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Abstract

Deterministic identification (DI) is addressed for Gaussian channels with fast and slow fading, where channel

side information is available at the decoder. In particular, it is established that the number of messages scales as

2n1os(ME where n is the block length and R is the coding rate. Lower and upper bounds on the DI capacity are

developed in this scale for fast and slow fading. Consequently, the DI capacity is infinite in the exponential scale and

zero in the double-exponential scale, regardless of the channel noise.
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I. INTRODUCTION

Modern communications require the transfer of enormous amounts of data in wireless systems, for cellular
communication [[1], sensor networks [2], smart appliances [3l], and the internet of things [4], etc. Wireless com-
munication is often modelled by fading channels with additive white Gaussian noise [S]—[13l]. In the fast fading
regime, the transmission spans over a large number of coherence time intervals [14]], hence the signal attenuation
is characterized by a stochastic process or a sequence of random parameters [15]-[18]. In some applications, the
receiver may acquire channel side information (CSI) by instantaneous estimation of the channel parameters [19]-
[21]. On the other hand, in the slow fading regime, the latency is short compared to the coherence time [14]], and
the behaviour is that of a compound channel [22]-[26].

In the fundamental communication paradigm considered by Shannon [27], a sender wishes to convey a message
through a noisy channel in such a manner that the receiver will be able to retrieve the original message. In other
words, the decoder’s task is to determine which message was sent. Ahlswede and Dueck [28] introduced a scenario
of a different nature, where the decoder only performs identification and determines whether a particular message
was sent or not [28[]-[30]. Applications include the tactile internet [31], vehicle-to-X communications [32], [33],
digital watermarking [34]-[36]], online sales [37], [38], industry 4.0 [39], health care [40], and other event-triggered

systems.
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We give two motivating examples for applications of the identification paradigm. Molecular communication is a
promising contender for future applications such as the sixth generation of cellular communication (6G) [41]], [42],
in which a number of applications require alerts to be identified [42]. Furthermore, in other systems of molecular
communication, a nano-device needs to determine the occurrence of a specific event. For example, in the course
of targeted drug delivery [43], [44] or cancer treatment [45]-[47], a nano-device will seek to know whether the
blood pH exceeds a critical threshold or not, whether a specific drug is released or not, whether another nano-
device has replicated itself, whether a certain molecule was detected, whether a target location in the vessels is
identified, or whether the molecular storage is empty, etc [48]. A second application for identification is vehicle-to-X
communications, where a vehicle that collects sensor data may ask whether a certain alert message concerning the
future movement of an adjacent vehicle was transmitted or not [49, Sec. VII].

The identification problem [28] can be regarded as a Post-Shannon [S0] model where the decoder does not
perform an estimation, but rather a binary hypothesis test to decide between the hypotheses ‘sent” or ‘not sent’,
based on the observation of the channel output. As the sender has no knowledge of the desired message that
the receiver is interested in, the identification problem can be regarded as a test of many hypotheses occurring
simultaneously. The scenario where the receiver misses and does not identify his message is called a type I error,
or ‘missed identification’, whereas the event where the receiver accepts a false message is called a type II error, or
‘false identification’.

Ahlswede and Dueck [28]] required randomized coding for their identification-coding scheme. This means that a
randomized source is available to the sender. The sender can make his encoding dependent on the output of this
source. It is known that this resource cannot be used to increase the transmission capacity of discrete memoryless
channels [51]. A remarkable result of identification theory is that given local randomness at the encoder, reliable
identification can be attained such that the code size, i.e., the number of messages, grows double exponentially in the
block length n, i.e., ~ 22" [28]. This differs sharply from the traditional transmission setting where the code size
scales only exponentially, i.e., ~ 2"*. Beyond the exponential gain in identification, the extension of the problem
to more complex scenarios reveals that the identification capacity has a very different behavior compared to the
transmission capacity [52]-[57]. For instance, feedback can increase the identification capacity [52] of a memoryless
channel, as opposed to the transmission capacity [58]. Nevertheless, it is difficult to implement randomized-encoder
identification (RI) codes that will achieve such performance, because it requires the encoder to process a bit string
of exponential length. The construction of identification codes is considered in [30]], [59]-[62]. Identification for
Gaussian channels is considered in [[54], [63]-[66].

In the deterministic setup for a DMC, the number of messages scales exponentially in the blocklength 28], [67]-
[69], as in the traditional setting of transmission. Nevertheless, the achievable identification rates are significantly
higher than those of transmission. In addition, deterministic codes often have the advantage of simpler implemen-
tation and simulation [[70]], explicit construction [71]], and single-block reliable performance. In particular, JaJ4 [[68]]

showed that the deterministic identification (DI) capacity of a binary symmetric channel is 1 bit per channel use,

The DI capacity in the literature is also referred to as the non-randomized identification (NRI) capacity [67] or the dID capacity [54].



based on combinatorial methods. The meaning of this result is that one can exhaust the entire input space and
assign (almost) all sequences in the n-dimensional space {0,1}" as codewords. Ahlswede et al. [28], [67] stated
that the DI capacity of a DMC with a stochastic matrix I/ in the exponential scale is given by the logarithm of
the number of distinct row vectors of W (see [28, Sec. IV] and abstract of [67]). Furthermore, the DI e-capacity
of the Gaussian channel was addressed by Burnashev [54].

In a recent work by the authors [[72], [[73]], we addressed deterministic identification for the DMC subject to
an input constraint and have also shown that the DI capacity of the standard Gaussian channel, without fading, is
infinite in the exponential scale. Our previous results [72], [73] reveal a gap of knowledge in the following sense.
For a finite blocklength n, the number of codewords must be finite. Thereby, the meaning of the infinite capacity
result is that the number of messages scales super-exponentially. The question remains what is the true order of
the code size. In mathematical terms, what is the scale L for which the DI capacity is positive yet finite. Here, we
will answer this question.

In this paper, we consider deterministic identification for Gaussian channels with fast fading and slow fading,
where channel side information (CSI) is available at the decoder. We show that for Gaussian channels, the number

of messages scales as 27 108(")E

, and develop lower and upper bounds on the DI capacity in this scale. As a
consequence, we deduce that the DI capacity of a Gaussian Channel with fast fading is infinite in the exponential
scale, and zero in the double-exponential scale, regardless of the channel noise. For slow fading, the DI capacity
in the exponential scale is infinite, unless the fading gain can be zero or arbitrarily close to zero (with positive
probability), in which case the DI capacity is zero. In comparison with the double exponential scale in RI coding,
the scale here is significantly lower.

The results have the following geometric interpretation. At first glance, it may seem reasonable that for the
purpose of identification, one codeword could represent two messages. While identification allows overlap between
decoding regions [[64], [[74], overlap at the encoder is not allowed for deterministic codes. We observe that when two
messages are represented by codewords that are close to one another, then identification fails. Thus, deterministic
coding imposes the restriction that the codewords need to be distanced from each other.

