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Any Positive Feedback Rate Increases the Capacity
of Strictly Less-Noisy Broadcast Channels
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Abstract—We propose two coding schemes for discrete mem-
oryless broadcast channels (DMBCs) with rate-limited feedback
from only one receiver. For any positive feedback rate and for the
class of strictly less-noisy DMBCs, our schemes strictly improve
over the no-feedback capacity region.

I. INTRODUCTION

We study the capacity region of discrete memoryless broad-
cast channels (DMBCs) with feedback. It is known that for
physically degraded DMBCs, feedback does not change the
capacity region [Il]. In contrast, there exist a few specific
examples of not physically degraded DMBCs where feedback
strictly enlarges the capacity region [2]], [3], [4]. For general
DMBCs with feedback, achievable regions have been proposed
in [2], [4], [S]]. But due to their complexity it is hard to evaluate
these regions or to obtain general insights from them.

The usefulness of feedback has also been shown for memo-
ryless Gaussian broadcast channels (BCs) [6], [7]. Achievable
regions and the asymptotic high-SNR sum-capacity of Gaus-
sian BCs have been presented in [8], [9].

In this paper we propose two coding schemes for general
DMBCs with feedback which lead to relatively simple achiev-
able regions (with only two auxiliary random variables). In
our schemes it suffices that there is a rate-limited feedback
link from the weaker receiver and no feedback link from the
stronger receiver.

For the class of strictly less-noisy DMBCs (see Definition 1
ahead), our schemes strictly improve over the no-feedback
capacity region for any positive feedback rate, no matter how
small. As we will see, the class of strictly less-noisy DMBCs
includes, for example, all asymmetric binary symmetric BCs
(BS-BCs) and all asymmetric binary erasure BCs (BE-BCs).

We conclude this section with some notation. We write
Z ~ Bern(p) to indicate that Z is Bernoulli-p, and we use the
definitions @ := (1 — a) and a * b := ab + ab, for a,b € [0,1].
Also, for any positive integer k, A* stands for the k-tuple
Ajq,..., Ak Given a set S € R?, we denote by bd(S) and
int(S) the boundary and the interior of S.

II. CHANNEL MODEL

Communication takes place over a DMBC with rate-limited
feedback from Receiver 1, see Figure [T} The setup is char-
acterized by the finite input alphabet X, the finite output
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Fig. 1. Broadcast channel with rate-limited feedback from Receiver 1.

alphabets ) and ), the channel law Py y, x, and the
nonnegative feedback rate Rpp. Specifically, if at discrete-
time ¢ the transmitter sends the channel input z; € X, then
Receiver ¢ € {1,2} observes the output Y;; € );, where
the pair (Y1¢,Y2¢) ~ Py,y,|x (-, -|2¢). Also, after observing
Y1+, Receiver 1 can send a feedback signal V; € V, to the
transmitter, where V; denotes the finite alphabet of V; and is a
design parameter of a scheme. The feedback link is assumed to
be instantaneous and noiseless—i.e., the transmitter observes
V; before it has to produce the next input X;,;—but rate-
limited to Rpp bits on average. Thus, if the transmission takes
place over a total blocklength IV, then

Vi| - [Vn| < 2NFm, (D

The goal of the communication is that the transmit-
ter conveys two independent private messages M; €
{1,...,[2VB1 |} and My € {1,...,[2VB2]}, to Receiver 1
and 2, respectively. Each M;, ¢« = 1,2, is uniformly distributed
over the set M, := {1,..., |2V |}, where R; denotes the
private rate of transmission of Receiver <.

