)

It is easy to see that 0%(X;Y,0) = 0?(X;Y) and o?(X;Y,\) = &' (N).
In parallel with Theorems [I] 2] and 4] we have the following result, which is referred to as

the right NEP with respect to I(X;Y') and can be proved similarly.
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Theorem 7 (Right NEP With Respect to I(X;Y")). For any positive integer n,

1 Y| X"
Pr {— o 27X >I(X;Y) + 5} < e rx(9) (4.28)
n pY")

Furthermore, under the assumptions &.21)) and (.3)), the following also hold:

(a)  There exists a 6* > 0 such that for any 6 € (0,6*] and any positive integer n,

1
v (0) = 56>+ 0(5* 4.2
and hence
n n —n 52 §3
Pr {llnlm > I(X:Y) + 5} < ¢ MagEn TN (4.30)
no p(Y")
(b)  Forany 6 € (0, A*(X;Y)) and any positive integer n
. 1. p(Y"[X")
X;Y, A\ n)e @ < Prd—Intm———2 > [(X;Y) 44
£ (X:Y. A m)e < m{owfU s 1oy +
< XY A n)e v ©) (4.31)

where \ = 1'y./(0) > 0, and

_—— _ 20Mp(X5Y,N)
ST An) = e Y
I Qo (Y 0) - QU+ V(G Y )] @32)

n)\go'% (X5Y,)

XY An)=e 7 Qps + Vnor(X;Y,\) (4.33)

: o CMp(X;Y 20 M (XY
with Q(p*) = \/EUI?((X;Y,)\)) and Q(p.) = 5 — \/ﬁa?l((X;Y,)\))'

(c)  Forany § < c\/™2, where ¢ < o;(X;Y) is a constant,
o/n CM(X;Y) 1. p(Y™X™)
- < Pri—-In——F——>I(X;Y)+d
2 (50nr) Ve P 2 1
) CM;(X;Y
vin YL ’3( Y 434
or(X;Y) Vno3(X;Y)
Remarks similar to those (Remark [T]and 2)) following Theorem [2] can be drawn here concerning

Theorems [6] and [7]
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B. NEP With Respect to Relative Entropy

The IID source pair (X,Y) = {(X;,Y;)}2, considered so far is arbitrary. Let us now focus
on the case in which the source X is discrete, but Y could be either discrete or continuous. Let

‘P denote the set of all probability distributions over the source alphabet X'. For any ¢ € P, let

a(y) =3 t(x)p(yle) (4.35)
a(y") = [T o) (4.36)
A . np(ylx)
Dit,z) 2 / plolx) 28 Ly (4.37)
and o)
; 2 T T np yiz .
I(t; P) _;t( )/p(yl )In = (4.38)

where y" = y1ya - - yn, and P = {p(y|z)} represents a channel with p(y|x) as its transitional
pmf or pdf (as the case may be). Clearly, D(t, ) is the divergence or relative entropy between
p(y|z) and ¢(y); and I(¢; P) is the mutual information between the input and output of the
channel P when the input is distributed according to ¢. To be specific, we denote the pmf of
each X; by px. Without loss of generality, we assume that py(z) > 0 for any x € X. Since

J e [ = T [ (B

it is not hard to see that for any A > 0,

f e 2]

/p(yla) {Mrdy <0

p(yla)
for any a € X. Therefore, \* (X;Y) defined in (.1)) is also equal to

sup {/\ >0 /p(y|a) {p;f@ﬂA dy < 00,a € X}

for any t € P with t(a) > 0 for any a € X' (such ¢ € P will be said to have full support).

if and only if

October 20, 2011 DRAFT



31

Define for any ¢ € P with full support and any § > 0

A6 —I(t; P)) =) t(x) / (y|z) {%}_Ady] (4.39)