Based on fundamental properties of packing arrangements [75], [76], the optimal packing of non-overlapping
spheres of radius /ne contains an exponential number of spheres, and by decreasing the radius of the codeword

spheres, the exponential rate can be made arbitrarily large. However, in the derivation of our lower bound in the

onlos(n)R_geale, we pack spheres of a sub-linear radius \/ng,, ~ n'/4, which results in ~ 2371°8(") codewords.

II. DEFINITIONS AND RELATED WORK

In this section, we introduce the channel models and coding definitions. Here, we only consider the Gaussian
channel with fast fading. The channel description and coding definition for slow fading will be presented in

Section



A. Notation

We use the following notation conventions throughout. Lowercase letters x, y, 2, . . . stand for constants and values
of random variables, and uppercase letters X, Y, Z, ... stand for random variables. The distribution of a real random
variable X is specified by a cumulative distribution function (cdf) Fx (z) = Pr(X < z) for z € R, or alternatively,
by a probability density function (pdf) fx(x), when it exists. The notation x = (x1,232,...,2,) is used for a
sequence of length n, and the ¢2-norm of x is denoted by ||x||. Element-wise product of vectors is denoted by
xoy = (zy:)~;. A random sequence X and its distribution Fx(x) are defined accordingly. We denote the

hyper-sphere of radius r around xq by
Sxo(n,r) ={xeR” : ||x —x¢|| <1}, (1)

and its volume by Vol(S). The closure of a set A is denoted by cl(.A). The set of consecutive natural numbers

from 1 to M is denoted by [M].

B. Fast Fading Channel

Consider the Gaussian channel ¥, with fast fading, specified by the input-output relation
Y=Gox+1Z, 2)

where G is a random sequence of fading coefficients and Z is an additive white Gaussian process (see Figure [I).
Specifically, G is a sequence of i.i.d. continuous random variables ~ fg with finite moments, while the noise
sequence Z is i.i.d. ~ N(0,0%). It is assumed that the noise sequence Z and the sequence of fading coefficients
G are statistically independent, and that the values of the fading coefficients belong to a bounded set G, either

countable or uncountable. The transmission power is limited to ||x]|* < nA.
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Fig. 1. Deterministic identification for the Gaussian channel with fast fading, where G is a sequence of i.i.d. fading coefficients ~ f¢, and

the noise sequence Z is ii.d. ~ N(0,0%).

C. Coding with Fast Fading

In this paper, we consider codes with different size orders. For instance, when we discuss the exponential scale,
we refer to a code size that scales as L(n, R) = 272 On the other hand, in the double-exponential scale, the code

size is L(n, R) = 22",



Definition 1. Let Li(n, R) and La(n, R) be two coding scales. We say that Ly dominates Lo if

L b
lim 72(71’ )

n—oo L1(n,a) =0 &

for all a,b > 0. We will denote this relation by Lo < L;.

In complexity theory of computer science, the relation above is denoted by the ‘small o-notation’, Lo(n,1) =
o(L1(n,1)) [77]. Beyond exponential, other orders that commonly appear in complexity theory are the linear,
logarithmic, and polynomial scales, nR, log(nR), and (nR)*. Here, we show that the scale of the DI capacity turns

out to be the L(n, R) = n"F = 27198(") % The corresponding ordering is

nR < log(nR) < (nR)* < 2nf < gnlee(mi 22" 4)

2

We note that the scale of the DI capacity can be viewed is a special case of a tetration function, as “n = n" =

onlog(n) 78], [79].

Definition 2. An (L(n, R),n) DI code with channel side information (CSI) at the decoder for a Gaussian channel
Y1, under input constraint A, assuming L(n, R) is an integer, is defined as a system (U, ) which consists of a

codebook U = {u;} for i € [L(n, R)] where i C R", such that
[w||* <nA, )

for all ¢ € [L(n, R)] and a collection of decoding regions

2 ={Dig} . (6)
for i € [L(n,R)] and g € G" with
L(n,R)
U DigcR™. (7
=1

Given a message 7 € [L(n, R)], the encoder transmits u,. The decoder’s aim is to answer the following question:
Was a desired message j sent or not? There are two types of errors that may occur: Rejecting the true message, or
accepting a false message. Those are referred to as type I and type II errors, respectively.

The error probabilities of the identification code (U, 2) are given by

Pl =1~ [ Jate)| [ aly - gouiiy|ds. ®)
gn Di,g
Pratiod) = [ Jale)| [ faly - gou)ay]de, ©
gn Dj.g
with fz(z) = mef“znz/%% (see Figure [[). An (L(n, R),n, A1, A2) DI code further satisfies
z
Pea(i) < Ar, (10)
Peo(i,j) < Aoy (1D

for all 4,j € [L(n, R)], such that i # j. A rate R > 0 is called achievable if for every A;, A2 > 0 and sufficiently
large n, there exists an (L(n, R),n, A1, A2) DI code. The operational DI capacity in the L-scale is defined as the

supremum of achievable rates, and will be denoted by Cpj(Zgus, L).



In [28], Ahlswede and Dueck presented identification codes with a double-exponential number of messages,
ie, L(n,R) = 22"" " As mentioned earlier, Ahlswede and Dueck [28] needed randomized encoding for their
identification-coding scheme. This means that a randomized source is available to the sender. The sender can make
his encoding dependent on the output of this source. Therefore, a randomized-encoder identification (RI) code is
defined in a similar manner where the encoder is allowed to select a codeword U; at random according to some

conditional input distribution Q(z™]7). The RI capacity is denoted by Crr(%ast, L).

Remark 1. It can be readily shown that in general, if the capacity in an exponential scale is finite, then it is zero in
the double exponential scale. Conversely, if the capacity in a double exponential scale is positive, then the capacity
in the exponential scale is +oc. This principle will be further generalized in Lemma 3] to any pair of scales L; and

Ly where Ls is dominated by L;.

Remark 2. We have mentioned molecular communication (MC) as a motivating application of this study. Recently,
there have been significant advances in MC for complex nano-networks. The Internet of Things incorporates smart
devices, which can be accessed and controlled via the Internet. The advances in nanotechnology contribute to
the development of devices in the nanoscale range, referred as nanothings. The interconnection of nanothings
with the Internet is known as Internet of NanoThings (IoNT) and is the basis for various future healthcare and
military applications [80]. Nanothings are based on synthesized materials, using electronic circuits, and EM-based
communication. Unfortunately, these characteristics could be harmful for some application environments, such as
inside the human body. Furthermore, the concept of Internet of Bio-NanoThings (IoBNT) has been introduced in
[81], where nanothings are biological cells that are created using tools from synthetic biology and nanotechnology.
Such biological nanothings are called bio-nanothings. Similar to artificial nanothings, bio-nanothings have control
(cell nucleus), power (mitochondrion), communication (signal pathways), and sensing/actuation (flagella, pili or
cilia) units. For the communication between cells, MC is well suited, since the natural exchange of information
between cells is already based on this paradigm. MC in cells is based on signal pathways (chains of chemical
reactions) that process information that is modulated into chemical characteristics, such as molecule concentration.
Identification is of interest for these applications. However, it is not clear how randomized identification (RI) codes
can be incorporated into such systems. In the case of Bio-NanoThings, it is uncertain whether the natural biological
processes can be controlled or reinforced by local randomness at this level. Therefore, for the design of synthetic

IoNT, or for the analysis and utilization of IoBNT, identification with deterministic encoding is more appropriate.