The transmitter is comprised of a sequence of encoding
functions {ft(N)}il of the form ft(N) My X My x VX
--+xV;_1; — R that is used to produce the channel inputs as

X, = fMN(My, My, Vi, Viy),  te{l,...,N}
2
Receiver 1 is comprised of a sequence of feedback-encoding
functions {zng)}é\;l of the form wa) : R =V, that is used

to produce the symbols

Vi = t(N)(Yl,lw-le,t), te{l,...,N}, @3

sent over the feedback link, and of a decoding function q>§N) :



RY — M, used to produce a guess of Message M;:

My = oM (). )

Receiver 2 is only comprised of a decoding function <I>5N) :
RY — M, used to produce a guess of Message Moy:

My = 23 (V). ©)

A rate region (R, Rp) is called achievable if for every
blockler}§th N, there exists a set of N encoding functions
{ ft(N) ,—1» two decoding functions <I>§N) and @éN), N feed-
back alphabets Vi,...,Vy satisfying (I), and N feedback-

encoding functions {1/1§N) }ivzl such that the error probability

(6)

tends to zero as the blocklength NV tends to infinity. The
closure of the set of achievable rate pairs (R, R2) is called
the feedback capacity region and is denoted by Crp(RFg)-

In the special case Rpg = 0 the feedback signals are con-
stant and the setup is equivalent to a setup without feedback.
We denote the capacity region for this setup by Cnors-

We are particularly interested in the following DMBCs:

Definition 1. A DMBC is called less-noisy [l10] if
I(U;Y2) > I(U; Y1)

Pr(M1 7é Ml or M2 75 Mg)

(7

holds for all probability mass functions (pmf) Pux Py, v, x.
We call a DMBC strictly less-noisy if (/) holds with strict
inequality whenever I(U;Y7) > 0.

In general, the capacity region of DMBCs with and without
feedback are unknown. For the class of less-noisy BCs, the
no-feedback capacity region Cnopp is known [10]. It is the set
of all nonnegative rate pairs (R1, R2) that satisfy

R1 SI(U,Yl)
Ry <I(X;Y2|U),

(8a)
(8b)

for some pmf Py x, where the cardinality of the auxiliary
random variable U satisfies [U/| < min{|X|, | V1], |V=2|} + 1.

We will also need these definitions. A BC is said physically
degraded if X —Y5—Y; forms a Markov chain. For physically
degraded BCs the capacity regions with and without feedback
are the same and given by the constraints in (8) [

For comparison, we introduce the notion of enhanced
DMBC, which is obtained from the original DMBC by re-
vealing outputs Y" to Receiver 2. The enhanced DMBC is
physically degraded and thus, with and without feedback, its
capacity region is described by where Y> needs to be
replaced by (Y1, Y2). We denote this capacity region by Cgpp.

IIT. MAIN RESULTS

Theorem 1. For less-noisy DMBCs, the capacity region
Crg(Rrp) includes the set Rin1 of all nonnegative rate pairs
(R1, Ra) that satisfy

Ry, < I(U;Y11Q) (9a)
Ry < I(U; Y2|Q) — I(Y; Y1|UY2Q) (9b)
Ry < I(X;YY2|UQ) (90

Jfor some pmf P Py o PxjvqPy,vs|x P};‘UYIQ satisfying

I(Y;Y1|UY2Q) < Rrs. (10)
Proof: See Section ]

Corollary 1. For less-noisy DMBCs, the capacity region
Crs(RrpB) includes the set of all nonnegative rate pairs
(R1, Ry) that satisfy
Ry < I(U; Y1]Q) (11a)
Ry < I(X;YY,|UQ) (11b)
for some pmf Pq Py o Pxjuq Py, YzIXP{f\Ule satisfying
1(Y;Y1|UY2Q) < min{Res, I(U; Y2|Q) — I(U; Y1|Q)}.
(12)

Example 1. Consider asymmetric BS-BCs, where Py,y,|x is
described by

Y,=X®Z, icl,?2 (13)

for Zy ~ Bern(py) and Zy ~ Bern(ps) independent of each
other with 0 < ps < p1 < 1/2. We evaluate the region Riy
in Theorem || for distributions of the form
X=UasW (14a)
VY=UaY, oW, (14b)
with U ~ Bern(1/2), Wy ~ Bern(«), and W5 ~ Bern(p)
independent of each other and of the pair (Z1,Z5) and «, B €
[0, 1/2]. This results in the region of all nonnegative rate pairs
(R1, R2) that satisfy
Ry <1—H(ax*xp;)
Rl S 1 +H(6) - H(a1;a27a37a4)
Ry < H(an,a2,a3,04) — H(pz) — H(p1 x 3) (15b)
for some ., 5 € [0,1/2] satisfying
H(on, as, a3, 04) — H(ax pa) — H(B) < Rep

(15a)

where

Figure E] compares this region to Cnopg When py = 0.1, py €
{0.2,0.25,0.3}, and Rpp = 0.85.