TeEX

r_(t,9) 2 sup
A>0

and for any A\ € [0, \* (X;Y")) and any ¢t € P with full support

[p(y\x)} -
qt(y)

a(yle) £ — (4.40)
[ p(v]x) [ ol } dv
Dt ) 2 [ el alole) [ln pq(y(';;)} dy @.41)
0 2 ta) [l sl |- ay e p). @
It is not hard to verify that
5_(£,0) =0

and

W - 2 1) [/p(ymf—x(ylx) [—lnpq(ig)] dy

TeX

_ ( [ pulo) i) {_ N %} dy) ]

= i) [ [ ot -stvla) [m 202 dy_pm,x,»]

ex Qt(y)
> 0

where the last inequality is due to (4.5]). Therefore, 0_ (¢, A) as a function of \ is strictly increasing
over A € [0, \" (X;Y)). Let

i A
AL(r) 2 lim 6-(12).

By an argument similar to that in the proof of Theorem |1} it can be shown that r_(¢,d) is strictly
increasing, convex and continuously differentiable up to at least the third order inclusive over
d € [0,A*(t)), and furthermore r_(¢,0) has the following parametric expression

r_(t,0_(t,N)) = A0_(t, \) = I(t; P)) — Z t(x) ln/p(y|a:) {%} : dy (4.43)

zeX ( )
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with
B ar_(t,0)

satisfying
d_(t,N\)=0.

Further define for any A € [0, \* (X;Y))

2
7 (6PN 23 t(a) | [ plalo)fatole) o PO pg o )| ay (4.44)
Iex ()
and
3
Mp._(t; P, )) /p g0 fos(wle) I 222 i o | ay| (4.45)
zGX a:(y)
Write o7, _(t; P,0) simply as o7, (t; P), Mp _(t; P,0) as Mp(t; P), o (px; P) as 03,(X;Y), and

Mp(px; P) as Mp(X;Y). It is not hard to see that

i Zt<$> [/p(y\:v) 8 pq(ty&? ‘Qdy - </p(y\x) In %dy) 2]

| (i)

_ . o 1 Pl
V)= Yo pta) | [ oole) 22

reX

=3 pla) [/ (yle) |In

reX

and

Mp(t; P) 2" t(x) /p(yll’) In pq(i';;) - (/p(vlw) In %dv) dy]
3dy]
86 (,\)
ox

) ([ oy 2L,
p(y) p(v)
op_(t; P,A) =
For obvious reasons, we will refer to o%(t; P) (0%(X;Y), respectively) as the conditional

divergence (or relative entropy) variance of P given ¢ (Y given X, respectively).
In parallel with Theorems [3] [5] and [6] we have the following result, which is referred to as

the left NEP with respect to relative entropy.
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Theorem 8 (Left NEP With Respect to Relative Entropy). For any sequence x" = xy---x,
from X, let t € P be the type of ", i.e., nt(a), a € X, is the number of times the symbol a
appears in x". Assume that t has full support. Then
Pr { 1 1np(yn—|Xn) < I(t; P) — 5' X" = x"} < e r-(9) (4.46)
n q(Y™)
Furthermore, under the assumptions @.2) and {@.3)), the following also hold:
(@)  There exists a 6* > 0 such that for any 6 € (0,6

r_(t,0) = 5%+ 0(8%) (4.47)

20123 (t; P)
and hence

n n —n 52 3
prd L BOIXY ppy gl xn 2 b < TR O g
n q:(Y™)

(b)  Forany € (0,A* (X;Y))

1 yrixn
1, p0IXY)

§D_(t; P, )\,n>efnr7(t,5) < Pr{ <I(t;P)— 5‘ X" — In}

- n q(Y™)
< &p-(t; P, A,n)e =10 (4.49)
where \ = 87"5—5;’5) > 0, and
_ 2CMp _(t; P, A
Ep-(1: P m) = 2D DAY

Vo, (¢ P, A)

