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Abstract— This paper proposes a local path planning method
with a reachable set for Automated vertical Parking Systems
(APS). First, given a parking lot layout with a goal position, we
define an intermediate pose for the APS to accomplish reverse
parking with a single maneuver, i.e., without changing the gear
shift. Then, we introduce a reachable set which is a set of
points consisting of the grid points of all possible intermediate
poses. Once the APS approaches the goal position, it must
select an intermediate pose in the reachable set. A minimization
problem was formulated and solved to choose the intermediate
pose. We performed various scenarios with different parking
lot conditions. We used the Hybrid-A* algorithm for the global
path planning to move the vehicle from the starting pose to
the intermediate pose and utilized clothoid-based local path
planning to move from the intermediate pose to the goal pose.
Additionally, we designed a controller to follow the generated
path and validated its tracking performance. It was confirmed
that the tracking error in the mean root square for the lateral
position was bounded within 0.06m and for orientation within
0.01rad.

I. INTRODUCTION

An automated parking system (APS) has recently received
significant attention in the autonomous system field. Auto-
mated parking system typically consists of environment per-
ception of the parking lot, vehicle localization, path planning,
and path tracking. Path planning is an essential technology
for implementing collision-free and safe parking in the APS.
Path planning finds a trajectory the vehicle can follow from
a starting position to a goal position while avoiding obstacles
or driving in a narrow space. State-of-the-art approaches
for path planning are reported in [1]. Path planning can be
categorized into global path planning and local path planning.
Global path planning algorithms such as Hybrid-A* [2],
rapidly-exploring random trees (RRT*) [3], and folding-
based path planning [4] solve the obstacle avoidance problem
considering the entire configuration including the starting
and goal position. On the other hand, local path planning
can perform path corrections and improvements during robot
motion to cope with obstacles position or environmental
changes that the robot faces [5]. Then, possible motion tasks,
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such as path following, are assigned for suitable feedback
controllers in a car-like robot [6].

Generally, geometric paths are used for path following,
considering the car-like robot’s steering wheel angle con-
straints [6]. The geometric path uses lines, circles, polyno-
mials, and clothoid curves for automated vertical parking.
Using circle-to-circle and circle-line-circle algorithms for
local path planning demonstrates exemplary performance in
terms of computation time. However, the results path may
not be smooth at certain moments, and the steering wheel
angle required to follow it becomes discontinuous [7]. There
has been a study on generating parking paths using the
clothoid curve, calculating using Fresnel integrals to prevent
the discontinuity of steering wheel angle [8], [9]. However,
computing the local path planning through integration at ev-
ery sample time requires significant computation time, so al-
ternative approaches are needed. An approximated clothoid-
based local path planning method was recently proposed
to save unnecessary computation time [10]. However, this
method may not be able to generate a path depending on the
starting pose for reverse parking, so selecting an appropriate
pose is necessary.

The concept of a reachable set can be used to determine
the pose of an ego vehicle for a vertical parking maneuver
[10]. The reachable set is the set of all poses that can be
reached to the goal pose using local path planning. To utilize
the reachable set in an automated vertical parking system, the
vehicle’s pose is divided into three categories: starting, inter-
mediate, and goal pose [12], [13]. The starting pose is where
the APS algorithm begins, the intermediate pose is where
the vehicle begins the vertical parking maneuver, and the
goal pose is the end of the vertical parking maneuver. A key
aspect to consider here is that intermediate poses significantly
impact the feasibility of reaching the goal pose. Therefore,
determining the intermediate pose is essential for completing
the vertical parking maneuver so that the reachable set can
be used to select the appropriate intermediate pose.