Theorem 2. For less-noisy DMBCs, the capacity region
Crs(Rrg) includes the set Rinn of all nonnegative rate pairs
(R1, Ry) that satisfy

Ry < I(U;111Q) (16a)

R < I(X;Y2|Q) + I(X; Y |[UY>Q)
~I(Y;Y1|UY2Q) (16b)
Ry < I(X;Y2Y|UQ) (16¢)

Ry + Ry < I(X;Ya|Q) + I(XYy; Y|UQ)
+I(X;YUY,Q) — I(Y; Y1[UY2Q)  (16d)
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Fig. 2. Cnors and the achievable region in (T3) are plotted for BS-BCs

with parameters po = 0.1 and p1 € {0.2,0.25,0.3} and feedback rate
Rpg = 0.85.

for some pmf Pq Py g PxjuqPy, y2|XP)~,‘UY1Q satisfying

IV Y1|UY2Q) — I(X;Y|[UY2Q) < Res.  (17)

Proof: The scheme achieving Rj,, is similar to the
scheme achieving Ri,; described in Section[[V] but Receiver 2

applies backward decoding as opposed to sliding-window
decoding. Details and analysis are omitted. [ |

Remark 1. Riy1 C Rino.

This holds because Constraints and (9c) are equivalent
to Constraints and (I6c)), respectively; Constraint is

stricter than Constraint (I6b); the combination of Constraints
(Ob) and (Oc) is stricter than Constraint (I6d); finally, Con-
straint (T0) is stricter than Constraint (T7).

Remark 2. For Y = const., both Rin1 and Riny specialize
to Cnorp. Thus, both regions Rin and Rinp include Cnops.

Theorem 3. Assume Rgg > 0. For strictly less-noisy DMBCs:

1) every rate pair (R1 > 0, Ry > 0) on the boundary of

CnorB that is not also on the boundary of Cgy, can be
improved with rate-limited feedback:

(Rl >0, Ry > 0) S (bd(CNoFB) n iIlt(CEnh))
= (Rl, RQ) S int(CFB(RFB)). (18)
2) whenever Cnopp does not coincide with Cgy,, then the

feedback capacity region is strictly larger than the no-
feedback capacity region:

(CnorB C Cinn) = (Cnore C Cr(Rrs))-

Proof: Statement 1) is proved in Section [V] Statement 2)

follows directly from Statement 1). ]

(Notice that for physically degraded DMBCs, Cnors = Cgnn
and in fact, feedback does not increase capacity.)

19)

Corollary 2. For BS-BCs with cross-over probabilities p1, pa
that satisfy 1/2 > p1 > pa > 0, rate-limited feedback
increases the entire capacity region irrespective of Rpg > 0.
The same statement holds also for BE-BCs with erasure
probabilities 61,02 that satisfy 1 > 61 > 3 > 0.

1IV. PROOF OF THEOREM[I]

We first describe a scheme achieving Ri,; for |Q] = 1
(Section [IV-A). Due to space limitations, we only sketch the
required modifications for |Q| > 2 (Section [[V-B).