’VL)\QCT%)’_(t;P,X>
+e 2 [Q(\/EAUD,—(ta P’ )‘)) - Q(p* + \/ﬁ)‘O—D,—(t; Pa A))] (450)
n>\2a%7_(t;P,>\)

€, (P An)=c 7 Qo+ Vndop_(t; P, X)) 4.51)

. . CMp._ (P B 20Mp._ (P
with Q(p*) = ZB=ipsy and Qlp.) = 5 — RS

(c) Forany § <cy/ lnT”, where ¢ < op(t; P) is a constant,
Mp(t: P 1 Yr|x"
( ovn )—C 1;(’ ) - Pr{—lnugl(t;P)—(S’X"—x”}
op(t; P) V/noi(t; P) n q(Y™)

5v/n CMp(t; P)
< (Up(t; P)> " Vnoh(t; P) (4:32)
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Proof of Theorem[8 The inequality (4.46) comes from the Chernoff bound. To see this is

indeed the case, note that

Pr{llnp(y—m §](t;P)—5‘X”:x"}

n q:(Y™)
Y
p(Y™X™) n_ .m

(e

- igf(‘) en)\(é—f(t;P))
sl 5 1
acX {fp (qt(y)> dy]

- g% oA (O—I(5P))
= inf exp n A& —I(t; P)) — Zt<a) 1Il/p(y|a) (M?JM))A N

A0 acX Qt(y)
= e (4.53)

which completes the proof of (4.46).
The equation follows from the Taylor expansion of r_(¢,0) at 6 = 0 and the fact that
Pr_(t,0) 1
062 o (t; P)
What remains is to prove @.49) and (#.52)). To this end, let

y ’.%’ Hf A yl‘xl

With \ = 2= (t 9 it follows from @Z43) that

r_(t,6) = N0 — I(t; P)) — Zt(a?) ln/p(y|18) {pq(ty‘@} dy .

reX

Then we have

Pr{llnp(y—p() < I(t; P) —5’)(“ - ;c"}
n q@(Y™)

= / p(y"|x")dy
Lin ORI <1 (1) -5
= [ ey

1 p(y"|z™)
In PURLED) <1(1;P) 6

B} -
_ T o Do 020k (555)

2@ 2 py" ") dy

11, py"]z™) .pP)—
L 2UElE) <1(6:P) -6
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Aln P(yn|zn)

_ / e ™ +nA(6—I(t;P))—nr_(t,0) f_)\(yn|xn>p<yn|$n)dyn

1 ( TL‘I"L) .
= In %g[(t,m—é

In 2@ =)

= ) A R0 eyl ey

In PEI%‘;’)” —n(I(t;P)—8)<0

— e - (t,0) / / 6/\\/HUD’7(t;P’>\)pf_)\(yn ’xn)p<yn|xn)dyn

p<0 1, pW™2Z™) o rippy—
" ) IEGP -9 _
Vrop PN P

0
J— / VTP L ()

—00

0
— e—an(tﬁ) Fxn (O) . / A\/EO'D7_ (t, P’ A)GA\/EO'D,—(ﬁP,)\)PFxn (p)dp . (454)

where

In 2720 (1(t; P) — 6)
Fxn - P qt(Zn) 7 <
) r{ Vnop,_(t; P, ) =7

and Z; takes values over the alphabet of Y according to the pmf or pdf (as the case may be)
foa(z|lzi)p(z|z;). Tt is easy to verify that

Zi|z;

Ehﬂ@)

q:(Zs)

| = Dt

and

ZEP%&HZZEMWM)
= n Y t(x)D(t,z,\)

reX

= n(I(t; P)—9)

which further implies that

> [ln pétz(;z‘f;) — D(t, x;, )\)]

<
Vnop —(t; P, X) =7

Applying Lemma [I] to the independent sequence
ZZ' % "
{mM —D(t,asi,)\)} ,
0(Z;) i=1
the argument similar to that in the proof of Theorem [2] can then be used to establish (4.49).
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Finally, consider another sequence of independent random variables Wy, W5, --- | WW,,, where
W; takes values over the alphabet of Y according to the pmf or pdf (as the case may be) p(w|x;).