This paper proposes a path planning method using the
clothoid-based reachable set for an automated vertical park-
ing system. We generate two paths: the path from the
starting pose to the intermediate pose and the path from
the intermediate pose to the goal pose. The former path
is generated using the Hybrid-A* algorithm since Hybrid-
A* can accurately match the specified pose even in tight
spaces [13]. This global path planning considers obstacles
and the surrounding environment of the parking lot. The
latter path, which requires accurate reaching of the parking
spot, is generated using approximated clothoid-based path
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Fig. 1. Parking coordinates and nonholonomic vehicle model at the center
of the rear axle (cra) of the vehicle.

planning. To find an appropriate intermediate pose, the
reachable set concept is used. The reachable set is a 3-
dimensional grid point with longitudinal and lateral posi-
tions and orientation of intermediate poses where clothoid-
based path generation is possible up to the final parking
spot. The reachable set generation algorithm can conduct
a collision-free reachable set considering obstacles. Then, a
cost function is defined to select an appropriate intermediate
pose. Finally, a system for path planning and tracking from
the starting pose to the goal pose is designed. To show the
effectiveness of the proposed method, numerical simulations
were conducted for cases with and without obstacles, with
parking corridor widths of 7m and 6m. From the simulation
results, it is shown that a successful path was generated
without collisions with obstacles. In addition, the root mean
square error (RMSE) for tracking, the performance of the
lateral and orientation was verified to be 0.02m and 0.006rad
for the 7m case, 0.06m and 0.01rad for 6m case, respectively.

II. APPROACH TO AUTOMATED PARKING SYSTEM

A. Vehicle Kinematic Model

Let us consider the parking coordinates {xy} described in
Fig.1. We define the vehicle position vector pxy = [x, y]T ∈R2

at the center of the rear axle (cra) in the parking coordinates.
Then, the vehicle pose at the cra by pcra ∈R3 is defined with
the orientation of the vehicle ψ by

pcra =

[
pxy
ψ

]
=

 x
y
ψ

 . (1)

This study assumes the Ackerman turning geometry and the
bicycle model [14], [15]. In addition, we assume that the tire
slip angle of the vehicle is neglected [15]. Then, for lateral
vehicle motion, we use a discrete-time kinematic model and
the process of converting from a continuous-time kinematic
model, which is derived in [14]. The vehicle kinematic model
can be obtained using a zero-order hold with sampling rate
Ts as follows:

x(k+1) = x(k)+Tsv(k)cos(ψ(k)) (2a)

Fig. 2. There are three poses: starting pose (pstart
cra ), intermediate pose

(pinter
cra ) and goal pose (pgoal

cra ).

y(k+1) = y(k)+Tsv(k)sin(ψ(k))

ψ(k+1) = ψ(k)+Ts
v(k)

l
tan(δ (k))

(2b)

where v(·),δ (·),and l denote the longitudinal velocity at
the cra, the front wheel steering angle, and the wheelbase,
respectively.

Remark 1: Note that (2) is separated into the longitudinal
motion (2a) and the lateral motion model (2b) for the decen-
tralized controller [9], [10]. The desired longitudinal velocity
is designed by vd(k) = −νx(k) for any ν ∈ (0,2/Ts) [9],
[10], and a basic feedback control law, such as PD control,
is used to track this velocity. And we consider simplified
model of the power train dynamics given by ẍ(k+1) = (1−
Ts
τ
)ẍ(k)+ Ts

τ
ẍd(k) with a time constant τ [15]. In addition,

the magnitude of the desired longitudinal velocity |vd(·)| is
limited to account for the vehicle kinematic motion during
parking operation. Readers who are interested in the detailed
background and description of the longitudinal motion can
be referred to [10].

B. Problem Description

The scenario of the automated parking system is illustrated
in Fig. 2. We considered a parking lot with corridors of 7m
and a minimum size of 6m. For each corridor width size, we
evaluate the presence and absence of obstacles. Path planning
from the starting pose pstart

cra to the goal pose pgoal
cra is required

for the vehicle to move safely without collision to the parking
spot. The first step for the path planning is to determine
the appropriate intermediate pose pinter

cra . Then, the path from
pstart

cra to pinter
cra can be generated. Finally, the reverse parking

path from pinter
cra to pgoal

cra is generated. Note that we focus
exclusively on vertical parking scenarios.

Assumption 1: In this paper, we assume that we have
prior knowledge of the workspace, which represents the
area where the vehicle operates and carries out parking
maneuvers. Furthermore, we have information about the pose
of the ego vehicle relative to the final parking spot.