A geometric illustration for the type I and II error probabilities is given in Figure When the encoder sends
the message ¢, but the channel output is outside D;, then a type I error occurs. This kind of error is also considered
in traditional transmission. In identification, the decoding sets can overlap. A type II error covers the case where

the output sequence belongs to the intersection of D; and D; for j # i.

D. Related Work

We briefly review known results for the standard Gaussian channel. We begin with the RI capacity, i.e., when

the encoder uses a stochastic mapping. Let G denote the standard Gaussian channel, Y; = gX; + Z;, where the
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Fig. 2. Geometric illustration of identification errors in the deterministic setting. The arrows indicate three scenarios for the channel output,
given that the encoder transmitted the codeword u; corresponding to ¢ = 1. If the channel output is outside D1, then a type I error has occurred,
as indicated by the bottom red arrow. This kind of error is also considered in traditional transmission. In identification, the decoding sets can
overlap. If the channel output belongs to D1 but also belongs to D2, then a type II error has occurred, as indicated by the middle brown arrow.

Correct identification occurs when the channel output belongs only in D1, which is marked in blue.

gain g > 0 is a deterministic constant which is known to the encoder and the decoder. As mentioned above,
using RI codes, it is possible to identify a double-exponential number of messages in the block length n. That is,
given a rate R < Cg;(G, L), with L(n, R) = 22" there exists a sequence of (22nR, n) RI codes with vanishing
error probabilities. Despite the significant difference between the definitions in the identification setting and in the

transmission setting, it was shown that the value of the RI capacity in the double-exponential scale equals the

Shannon capacity of transmission [28]], [64].

Theorem 1 (see [28], [64]). The RI capacity in the double-exponential scale of the standard Gaussian channel is
given by
1 2A n
Cgri(G,L) = 3 log <1 + 9—2) , for L(n,R) = 92" (12)
0z

Hence, the RI capacity in the exponential scale, i.e., for L(n, R) = 2" is infinite, that is,
Cri(G,L) = . (13)
In a recent paper by the authors, the deterministic case was considered in the exponential scale.

Theorem 2 (see [12l], [73]]). The DI capacity of the standard Gaussian channel in the exponential scale, i.e., for

L(n, R) = 2"% is infinite, that is,

Cpr(g,L) = oo (14)



Our results in [72], [73] reveal a gap of knowledge in the following sense. For a finite blocklength n, the number
of codewords must be finite. Thereby, the meaning of the result in Theorem [2| is that the number of messages
scales super-exponentially. The question remains what is the true order of the code size. In mathematical terms,
what is the scale L for which the DI capacity is positive yet finite. In the next section, we provide an answer to

this question.

III. MAIN RESULTS - CHANNELS WITH FAST FADING

Before we give our results, we state the following property of dominating coding scales, as defined in Definition[Il
Recall that we use the notation of Ls < L for a coding scale L; that dominates Lo. The following Lemma readily

follows from the Definition
Lemma 3. Suppose that the capacity in Lo-scale is positive yet finite, i.e., 0 < Cpr(%fast, Lo) < 0o. Then, for
every L~ < Ly,
Cpr(Ghast, L™) =00 . (15)
and for every Ly < L*, we have
Cp1(@ps, L) = 0. (16)
The proof of Lemma [3is given in Appendix
Our DI capacity theorem for the Gaussian channel with fast fading is stated below.

Theorem 4. Assume that the fading coefficients are positive and bounded away from zero, i.e., 0 ¢ cl(G). The
DI capacity of the Gaussian channel ¥y, with fast fading in the 2”1°g(”)-scale, ie., for L(n,R) = 2(nlogn)R g
bounded by

1
1 < Cpr(“as, L) <1. (17)

Hence, the DI capacity is infinite in the exponential scale and zero in the double-exponential, i.e.,

oo for L(n,R) = 2"% |
Cpr(“Gtst, L) = . (18)
0 for L(n,R) =2>""
The proofs for the lower and upper bounds in the first part of Theorem [ are given in Section [II=Al and

Section [[I[=B] respectively. The second part of the theorem is a direct consequence of Lemma 3

Remark 3. The code scale can also be thought of as a sequence of monotonically increasing functions L, (R)
of the rate. Hence, given a code of size M = L,(R), the coding rate can be obtained from the inverse relation
R = L;}(M). In particular, for the transmission setting [27], or DI coding for a DMC [68], the coding rate is
defined as

1
R= ﬁlog(M) . (19)
Whereas for RI coding [28], the rate was defined as

1
R = - loglog(M) . (20)



On the other hand, using the scale L(n, R) = onlog(n)R 45 for Gaussian channels stated in Theorem H] above, the
coding rate is
_ logM

R= . 2D
nlogn

A. Lower Bound (Achievability Proof)

Consider the Gaussian channel ¢,y with fast fading. We show that the DI capacity is bounded by Cp(Z s, L) >
% for L(n, R) = 2"1°8(ME_ Achievability is established using a dense packing arrangement and a simple distance-
decoder. A DI code for the Gaussian channel g, with fast fading is constructed as follows. Consider the normalized

input-output relation,
Y=Gox+7Z. (22)
— 2
where the noise sequence Z is ii.d. ~ N (0, UTZ), and an input power constraint

%] < VA, (23)

1

=Y. Assuming 0 ¢ cl(G), there exists a positive number ~y such that

- 1 7 1 o
with x = X Z = —ﬁZ, and Y =
|G| >, (24)

for all ¢ with probability 1.
Codebook construction: We use a packing arrangement of non-overlapping hyper-spheres of radius /e, in a
hyper-sphere of radius (v/A — /g,), with
A

n3-b)"’

(25)

En =

where b > 0 is arbitrarily small. Let . denote a sphere packing, i.e., an arrangement of L non-overlapping spheres
Su;(n,1r0), i € [L(n,R)] that cover a larger sphere Sp(n,71), with r; > ro. As opposed to standard sphere
packing coding techniques, the small spheres are not necessarily entirely contained within the bigger sphere. That
is, we only require that the spheres are disjoint from each other and have a non-empty intersection with Sg(n,r1).
See illustration in Figure Bl The packing density A, () is defined as the fraction of the large sphere volume
Vol (Sp(n,r1)) that is covered by the small spheres, i.e.,
Vol (So(n. 1) N ULy Su,(n,70) )

An() = Vol(So(n,r1)) ’

(26)

(see [[76, Ch. 1]). A sphere packing is called saturated if no spheres can be added to the arrangement without
overlap. We use a packing argument that has a similar flavor as in the Minkowski—Hlawka theorem in lattice theory
[76]. We use the property that there exists an arrangement UiLzl Su,; (n, /€n) of non-overlapping spheres inside
So(n,/A) with a density of A,,(.#) > 2" [75, Lem. 2.1]. Specifically, consider a saturated packing arrangement
of L(n, R) = 2"1°8(" R gpheres of radius ro = \/z, covering the large sphere So(n,r1 = VA — \/z,), i.e., such
that no spheres can be added without overlap. Then, for such an arrangement, there cannot be a point in the large

sphere Sp(n,r1) with a distance of more than 2r( from all sphere centers. Otherwise, a new sphere could be added.
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Fig. 3. Illustration of a sphere packing, where small spheres of radius 7o = /€, cover a bigger sphere of radius 71 = /A — ,/&,,. The small
spheres are disjoint from each other and have a non-empty intersection with the large sphere. Some of the small spheres, marked in yellow, are
not entirely contained within the bigger sphere, and yet they are considered to be a part of the packing arrangement. As we assign a codeword

to each small sphere center, the norm of a codeword is bounded by /A as required.