A. Scheme achieving rate region Ry, for |Q| =1

Let € > 0. Fix a pmf Py Px |y Py, y2|XP{/|UY1 and positive
rates Ry and Ry such that the constraints in (9) and (I0) hold
with strict inequality. Choose a positive rate R that satisfies

I(Y;Y1|UYs) + € < R < Ry, (20)

Transmission takes place over B + 1 consecutive blocks,
with length n for each block. We denote the input and output
sequences in block b € {1,...,B + 1} by X, Y7, YJ,
respectively. The messages to be sent are in a produét form
M, = (M;1,...,M; ), for i € {1,2}, where each M, is
uniformly distributed over the set MM =1, ,[2n ).
Let M := {1,...,[2"]} and M := {1,...,[2"7]} with
R:=I(Y;1|U) +e

1) Codebook generation: For each block b, randomly and in-
dependently generate 2”1 +1) sequences u} (1 4, ly—1), for
myp € M§") and [,_, € M. Each sequence uy (M1 p, lp—1)
is drawn according to the product distribution [];"_; Py (up,),
where uy, ; denotes the ¢-th entry of uj' (mq p, lp—1).

For each pair (mq 3, [,—1), randomly and conditionally inde-
pendently generate 2”2 sequences ! (mg 5| (M1, lp—1)), for
Moy € Mg"). Each sequence =}’ (m27b|(m17b7 lb—1)) is drawn
according to the product distribution [T}, Px o (s.¢|ust),
where x;,; denotes the ¢-th entry of z} (m2$b|(m17b, lb—1))-

For each pair (mq s, le-1), randomly and conditionally
independently generate 2"% sequences g’ (mp|(m1p, l-1)),
for m;, € M. Each sequence §j' (ms|(m1p,lp—1)) is drawn
according to the product distribution [T}, Py (8n,¢|us,e ),
where 3, denotes the t-th entry of gy (my|(map, lh—1)).
Partition M into Q’fR ‘equal-size subsets referred as bins
B(ly) = {(I, — 1)2nFE=F) 4 pon(E-R)

All codebooks are revealed to transmitter and receivers.

2)  Transmitter: To  simplify  notation, define
(107 m1’3+1, mQ’BJrl, m3+1) = (1, 1, 1, 1)

For each block b € {1,...,B + 1} and given that M; ;, =
mq, and Ms ;, = ma and that the feedback message in block
b—11is Ly_1 = ly_1, the transmitter sends

xy (map|map, ly—1). 21

(The generation of the feedback signal L, 1 = I,_1 sent in
block b — 1 is described shortly.)

3) Receiver I: In each block b € {1,..,B + 1}, after
observing channel outputs Y7, = y7',, Receiver 1 first looks

for an index 1y € /\/lg") that satisfies
(up (M1, ly-1),97) € T (Puy,)-

Notice that Receiver 1 knows the feedback message [;_1,
because it has generated it itself in the previous block (b—1).

(22)



Next, it looks for a compression message m;, € M that
satisfies

(ug (1,65 lo—1), G (|1, 1y—1), 915) € T (Pyryy, ),
(23)
and feeds back the index [, of the bin containing my, i.e. it
feeds back [, if my € B(ly). Thus, Receiver 1 only sends a
feedback signal in the last channel use of each block, otherwise
it stays silent. By and because the message [, is of rate R,
our scheme satisfies the average feedback-rate constraint ().
After decoding block B+1, Receiver 1 produces the product
message 11 = (1M1,1,...,M1,B) as its guess.
4) Receiver 2: For each block b € {1,...,B + 1},
after observing Yy, = 3 ,, Receiver 2 looks for a pair

(m/va lAbfl) € Mﬁ”) x M that satisfies

(uy(mll,m lAbfl); y;’b) S zn(PUY2).

Then, it looks for the compression message 1,1 € B(Zb,l)
that satisfies

(24)

(ug—l (mll,b—la lb—Q)v y;,b—h
Gp1 (Mp—a |y 1, l-2)) € T (Pyyy,),  (25)

and finally searches for an index Mg 1 € Mé") that satisfies

(UZL—1 (mll,b—lv Zb—2)v zy_q (12,51 |ﬁ1/1,b—17 [b—Q)’
Go—r (1 1, lb-2), Y5 4-1) € T (Pyxyy,)- (26)

After decoding block B + 1, Receiver 2 produces the product
message 1y = (a1, .., M2 B) as its guess.