III. REACHABLE SET-BASED PATH PLANNING

Implementing APS requires generating two paths: from the
starting pose to the intermediate pose and from the interme-



Fig. 3. The overall structure of the path planning. First, a collision-free reachable set is formed using the kinematic model and clothoid curve. Then, the
cost function is utilized to select an appropriate intermediate pose. Subsequently, the path planning for the automated vertical parking system is conducted
using the Hybrid-A* algorithm and clothoid-based method.

diate pose to the goal pose. Determining the intermediate
pose connecting the two paths is essential in integrating
both path planning methods. To this end, we propose a
reachable set of available intermediate poses. Figure 3 shows
the overall structure of the proposed path planning. First,
a reachable set is conducted using the kinematic model
and the approximated clothoid path. Then, an appropriate
intermediate pose is determined from the reachable set.
Finally, we use Hybrid-A* for the first path that performs
well in a narrow space, and the second path is obtained using
a clothoid curve model, generating a smooth path.

A. Approximated Clothoid-Based Parking Path Planning

This paper proposes a path generation approach that
considers vehicle motion control towards the parking spot
once the intermediate pose is determined. This approach aims
to generate paths where all local paths are continuous and
slowly varying curves. To this end, a clothoid can be used
for smooth steering maneuvering. Given the arc length s of
a path, the curvature can be designed with the clothoid path
construction rule as follows:

κ(s) = 2c2 +6c3s (3)

where c2 and c3 denote the path curvature at s = 0 and its
variation rate, respectively. However, implementing clothoid
path planning in real-time can be computationally intensive.
The arc length s can be approximated to address this problem
as the position x, assuming a small curvature. Then, using
the integrated curvature, an approximated clothoid cubic
polynomial tangent angle θ(·) and curve model f (·) [16]
can be derived as

θ(x) = c1 +2c2x+3c2x2

f (x) = c0 + c1x+ c2x2 + c3x3 (4)

where c0 and c1 represent the initial lateral offset and the ini-
tial orientation angle offset in the parking coordinates. This
approximated model (4) can be utilized for the automated
parking system with a virtual towing distance to prevent a
numerical singularity problem, and the detailed process of
this method is derived in [10].

TABLE I
PARAMETERS OF THE VEHICLE AND PARKING SLOT

Parameter Symbol Value
Corridor Length lcl 12m
Corridor Width lcw 6m, 7m
Vehicle Length lvl 4.325m
Vehicle Width lvw 1.890m
Wheel Base l 2.630m

Rear Overhang lr 0.845m
Parking Slot Length lsl 5.5m
Parking Slot Width lsw 2.9m

In kinematic model it can be assumed that the vehicle
velocity is small enough so that the velocity vector aligns
with the direction of the wheel [15]. Under steady-state
conditions, assuming a constant low velocity, the vehicle has
a circular motion with no sideslip for any of the tires, and a
yaw rate is given by

ψ̇ =
v

Rκ

=
v
l

tan(δ ) (5)

where Rκ is the turning radius determined by the curvature.
Assuming that there are no model uncertainties and using
κ = 1/Rκ , the desired steering angle is obtained by

δ
d := tan−1(κl). (6)

Then, the desired state pd
cra = [xd yd ψd ]T can be obtained

through (2) by taking the desired steering wheel angle δ d .

B. Computation of Reachable Set

Selecting an appropriate intermediate pose is crucial to
reach the goal pose effectively. To this end, we define a
reachable set and a collision-free reachable set.

Definition 1: Reachable set, Sr, is a 3-dimensional set of
intermediate poses, pinter

cra , where the vehicle can generate a
vertical parking path to the goal pose with a single reverse
maneuver.

Definition 2: Collision-free reachable set, Sc f r, is a subset
generated by considering collision avoidance in the reachable
set, Sr.



(a)

(b)

Fig. 4. (a) Visualize the free space and collision space within the parking
lot. It also illustrates the length and width of the corridor and the size of the
parking slot. (b) indicates parameters of the vehicle size. It also illustrates
(xr,yr), (x f ,y f ), and radius R that can define the free space and collision
space.