As a consequence, if we double the radius of each sphere, the 27g-radius spheres cover the whole sphere of radius
r1. In general, the volume of a hyper-sphere of radius r is given by
T2

Vol (SX(TL,T)) = m . (27)
2

( [76l see Eq. 16]). Hence, doubling the radius multiplies the volume by 2™. Since the 2ry-radius spheres cover the

entire sphere of radius 7, it follows that the original ry-radius packing has density at least 27", i.e.,
Ap(S)=>27". (28)
We assign a codeword to the center u; of each small sphere. The codewords satisfy the input constraint as

[wil| < 7o+ 71
=VA. (29)

Since the small spheres have the same volume, the total number of spheres is bounded from below by

Vol (Uf:1 Sa, (1, 7’0))
T Vol(Sy, (n,70))
. Vol (So(n, r1) N UiL:1 Sy, (1, ro))
- Vol(Sy, (1, 70))
A, () - Vol(Se(n,r1)))
Vol(Sy, (1, 70))

> 9", VOI(SO(na Tl)))
Vol(Sy, (n, 19))

2. 1L (30)
rz;

where the second equality is due to (26), the inequality that follows holds by @8], and the last equality follows
from (27). That is, the codebook size satisfies

L(TL, R) —9n log(n)R
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S o9n. (7\/2_@)” . (31)

Hence,

log( VEn log(n)
- logl(n) tog (nt07 —1) - logl(n)
- logl(n) (logn%(l_b) 1) - logl(n)
SRRt (32)

which tends to 1+ when n — oo and b — 0, where the second inequality holds since log(t — 1) > log(t) — 1 for

t>2.
Encoding: Given a message ¢ € [L(n, R)], transmit X = 0,.

Decoding: Let

To identify whether a message j € [L(n, R)] was sent, given the sequence g, the decoder checks whether the

channel output y belongs to the following decoding set,

D = {yeR": Iy - gou < \/o%wn}- (34)

Error Analysis: Consider the type I error, i.e., when the transmitter sends 1;, yet Y ¢ D; g. For every i €

[L(n, R)], the type I error probability is bounded by
Poai) = Pr (|[¥ ~ Gow|[* > of 46, [ x = w)

> 0% +5n)

—Pr <Z 2% > 0% + 5n>
t=

<A, (35)

for sufficiently large n and arbitrarily small A; > 0, where the second inequality follows by Chebyshev’s inequality,

and since the fourth moment of a Gaussian variable V ~ N (0,0%) is E{V*} = 307,.
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Next, we address the type II error, i.e., when Y € Dj.c while the transmitter sent @;. Then, for every 7,5 €

[L(n, R)], where i # j, the type II error probability is given by

P.5(i,j) = Pr (HY— Gou|* <ol +d,|x= ﬁi)

=Pr (]G o (w— ;) + 2| <o} +6,) - (36)
Observe that the square norm can be expressed as
G o (W — 1)) + Z||” = |G o (@ — w)|* + || Z[|° + 2 Gi(tis — 1j4) Z . 37)
t=1

Then, define the event

Z Gy(tiy — s ) Zy

t=1

On
> 7} . (38)

oo

By Chebyshev’s inequality, the probability of this event vanishes,
(@i — ) *E{GTYE{Z}}
(%)
2
_ g0 + pd) Yo (e — Gj)?
= ==
n (%)
403 (02 + p) 1 — ay|)”

= < , (39)

Pf(go) S Z?:l

where the first inequality holds since the sequences {Z;} and {G} are i.i.d. ~ N (O, %) and ~ fo with
E{G:} = pc and E{G}} =of + ui; . (40)
By the triangle inequality,
s — wyll* < (] + ug))?
< (va+ \/Z)2
=44, (41)

hence
16407 (0, + ;)
no?
_ 14403(0}, + 112)
A Anb

<M, (42)

PI‘((‘:Q) S

for sufficiently large n, with arbitrarily small 7; > 0. Furthermore, observe that given the complementary event £,

we have

2> Gyl —1j4) 2t > —6p 43)
t=1
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Therefore, the event £, the type Il error event in (36), and the identity in (37) together imply that the following

event occurs,
_ _ 2 =112 2
& ={IGo (@ —u)| +||Z|"* < o + 26} - (44)
Now lets define
g{i,:{Geg” : HGo(ﬁi—aj)+2H2§a§+5n} : (45)
Therefore, applying the law of total probability, we obtain

Pealicj) @ Pr(GF; N &) +Pr(Gr; N &)
(b)
S m =+ Pr(c‘:l) 5 (46)

where (a) is due to (36) and (b) holds since each probability is bounded by 1.
Based on the codebook construction, each codeword is surrounded by a sphere of radius /g, which implies

that
Hﬁi_ﬁj” Z \/En - (47)
Then, by 24),
2 2
G o (w; —u,)||” >~ |lu; — u,]
>y’ (48)
where -y is the minimal value in G. Hence, according to (46),
P.s(inj) < Pr(||Z]]* < 0% + 26, = 1%, ) +m
<Pr(]2* <0} —8n) +m, (49)

where the last line holds, since 28, — y2%e,, = —&,, by (B3). Therefore, by Chebyshev’s inequality,

P.o(i,j) < Pr (Z 7} — 0% < _5n> +m

t=1

™ var(Z?
T,

> E{Z}

< s=t AT

<A, (50)

for sufficiently large n, where Aq is arbitrarily small.
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We have thus shown that for every A;, A2 > 0 and sufficiently large n, there exists a (2"1°g(")R, n, A1, A2) code.
As we take the limits of n — oo, and then b — 0, the lower bound on the achievable rate tends to i, by (@32). This

completes the achievability proof for Theorem o

B. Upper Bound (Converse Proof)

We show that the capacity is bounded by Cpr(%as, L) < 1. We note that in the converse proof, we do not
normalize the sequences. Suppose that R is an achievable rate in the L-scale for the Gaussian channel with fast
fading. Consider a sequence of (L(n, R),n, A\, A{™) codes (™), D™ such that A" and A" tend to zero as
n — oo. We begin with the following lemma.

