
ar
X

iv
:2

10
5.

07
21

4v
1 

 [
qu

an
t-

ph
] 

 1
5 

M
ay

 2
02

1

The equivalence between correctability of

deletions and insertions of separable states

in quantum codes

Taro Shibayama ∗ Yingkai Ouyang †

Abstract

In this paper, we prove the equivalence of inserting separable quan-
tum states and deletions. Hence any quantum code that corrects dele-
tions automatically corrects separable insertions. First, we describe
the quantum insertion/deletion error using the Kraus operators. Next,
we develop an algebra for commuting Kraus operators corresponding
to insertions and deletions. Using this algebra, we prove the equiv-
alence between quantum insertion codes and quantum deletion codes
using the Knill-Laflamme conditions.

1 Introduction

In quantum coding theory, erasures can be modeled using a partial trace
where the traced qubits are known, but for deletions, we do not know what
the traced qubits are. We can also interpret deletions as erasures imple-
mented by an adversary who hides information about which qubits were
erased. Hence, correcting deletions is harder than correcting erasures. Sim-
ilar to deletion errors, an insertion error occurs when a quantum state is
inserted at unknown locations within a quantum code.

Quantum codes for a single deletion error were very recently studied
by Nakayama and Hagiwara [6, 12]. A systematic construction of single
deletion codes that encompasses these examples has been proposed [13],
with more examples given by Shibayama [21]. Since it is clear that erasure
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and deletion errors are equivalent in permutation-invariant codes [16, 22],
Ouyang’s permutation-invariant quantum codes [14, 15] are also quantum
deletion codes. Research on quantum codes correcting insertion errors on
the other hand has only just begun, with the discovery that the four qubit
deletion code can also correct a single insertion error [5].

Insertion/deletion error-correcting codes were first given by Levenshtein
in 1966 [11], and it was shown that a code that can correct t deletion errors
can correct t1 insertion errors and t2 deletion errors if t = t1+t2. This fact can
be explained by using the Levenshtein distance [7]. In classical coding theory,
the development of codes for deletions and insertions is mature, and has a
vast literature [3, 4]. Indeed, classical insdel codes have received invigorated
attention because of interesting applications such as for DNA storage [1], and
racetrack memories [2].

This paper takes a novel perspective on quantum insertion/deletion er-
rors by discussing them using the Kraus operator formalism [8,9] for quantum
channels. This perspective allows us to use the Knill-Laflamme (KL) con-
ditions for quantum error correction [10] which are traditionally written in
terms of the Kraus operators of the noisy quantum channel. Leveraging on
the KL conditions, we prove the equivalence of the correctability between
insertion of separable states and deletion errors for any quantum code.

The outline of the rest of this paper is as follows. Section 2 introduces
some notations and definitions, in particular the Kraus operators, the Knill-
Laflamme conditions, and the quantum insertion/deletion channels. The
quantum insertion errors that we consider can introduce any separable state
into unknown locations within a quantum code. In this section, we also state
the main theorem of this paper as Theorem 2.5. In Section 3, we state some
lemmas about the calculation rules we require to prove the main theorem.
Section 4 describes the Kraus form of insertion/deletion channels. In Section
5, we complete the proof of the main theorem. Finally, we conclude this
paper in Section 6.

2 Preliminaries

Let N be a positive integer and [N ] := {1, 2, . . . , N}. For a square ma-
trix M over the complex field C, we denote by Tr(M) the sum of the
diagonal elements of M . We fix Q := {0, 1, . . . , q − 1} for some integer
q ≥ 2. Let |0〉, |1〉, . . . , |q − 1〉 be the standard orthonormal basis of Cq,
i.e., |0〉 := (1, 0, . . . , 0)⊤, |1〉 := (0, 1, 0, . . . , 0)⊤, . . . , |q − 1〉 := (0, . . . , 0, 1)⊤.
We denote Cq := {|ψ〉 ∈ C

q | 〈ψ|ψ〉 = 1} and let |Ψ〉 = |ψ1ψ2 · · ·ψN 〉 :=
|ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψN〉 ∈ (Cq)

⊗N . Here, ⊗ is the tensor product operation
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and ⊤ is the transpose operation. Let 〈x| := |x〉† denote the conjugate trans-
pose of |x〉. A positive semi-definite Hermitian matrix of trace 1 is called
a density matrix. We denote by S(Cq⊗N) the set of all density matrices of
order qN . An element of S(Cq⊗N) is called an N -qudit quantum state.

2.1 Kraus operators and Knill-Laflamme conditions

Here, we review the Knill-Laflamme quantum error-correction criterion [10].
A linear map Φ : S(Cq⊗N) → S(Cq⊗N ′

) with positive integers N,N ′ is a quan-
tum channel, if and only if it is completely positive and trace-preserving. For
any quantum channel Φ : S(Cq⊗N) → S(Cq⊗N ′

), there exist linear operators
Ai such that for every ρ ∈ S(Cq⊗N), Φ(ρ) =

∑

iAiρA
†
i holds and

∑

iA
†
iAi

is the identity operator on S(Cq⊗N). The linear operators Ai are known as
Kraus operators of Φ and their representation is not unique.

Given a quantum channel N , a subspace C of Cq⊗N is a quantum code
that corrects all errors introduced by N , if and only if there exists a quantum
channel R such that for every density matrix ρ supported on C, R(N (ρ)) = ρ.
The necessary and sufficient conditions for quantum error-correction below
were originally proved by Knill and Laflamme [10].

Fact 2.1 (Knill-Laflamme). Let C be a d-dimensional subspace of complex
Hilbert space C

q⊗N with orthogonal basis vectors |0L〉, |1L〉, . . . , |d− 1L〉. Let
N be a quantum channel with Kraus operators Ai. Suppose that for all i, j
there exist gi,j ∈ C such that the following conditions hold.