The first step to compute the reachable set is to define the
grid set, Sg, by dividing the parking corridor into grids with
specific interval. The grid range can be defined using upper
limits and lower limits of the vehicle states as

¯
x = (lsl −

lr)+ lvl/2, x̄ = (lsl − lr)+ lcw− lvl/2,
¯
y = −lcl/2, ȳ = lcl/2,

¯
ψ =−π/2, and ψ̄ = π/2 where all parameters are described
in Table I. Then, a set Sg, which has finite 3-dimensional
grid points, is defined as follows:

Sg := {[xix ,yiy ,ψiψ ]
T |

¯
x≤ xix ≤ x̄ for ix = 1, . . . ,Nx,

¯
y≤ yiy ≤ ȳ for iy = 1, . . . ,Ny,

¯
ψ ≤ ψiψ ≤ ψ̄ for iψ = 1, . . . ,Nψ}

(7)

where the number of grid points is Nx × Ny × Nψ . After
the generation Sg, the clothoid-based path is generated by
computing pd

cra ∈ Sg until the parking process is completed.
If the y and ψ values of the final pose are smaller than the
pre-defined threshold values εy,εψ , the pd

cra of the first step,
which corresponds to the intermediate pose, is added in the
reachable set, Sr. However, this process does not consider
collision checking based on the surrounding environment of
the parking lot. The reachable set should have some con-
straints to consider the collision. To compute the collision-
free reachable set, two points (xr,yr) and (x f ,y f ) considering

Algorithm 1 Collision-free reachable set Sc f r generation
Require: Grid set (Sg), Free space (F )

1: Sr = /0, Sc f r = /0, Collision = /0
2: for ix← 1 to Nx do
3: for iy← 1 to Ny do
4: for iψ ← 1 to Nψ do
5: pd

cra = [xix , yiy , ψiψ ]
T

6: while pd
cra(1)> 0 do

7: Obtain δ d using Eq. (6)
8: Obtain [xd , yd , ψd ]T using Eq. (2)
9: Update pd

cra = [xd , yd , ψd ]T

10: if (xr,yr),(x f ,y f ) ∈F then
11: Collision = /0
12: else
13: Add 1 to Collision
14: end if
15: end while
16: if |pd

cra(2)| ≤ εy and |pd
cra(3)| ≤ εψ then

17: Add [xix yiy ψiψ ]
T to Sr

18: if Collision = /0 then
19: Add [xix yiy ψiψ ]

T to Sc f r
20: end if
21: end if
22: end for
23: end for
24: end for

the size of the vehicle are defined as follows:

xr = xd +(
lvl

4
− lr)cos(ψd)

yr = yd +(
lvl

4
− lr)sin(ψd)

x f = xd +(
3lvl

4
− lr)cos(ψd)

y f = yd +(
3lvl

4
− lr)sin(ψd).

(8)

Then, the radius R of the circle around (8) is defined by

R =

√
(

lvl

4
)2 +(

lvw

2
)2 (9)

to deal with the collision as shown in Fig. 4. Here, two points
(xr,yr) and (x f ,y f ) are the coordinates of the quarter point
and three-quarter point of the vehicle center line, based on
the center of the rear axle. Thus, it is possible that we can
cover all vehicle body with two circles using (8) and (9) as
shown in Fig. 4 (b).

Let a free space F refers to obstacle-free areas where a
vehicle can safely navigate without any collisions [5]. By
using (8) and (9), the free space can be obtained by adding
a margin of R around restricted areas and obstacles within
the workspace. As a result, in each step of constructing the
reachable set, if the coordinates (xr,yr) and (x f ,y f ) obtained
from pd

cra are within the free space, the path is collision-free.
Then, the pd

cra of the first step, which corresponds to the
intermediate pose, is added in the collision-free reachable



(a)

(b)

Fig. 5. (a) 2-dimensional reachable set, (b) 3-dimensional reachable set.
The red points represent intermediate poses that allow for generating a single
reverse path to the final parking spot.

set, Sc f r. The overall process generating the reachable set
is presented in Algorithm 1. If the information about the
environment and surrounding static obstacles in the parking
lot is known, one can calculate and store the collision-free
reachable set offline, tailored to that specific parking lot. With
this, it becomes possible to achieve safe parking.