5) Analysis: Using standard typicality arguments one can
show that the average probability of error of the scheme,
@, (averaged over the random messages, the random channel
realization and the random code construction) tends to zero as
the blocklength n tends to infinity, whenever

Ry < I(U; Y1) —d(e) (272)

R > I(Y;Y1|U,Ys) + d(e) (27b)
R+ R < I(U;Ys) — d(e) (27¢)
Ry < I(X;YY,|U) — 6(e) (27d)

for some function d(¢) that tends to 0 as e tends to O.
This implies that there also is a deterministic code with
probability of error tending to 0 as n tends to infinity whenever
constraints are satisfied.

Applying the Fourier-Motzkin algorithm to the constraints
in (20) and to eliminate the rate R, and letting € tend to 0
and the blocklength B to infinity, establishes the achievability
of the region R, 1 when |Q| = 1. (Notice that for a finite B

. . B B
the rates of transmission are TﬂRl and B—HRQ.)

B. Sketch of scheme achieving rate region Ri; for |Q| > 1
Let @ = {1,...,|Q|}. Our scheme consists of the phases
1,...,|Q|. In each phase ¢ € Q, we apply the scheme from
the previous subsection but where now, the transmitter
can delay the transmission of the compression messages {l}
(or parts of them) to subsequent phases. More specifically:

For each phase ¢ € Q, the transmitter and Receiver 2 each
have a first-input first-output (FIFO) queue. At the beginning
of each block b of phase ¢, the transmitter stores in its FIFO
queue a bit representation of the feedback-signal [, ;1 it
observed in the previous block. To perform the encoding,
it retrieves the first anE\g) bits from this queue, where n,
denotes the blocklength in phase ¢ and Rﬁg) is a new parameter
of the scheme. It then follows the encoding described in
Section but where l,—; in ZI) needs to be replaced
by kqp—1, the index corresponding to the retrieved bits, and
in general the subscript b must be replaced by the pair g, b.

Receiver 2 decodes 7}, ;, and kqp—1 as in (@4) (but where
ly—1 is replaced by k,,—1 and generally the subscript b is
replaced by ¢,b) and stores the decoded index l%q7b_1 in its
FIFO queue. Once the FIFO queue contains all pieces to re-
construct the feedback message lAq,b,l, Receiver 2 decodes the
submessage mz 4 ,—1 as in (23) and 26). Receiver 1 performs
the same operations as in the scheme in Section but
where [,_; in and needs to be replaced by kg1
and the subscript b by ¢, b. (Receiver 1 knows {k, 1} as it
can simulate the transmitter’s queue.)

We sketch the main points of the analysis. For each ¢ € Q,
let PU\Q:qPX\UQ:qPYlYgIXPY/|UY1Q=q denote the distribu-
tion used in the code construction of phase ¢. Also, let qu)
and qu) denote the rates of transmission of the messages
sent in phase ¢ and R(@ denote the rate of the compression
messages {lq,b}f:l. The blocklength in phase ¢ is chosen as
nq := Pg(¢)n for some large positive integer n, where Pg(q)
is a pmf over Q. For simplicity of exposition, assume that the
labeling of the elements in Q is such that

>, ROPy(q) = Y R Pold)
1<q¢'<q 1<q¢’'<q
holds for all ¢ € Q. Inequality ensures that prior to each

block of phase ¢ the transmitter finds anE\z) bits in its queue.
Now, if

(28)

ST RDPo(q) = Y RY Polq)

qeQ qeQ

(29)

then, at the end of the last phase |Q|, Receiver 2 has re-
constructed all feedback signals {lAq,b}. Assuming that Condi-
tions and hold, if also the following Conditions (30)—
(33) are satisfied for each ¢ € O:

R < I(U;1|Q = q) (30)
R + R < I(U;Y2|Q = q) 31)
R < I(X;YaVi|UQ = q) (32)
R > I(YV;11|UY»2Q = q), (33)

then the probability of error tends to 0 as N — oco. Notice that
our scheme satisfies the feedback-rate constraint (E]) whenever

Y R < Reg. (34)
qeQ

From Constraints (29)—(34), we obtain the achievable region
in Theorem [T} for example by applying the Fourier-Motzkin



algorithm (where we can relax the equality in (29) to an <-
inequality).