Applying Lemma [I] directly to

Wilz; "
{lnp<—|x) — D(t, x,)}
a:(W;) i=1
we then get (4.52). This completes the proof of Theorem [ |
p(Y"X™)

The conditional probability that given X" = 2", 11n

o InEomsss is away from I(t; P) to the

right can be bounded similarly. For completeness, we state these bounds below without proof.
Define for any ¢ € P with full support and any § > 0

r(t,0) 2 sup
A>0

NI P)+6) = S tla)n [ plylo) {M} dy] (4.55)

TeEX Qt(y)
and for any \ € [0, \*(X;Y)) and any ¢t € P with full support

[p(sz))r
Alyle) = e (4.56)
S p(olz) [E2] " av
Dittr. ) 2 [ plolo) ko) [m pq(y('y))] dy 457)
A . . A PYD | b
516, 2 3 160) [ plulo)t >[1 qt(y)}dy 15 P) (4.58)

reX

Then under the condition @.5), 0(¢,\) as a function of A\ is strictly increasing over A €
[0, \*(X;Y)) with §(¢,0) = 0. Let

A*(t) £ i .
(1) )\T/\*l(r%;y)é(t,)\)

By an argument similar to that in the proof of Theorem [I} it can be shown that r(t,J) is
strictly increasing, convex and continuously differentiable up to at least the third order over

5 € [0, A*(t)), and furthermore r(t,d) has the following parametric expression

r(t,0(t,A)) = A (t; P) +6(t, \)) — Zt(w) ln/p(y[x) {M} dy (4.59)

ex :(y)
with
_ Or(t,0)
A= 00
satisfying
(t,A)=9.
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Further define for any \ € [0, \*(X;Y))

LRI [ [ vt lnp;ty('y?—m(t,x,» dy] (4:60)
and
p(ylz) ’
ot P\ ;t [/ (i) (o) [ 2L = D (.. dy]. .61)

Then the following result can be proved similarly, which is referred to as the right NEP with

respect to relative entropy.

Theorem 9 (Right NEP With Respect to Relative Entropy). For any sequence x™ = x1---x,
from X, let t € P be the type of x", i.e., nt(a), a € X, is the number of times the symbol a

appears in x". Assume that t has full support. Then

1 ynrxn
Prq{ — IHM >I(t;P)+ 6| X" =a"p < et (4.62)

Furthermore, under the assumptions (d.21) and [@.5), the following also hold:

(@)  There exists a 0* > 0 such that for any ¢ € (0,6

r(t,0) = mﬁ + 0(6%) (4.63)
and hence
Pr { L PXY g py 4 5‘ X — m”} < GO e
noq(Y™)
(b)  Forany 6 € (0,A*(X;Y))
p(Y"[X™)

1
t: P\, n)e ") < Pr { —In
§D< ) - n Qt(Yn)

Ep(t; P\, n)e (9 (4.65)

>I(t;P)+5‘X”:x"}

IA

where \ = % > 0, and

2C' Mp(t; P, \)

U = 1P
+e BT QAo PN) — Qp + Vadop(t: PA)] (4.66)
£ (P ) = B QUp, 1 ot P ) 4.67)

_ 2CMp(tP))

with Q(p*) = CMD(tPA and Q(p.) = % Vnod (P

Vinod (LPA)
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Inn

(©) For any § < cy/ =", where ¢ < op(t; P) is a constant,

( dv/n ) CMp(t; P) - _ Pr{l p(Y"|X™)

op(t;P))  nod(tP) — (Y™

> I(t; P) + 5‘ X" = a:”}

= Q <0D(t; P)) NN

Remarks similar to those (Remark[I]and [2) following Theorem [2]can be drawn here concerning

(4.68)

Theorems [§ and [9] Theorem [§ will be used in [3]] to establish a non-asymptotic coding theorem

for Shannon random codes.