The reachable set is shown in Fig. 5. The intermediate
poses included in Sr visualized in two-dimensional are repre-
sented in Fig. 5 (a). The red points represent the intermediate
poses that can be reached at each position using the clothoid-
based path generation method, leading to the goal pose. In
Fig. 5 (b), which is presented in a three-dimensional, it
can be observed that the number of possible orientations
varies depending on the position. If there are restricted
areas (purple area) in the parking lot, such as Fig. 6 (a),
the intermediate poses included in Sc f r that can generate
collision-free paths are visualized as green points. When
considering collision avoidance, it is evident that the range
of green points significantly reduces. Also, in Fig. 6 (b),
we can observe that the green points vary depending on
the orientation for the same position. The changes in the
shape of the reachable set in the presence of obstacles will
be illustrated in Section IV.

By selecting a single grid point among the numerous grid
points of the collision-free reachable set, it can be designated
as an intermediate pose pinter

cra . Finally, if the vehicle reaches
the intermediate pose pinter

cra , it becomes possible to achieve
collision-free vertical parking with a smooth steering wheel
angle using clothoid-based path planning.

(a)

(b)

Fig. 6. (a) 2-dimensional collision-free reachable set (b) 3-dimensional
collision-free reachable set. Purple area in (a) means restricted area. Due to
the restricted area, the range of green points has been reduced.

C. Select Intermediate Pose in Reachable Set

In this subsection, we will explain how to select the appro-
priate intermediate pose pinter∗

cra among numerous grid points
in the collision-free reachable set Sc f r. The intermediate pose
can be chosen based on the relationship between the starting
pose pstart

cra and pinter
cra , as well as the relationship between

pinter
cra and the goal pose pgoal

cra . To this end, we introduce the
cost function with weight parameters α1, . . . ,α4 defined as

J = α1J1 +α2J2 +α3J3 +α4J4 (10)

where

J1 = |pstart
cra (3)−pinter

cra (3)|
J2 = ∥pstart

xy −pinter
xy ∥2

J3 = ∥pgoal
xy −pinter

xy ∥2

J4 = |ψ pre f −pinter
cra (3)|.

Here, J1 is a cost that ensures minimal steering changes
from the starting pose to the intermediate pose. J2 and J3
are costs that prevent unnecessary driving distances from
the intermediate pose to the starting pose and goal pose,
respectively. J4 is a cost representing the difference between
the vehicle orientation in the intermediate pose and the
driver’s preference with the pre-defined orientation ψ pre f . To
achieve safe parking, the orientation of the intermediate pose
is considered the most crucial among all costs. Therefore,
we assigned more weight to α4 and performed tuning to
match the units of each cost. Then, to select the appropriate
intermediate pose dependent on ψ pre f in the reachable set,



(a) 7m case without obstacle zone (b) 7m case with obstacle zone (top) (c) 7m case with obstacle zone (bottom)

(d) 6m case without obstacle zone (e) 6m case with obstacle zone (top) (f) 6m case with obstacle zone (bottom)

Fig. 7. Path planning results with various scenarios. (a)-(c) are cases with the width of 7m corridor and (d)-(e) are cases with the width of 6m corridor.
((a),(c),(d) occurred once for gear shift, (b),(f) occurred three times, and (e) occurred five times.)

the minimization problem is given by

pinter∗
cra = argmin

pinter
cra ∈Src

J(ψ pre f ). (11)

After determining pinter∗
cra , we can generate the reference path

for the vehicle from the pstart
cra to pinter∗

cra using a general
Hybrid-A* algorithm. Furthermore, we already described in
Section III-A that pinter∗

cra can form the collision-free vertical
parking path to the pgoal

cra . Finally, the path from the starting
pose to the goal pose has been generated.

