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Abstract

We study whether an asymmetric limited-magnitude ball may tile Z™. This ball
generalizes previously studied shapes: crosses, semi-crosses, and quasi-crosses.
Such tilings act as perfect error-correcting codes in a channel which changes a
transmitted integer vector in a bounded number of entries by limited-magnitude
errors.

A construction of lattice tilings based on perfect codes in the Hamming
metric is given. Several non-existence results are proved, both for general tilings,
and lattice tilings. A complete classification of lattice tilings for two certain cases
is proved.
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1. Introduction

In some applications, information is encoded as a vector of integers, x €
Z™, most notably, flash memories (e.g., see [1]). Additionally, a common noise
affecting these applications is a limited-magnitude error affecting some of the
entries. Namely, at most ¢ entries are increased by as much as &k or decreased
by as much as k_. Thus, for integers n >t > 1, and k4 > k_ > 0, we define
the (n,t, ki, k_)-error-ball as

B(n,t ki, k) 2 {x=(z1,22,...,7,) € Z" | —k_ < z; < ky and wt(x) < t},

where wt(x) denotes the Hamming weight of x. It now follows that an error-
correcting code in this setting is equivalent to a packing of Z™ by B(n,t, k4, k_),
and the subject of interest for this paper, a perfect code is equivalent to a tiling
of Z™ by B(n,t,k+,k_). An example of B(3,2,2,1) is shown in Fig. [l

*This work was supported in part by an Israel Science Foundation (ISF) grant 270/18.
*Corresponding author
Email addresses: hjwei05@gmail.com (Hengjia Wei), schwartz@ee.bgu.ac.il (Moshe
Schwartz)

Preprint submitted to Elsevier January 19, 2021


http://arxiv.org/abs/2006.00198v2

Figure 1: A depiction of B(3,2,2,1) where each point in B(3,2,2,1) is shown as a unit cube.

Previous works on tiling these shapes almost exclusively studied the case of
t = 1. The cross, B(n, 1, k, k), and semi-cross, B(n, 1, k, 0) have been extensively
researched, e.g., see E—B] and the many references therein. This was recently
extended to quasi-crosses, B(n,1, k4, k_), in ﬂ], creating a flurry of activity on
the subject [§-13]. To the best of our knowledge, [14] and later [15], are the only
works to consider ¢ > 2, by considering a notched cube (or a “chair”), which for
certain parameters becomes B(n,n — 1, k,0). Tilings of these shapes have been
constructed in ﬂﬂ, ] Additionally, ﬂﬁ] showed that B(n,n — 2,k,0), n > 4,
k > 1, can never lattice-tile Z".

The goal of this paper is to study tilings of B(n,t, ki, k_) for ¢ = 2. Our
main contributions are a construction of lattice tilings from perfect codes in
the Hamming metric, and a sequence of non-existence results, both for lattice
tilings and for general non-lattice tilings. We use both algebraic techniques and
geometric ones. In particular, we provide a complete classification of lattice
tilings with B(n,2,1,0) and B(n,2,2,0).

The paper is organized as follows: In Section [2 we provide the notation used
throughout the paper, as well as definitions and basic results concerning lattice
tilings and group splittings. We construct lattice tilings in Section Bl and prove
non-existence results in Section @ A short discussion and open questions are
given in Section



2. Preliminaries

Throughout the paper we let n and ¢ be integers such that n > ¢t > 1. We
further assume ky and k_ are non-negative integers such that ky > k_ > 0.
For integers a < b we define [a,b] = {a,a+1,...,b} and [a,b]* = [a,b] \ {0}.
We use Z,, to denote the cyclic group of integers with addition modulo m, and
F, to denote the finite field of size g. Since we shall almost always use just the
additive group of the finite field, when p is a prime we shall sometimes write I,
and sometimes Z,,.

A lattice A C Z™ is an additive subgroup of Z™. A lattice A may be repre-
sented by a matrix G(A) € Z"*™, the span of whose rows (with integer coeffi-
cients) is A. A fundamental region of A is defined as

=1

CiER,O<Ci<1},

where v; is the i-th row of G(A). It is well known that the volume of the
fundamental region is |det(G(A))|, and is independent of the choice of G(A).

We say B C Z™ packs Z™ by A C Z", if the translates of B by elements from
A do not intersect, namely, for all v,v' € A, v # v/,

(v+B)N(Kv' +B)=02.

We say B covers Z™ by A if

Uw+3)=2"

veA

If B both packs and covers Z™ by A, then we say B tiles Z™ by A. It is well
known that if B packs Z" by A, and |B| = |det(G(A))|, then B tiles Z™ by A.

2.1. Lattice Tiling and Group Splitting

Lattice tiling of Z™ with B(n,t, ky,k_), in connection with group splitting,
has a long history when t = 1 (e.g., see [16]), called lattice tiling by crosses if
ky = k_ (e.g., [2]), semi-crosses when k_ = 0 (e.g., [2-4]), and quasi-crosses
when ky > k_ > 0 (e.g., |7,19]). For an excellent treatment and history, the
reader is referred to 5] and the many references therein. Other variations,
keeping ¢t = 1 include |17, [18]. More recent results may be found in [13] and the
references therein.

Since we are interested in codes that correct more than one error, namely,
t > 2, an extended definition of group splitting is required.

Definition 1. Let G be a finite Abelian group, where + denotes the group
operation. For m € Z and g € G, let mg denote g+ g+ - -+ g (with m copies of
g) when m > 0, which is extended in the natural way to m < 0. Let M C Z\ {0}



be a finite set, and S = {s1,52,...,8,} C G. We say the set M t-splits G with
splitter set S, denoted
G - M O S

if the following two conditions hold:

1. The elements e - (s1,...,5y), where e € (M U {0})" and 1 < wt(e) < t,
are all distinct and non-zero in G.

2. For every g € G there exists a vector e € (M U{0})", wt(e) < ¢, such that
g=-e-(S1,...,8n).

Intuitively, G = M ¢; S means that the non-trivial linear combinations of
elements from S, with at most ¢ non-zero coefficients from M, are distinct and
give all the non-zero elements of G exactly once. We note that when ¢ = 1, this
definition coincides with the definition of splitting used in previous papers.

The following two theorems show the equivalence of t-splittings and lattice
tilings, summarizing Lemma 3, Lemma 4, and Corollary 1 in [15]. They gener-
alize the treatment for ¢ = 1 in previous works (e.g., see [5]).

Theorem 1 (Lemma 4 and Corollary 1 in [15]). Let G be a finite Abelian
group, M & [—k_,ky]*, and S = {s1,...,5,} C G, such that G = M o; S.
Define ¢ : Z" — G as ¢(x) = x- (81,...,8,) and let A = ker ¢ be a lattice.
Then B(n,t, ky, k_) tiles Z™ by A.

Theorem 2 (Lemma 3 and Corollary 1 in [15]). Let A C Z™ be a lattice,
and assume B(n,t, ky, k_) tiles Z™ by A. Then there exists a finite Abelian group
G and S = {s1,52,...,5,} C G such that G = M o; S, where M & [—k_, k,]*.