Lemma 5. Consider a sequence of codes as described above. Let b > 0 be an arbitrarily small constant that does

not depend on n. Then there exists ng(b), such that for all n > ng(b), every pair of codewords in the codebook

U™ are distanced by at least \/ne,, ie.,

wi, — || > nen , (51a)
where
A
En = m ) (51b)

for all i1,i2 € [L(n, R)] such that i1 # ia.

Proof. Fix A1 and Aa. Let £, 6, > 0 be arbitrarily small. Assume to the contrary that there exist two messages 41

and is, where i1 # s, such that

lu;, — g, || < /ne, = an (52)
where
VA

Observe that

E{IG o (u, —us,)|*} = > E{GE} (s~ i)

= E{G*} |w, — |, (54)
and consider the subset
'Ail-,iz = {g egn: ”g o (uil - uiz)” > 5n} ’ (55)
where
VA
= iy - (56)

By Markov’s inequality, the probability that the fading sequence G belongs to this set is bounded by

Pr (G € Ail-,iz) = PI‘(HG © (uil - ui2)H2 > 5721)



@ B(G?} i, = wa

o2
©) E{G?}a2
S—m

E{G?}

for sufficiently large n where (a) holds since the sequence {G,};_, is i.i.d. and (b) is due to (32).

Then, observe that
1= Po(iy) = fG<g>[ /
gn Diy e
< / fa(g) [ /
AT iy D

< /Afl,iz fG(g)[/Dil,g fz(y—goun)dy}dg%f

Now let us define two events as follows

Biy i = {y €Dig: ly—goupz| <y/n(ok +C)} ,
Cuia = {¥ €9 Iy —gowsall < e +0}

Jz(y —go uil)dY} dg

i1,8

Hence,
1—k—P.1(i1) < / fa(g) / fz(y—gouil)dyl dg
fl,iz L Dil,g
~ [ te® | faly-gouiy+ |
Al iz Biy ,ig Diy g\Biy iy
< fa(g) / fz(y—gouil)dy—i—/
Afl,ig Biyia Cicl,ng

where the last inequality holds since

Cs D) Dil,g \ Bil,iz )

11,72

fzly —go uil)dy} dg +Pr(G € A, i,)

fz(y —go unﬂ)’} dg

fz(y—gouil)dy] dg .

15

(57)

(58)

(59)

(60)

(61)

(62)

with \ being the set minus operation. Consider the second integral, where the domain is C;, ;,. Then, by the triangle

inequality
Iy —gowal = [ly —gouizll — llgo (w1 — w2l
> /n(oy +¢) — llgo (w1 — wi2)l|

for every g € AS . (see (32)). For sufficiently large n, this implies the following email

Zl,iz
Fo= {y eV ly—goull > \/n(ff%+n)} ,

(63)

(64)
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for n < % That is,

{ye;v”:||y—goui,2||z\/n<o§+<>} ol {yey":|y—goui,1||z\/n<a%+n>}. (63)

Thus, we deduce that for every g € AS

Zl,iz’
Fii DCf (66)

11,12 11,12

Hence, the second integral in the right hand side of (&1)) is bounded by

fz (y—gouil)dy=Pr(Iy—goumll > \/n(U%Jrn))

Z|* ~no% > nn)

c
]:i1,i2

<k, (67)

for large n, where the third line is due to Chebyshev’s inequality, followed by the substitution of z =y —gou,,.

Thus, by (&),
fa(g) [/B

Now, we can focus on the inner integral with domain of B;, ;,, i.e., when

ly —gouz| <y/n(cf +¢) . (69)

2)] . (70)

1 =2k~ Pea(in) < /AC fz(y—gouil)dy] dg . (68)

01,49 11,2

Observe that

2
~lly—gous,

— 52z ([|ly—gous
fz(y—gouil)—fz(y—gou@)—fz(y—gouil)[1—6 2"22(” ’

By the triangle inequality,
”y_gouilH < Hy_gouizH—i_”go(uil _uiz)H : (71
Taking the square of both sides, we have

2 2 2
ly —goui, " < lly —gouy|” +lgo (w, —w)[I" + 2|y —gou,| - g o (w, —ui,)|

< lly — g oy, |* + 6, + 28, /n(of +)

29/ A(c2 +
=||y—goui2|\2+52+#, (72)

nz
where the last inequality follows from the definition of A;, ;, and B;, ;, according to (33) and (39), respectively.

Thus, for sufficiently large n,
Iy —gow,|* — [y —gou,|* <6. (73)
Hence,

fz(y_gOuil) _fZ(y_gOuiz) < fZ(y_gouil)(l —6_ Z)
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S’ifZ(y_gOuh)v (74)
6
for sufficiently small § > 0 such that 1 — e 2"z < x. Now by (68) we get

M+ A > Pq(i1) + Peo(io, i1)

21—2&—/AC fa(g) l/B fz(y —gouy)dy

11,12

dg+ | fal(g) V fz(y—gouiz)dy] dg
gn Diy e

de+ [ fale) { /B

K5} 11,12

11,2

21—211—/# fa(g) [/B fz(y —gouy,)dy

11,12

fz(y —gouy,) dy] dg

11,12

>1 _2H_/.A§ i fG(g)[/sz(fz(y—gouil) _fz(y_golliz))dy:|dg' (75)
Hence, by (Z4), o
Mtz t-2en [ fole)| [ faly - gousay|ag
>1-3k, (76)

which leads to a contradiction for sufficiently small £ such that 3k < 1 — Ay — A2. This completes the proof of

Lemma O

By Lemma 5] we can define an arrangement of non-overlapping spheres Sy, (n, /ne,) of radius \/ne,, centered
at the codewords u;. Since the codewords all belong to a sphere So(n, vnA) of radius v/nA centered at the origin,

it follows that the number of packed spheres, i.e., the number of codewords 271°8(" % i bounded by

2nlog(n)R < VO](S()(TL, VnA+ v?’LEn))
—  Vol(Sy,(n, /ne,))

_ <M>

e (77)

Thus,

Bl o <\/Z + @)
logn VEn
log (1 +n'*?)
- logn
log (n*™ (1+ —5))
- logn
(14 b)logn +log (1 + —)
logn
log (1 + ﬁ)
logn

=14+b+ ) (78)

which tends to 1 + b as n — oco. Therefore, R < 1+ b. Now, since b > 0 is arbitrarily small, an achievable rate

must satisfy R < 1. This completes the proof of Theorem 4 O
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IV. THE GAUSSIAN CHANNEL WITH SLOW FADING
In this section, we consider the Gaussian channel ¥, with slow fading, specified by the input-output relation
}/t = GCCt + Zt 5 (79)

where G is a continuous random variable ~ f;(g). Suppose that the values of G belong to a set G, and that G
has finite expectation, and finite variance var(G) > 0. with additive white Gaussian noise, i.e., where the noise

sequence Z is i.i.d. ~ N (0,0%). The transmission power is limited to [x]|* < nA.

G
fa
Z,
G it
U, Y;
1 — Enc i @ @ ! Gec Yes/No

Fig. 4. Deterministic identification for the Slow Fading Gaussian channel. The fading sequence remains constant during the transmission period.