IV. SIMULATION RESULTS

A. Path Planning Result

We conducted path planning simulations for six scenarios
to verify the proposed method in MATLAB. The param-
eters of the vehicle used in the simulation are shown in
Table I. First, a simulation was performed to evaluate the
proposed approach using a parking lot with a corridor size
of 7m, which is typical for parking lots. Furthermore, the
areas within the parking lot where the probability of static
obstacles is high are designated as obstacle zones. Fig. 7
(a), (b), and (c) shows the varying reachable set, influenced
by the location and presence of the obstacle zone within a
7m corridor. Generated path results demonstrate successful
path planning that avoids collisions with obstacles during

Fig. 8. The overall structure of the tracking process. We use a feedforward
controller and feedback controller to track the reference path.

parking. The results obtained for the corridor size of 6m are
represented in Fig. 7 (d), (e), and (f). Compared to the 7m
scenario, we can observe that the area of the collision-free
reachable set, represented by the green dots, shrinks. This
shrinking of the green dots area can be interpreted as a result
of the limited space in the parking lot environment, leading
to reduced free space. Furthermore, due to the limited space,
multiple gear shifts are required during the parking maneuver
but still generate a collision-free path.

B. Tracking Result

In order to consider the uncertainty of the vehicle model
due to the external environment, we added bounded dis-
turbances into the plant model and conducted simulations.
The overall structure of the tracking process is illustrated in
Fig. 8. We designed a feedforward controller to track the
generated path and used a feedback controller to compen-
sate for disturbances. During the simulation, we applied a
restriction on the steering rate of the vehicle. The control
simulation results for the case where the corridor size is 7m,
and the obstacle zone is located at the bottom are represented
in Fig. 9. We can observe that the vehicle closely follows
the reference path and reaches the final parking spot with a
single gear shift. Additionally, examining the steering wheel
angle after the gear shift occurs, the generated path is based
on clothoid so that smooth steering identifies. The results for
the case where the obstacle remains in the same position but
the corridor width is reduced to 6m are shown in Fig. 10.
It can be observed that there are three gear shifts due to the
reduced space of the free space. Also, because we did not
consider that typical vehicles align their wheels during gear
shifting, deviations occurred between the vehicle’s actual and
reference paths. However, the vehicle successfully enters the
parking spot without collision, and the steering wheel angle



(a) Tracking result

(b) Steering wheel angle

Fig. 9. Tracking performance result for 7m case. (a) tracking result with
reference path, (b) steering wheel angle result. The path is divided into a
Hybrid-A* path and a clothoid-based path, both before and after reaching
the intermediate pose.

results also show smooth steering after the final gear shift.
To validate the path tracking performance, we calculated the
RMSE and maximum error of the tracking error between the
reference path pd

cra and state pcra. In the 7m case, the lateral
position and orientation RMSE were 0.02m and 0.006rad,
maximum error was 0.26m and 0.05rad, respectively. While
in the 6m case, RMSE was 0.06m and 0.01rad, and maximum
error was 0.3m and 0.17rad, respectively. A video clip can be
seen at https://youtu.be/c3PeLBYq3uk in which Fig. 7 (a),
(b), (f) and Fig. 10, respectively.

V. CONCLUSIONS

This paper proposed a reachable set for an automated
parking system. We construct the reachable set using a
vehicle kinematic model and a clothoid-based path planning
method. The reachable set consists of intermediate poses
where the vehicle can perform vertical parking with a single
reverse maneuver. To obtain a collision-free reachable set, we
defined free space based on the shape of the parking lot and
the surrounding environments. Then, within the reachable
set containing numerous points, we selected an intermediate
pose by the cost function. Finally, generate the automated
parking path using Hybrid-A* algorithm and clothoid-based
methods. We conducted path planning simulations for six
scenarios and confirmed that safe and collision-free paths
were generated. By applying disturbances to the plant model
and controlling it, we showed that the parking was com-
pleted without collision through smooth steering from the
intermediate pose to the goal pose.

(a) Tracking result

(b) Steering wheel angle

Fig. 10. Tracking performance result for 6m case. (a) tracking result with
reference path, (b) steering wheel angle result. The path is divided into a
Hybrid-A* path and a clothoid-based path, both before and after reaching
the intermediate pose.
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