3. Construction of Lattice Tilings

In this section we describe a construction for tilings with B(n,t, ki, k_).
The method described here takes a linear perfect code in the well known and
extensively studied Hamming metric, and uses it to construct the tiling. The
obvious downside to this method is the fact that very few perfect codes exist in
the Hamming metric (see [19] for more on perfect codes).

Theorem 3. In the Hamming metric space, let C be a perfect linear [n, k, 2t+1]
code over Fp,, with p a prime. If ki +k_ +1=p, then

A2 {x€Z"|(xmodp) € C}
is a lattice, and B(n,t, k4, k_) lattice-tiles Z™ by A.

PROOF. Directly from its definition, A is closed under addition and under mul-
tiplication by integers. Thus, A is a lattice. Denote B £ B(n,t, ki, k_), and we
now prove B tiles Z™ by A.



To show packing, assume v + e = v/ + €, for some v,v' € A and e, e’ € B.
But then e — e = v/ —v € A, and by the definition of A, also €’ £ ((e —
€’) mod p) € C. We note that wt(e) < ¢t and wt(e’) < ¢, hence wt(e”) < 2t.
By the minimum distance of C' this implies that €’ = 0. Now, since each entry
of e — € is in the range [—(ky + k), k+ + k_], and since ky + k_ +1 =p, we
necessarily have that e — e’ = 0, which in turn implies v — v/ = 0. It follows
that translates of B by A pack Z".

To show covering, let x € Z" be any integer vector. Then x’ £ (x mod p) €
;. Since C' is a perfect code, there exists v/ € C' and €’ € )}, wt(e') < ¢, such
that x’ = v/ + €' (mod p). Since ky + k_ + 1 = p, there exists e € B such that
e mod p = €. But then x—e = v’ (mod p) and by definition x—e € A. Hence,

the translates of B by A cover Z". O
Example 1. Take the [p;n:ll, p::ll —m, 3] p-ary Hamming code (p a prime), to-
gether with Theorem[3, to obtain a tiling of Z®" —1/@=1) py B(pmfl, 1,ky, ko),

p—1
where ky+k_+1 = p. This particular tiling was already described in [1] together
with the lattice generator matriz and equivalent splitting.

Example 2. If we use Theorem[3 with the perfect binary linear 2t +1,1,2¢+1]
repetition code, we obtain a lattice tiling of Z*'+1 by B(2t+1,t,1,0). The lattice
is spanned by

When viewed as a splitting, the additive group F3! is t-split as F3* = {1} o; S,
where S = {e;|1 < < 2t} U{1}, and where e; is the i-th unit vector of length
2t.

Example 3. Again using Theorem [3 with the [23,12,7] binary Golay code, we
obtain a lattice tiling of Z?3 by B(23,3,1,0). The lattice A is spanned by

g Ly Gy
0 2;)°
where (Ilg Gb) is a generator matrix of the [23,12,7] binary Golay code, and

2111 is an 11 x 11 matriz with entries on the diagonal being 2 and all the others
being 0. Now, we look at the corresponding group splitting. Since Z** can be

spanned by the matrix
Ly Gy
0 Iy’

the quotient group Z?3 /A is isomorphic to the additive group Fi'. Note that

Iix Gy Gy
0 21/ \In



is a 23 x 11 all-zero matriz over Fy. The natural homomorphism ¢ : 723 — F3!

sends the standard basis to the rows of ?b>. It follows that F3t = {1} o3 S,
11

where S ={e;|1 <i <11} U{r|r is a row of Gp}.

Example 4. Finally, using Theorem [J with the [11,6,5] ternary Golay code,
we obtain a lattice tiling of Z'* by B(11,2,2,0) or B(11,2,1,1). The lattice is

spanned by
_(Is Gy
5= (o ar)

where (16 Gt) is a generator matriz of the [11,6,5] ternary Golay code, and
315 is a 5 x5 matriz with entries on the diagonal being 3 and all the others being
0. When viewed as a splitting, the additive group F3 is 2-split as F§ = {1,2}0295,
where S ={e;|1 <i<5}U{r|r is a row of G;}.

Theorem [3] has its dual as well, as shown in the following theorem.

Theorem 4. Assume B(n,t, ki, k_) lattice-tiles Z™ by the lattice A, with an
equivalent t-splitting F' = M oy S, where M L [—k_,ky]*, p is a prime, and
p=ky+k_+1. Then ANFy is a perfect linear [n, k,2t + 1] code over ), in
the Hamming metric space.

Proor. By Theorem [[] and Theorem 2L A = ker ¢, where ¢ : Z" — F;?, with

S = {s1,...,80} C F}', and ¢(x) = x - (51,...,5,). Let e; € Z" be the
i-th standard unit vector. Due to the characteristic of Fy, for all x € Z™,

o(x) = ¢p(x + pe;). Tt follows that
A=A+ pe;, (1)
forall i =1,2,...,n. In turn, this implies that
ANF} =Amodp = {xmodp|x e A}. (2)

Since A is a lattice, we then have that C £ AN [, is a vector space, namely, a
linear code.

It remains to show C is a perfect code with the claimed parameters. Let
c,c/ € C be two distinct codewords, and e,e’ € I} be two error patterns,
wt(e), wt(e’) < t. Assume to the contrary that

cte=c +e (modp),

where we emphasize that addition here is in F; by writing that the equiv-
alence holds modulo p. Since ky + k_ + 1 = p, there are unique vectors
f,f' € B(n,t, ky,k_) such that

f=e (modp) and f' =€ (modp).



We now have
ct+f=c +f (modp),

hence there exists v € Z™ such that
ct+f=c +f +pv.
If we define ¢’/ = ¢’ + pv, then by (), ¢’ € A. But then
c+f=c"+7f,

contradicting the fact that B(n,t, ki, k_) tiles Z™ by A. Thus, C is a linear
[n, k,> 2t + 1] code over F,,.

Finally, we show C' is perfect. Let u € I}y be any vector. Since B(n,t, k., k)
tiles Z™ by A, there exist v € A and e € B(n,t,ky,k_) such that u = v + e.
Taking the equation modulo p, we get that

u=v+e (modp),

where we emphasize that umod p = u. By (@), vmod p € C. Additionally,
since k+ + k— + 1 = p, we have that wt(e) = wt(e mod p) < t. Thus C has
covering radius at most ¢, and it is therefore a perfect code, as claimed. O

4. Nonexistence Results

The nonexistence results we present in this section are divided into results on
general tilings, and results on lattice tilings. The former use mainly geometric
arguments, whereas the latter employ algebraic ones.

4.1. Nonexistence of General Tilings

The first result we present uses a comparison between the density of a tiling
of B(n,t, ki, k_) with that of a tiling of a certain notched cube of a lower
dimension.

Theorem 5. For anyn >t+1, and ky > k_ > 0 not both 0, if

t

> (7;) (ks 4+ k)" < (kg + 1) = (kg — ko)
i=0

then Z"™ cannot be tiled by translates of B(n,t, ki, k_).