A. Coding with Slow Fading

We move to the Gaussian channel with slow fading. In the compound channel model, we consider the worst-case
channel and the error is maximized over the set of the values of the fading coefficients (see [82, Sec. 23.3.1]). As
a result, we will show that the capacity is infinite as long as the set of fading values G does not include zero.

The definition of DI codes with CSI available at the decoder is given below.

Definition 3. An (L(n, R),n) DI code for a Gaussian channel %oy, with CSI at the decoder, assuming L(n, R) is

an integer, is defined as a system (U4, &) which consists of a codebook U = {u;}ic[r(n,r)]- U C R™, such that
Jw||> < nA, (80)

for all ¢ € [L(n, R)] and a collection of decoding regions

9 ={Di 4}, (81)
for i € [L(n,R)] and g € " with
L(n,R)
U Digcr™. (82)
1=1

The error probabilities of the identification code (U, Z) are given by

P.1(i) = sup ll - / ( fz(ye — gui,t)>dy‘| ; (83)
9€g Dig \t=1

Pe (i, j) = sup l/p (H fz(y: — gui,t)>dY1 ; (84)

9€9 t=1
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with fz(z) = We‘f/%% (see LemmaM). An (L(n, R),n, A1, A2) DI code is defined in a similar manner
as for fast fading (see Section [3))

A rate R > 0 is called achievable if for every A1, Ay > 0 and sufficiently large n, there exists an (L(n, R),n, A1, A2)
DI code. The operational DI capacity of the Gaussian channel is defined as the supremum of achievable rates, and

will be denoted by Cpi(Zsiow, L)-

Remark 4. If the fading coefficients can be zero or arbitrarily close to zero, i.e., 0 € cl(G), then it immediately

follows that the DI capacity is zero. To see this, observe that if 0 € cl(G), then

P (i) + Pe2(j, i) =2 [1 - /Dw <ﬁ fz(ys — gui,t)> dy /Dw (ﬁ fz(ys — guj,t)>d}’]

t=1 t=1

+
g=0

9=0

=1. (85)

B. Main Result - Slow Fading
Our DI capacity theorem for the Gaussian channel with slow fading is stated below.

Theorem 6. The DI capacity of the Gaussian channel ¥, with slow fading in the super-exponential scale, i.e.,
for L(n, R) = 2"°¢(M~ is bounded by
i S (CDI(%slowa L) S 1 if O ¢ Cl(g) )
CDI(gSIOW1 L) =0 if 0 € Cl(g) .

(86)

Hence, the DI capacity is infinite in the exponential scale, if 0 ¢ cl(G),

0 if0eclG),
CDI (%slowa L) = (87)

oo if 0 ¢ cl(G),
and zero in the double exponential scale, i.e., for L(n, R) = 22nR, we have
(CDI (%S10W7 L) =0. (88)

The derivation of the result above is similar to that of the proof for fast fading in Section For completeness,

we give the proof of Theorem [f] in Appendix

V. CONCLUSION

To summarize, we consider deterministic identification for Gaussian channels with fast fading and slow fading,
where channel side information (CSI) is available at the decoder. We have shown that for Gaussian channels, the
number of messages has a very different scale compared to standard results in both transmission and identification

settings. In particular, the code size scales as L(n, R) = 2"1o8(mE,

We developed lower and upper bounds on
the DI capacities Cpr(%us, L) and Cpr(%iow, L) in this scale, for Gaussian channels with fast fading and slow
fading, respectively. Then, we deduced that the DI capacity of a Gaussian Channel with fast fading is infinite in

the exponential scale and zero in the double-exponential scale, regardless of the noise in the channel. That is,

(CDI(gfasta L) = CD[(%lowv L) =00,
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for L(n, R) = 2"% and
CD[(%&SU L) = (CDI(%SIOWv L) =0,

for L(n, R) = 22nR, provided that the fading coefficients are bounded away from zero.

We give two motivating examples for identification applications. In molecular communications (MC) [83]], [84],
information is transmitted via chemical signals or molecules. In various environments, e.g., inside the human body,
conventional wireless communication with electromagnetic (EM) waves is not feasible or could be detrimental. The
research on micro-scale MC for medical applications, such as intra-body networks, is still in its early stages and
faces many challenges. MC is a promising contender for future applications such as 6G+ [41].

The results have the following geometric interpretation. At first glance, it may seem reasonable that for the
purpose of identification, one codeword could represent two messages. While identification allows overlap between
decoding regions [64]], [74], overlap at the encoder is not allowed for deterministic codes. We observe that when
two messages are represented by codewords that are close to one another, then identification fails. If the probability
of missed identification is upper bounded by &,,, then the probability of false identification is lower bounded by
1 —4,, where ¢,, and d,, tend to zero as n — oo. Hence, low probability for the type I error comes at the expense
of high probability for the type II error, and vice versa. Thus, deterministic coding imposes the restriction that the
codewords need to be distanced from each other. Based on fundamental properties in lattice and group theory [76],
the optimal packing of non-overlapping spheres of radius y/ne contains an exponential number of spheres, and
by decreasing the radius of the codeword spheres, the exponential rate can be made arbitrarily large. However, in
the derivation of our lower bound, we show achievability of rates in the 21°8(")_scale by using spheres of radius
neEy ~ n'/4, which results in ~ 23"1°6(") codewords. The decoder in the achievability proof performs a simple
distance tests.

Alternatively, one may consider the e-capacity, for a fixed 0 < & < 1. In the double exponential scale L(n, R) =
22"" 4 rate R is called e-achievable if there exists an (L(n, R),n,e,e) code for sufficiently large n. The DI
e-capacity C3,;(¥, L) is then defined as the supremum of e-achievable rates. As the DI and RI capacities in the
double exponential scale have strong converses [28], [63]], [85], [86],

1 A
%1(¥,L)=Cgri(¥9,L) = = log <1+—2> , (89)
2 oy

514, L)=Cp;(¥9,L)=0, (90)
for 0 < e < % On the other hand, for € > %, [28]], [54] we have
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APPENDIX A

PROOF OF LEMMA 3]

The proof is straightforward. Let Cp (%, Lo) = co, where ¢g > 0 is a finite number. Then, for every A1, Ao,

and sufficiently large n, there exists an (M,,, n, A1, A2) code where the number of message is
M, = Lo(n,co —€) (92)

where € > 0 is arbitrarily small.
Assume to the contrary that in the L~ -scale, the DI capacity Cpr(%us;, L) = ¢~ is also finite. Then, the

converse for this claim implies that the number of messages is bounded by
M, < L7 (n,c” +e¢). (93)
Hence, by and (93),
Lo(n,co —e) < L™ (n,c” +¢), (94)

which contradicts the assumption that L~ < Lg (see Definition [[). Hence, Cp (%, L) is infinite.
Assume to the contrary that in the LT-scale, the DI capacity is positive, i.e. Cps(%us, L) = ¢™ > 0. Then, for

every Ai, Ao, and sufficiently large n, there exists an (M,Jlr , M, A1, A2) code where the number of messages is

M =Lt(n,ct —¢). (95)
Now, by the converse part for the Cy-scale,
M < Lo(n, co) . (96)
Hence, by (93) and (96),
L*(n,¢" —e) < Lo(n, o), 97)

which contradicts the assumption that Ly < L™ (see Definition [[). Hence, Cp(%us, L™) is zero.