V. NEP APPLICATION TO FIXED RATE SOURCE CODING

Assume that the source alphabet X is finite. In this section, we make use of the NEP with
respect to H(X) to establish a non-asymptotic fixed rate source coding theorem, which reveals,
for any finite block length n, a complete picture about the tradeoff between the minimum rate
of fixed rate coding of X; --- X,, and error probability when the error probability is a constant,
or goes to 0 with block length n at a sub-polynomial n™%, 0 < o < 1, polynomial n™¢, a > 1,

n

or sub-exponential e="", 0 < a < 1, speed. We begin with the definition of fixed rate source

code.

Definition 1. Given a source from alphabet X, a fixed rate source code with coding length n is
defined as a mapping i : S, — {1,2,...,|S,|}, where S,, is a subset of X™. The performance of
the code is measured by the rate R, = +1n|S,| (in nats) and error probability Pr{X" ¢ S,,}.

As can be seen from the definition, the design of a fixed rate source code is equivalent to
picking a subset of X™. Given the source statistics p(x), one can easily show that the optimal
way to pick S, is to order " in the non-increasing order of p(z™), and include those " with
rank less than or equal to |S,|. Then we have the following non-asymptotic fixed rate source

coding theorem.

Theorem 10. Let R, (¢,) denote the minimum rate (in nats) of fixed rate coding of X1 X5 --- X,
subject to the error probability not larger than €,. Under the assumptions (2.2) and (2.3), for

any n and €, > 0,

1 d 20 My (X))
—d+In [5 - @ (ﬁaH(X,M) B ﬁoi’f(m)]

n

6> Ry(en) — H(X) > 8 —rx(8) +

(5.1)
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for any constant d satisfying % -Q ( \/ﬁa;( X /\)) — 2\%‘:5 (())((;‘)) > 0, where § is the solution to the

equation

en = (X, 7' (8), n)e "X (5.2)
d is the solution to the equation
(L+e™) € = &, (X, 1 (6), n)e™x( (5.3)

and \ = 1’y (8). In particular, the following hold, depending on whether €, is a constant, or how

fast €, goes to (.

(a) When €, decreases exponentially with respect to n,

. 1 1
ngm}) (_ €y _ ﬂ) —|—O(n_1) > Rn(€n> - H(X)

n 2n
(inv) Ine, Inn Ine, 4
> — — -0
> Ty ( . o™ ) +— (n™)

where rg?w)(-) is the inverse function of rx(-).

(b) When e, =n~"2e™™" for a € (0,1),

V20u(X)n~ 5+ 0 (n—i) > Ru(en) — H(X)

_lta

> V2ou(X)n 5 — 0 (n : ) (5.5)
for a € (0, %) and

11—«

V2o (X)n~ 2 40 (n_(l_a))

v
5
2
|
=
>

> V20u(X)n= 7 =0 (n ) (5.6)

for a € [%, 1).
(c) When ¢, = % for o > 0,

o1 (X) 2‘““”+0( ! ) > Ry(e,) — H(X)

n nlnn
o (X) 2‘”“”—0( ! ) (5.7)

nlnn

v
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(d) When €, = € remains a constant,

(- 548)

v

v

where Q7' (+) is the inverse function of Q (-).

Proof of Theorem [I0} Define

Sn(9) 2 {x" ; —%lnp(w"

and

QO+ (

Rn(€n> - H(X)

2o 0-0(

)gH(X)+6}

en(8) = Pr{X" ¢ S,(5)}.

)

Inn

Clearly €,(d) is a non-increasing function of 6. Now let § and § satisfy that

€n(0) < €, < €,(9).