PROOF. Given integers n > t + 1, assume that there is a set T' C Z" such that
B £ B(n,t,ky,k_) tiles Z" by T. Consider the set

A= {(;[:171:2,...,$t+1,0,...,0) ‘ (J,'l,...,CL'H_l) S [O,k+]t+l \ [k_ + 1,k+]t+1}.



Hence, if we remove the last n — t — 1 zero coordinates, the elements of A are
exactly a notched cube, as defined in [14, [15]. Thus, by [14, [15], translates of A
tile the spaceEI

{(z1,22,...,2¢41,0,...,0)|2; €Z for all 1 <@ <t + 1}

Trivially, it follows that translates of A can tile the space Z".

We now claim that any translate of A contains at most one point from 7.
Suppose to the contrary that both x = (21, 22,...,2,) and y = (y1,%2,---,Yn)
belong to the intersection (v + A) NT, where v = (v1,va,...,v,) € Z", and
x #y. Then v; < xy; < v+ ky for 1 <@ < t+1, 2y =y, = v; for
t+ 2 < i < n, and there are indices 1 < jg, jy <t + 1 such that z;, <v;, +k_
and y;, < wvj, +k_. W.lo.g., assume that r; < v1 + k_. We proceed in two
cases.

1. Ifys Svr+ k-, let z= (21,22, .., 2¢4+1, Vt+2, Vt43 - - . , Up ), Where

xy, ifx; <y;foralli=23,...;t+1,
z1 =
! y1, otherwise,

and
z; = max{xz;,y;} fori =2,3,...,t+ 1.

Then it is easy to see that
z€(x+B)N(y+3B),
a contradiction.

2. If yy > v1+k_, then thereis 2 < j < t+1such that y; <v;+k-. Wlo.g,

assume that yo < va+k_ andlet z = (y1, 22,23, -+, 2441, Vt42, Vt43 - - -, Un)s
where
I EZT ifax; <y;foralli =2.3,...,t+1,
T max{xs,y2}, otherwise,
and
z; = max{w;,y;} for i =3,4,...,t + 1.
Again,

ze (x+B)N(y+B),
a contradiction.

We have shown that any translate of A contains at most one point from
T, and so the tiling by A is denser than the tiling by B. It follows that the

1While |14, [15] discuss a tiling of R™, it is easily seen that the tiling constructed there is
in fact a tiling of Z™ as in our setting.



reciprocal of the volume of B cannot exceed the reciprocal of the volume of A,
i.e.,

1 1
Yico (1) (kg + k)i s (ky 4+ 1) — (kg — k)17

%

Rearranging gives us the desired result. O

Remark 1. If k&= > ck; for some real number ¢ > 0, while n and ¢ are
fixed, then according to Theorem [ there is an upper bound on k. for which
B(n,t, ki, k_) can tile Z™.

Next, we study a case which is analogous to that of proper quasi-crosses
when ¢ = 1, namely, the case when ky > k_ > 0. The main tool is a geometric
one, studying the two translates of B(n,t, k4, k_) that cover the all-zero and
all-one vectors.

Theorem 6. Let2t >n>t+1 and ky > k_ > 0. Then Z"™ cannot be tiled by
B(n,t, ki, k).

PROOF. Denote B 2 B(n,t, ki, k_), and assume to the contrary that there is
a set T C Z" such that B tiles Z" by T. W.l.o.g., we may assume that the
all-zero vector 0 is in T'.

We consider the all-one vector 1. Since 1 ¢ B, there is a non-zero vector
a= (aj,as,...,a,) € T such that 1 € a+ B, where 1 — ky < a; <1+ k_ for
1 < ¢ < n. By interchanging the coordinates, we may assume, w.l.o.g., that

a;=1for1<i<n—t anda; 2 a;4; forn—t+1<i<n—1.

Ifai1 <14k, thenl—Fky <a; <k_ fort+1 <4< n. Since by assumption
n —t < t, it follows that

(1,1,...,1,0,0,...,0) € (a+B)N (0 + B),
which contradicts the assumption that B tiles Z™ by T'. Hence, at+1 =1+ k_.

Now, let 79 be the largest index such that a;, =1+ k_. Then iy —t > 1 as
at+1 = 1+ k_. Consider the vector

A
vV = (1,1,...,1,0,0,...,O,an7t+1,a,n,t+2,...,aiO,O,O,...,O).
—_——— ——— ———
n—ig 90—t n—ig

We first compare v with a. Note that (n —ig) + (i —t) =n—tand a; =1
for 1 <i < n—t. Hence, v can be obtained from a by changing n — t a;’s to 0,
i.e., those a;’s with n —ig+1<i<n—torig+1<i<n Sincen—t<t,
a;=1<k_forn—ig+1<i<n—t,and 1 —ky <a; <k_ forig+1<1t<n,
we have v € a+ B.

Second, we compare v with 0. Note that (ig —t) + (n — ig) = n —t. These
two vectors differ in at most ¢ positions. Hence, v can be obtained from 0 by



changing the first n —ig 0’s to 1 and the i-th 0 to a; for n —t+1 < 7 < ig. Since
—k_<a;<14+k_forn—t+1<i<ip, kyr >1and 1+ k_ < ky, we have
that v € 0 + B.
It follows that
ve(a+B)N(0+ B),

which again contradicts the assumption that B tiles Z™ by T. ([l

For the last result concerning general tiling, we study the case of equal arm
length, k4 = k_. The method used is an elaboration of the one used in the
proof of Theorem [G} instead of considering only the all-zero and all-one vectors,
we consider a third vector as well.

Theorem 7. Let ky = k_ > 2 andn >t > (4n — 2)/5. Then for any n > 3,
Z" cannot be tiled by B(n,t, ki, k_).

PROOF. Let k£ k. = k_ and 7 £ n —t. Suppose to the contrary that there is
aset T C Z" such B £ B(n,t, ki, k_) tiles Z" by T. W.l.o.g., we assume that
0 € T. Since t > (4n—2)/5 and n > 3, we have t > n/2. According to the first
three paragraphs in the proof of Theorem [ we may assume that 1 € a + B,
where

a®(1,1,..., 1,1 +k1+k....,1+kaiy1,...,a,) €T,
N——— -
T w0—T

withig>t+1,and 1 —k <a; <k forig+1<i<n.
We consider the vector

A
v=1(2,2,...,2,1,1,..., 1 a;541,-- -, Gn)-
T i0—T

It is not contained in (0+ B)U (a+ B) as the Hamming distance between v and
0 or v and a is at least ig > ¢t +1. We assume that v is contained in another ball
centred at b = (b1, ba,...,b,) € T, where 1 —k < b; <1+ k for 7+ 1 < i < idp.
Let ¢ = |{i| 74+ 1 < i <ig,b;i = 1 + k}|. We proceed in the following two cases.