APPENDIX B

PROOF OF THEOREMI{]
A. Lower Bound (Achievability Proof)

Consider the Gaussian channel ¥ with slow fading. Based on Remark @ when 0 € cl(G), it immediately
follows that the DI capacity is zero. Now, suppose that 0 ¢ cl(G). We show here that the DI capacity of the Gaussian

channel with slow fading can be achieved using a dense packing arrangement and a simple distance-decoder.
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A DI code for the Gaussian channel ¥, with slow fading is constructed as follows. Since the decoder can

normalize the output symbols by %, we have an equivalent input-output relation,
Vi =Gy + Ze (98)
— 2
where Gy = G ~ fg, and the noise sequence Z is i.i.d. ~ N (O, UTZ), with an input power constraint

x| < VA, (99)

ithx = Ly 7 — L Yy — L
w1thx—\/ﬁx,Z_\/ﬁZ, andY_\/ﬁY.

Codebook construction: As in our achievability proof for the fast fading setting (see Subsection [II-Al), we use a
packing arrangement of non-overlapping hyper-spheres of radius ,/¢,, over a hyper-sphere of radius (\/Z —VEn),
with

A

i (100)

En =

where b > 0 is an arbitrary small. As observed in Subsection [IIFA] there exists an arrangement

gnlog(n)R

U Sulnva).
=1

over Sp(n, VA -, /) with a density of A,, > 27" [[75] Lem. 2.1]. We assign a codeword to the center of each
small sphere u;. Since the small spheres have the same volume, the total number of spheres, i.e., the codebook

size, satisfies

onlog(n)R

Vol (Ui:l Sui (TL, \/a))
Vol(Sy, (1, \/2n))
~ Vol(So(n, VA - \/5))

on log(n)R _

> "
- Vol(Sy, (1, /1))
A— e\
=27 ". u , (101)
VEn
in a similar manner as in Subsection hence,
1 2
R>-(1-b) — —— 102
= 4( ) log(n) ’ (102)

which tends to  when n — oo and b — 0.

Encoding: Given a message ¢ € [L(n, R)], transmit X = 0.

Decoding: Let

A~?
= (103)

where b > 0 is an arbitrary small. To identify whether a message j € [L(n, R)] was sent, given the fading coefficient
g, the decoder checks whether the channel output y belongs to the following decoding set,

Djy = {y ER" : Y (G — guja)? < \Joy + 5n} . (104)

t=1
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Error Analysis: Consider the type I error, i.e., when the transmitter sends w;, yet Y ¢ D; . For every i €
[L(n, R)], the type I error probability is given by

Pe1(i) =sup[Pen (ilg)] , (105)
geg

where we have defined

Pea(ilg)=Pr <Z(?t — Giiiyg)® > 0y + 00 | X = (Uie)iey, G = 9)
t=1

= Pr < 77> 0%+ 5n> , (106)
1

t=
for g € G, as the fading coefficient G' and the noise vector Z are statistically independent.

Now we can bound the type I error probability by

P.1(ilg)="Pr <Z th - U% > 5n>
t=1
~ nd2
270%
= AZApd

<\, (107)

for sufficiently large n and arbitrarily small A; > 0, where the first inequality holds by Chebyshev’s inequality and
since the fourth moment of a Gaussian variable V ~ N(0,0%) is E{V*} = 30{,. Thus we have P, (i|g) < A
for all g € G. Hence, the type I error probability satisfies P 1 (1) < A1 (see (I03)).

Next we address the type II error, i.e., when Y € Dj.c while the transmitter sent ;. Then, for every 4,7 €
[L(n, R)], where i # j, the type II error probability is given by

P€72(i7j) = sup [P€72 (’Lv] |g )] ) (108)
Y

where we have defined

P.o(i,jlg)=Pr (Z(Yt — Gﬂj’t)z < 0'% + 0 ’5{ = (Tiy)iey, G = g)

t

:Pr(
t=

for g € G, as the fading coefficient G and the noise vector Z are statistically independent. Now we bound the

=

(9(iy —j1) + Z1)* < og + 5n> (109)

=

probability within the square brackets.
We divide into two cases. First, consider g € G such that ||g (0; — @;)|| > 21/0% =+ d,,. Therefore, by the reverse

triangle inequality, ||a — b|| > |||a|| — ||b]||, we have

S (9 (@s —50) + Ze)° > g (8 — w;)]| — || 2]

t=1
>2\/0% + 6, — ||Z]] - (110)
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Hence, for every g such that ||g (a; — aj)|| > 24/0% + 8, we can bound the type II error probability by

Pes(i,jg) <Pr (HZH > m>
=Pr (Z 7" > o +5n>

<Az, (11D

for sufficiently large n and arbitrarily small Ay > 0, where the second inequality follows by Chebyshev inequality.

Now, we turn to the second case, i.e., when

lg (@i —0y)[| < 2¢/0% + 0y - (112)

Observe that for every given g € G,

D s —50) + Z0)* = g% Wiy — )+ 27 +2D gy —U5.0) % - (113)

t=1 t=1 t=1 t=1

Then define the event

n B ) B 5n
&ol(g) = {’ ;g(ui,t — ;)2 > 7} . (114)
By Chebyshev’s inequality, the probability of this event vanishes,
25 (m = N2 72
9% D i (Wi — uy0)°E{Z7}
Pr (€0(g)) < 2=ttt i) AT
(%)
N
_ 4o |lg (wi — ;)]
no?
< 1602, (U% + 6n)
- no?

<7'0

— 3

(115)

for sufficiently large n and arbitrarily small 7o > 0, where the first inequality holds since the sequence {Z;} is i.i.d.
~N (O, %), and the second inequality follows from (I12). Furthermore, observe that given the complementary

event £5(g), we have

n

23" g (i — 0) Zo > 0, (116)
t=1

Therefore, the event £F, the type II error event in (109), and the identity in (I113) together imply that the following

event occurs,

Ei(g) = {Z 9° Wiy — Wa)* + Y 27 <oy + 26n} : (117)
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Now lets define

H = {G egn Z(g(ai,t — )+ Zi)? < o% + 5n} . (118)
t=1

Therefore, applying the law of total probability to (I19), we have
P.o (i,j ‘g) =Pr (H;fj N 80(9)) + Pr (Hfj N Eg(g))
< Pr(&(g)) + Pr(&1(9))
<7 +Pr(&l(g)) . (119)

where the last inequality holds by (I13).
Now we focus on the second term in (I19), i.e., Pr(£1(g)). To this end, observe that based on the codebook

construction, each codeword is surrounded by a sphere of radius ,/¢,,, which implies that

[a; —u;) > /e (120)
Thus, we have
g — a1 > %, (121)

where -y is the minimal value in G. Hence, according to (119),
Poa(isilg) < Pr(||2)* < 0% +20, — %) + 70
=Pr(2]* - 0% < —6.) + 70 . (122)

(see (103)). Therefore, by Chebyshev’s inequality,

+7’0

» L E{Z}
<ZLEE
2
3n (%)
= T—‘FTO

n

30%
= n—(s’r% —+ T0
270%

= hAzgt T

< A2, (123)

for sufficiently large n. Based on (I1I) and (123, we have P. 5 (i,j|g) < Az for all g € G. Hence, the type 1I
error probability satisfies P. 5 (7,7) < A2 (see (I08)).