According to the discussion on optimal fixed-rate source codes,

1 1 -
- < = '
- InS,(0) < Ru(e,) < - In S, (9)

Observe that

|Sn (5) yefn(H(X)Jré)

IN

IN

IN

which implies that
1 _
Ry(en) < —1In S5, (0)]
n

Towards the lower bound on R, (e, ), further define

d

1

)

S.6.0) 2 {100 +5- 0 < ~Lhaper) < X +2

n

October 20, 2011
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for some constant d > 0. Then we have

5,8 e FOHE) 53 e

x"eSR(4,d)

= > K@) fa)p)

PN

= Z e*n[*%A Inp(a™)~n 3, p~ M (w)] Hr(@")p(z")

am €S, (8,d)

> @ ST f ()

x"GSn(é’d)
e—nrx(é) Pr {Zn € Sn(év d)}

d 1 &
—nrx(8) p 2 <= -1 7)) — (H(X)+9) <
e r{ n n; Ilp( z) ( ( ) _) 0

—— B - (\/ﬁng(X A)) - 275]\55((;:))}

where A = 7 (0), {Z;}_, are IID random variables with common pmf f)(z)p(z), and the last

inequality is due to the direct application of Lemma [I] (Berry-Esseen Central Limit Theorem)

to {—Inp(Z;) — (H(X)+d)},. And therefore

1
R,(e,) > Eln\Sn(éﬂ

1
> Z1n|S,(8,d
> Lin|sy(8,d)
d
> H(X )"‘5—5—7’)(@)
L1 d 20 My (X, \)
—In|=-— — |- 5.12
om0 (Gmoen) - Ve o
Note that 3 — Q ( \/;w;( X A)) — 2\%‘:5 (())g : = ( for constant d > 0. Then (5.I) is proved

by showing § and § calculated according to (5.2) and (5.3)) indeed satisfy (5.9), where we invoke
Theorem [2] i.e.

en(8) = Pr{X"¢S,(5)}
< (X, (8),n)exO)

= En
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en(d) = Pr{X" ¢ S,(0)}
£, (X, e (8),n)e rx ()

v

> €.

Let us now look at special cases.

(a)

When ¢,, decreases exponentially with respect to n, i.e. %ln €, — C as n — 400 for some

constant ¢ < 0, we have

Ine, In & (X, (0),n) N
o - —rx(6). (5.13)

Note that

Ea(X, A n) > 2EMu(XN) Q(l)

vty ~ Ve
Taking n — +oo in (5.13), it can be seen that rx (0) — —c. And therefore, £(X, 7% (6),n) =

) (\/Lﬁ), which further implies that
5 _ T(im)) (_ln €n + In gH(Xv T/X(g)a TL))

X n n

; | |
(e )

n 2n

- Ine Inn
_ (inv) . n T -1 14
T ( - on > +O(n ) (5.14)

On the other hand,
Ine, N In(1 —l—e’") Ing, (X, rk(d),n)

n n n

—rx(0). (5.15)

and by the same argument, rx(d) — —c as n — +o0. Consequently, §, (X, 7 (d),n) =

) (\/Lﬁ), which further implies

Ine, Inn
= (0) — g+ O™ (5.16)
and
Ine Inn
(mv) e i adh T -1
0= ( - o) ) O(n™). (5.17)
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Combining (5.1 with (5.14)), (5.16) and (5.17) yields,

Tg?w) (_lnﬁn _ ln_n) _|_O(n71) > Rn(en) . H(X)

n 2n
|
> §—rx(d) — 5~ O™
(i) _ln €n Inn Ine, _ 1
- ( n 2n)+ n O™

(5.18)