1. If ¢ < ig — 37, by interchanging all the coordinates between 7+ 1 and i,
we may assume that 1 — k < b; <k for i9p — 27 + 1 < ¢ < ig. We consider
the vector

A
X:(27"'7271)17"'71)07"'7051)1-0*7'4’1"'7b’i07a”i0+1)"')an)'
—_——— —— —— —— —

T 10—3T T T

We first compare x with 0. These two vectors agree in at least 7 =n — ¢
positions. Noting that £k > 2, 1 —k < b; < kforig—74+1 <1 < ig and
1—-k<a; <kforig+1<1i<n,wehavex € 0+ B. Second, we compare
x with b. They differ in the first 79 — 7 positions and the last n — ig
positions, and so in total n — 7 = ¢ positions. Noting that x and v agree
in the first i — 27 positions and the last n— iy positions and v € b+ B, the

10



symbols of x in these positions can be obtained from the corresponding
symbols of b by adding or subtracting up to k units. For the remaining 7
positions where 79 —274+1 < i < ig—7, we have 1 — k < b; < k. It follows
that x € b+ B and then

x € (b+B)N(0+B).

2. If ¢ > iy — 37, we may assume that b; =1+ kfor7+1<i<ipg—27+1.
Consider the vector

yE2, .21+ ko 14k ai i, Gn)-
N—_—— N ————
T 10—37+1

We first compare y with b. These two vectors differ in the first 7 positions
and the last n — ig + 27 — 1 positions. Since ¢t > (4n — 2)/5, they differ
in atotal of n —ip+37 — 1 < 47 — 2 = 4n — 2 — 4t < t positions.
Noting that y and v agree in these positions and v € b + B, we have
y € b+ B. Second, we compare y with a. They differ in a total of
T+ (ip—7) — (io =37+ 1) = 31 — 1 = 3n — 3t — 1 positions. Note that
t>(4n—-2)/5> (3n—1)/4 as n > 3. Thus we have 3n — 3t — 1 < t.
Furthermore, in these 3n — 3t — 1 positions, the corresponding symbols
differ by at most k units. It follows that y € a+ B and then

y € (a+B)N(b+ B).

In both cases above we obtain a contradiction to the assumption that B tiles
Z" by T. O

4.2. Nonexistence of Lattice Tilings

We now turn to the more specific case of lattice tilings. Some of the nonex-
istence results presented in this section are stated as necessary conditions. The
main tool used is Theorem 2] and the algebraic study of the t-splitting. We
begin with the lattice-tiling equivalent of Theorem

Theorem 8. For anyn >2t+1, and ky > k— > 0 not both 0, if B(n,t, ki, k_)
lattice-tiles Z™ then

t

- (:‘) (ky + k)" > (ko + 1)

i=1

PROOF. For t = 1, see |1, Theorem 11]. In the following, we focus on the
cases t > 2. Assume that B £ B(n,t, ky, k_) lattice-tiles Z". By Theorem
there is an Abelian group G with |G| = Y'_, (M) (k+ + k—)" and a subset

S ={s1,82,...,8,} C G such that G = M ¢; S, where M £ [—k_, ki]*

We first claim that for all 2 < i; < ip < -+ < 4y < n there are inte-
gers xlllﬂz ----- 'Lt7$2112 »»»»» 'Lt, o 5I§:712 »»»»» % guch that 0 < $111712 ----- it < \‘(k,‘cjr‘l)fJ’

11



x;;”“| <k_forj=1,2,...,t and

91,82,--0,0¢ L E,02, 0 1,802,008
S1Tq + Sip Ly +oe Siy Ly, =0.

To prove this, fix i1,42,...,7; and look at the integers 0 < a1 < {%J,
0<a;; <k forj=1,2,...,t and the sums sja1 + s;,a;, + -+ + 8;,a4,. Since

Q%J + 1) (k- + 1) > |G = (k- +1)' = 1)+ (k- +1)"

=G+ 1> 1G],

by the pigeonhole principle there exist two sequences of integers, (b1,b;,, ...

and (c1, ¢y, -- -, Gy, ), such that
Slbl + Silbil —+ -4 Sitbit = S1C1 =+ S“Cil 4+ -+ Sitcit-

Assume, w.l.o.g., that b; > ¢; and define d; £ b; — ¢; and d;, £ bs,
j=1,2,...,t. We now get

sidy + s diy + -+ 85,d;, =0,

where (dy,d;,,...,d;,) # (0,0,...,0). In addition

Ogdlgl ] tJ and |d;, | < k- for j =1,2,...,t,

(k—+1)
which prove our claim.

Now, if {%J <ky+k_,then 0<d; < L

<]
-+

siky + sidiy + -0+ 85, diy o, = s1(ky — di) — si,ds,

which contradicts the fact that G = M ¢, S, since t > 2.
Hence, we have that

|G|
S R i
ki +ko+1 {(k+1)t

It follows that

¢ .

; "V (k k_)t

(k_ +1)t < |G| < Zz:O (’L)( + + )
iy +k_+1 ky 4k

t
n ) 1
_ k k_ 1—1 - -
;(i>(++ R

Since both (k— + 1)* and Y0_, (%) (k4 + k)"~ are integers and —

By +k_

12
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— ¢y, for

J <ky+k_,and

is at



most 1, we have

(k— + 1) i( ) (kg + k)t

i=1
(I

Using similar arguments to the previous theorem, the next one specializes
in the case of n > 2t.

Theorem 9. Letn > 2t, and ky > k_ > 0. If B(n,t, ki, k_) lattice-tiles Z™

then
(h-+1? _(n 1t
kr+Ek_+1 t ’
PROOF. If B(n,t, ki, k_) lattice-tiles Z", by Theorem [ there is an Abelian

group G with |G| = Yr_, (") (k+ + k_)" and a subset S = {s1,52,...,8,} € G
such that G = M o, S, where M £ [~k_,k,]*. We consider the sums

T181 + X282 + -+ XSt + Y1St41 + Y2Si42 + - - - + Ye S,

where 0 < z; < %ﬁ“(?)l/t and 0 < y; < k_ for i =1,2,...,t. The total

number of such sums is at least (7)(ky + k— + 1)*. Noting that
n " /n
t_ i
A YO TU IS T

there are two sums which are equal. Namely, there are

t
ke + ko +1/n\""
a,a’ € l07 {% (?) —‘ - 1] and b,b’ €[0,k_]",

with (a, b) # (a’,b’), such that

a- (51752,. ..,St) +b . (St+1,8t+2,.. .,82,5)

= a/ . (81,82,.. .,St) +b/ . (StJrl,StJrQ,.. .,SQt).

Let c = a—a’ and d = b’ — b. Rearranging the terms, we have
C- (51, S2,... ,St) =d- (St+1, St42y .- - ,Sgt).

t
Since ¢ € [~ [ (1)) 1, [t ()] < 1] d € [~k k)", and

(e,d) # (0,0), to avoid contradicting the assumption G = M ¢; S, necessarily
ky ko +1(n\""
A ey L _1,
k- +1 t

13



which implies

1/t
k_<k++k_+1 n _1.
k- +1 t

The claim now follows by rearranging. O

Theorem [l is particularly useful in an asymptotic regime where ¢ = O(n),
as shown in the following corollary.