V. PROOF OF THEOREM 3]
Assume that Rpg > 0. Fix (R{Y > 0, R%Y) > 0) such that
(R, R € (bd(Crors) M int(Cenn))-
(This implies R{" > 0 and R > 0.) Since (R{", R(") €

bd(Cnors ), there exists a pmf Py x) satisfying
Rgl) = [(U(l); Yl(l))
RY = 1(x ;v ju )

(35)

(36a)
(36b)
where (VY v,Y) ~ Py,y,x, given X, Now, since
(R, RMY € int(Cpp), we can find (R, R$?) € bd(Cemn)
satisfying

R® > RMY and RP > R, 37)

Since (R, RY)) € bd(Cem). there is a pmf Py
satisfying

RP = 1(U@;v?) (382)
RY = 1(x?;,vPvP|u®), (38b)
where (Y y® Y( )) ~ Py,v,|x, given X2
Choose now v € (0,1) to satisfy
vH® < min{Rep, v I + 51"} (39)

with
H® .— H(Y1(2)|Y2(2)U(2))
19 .= (U9, v?) — [([UD;Y]?), for ¢ =1,2.
Such a 7y exists because Rpg, H), IV, and I?) are positive.
(Here, I™) and I are positive because the DMBC is strictly

less-noisy, see (]Z[).) Then, introduce an independent random
variable () with

1_77 q:l
Vs q=2

Polg) = { (40)

and define
R, := (1—-7)R"M +yR® = [(U@;v(9|Q) (41a)
By = (1= )R + 9B = IXQ; 7Oy 2 @)
(41b)

with Y?) = Yl(z) and Y1) being a constant. By and
since 0 < v < 1, we have

R, >R" and R,>R{". (42)
In the rest of the proof we show that the pair ( (1
Crs(Rpp). Combined with (@2)) this establises that (R D R(l)
must lie in the interior of (Cpp(Rrs)).
Notice  first that the pmf of the tuple

U@, x@ y(9 v{?9 y(@ Q) is of the form

PoPy@gPx@u@qoPy (Q)YQ(Q)‘X(Q)P~(Q)lU(Q)Y(Q)Q

43)

where PY(Q)Y(Q)‘ (@) coincides with the channel law
Py, v, |x- This “statement holds because by construction it is
satisfied given () = 1 and given () = 2, and because @ is
independent of {(U(®), X(@) Yl(Q), Yz(q), Y(‘I))}gz1

Since Y1) = const. and Y® = ¥,* and by

[(}7(@); Yl(Q) |U(Q)Y2(Q)Q)

= ’YI(Y/(Q); Yl(Q)|U(Q)Y2(Q)a Q=2)

=~yH®

< min{Res, [(UD;V{V1Q) — (U@ v9|Q)}.  44)

The fact that (R}, R}) € Cpg(Rps) follows now by (@I),

(@3), and @4), and by Corollary [T}

VI. EXTENSION: NOISY FEEDBACK

The results obtained in Section [[I] (Theorems [1} 2} and
B) apply also to the related setup where the feedback link
is a noisy channel of capacity Rgg. For example, to achieve
the rates in Theorem [I] the transmitter alternates between
sending the blocks of two independent instances (with same
parameters) of the scheme in Section During each of these
blocks, Receiver 1 sends the feedback message pertaining
to the preceeding block (that belongs to the other scheme)
using a code that achieves the capacity Rpp of the feedback
link. Decoding at the receivers is performed as before. The
transmitter now has to decode the compression message sent
over the feedback link, which can be erroneous. However, it
can be shown that these additional error events do not change
the set of achievable rates.
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