This completes the proof of (5.4).
(b) First of all, let us consider the case when a € (0, 5). Towards proving (5.3), let us show

that 0 = 20y (X )n_l_Ta + nn_HTa for some properly chosen constant 1 will guarantee

en(6) <n 2e™,

(5.19)

v

By Theorem [2] and Remark [T}

while

/
X
= © (nf%) <mn?
for some constant 7; > 0, and
e—nrx(g)
_l-a _lta
= exp{—n’rX< 20p(X)n~2 +nn” 2 >}
1 _l-a 14a)\ 2 _3(1-a)
- exp{—n 207, (X) (\/gaH(X)n 2 4+ nn 2) +O<n ﬂ}
2 “3a
= exp{—na—% O( o g )}
V21
= —n*— ——— —0(1
eXp{ o (X) (1)
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since a € (0, %) Now it is trivial to see that we can select a constant 77 such that

V2
7716_ C’H(g() —o(1) <1

which will make (5.19) satisfied, and consequently

1+

by = ﬂaH(X)n’kTa +nn” 2
= \/QUH(X)n_I_Ta +O<n‘T>

> R(e,) — H(X).

1—

In the similar manner, we can show that by making § = /205 (X)n" "2 — n’n_HTa for

another constant 7’ > 0,

€n(9) > €n.
Consequently,
Rofen) = HX) > —rx(8) ~ o —O(n™)
= ﬂJH(X)n_PTa — T]'n_HT& -0 (n_(l_a))

1—«a

= V20u(X)n" 7 -0 <n‘T)

for a0 € (O, %) The proof of (5.6) for the case o € [%, 1) is essentially the same, and
therefore omitted.
(c) Following the same spirit of the proof for part (b), one can verify that constants 7 and 7’

can be chosen respectively such that

} = nl;n

[E" (9) ‘5=0H\/W+n\/nfm

and

—Q

n
n (5 ‘ 2alnn / 1 :| >

which, together with (5.1)), proves (5.7).
(d) Tt can be readily seen that by Theorem [2| (b), § = Z& (f)Q_l (e — CMy (X)) is the right

vn Vo (X)
choice to guarantee

() < €

; _ og(X -1 20 My (X) .
while § = NG Q (E + m) will make

€n(0) > €
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satisfied. then follows immediately from (5.1)) and the choices of ¢ and J.
This completes the proof of Theorem [0} [ ]

Remark 3. To show Theorem provides a non-trivial bound, we claim that
d > rx(0)
for 0 < 6 <In|X| — H(X). Indeed, recall the definition of §(\) and
0<rx(0(1)=H(X)+1)—In|X|

which implies that 6(1) > In |X| — H(X) or 74 (0) <1 for 0 < 6 < In|X| — H(X). The claim

then follows immediately from the fact that rx(0) = 0.

Remark 4. In Part (d) of Theorem [I0, we can see that if ¢, = ¢ > 0.5 is selected, then
R, (€,) could be strictly less than H(X) for finite block length n! This means that if the error
probability is allowed to be slightly larger than 0.5, the rate of source code can be even less
than the entropy rate. For an IID binary source with p = Pr{X; = 1} = 0.12, Figure [3| shows
the tradeoff between the error probability and block length when the code rate is 0.21% below
the entropy rate, where in Figure [3| both the entropy rate and code rate are expressed in terms
of bits. As can be seen from Figure [3] at the block length 1000, the error probability is around
0.65, and the code rate is 0.21% below the entropy rate. Similar phenomenon can be seen for

channel coding shown in [3].

Remark 5. Related to Part (d) of Theorem [10]is the second order source coding analysis in [5]
with a fixed error probability 0 < € < 1. Both results are concerned with the scenario where
the rate is around the entropy rate in the order of \/Lﬁ and the error probability is a constant.
However, the work in [5] is asymptotic. On the other hand, Theorem ((5.1) and Part (d)) is
non-asymptotic and valid for any block length n. It reveals a complete picture about the tradeoff
between the rate and error probability when the error probability is constant, or approaches 0
with block length n at an exponential (Part (a)), a sub-exponential (Part (b)), a polynomial (Part

(c) with o > 1), or a sub-polynomial (Part (c) with 0 < o < 1) speed.
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error probability vs. block length when rate is below entropy
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