Corollary 1. Ifa <Lt <3, ky >k_ >0, and

(k- +1)? .G
ky +k_+17 o

then B(n,t, ki, k_) does not lattice-tile Z™.

PRrOOF. We observe that

(k_ +1)2 J e e (n)l/t

ky +k_+17 a” t
and the claim now follows by Theorem (I

We continue on to a few more specific cases. The next two theorems deal
with the analogue of semi-crosses when ¢ = 1, namely, the case of k_ = 0. First
a technical lemma is required.

Lemma 1. Let A C [0, (}) — 1] be a subset of size (";1) If
B~
4t t—1 2’
then A contains two elements a and b such that b = 2a # 0.
2 [3(0) )]
2\ \¢
B & | J{i,2i}.

i=1

Then B is a subset of [0, (}) — 1] with |B| = 2m — |m/2]. Consider the inter-

PROOF. Define

and

14



section of A and B,
|ANB| = |A|+|B| - |AUB| > ( ) —m/2j—(?>
> m+m/2— n—1 >m+1 —2 n—1
- t—1 2 2 t—1
n—1 1
_m+(4t 1)(t—1)_§>m'

Then A contains at least one pair, ¢ and 2i, from B. O

Theorem 10. Let 2 < t < n/4 and ky > k_ = 0. Then B(n,t,k4+,0) cannot
lattice-tile Z™ when
) (Z‘) _9.

Proor. By TheoremIZL suppose to the contrary that there is an Abelian group
G with |G| = E o (% )kl and a subset S = {s1,52,...,8,} C G such that
G =M o, S, where M £ [1, k4]. We consider the sums

T181 + T282 + -+ + TSt + Te41S¢41,

where 0 < 21 < (t) and 0 < z; < ky fori =2,3,...,t+ 1. The total number
of such sums is ( ) (k4 + 1)*. Noting that

(?)(’““)t‘g( )(o)e >Z( R

there are two sums which are equal. Namely, there are two distinct vectors,
a = (a1,az,...,a¢41) and @' = (af,a),...,a;,,), from [0, (’Z) — 1] x [0, ko],
such that

/ / /
a181 + G282 + ...+ Qr41St41 = @151 + Q9S82 + ...+ Ay St

W.lo.g., assume a1 > a). Let b; = a; —aj fori =1,2,...,t+1. Rearranging
the terms, we have

bis1 4+ baso + ...+ by15¢41 =0, (3)

where b = (b1, ba, ..., be+1) is a non-zero vector from [0, () — 1] x [—k4, k4]
Since (?) — 1 < k4, to avoid contradicting the assumption G = M ¢, S, neces-
sarily b; > 0 for all i =2,3,...,t+1,i.e., b e [0, k]t

We now claim that there is a non-zero vector v € [0, () — 1]**! such

that v - (s1,82,...,8t41) = 0. As a first step, we show that there is a non-
zero vector v = ('Ul,'UQ,...,'Ut+1) € [0,k ]t such that vy v < (?) and
v (s1,82,-.,8+1) = 0. In @), if by < (7;) then b is the desired vector.

Otherwise, bg > ( ) By symmetry (repeating the same arguments arriving in

15



@), there is a non-zero vector ¢ = (c1, ¢z, ..., ci41) € [0, k] with ¢z < (7)
such that ¢ (s1,82,...,8141) =0. If 1 > (?), we consider the equation

(b2—62)82+b3$3+b484+' . '+bt+15t+1 = (Cl—b1)81+0383+0484+' © +Ci41St+1,

which is obtained by rearranging b - (s1,$2,...,8t+1) = € - (81,82, .., St41)-
Note that 0 < ¢; — by < kg, 0 < by — o < ky, and b;,¢; € [0, k4] for all ¢ =
3,4,...,t+ 1. This contradicts the assumption G = M ¢, S. Thus, necessarily,
c < (?) and c is the desired vector. By using induction on the first j elements,
51,82,...,5j, we are able to show our claim.

Extending the arguments presented thus far, for any 2 < i3 < ia < --- <
i¢ < n, there is a non-zero vector

t+1
Vit (gftsiie yitienie | iiaeie) ¢ [0, (n) _ 1]

1 ? 2t t

such that o _ o _ o _
11,225+, 11522,.-452¢ 21,225-.52¢ —
vy s1+ vy, Siy + v, si, = 0.
Take any 2 <4} <ih <--- <4 < nsuchtha/t (41,82, ... y0¢) # (81,15, ..., 1}).

T g
: P13l yeeey .
If there are two integers v and v;"""*"""* which are equal, then we have

01,82, 050t 01,862,000t 01,8200t
v, Siy T, Sip -+, Si,

i1
Y v o -/ Y v
i, 075800yl 07,00 e 0s0
= tsz-fl—i-vié tsié—i—---—i—vi; "8
To avoid contradicting the assumption that G = M ¢;S, necessarily, vi1"*> " =

vj
-/

vZ}’iZ"”’“ = 0 for all 1 < j < t, which in turn implies Uil’”""’it = 0. This
J

contradicts the fact that v®+%2:-% is a non-zero vector. Therefore, the (”;1)
integers v]"*?"" " must be pairwise distinct.

Note that when 2 < ¢t < n/4, we have
(n 1) n—1 - 1
4t t—1 2"

o g o Lo

P13l 40yl e T 304000y
By Lemmal[l] there are vy*"*2 " and v;"""?"""* such that vy """ = 202" £
0. Therefore,

01,82,00050t 01,862,000t 01,8200t
Uy, Si + Uy, Si, T + v;, Si,

A -/ A -/

11320 500eyl. 11305500042
— 1°%2» Yt 12%2» Yt
= 20, si; + v,

ot -/
P93l yeeayl
1252000

’ ’ Si/+"'+2v‘/ Sit .

11 12 2 Ty t

Note that {i1, iz, ... it} # {if,i5, ..., i}, 0 < v < (}) =1 < ky and

0 < 202,1‘2,...,% < 2(?) — 2 < ki. To avoid contradicting the assumption,

16



. 155250001 it il i) . i o
necessarily v;""? " = v "2 = ( for all 1 < j < ¢, and so vy = 0.

This contradicts the fact that v**-*2>-»" is a non-zero vector, which completes
our proof. O

Unlike the other proofs in this section, the next one uses a geometric argu-
ment.

Theorem 11. Let 2(n —1) <t <n—3. Then B(n,t,ky,0) cannot lattice-tile
Z™ when ky > 2.

PROOF. Suppose to the contrary that there is a lattice A C Z™ such that B
tiles Z™ by A. According to the first two paragraphs in the proof of Theorem [6]
we may assume that 1 € a + B, where

a2 (1,1,...,1,a442,...,a,) € A,
—_——
t+1
where 1 —k; <a; <1fort+2<i<n.