We have thus shown that for every A1, A2 > 0 and sufficiently large n, there exists a (2”1°g(”)R, n, A1, A2) code.

As we take the limits of n — oo, and then b — 0, the lower bound on the achievable rate tends to i, by (102).

This completes the achievability proof for Theorem
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B. Upper Bound (Converse Proof)

Suppose that R is an achievable rate in the L-scale for the Gaussian channel with slow fading. Consider a
sequence of (L(n, R),n, A", A{™) codes (U™, D™), such that A" and A{™ tend to zero as n — co. We begin
with the following lemma.

Lemma 7. Consider a sequence of codes as described above. Let b > 0 be an arbitrarily small constant that does

not depend on n. Then there exists ng(b), such that for all n > ng(b), every pair of codewords in the codebook

U™ are distanced by at least \/ne,, i.e.,

[wi, — || > v/nen , (124a)
where
A
En = —5ri75y (124b)

for all i1,i2 € [L(n, R)], such that i1 # is.

Proof. Fix A1 and Aa. Let k£, 6, > 0 be arbitrarily small. Assume to the contrary that there exist two messages 41

and 79, where i1 # s, such that

[wi, — g, || < Vg, = an (125)
where
VA
Qp = W . (126)
Now let us define two subsets as follows
B ip = {y €Dig 0 > (W —guins)’ <n (o + C)} (127)
t=1
Cir iz = {y €V > (ye—guie)’ <n (o} + C)} : (128)
t=1

Observe that for every g € G,

/ <H fz (g — guil,t)> dy = / <H fz (g — guil,t)> dy + / < fz (g — guﬁ,t)) dy
Diyg \t=1 Biyin \t=1 Di,1,0\Biy,ig \t=1
< / <H fz (g — guil,t)> dy + / <H fz (g — guﬁ,t)) dy .
Biyiz \t=1 Qfl,ig t=1
(129)
where the last inequality holds since
Q:fl-,iz D Diyg \ By iy (130)

with \ being the set minus operation. Consider the second integral, for which the domain is &, ; and where we

denote

g=(9.9,---,9) - (131)
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Then, by the triangle inequality,

ly —gouiall = [ly —gouizll = llgo (w1 —ui)
=y —gouiz| —glwi — iz
> /n(0g +¢) — gl —w |

>1/n(c% +¢) — gay, . (132)
For sufficiently large n, this implies the following subset

5, = {y €V ¢y —gounl > y/n (o} +n>} , (133)

for n < % That is,

{yey”:|y—goui,2|z\/n<a§+<>} ol {ye;v”:||y—goui,1||z\/n<o§+n>}. (134)

Thus we deduce that

S i 2 € (135)

1,42 7

Hence, the second integral in the right hand side of (I29) is bounded by

Jaly —gow,)dy = Pt (uy _goui] > \/n (2 +n>)

= Pr(|Z]* = no% > ny)

8% io

(136)

for sufficiently large n, where the third line is due to Chebyshev’s inequality, followed by the substitution of
z =y — gou;. Thus, by (129),

/ ( fz (yt—guil,t)> dYS/ fz(y —gow,) dy + 5. (137)
Diy,g t=1 B

11,12

Now, we can focus on the first integral with domain of ®B,, ;,, i.e., when

ly —goual <y/n(o +¢) . (138)

Observe that

e (o Py

fz(y —gouw,) — fz(y —gou;,) = fa(y —gou;,) [1 —e (139)
By the triangle inequality,
ly —gouyll <lly —goui,ll+gluw, —ull . (140)

Taking the square of both sides, we have

2 2 2
||y—goui1|\ SHy_gouizn +g2”ui2_ui1H +2Hy_goui2”'g”ui2_uilH



28

< |ly — g o ui,|* + g%07, + 290\ /n(0% +¢)
Ao +¢
= lly - gou,|* + g% + 29(7175) ! (141)
where the second line follows from (I123) and (I38), and the line is due to (I26). Thus, for sufficiently large n,
ly —gow, | = [ly —gou,|* <6 (142)
Hence,
e
fz(y —gouy) — faly —goui,) < faly —gou;,) (1 —e 2"2)
<rkfz(y —gou;) , (143)

_ o
for sufficiently small § > 0, such that 1 — e *°% < k. Now by (I37), we get,

A+ A2 > P.(in) + Peo(ia, iq)

(a)

> sup [P 1(i1|g)] + sup [Pe 2(i2,i1]g)]
geg geg

) ) o

> sup [P 1(i1]g) + Pe2(i2,71]9)]

g€y
>sup |1- / (H fz (g — guil,t)> dy +/ (H fz (yr — guiz,t)> d}’]
g€g Diy g Diy,g \t=1

t=1

fz(y—goun)dy+/

D

(o)

>sup |1 —kKk— /
g€eg B,

>sup |1 —Kk— /
geg B,

=sup |l — Kk — /
gEQ ‘Bl

where (a) follows by definitions given in (I03) and (I08), (b) holds since supremum is sub-additive and (c) is due
to (I37). Hence, by (143),

fz(y —go uig)dyl

1,42 1,9

fz(y—gouil)dy—i-/

fz (y —gouy,) dy]
%il’i2

1,2

(fz(y_gollil)_fZ(y_gOuiz)) dy] ) (14‘4‘)

1,12

AM+X2>1—k—kinf l/ fz(y—gouil)dy]
g€eg B

>1- 2k, (145)

11,2

which leads to a contradiction for sufficiently small £ such that 2k < 1 — Ay — A2. This completes the proof of

Lemma [7] O

By Lemma[7] we can define an arrangement of non-overlapping spheres Sy, (n, \/ne,) of radius \/ng, centered
at the codewords u;. Since the codewords all belong to a sphere So(n, vnA) of radius vnA centered at the origin,
it follows that the number of packed spheres, i.e., the number of codewords onlog(mR s bounded by

onlog(nR < Vol(So(n, VnA + /ne,))
—  Vol(Sy,(n, /ne,))
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VA+a

= . 146
NG (146)
Thus,
A+ \/fen
logn VEn
log (1 + —
—14bat log (1 + 7r) 7 (147)

logn
by the same arguments as in the proof for the Gaussian channel with fast fading (see (Z8)), which tends to 1 + b
as n — oo. Now, since b > 0 is arbitrarily small, an achievable rate must satisfy R < 1. This completes the proof

of Theorem O
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