Let 7 £ n —t. The assumption %(n —1) <t <n-—3implies 7 > 3 and
27 — 2 < t. We consider the vector

Since wt(v) =t + 1 and 7 — 1 > 1, neither B nor a + B contains v. Thus there

is another vector
b = (bl,bg,...,bn) eA

such that v € b+ B, where —k; <b; <O0for1 <i<7—land 1—k; <b; <1
for 7 < ¢ < n. In the following, we further narrow down the range of b;.

1. b, = 1 for all 7 < ¢ < n. Otherwise, w.l.o.g., assume b, < 0. Note
that v.€ b+ B. Then (0,0,...,0,1,1,...,1) € b + B, contradicting
—— —

T t

2. There is at least one b; = —k4 for some 1 < 7 < 7 — 1. Otherwise,
—ky <b; <0foralll <i<7—1. Note that 7—1 < t and we have shown
b; = 1 for all 7 < ¢ < n. It follows that 1 € b + B, which contradicts
l1ea+ B.

According to the argument above, by permuting the first 7 — 1 elements of
b, we may assume

b:(—k_;,_,o,...,O,bp+27,...,bT_l,l,l,...,l),

P q t+1

where p,g >0, p+qg=7—2and —ky <b; < —lforp+2<i<7—1

17



Now, for 0 < £ < p, define

u £ (1,0,0,...,0,1,1,...,1,0,0,...,0, 1,1,...,1).
—— —— ——
P q+t q+1 n—p—2q—£—2
There are n —p—qg—1 =t + 1 ones in u; and so uy is not contained in B.
Noting that 1 +p+q+£+q+1<2+2(p+q) =27—2 < t+1, there are 7 — 1
zeros in the first ¢ + 1 entries of uy, and so uy &€ a + B. The first entry of uy is
1 while the first entry of b is —k,. Thus, uys € b + B.

Assume uy € ¢, + B for some ¢y, € A. According to the argument above,
necessarily ¢, ¢ {0, a, b}. Since both uy and v have 7 — 1 zeros in the first ¢ + 1
entries and ones in all the other entries and a has ones in the first ¢t + 1 entries,
according to the symmetry, c; has the same form as b, namely,

N T R I

——
p q+t g+1 n—p—2q—£—2

where the entries marked with * are in [—k4,0] and at least one of them is —k.
We claim that all the last ¢ + 1 entries marked with * in ¢y should be 0.
Otherwise, w.l.o.g., assume the first of them is negative, i.e.,

co = (1,#,%,...,x L1 ... L, —x, ... 0%, 1,1,...,1),

where 1 < z < k4. Then

b—'—ce:(1—k+7*,*7...7*,bp+2+1,bp+3+1,...7b771+172,27...’2,
h\,_/ h\,_/
p q 4
1—z,®,...,®, 2,2,...,2),
—_———— —]
q+1 n—p—2q—£—2

where the entries marked with * are in [—ky,0] and the entries marked with
® are in [1 — k4,1]. Note that —ky < b; < —1for p+2 < i< 7—1, and
1+p+qg+qg+1<2(1—-2)4+2=27—2<t. It follows that

(0,0,...,0,2,2,...,2,0,1,1,...,1, 2,2,....,2 ) Eb+c, + B
—_— Y Y Y
1+pt+q=7—-1 4 q n—p—2q—~£—2

Since k4 > 2, the vector above is also contained in B. Then we got b+ ¢, =0,
which contradicts that the first entry of b 4+ ¢, is 1 — k4 < —1. Therefore,

co = (1,%,%,...,%1,1,...,1,0,0,...,0, 1,1,...,1).
—_————— ——— — —
p q+t q+1 n—p—2q—£—2

Recall that the entries marked with * are in [—k4, 0] and at least one of them is
—k4. Necessarily p > 1. Since there are p 4 1 choices of ¢, at least two vectors,

18



say cg, and cs,, have —k, in the same entry. By permuting the p entries marked
with *, assume both c;, and ¢y, have —k_ in the first entry marked with . Then

(1,—k4,0,...,0,1,1,...,1) € (cg, + B) N (ce, + B),
ﬁ_/HT/
P n—p—

asp—1+q+1=7-2<t It follows that cy, = cp,. W.lo.g., assume £; < {5.
Then the (n — p — 2q — ¢35 — 1)-th entry, from the right side, of ¢y, is 0, while
the corresponding entry of ¢4, is 1, a contradiction. (I

Continuing our specialization, we turn to tackle the case of t = 2, and present
a strong restriction on the dimension n.

Theorem 12. Forany ky > k_ >0, if B(n,2,ky, k_) lattice-tiles Z™ and also
|B(n,2,ky, k)| is even, then

n_4£2—(k++k_—3)2+8

A(ky + k)

for some £ € 7.

PROOF. By Theorem [2] there exists an Abelian group G whose size is |G| =
|B(n,2,ky,k_)| such that G = M o5 S for some S C G, |S| = n, where M =
[—k_,k4]*. Since G is Abelian and of even order, necessarily G = Zor x G’, for
some r > 1. We may therefore write any element g € G as a pair (a,b) where
a € Zye and b € G, and we say g is even if a =0 (mod 2), and odd otherwise.

Denote by ny the number of odd elements in S. Additionally, denote by
mo = |ky/2] + |k_/2] (vespectively, my = [ky /2] + [k—/2]) the number of
even (respectively, odd) numbers in M.

Let us examine how the 3 ((3) (k4 + k—)? + n(ks + k—) + 1) odd clements
of G are obtained via the 2-splitting. There are three possible ways:

1. An odd element in S times an odd number in M.

2. An odd element in S times an odd number in M, plus an even element in
S times any number from M.

3. An odd element in S times an odd number in M, plus a different odd
element in S times an even number from M.

Thus,

nimi +nimy(n —ny)(mo +mi) + nimy(ny — 1)myg

= %((Z) (mo +m1)* 4+ n(mo +my) + 1>.

Solving for n; we obtain

n(mo +mi) —mo + 14 /n(m? —mi) + mZ — 2mg — 1
2m1 '

(4)

ny =
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We recall that mg + mq = ky + k—. Additionally, we note that
|B(n,2,ky, k)| = (Z) (ky + IL)2 +nlky +k-)+1

is even, which implies that ky + k_ is odd, and then m; — mo = 1. It follows
that m? —m3 = (m1 —mg)(m1 +mo) = m1 +mo = ky +k_. Substituting back
in @), we use the fact that the square root must be an integer ¢ € Z to obtain
the desired claim after some simple rearranging. ([l

Finally, we focus on the smallest case not studied before — tiling B(n, 2,1, 0).
In this case, by a careful study of the possible group splittings we obtain a full
classification of possible tilings. We require some structural lemmas first. These
hold for a weaker structure than a t-splitting: If in Definition [ only the first
condition holds, we denote it as G > M o S.

Lemma 2. Suppose that G > {1} o2 S. Let n = |S|. Consider the (n + 1)n
differences s — ', where s,s' € SU{0} and s # s'. If there are two differences
which are equal, then they must have the form

Si — 8j = Sk — S

for some s;,s; and s, € SU{0}. Furthermore, if s; = 0, then we must have
S5 = Sk-

PROOF. Assume that there are two distinct pairs (s, s;), (s, s¢) € (S U {0})?
with s; # s; and s; # s, such that

Si — 85 = Sk — S¢-
Rearranging the terms, we have
S; + 8¢ = Sk + S5-

Since G > {1} 02 S, (8:,8;) # (sk,s¢) and {s;,s¢} # {sk,s;}, either s; = s¢ or
s = s;. Then the conclusion follows. 0

Lemma 3. Suppose that G > {1} 09 S. For each s; € S, there is at most one
unordered pair {s;,sx} C SU{0} with s; # si such that

Si — 85 = Sk — S4.

PROOF. Suppose that there is another pair {s’,s}} with s’ # s} such that
S — s;- =5}, — 8;- Then
2s; = 8 + 81 = 8 + 5},

Since s; # sk, s # 53, and G > {1} 03 5, necessarily {s;, sk} = {5, s, }. O

20



For an Abelian group G, let ma(G) be the number of elements of order 2 in
G, i.e.,
ma(G) 2 |{z € G|z # 0,2z = 0}|.

Lemma 4. Suppose that G > {1} o2 S, and let n = |S|. Then we have
|G| +m2(G) =n? —n+1.
PRrROOF. Denote
A2 {(s,8)]|s,s € SU{0} and s # s'}.

According to Lemma [ for each s; € S, there is at most one unordered pair
{sj, sk} C SU{0} with s; # si such that s; — s; = s — s; (and so s; — s =
sj — s;). If such a pair exists, we remove (sk, s;) and (s;,s;) from A. Denote
the remaining set as A’. Then |A'| > (n + 1)n — 2n.

According to Lemma [2 and the definition of A’; if there are two pairs in A’
whose differences are equal, they must have the form s; — s; = s; — s;, and so,
2(s; — s;) = 0. Hence, for every g € G of order 2, there are at most two pairs
(s,8") € A’ with s — ¢’ = g and, for every other non-zero element of G, there is
at most one such representation. It follows that

|G| =14+ m2(G) = (n+ 1)n — 2n.
Rearranging the terms, we complete the proof. O

Theorem 13. Let n > 3. Then B(n,2,1,0) lattice-tiles Z™ only when n €
{3,5}, and only by 2-splitting Z and 2-splitting F3, respectively.

PRrROOF. By Lemma[d] if we are to have a splitting G = {1} ¢3S, then

<Z>+n+1+m2(G)2n2—n+l,

where we used the fact that G = {1} ¢2 S implies |G| = |B(n,2,1,0)|. Rear-
ranging we get,

ma(G) > %n(n _3). (5)
We now turn to look at G. Since it is Abelian, we may write
G="Zn, XLny X+ XLnp,,
with nq,...,ny > 2. We observe that

0 n; is odd,

1 otherwise.
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Thus,

If G # F3, then necessarily
1 1 .,
m3(G) < 5161~ 1= 70 +n—2) (6)

which is attained by setting exactly one of the n; to be 4, and the rest to be 2.

If we compare (@) and (6]), then for n > 7 the lower bound of (@) is greater
than the upper bound of (@), hence, only G = F} is still possible. For n < 6 we
deal with the cases separately:

e For n = 3, |G| = 7, hence G = Z7. A splitting set S = {1,2,4} can be
found in [15, Theorem 6].

e For n =4, |G| = 11, hence G = Fy1, but my(G) = 0, contradicting (@)).
e For n =5, |G| = 16, with the following options:

— G = F4, for which mz(G) = 15, and a 2-splitting exists by Theorem ]
(see Example 2]).

G = Z4 x F3, for which mo(G) = 7, but a computer search rules out
such a splitting.

— G = 73, for which m(G) = 3, contradicting (&l).
— G = Zg x Fyq, for which mg(G) = 3, contradicting (&l).
— G = Zg, for which ma(G) = 1, contradicting (&).

e For n = 6, |G| = 22, hence G = F3 x Fy1, but ma(G) = 1, contradicting

Finally, if n > 7, only G = F} remains an option, but by Theorem M we must
then have a perfect [n,k,5] linear code over Fy, and such codes do not exist
(e.g., see [19)]). O

Using a similar method, we now direct our attention to the case of B(n,2,2,0).
Let G be an Abelian group and assume that G > {1,2} 02 S, for some S =
{51,82,...,8,} € G. Denote s,,; = 2s; for 1 < i < n and so 2 0. Con-
sider the congruence modulo n. We assume that co = co (mod n), and co # i
(mod n) and i #Z oo (mod n) for all i € [1,2n]. Let

A £ {(s4,85)]4,7 € [1,2n] U {co},i # j (mod n)}.

Then |A| = (2n + 1)2n — 2n = 4n?. We are to estimate the number of the
equations
si — 8j = 8k — S¢,
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where (s;,$;), (Sk,s¢) € A and (4, j) # (k, £). Note that the equation implies
S;i + 8¢ = Sk + 85.

Since G > {1,2} 02 S, either i = ¢ (mod n) or k = j (mod n). By exchanging
the two sides of the equations, we assume that i = ¢ (mod n) always holds.

Lemma 5. In the setting above, the number of the equations
Si — 85 = Sk — Su,
where (si,8;), (sk,5¢) € A, i = (mod n) and k # j (mod n), is at most 8n.

PROOF. If i = ¢ = oo, then s; + s, = 0. Since G > {1,2} 02 S, necessarily j = k
(mod n), contradicting the assumption. B
Now, let i be the unique integer of [1,n] such that i =i = ¢ (mod n).

1.Ifi =¢ = i, then 2s; = s + 85 Since G > {1,2} o2 S, necessarily
(k. 7) € {(i +n,00), (00, i +n)}.

2. If i =4 and ¢ = n +1, then s; — s; = s, — 2s;. We claim that there is
at most one pair {j, k} with j £ k (mod n) such that the equality holds;
otherwise, suppose we have another pair {j’, ¥’} satisfying the conditions,
then s; + sp = s;/ + s/, contradicting the fact that G > {1,2} o2 S.

3. If (i,4) = (i+n,i) or (i+n,i+n), we have the same claim as that in case
2.

According to the argument above, given i € [1,n], if i = ¢ =i (mod n), we have
at most four pairs {7, k} such that the equation holds. The conclusion follows
since each pair can generate two equations. O

Let m3(G) be the number of elements of order 3 in G, i.e.,
ms(G) £ [{x € G|z # 0,3z = 0}|.

Lemma 6. In the setting above, further assume that the order of G is odd.
Then the number of the equations

S; — S = Sk — Sy,
where (si,;), (sk,8¢) € A, i =L (mod n) and k = j (mod n), is at most
2m3(G) + 11n + 11.
PROOF. Let 4,5 € [1,n] U {oo} such that i =4 = £ (mod n) and j = j = k
(mod n). By the definition of A, we have i # j (mod n), and so, i # j. The

equation s; — s; = s, — s¢ implies that

as; — bs; = csj — ds;,
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for some a,b,c,d € {1,2}. We discuss the number of equations for each possible
value of (a, b, c,d).

1. If a = b=c=d=1, then 2s; = 2s3, contradicting G > {1,2} 05 S.

2.

If a +d = 2, then there are at most n + 1 ordered pairs (7,;) such that

the equation holds; otherwise, by the pigeonhole principle there ex

ordered pairs (7,7), and (7', j) satisfying the equation, with i # i’.

ist two
Then

we get that (a + d)s; = (b+ c)s; = (a + d)sy, ie., 25; = 2s; for some

1 # 1/, a contradiction.

that the equation holds; otherwise, we have 4s; = 4s; for some
contradicting the assumption that |G| is odd.

. If b+ ¢ = 2 or 4, we have the same claim as that in cases 2 and 3.

If (a,b,¢,d) = (2,2,1,1) or (1,1,2,2), then
28; — 283 = S; — 53
and
55— 85 = 283 - 28;.

Rearranging the terms, we have 3(s; — s;) = 0 and 3(s; — s7) =
the total number of such two kinds of equations is at most ms(G).

If (a,b,¢,d) = (2,1,2,1) or (1,2,1,2), then
257 — 85 =287 — 55

and
s; — 285 = 55 — 255,

If the equations above occur, then the equations in case 5 also occur

. If a +d = 4, then again there are at most n + 1 ordered pairs (4, j) such

P27

. Thus

. Thus

the total number of such two kinds of equations is also at most m3(G).

Note that cases 2,3 and 4 include 2* — 4 — 1 = 11 possible values of (a, b, ¢, d).
The conclusion follows by summing up all the numbers discussed above.

O

Lemma 7. Suppose that G > {1,2} o2 S, and let n = |S|. If |G| is odd, then
we have that

|G| + 2m3(G) > 4n® — 19n — 10.

ProOOF. Combining Lemma [l and Lemma [6] we repeat the same arguments as
in Lemma [4] to obtain the result.

We can now state and prove the result on B(n,2,2,0).

d

Theorem 14. Let n > 3, then B(n,2,2,0) lattice-tiles Z" only when n €
{3,113}, and only by 2-splitting Z19 and 2-splitting F3, respectively.
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PROOF. Note that |B(n,2,2,0)| = 2n% + 1, which is odd. By Lemma [1 if we
are to have a splitting G = {1,2} 03 S, then

2n% 4+ 1+ 2m3(G) > 4n? — 19n — 10.
Rearranging we get,
1
ms(G) > 5(2712 —19n — 11). (7)
We now turn to look at G. Write

G="Zn, X Lny, X+ X Ly,

where nq,...,ny > 3, and all of them are odd. Then

4
ma(C) = <H<m3<zm> + 1>> ~1

i=1

Since
2 n; is divisible by 3,
ma(Zn,) = . Y
0 otherwise,

if G # I}, then necessarily

1 2n? — 2
ms(G) < 5161 1= T, )

which is attained by setting exactly one of the n; to be 9, and the rest to be 3.

If we compare () and (8), then for n > 30 the lower bound of () is greater
than the upper bound of (®), hence, only G = F} is still possible. However, if
G = T3, by Theorem [ we must then have a perfect [n, k, 5] linear code over F3,
and such codes do not exist if n # 11 (e.g., see [19]).

For 11 < n < 29, () implies m3(G) > 3(n(2n —19) — 11) > 11. Necessarily
27 divides |G|. The only two possible cases are n = 11 with |G| = 243, and
n = 16 with |G| = 513.

We deal with the remaining cases separately:

e For n =3, |G| =19, hence G = Zj9. A splitting set S = {1,11,7} can be
found in [15, Theorem 6].

e For n = 4, the non-existence is shown in |15, Corollary 6].

e For n € {5,6,8,9,10}, |G| is square-free, hence G is cyclic. A computer
search rules out these cases.

e For n =7, |G| =99, hence G = Zg x Z11 (which is isomorphic to Zgg) or
F3 x Zs3. A computer search rules out these two cases.

e For n =11, |G| = 243, with the following options.
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— G = F3, for which m3(G) = 242.

— G = Zg x I3, for which m3(G) = 80.

— G =7y X Zg x F3, for which m3(G) = 26.

— G = Zay x F%, for which m3(G) = 26.

— G = Za7 X Zy, for which m3(G) = 8, contradicting ().
— G = Zg; x F3, for which m3(G) = 8, contradicting ().
— G = Zaa3, for which m3(G) = 2, contradicting (7).

A computer search rules out the groups Zg x F3, Zg X Zg x F3 and Za7 x F3.
When G = F3, a 2-splitting exists by Theorem 3] (see Example H)).

e For n =16, |G| = 513 = 27 x 19, hence m3(G) < 26, contradicting (7). O

5. Conclusion

In this paper we studied general tilings as well as lattice tilings of Z™ with
B(n,t, ki, k_). These may act as perfect error-correcting codes over a channel
with at most ¢ limited-magnitude errors. We constructed such lattice tilings
from perfect codes in the Hamming metric, and provided several non-existence
results. We summarize some of our non-existence results for lattice tilings and
below, where it is interesting to note the difference between the cases of % < %
and % > %

Corollary 2. Let2 <t <n/2, andky > k— > 0 not both0. Then B(n,t, ki, k_)
cannot lattice-tile Z™ when one of the following holds:

(k—_+1)? 1/t
L ki+k_+1 2 (?) :

2. t<n/4, k- =0 and ky >2(}) — 2.
8. t=2,k_=0,ky=1andn#5.
4.t=2,k_=0,kr =2 andn # 11.

Corollary 3. Let2 <t <n <2t andky > k_ > 0not both0. If B(n,t, ki, k_)
lattice-tiles Z', then one of the following holds:

1. k_ =0 and one of the following holds:

(a) t =n — 1(such tilings have been constructed in (14, 15]);
(b) 2n—2)/3<t<n—3 andky = 1B;
(c) n/2<t<(2n—2)/3;

2Recall that the entire case of t = n — 2 has been excluded in [15].
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2. ky = k_ and one of the following holds:

(a) (4n—2)/5<t<n—1and ky =k_=1;
(b) n/2<t < (4n—2)/5 and 35—, (7)(2k+) "1 > (ks + 1)*.

It is also interesting to compare the results here, when ¢t > 2, with the
known results for ¢ = 1. The non-existence results we have here rely heavily on
geometric arguments, or general algebraic arguments. The notable exceptions
are Theorem [[3] and Theorem [[4] which carefully study the structure of the
group being split. This is in contrast with the strong non-existence results
when ¢t = 1, due to the fact that when ¢t = 1, if GG is split then so is the cyclic
group of the same size, Z|g|. This does not hold when ¢ > 2, as evident, for
example, during the proof of Theorem [[3] where F3 is 2-split but Zi¢ is not.

Whether some strong statement may be said about the structure of the
group being split, remains as an open question for further research. It is also
interesting to ask whether more t-splittings exist, namely, whether ¢-splittings
exist which are not derived from perfect codes in the Hamming metric. Finally,
it remains open whether any other non-lattice tilings of B(n,t, k4, k_) exist.
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