1. Orthogonality conditions:
〈aL|A†

iAj|bL〉 = 0 for all a 6= b.

2. Non-deformation conditions:
〈aL|A†

iAj|aL〉 = gi,j for all a = 0, 1, . . . , d− 1.

Then for every density matrix ρ supported on C, there exists a quantum
channel R such that R(N (ρ)) = ρ.

2.2 Quantum insertion and deletion channels

Let M =
∑

x,y∈QN mx,y|x〉〈y| be a square matrix with mx,y ∈ C. For inte-
gers p1 ∈ [N +1], p2 ∈ [N ], and a one qudit quantum state σ ∈ S(Cq), define
InNp1,σ : S(Cq⊗N) → S(Cq⊗(N+1)), and the partial trace TrNp2 : S(Cq⊗N) →
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S(Cq⊗(N−1)) respectively as

InNp1,σ(M) :=
∑

x,y∈QN

mx,y|x1〉〈y1| ⊗ · · · ⊗ |xp1−1〉〈yp1−1|

⊗ σ ⊗ |xp1〉〈yp1| ⊗ · · · ⊗ |xN 〉〈yN |,
TrNp2(M) :=

∑

x,y∈QN

mx,yTr(|xp2〉〈yp2|)|x1〉〈y1| ⊗ · · · ⊗ |xp2−1〉〈yp2−1|

⊗ |xp2+1〉〈yp2+1| ⊗ · · · ⊗ |xN〉〈yN |.

Definition 2.2 (t-insertion channel InsNt ). Let t be a positive integer and
let σ = σ1 ⊗ σ2 ⊗ · · · ⊗ σt ∈ S(Cq⊗t), where σi ∈ S(Cq) is a one qudit
quantum state for every i ∈ [t]. For a set P = {p1, p2, . . . , pt} ⊂ [N + t] with
p1 < p2 < · · · < pt, define a map InsNP,σ : S(Cq⊗N) → S(Cq⊗(N+t)) as

InsNP,σ(ρ) := InN+t−1
pt,σt

◦ · · · ◦ InN+1
p2,σ2

◦ InNp1,σ1(ρ),

where ρ ∈ S(Cq⊗N) is a quantum state. Here, the symbol ◦ denotes the
composition of maps. We call the map InsNP,σ a (t, P, σ)-insertion error. We

define a t-insertion channel InsNt as a convex combination of all (t, P, σ)-
insertion errors, where t is fixed and |P | = t, i.e.,

InsNt (ρ) :=

∫

σ∈S(Cq⊗t)

µ(σ)
∑

P :|P |=t

pσ(P )Ins
N
P,σ(ρ)dσ,

where µ(σ) and pσ(P ) are probability distributions. Note that µ is a measure.

Definition 2.3 (t-deletion channel DelNt ). Let t < N be a positive integer.
For a set P = {p1, p2, . . . , pt} ⊂ [N ] with p1 < p2 < · · · < pt, define a map
EraNP : S(Cq⊗N) → S(Cq⊗(N−t)) as

EraNP (ρ) := TrN−t+1
p1

◦ · · · ◦ TrN−1
pt−1

◦ TrNpt(ρ),

where ρ ∈ S(Cq⊗N) is a quantum state. We call the map EraNP a (t, P )-
erasure error. We define a t-deletion channel DelNt as a convex combination
of all (t, P )-erasure errors, where t is fixed and |P | = t, i.e.,

DelNt (ρ) :=
∑

P :|P |=t

p(P )EraNP (ρ),

where p(P ) is a probability distribution.

Extending the above definitions, we take 0-insertion and 0-deletion chan-
nels to represent identity maps.
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Definition 2.4 ((t1, t2)-insdel channel InsDelNt1,t2). Let t1, t2 be non-negative

integers with t2 < N . We define a (t1, t2)-insdel channel InsDelNt1,t2 :S(C
q⊗N) →

S(Cq⊗(N+t1−t2)) as

InsDelNt1,t2(ρ) := InsN−t2
t1

◦DelNt2 (ρ),

where ρ ∈ S(Cq⊗N) is a quantum state.

2.3 Our main theorem

A d-dimensional (t1, t2)-insdel code is a quantum code (a d-dimensional sub-
space of Cq⊗N) that can perfectly correct errors introduced by any (t1, t2)-
insdel channel. We denote by C ⊂ Cq⊗N the (t1, t2)-insdel quantum code
spanned by the orthonormal logical codewords |0L〉, |1L〉, . . . , |d − 1L〉. Our
main theorem concerns (t1, t2)-insdel quantum codes. In particular, we de-
scribe the equivalence between insertion and deletion error-correction capa-
bility in quantum codes. The following Theorem 2.5 is the main contribution
of this paper.

Theorem 2.5. Let t1, t2, s1, s2 be non-negative integers where t1+t2 = s1+s2.
Then, the (t1, t2)-insdel code is an (s1, s2)-insdel code.

The remaining part of the paper is devoted to proving this.

3 Lemmas of tensor product calculation

In this section, we introduce the rules of calculations necessary for the proof
of our main theorem.

Let n ≥ 0, t ≥ 1 be integers and let |Ψ〉 = |ψ1ψ2 · · ·ψt〉 ∈ (Cq)
⊗t. For a

set P = {p1, p2 . . . , pt} ⊂ [n+ t] with p1 < p2 < · · · < pt, we define qn+t-by-qn

matrix InP,|Ψ〉 and qn-by-qn+t matrix Dn
P,〈Ψ| as InP,|Ψ〉 := A1 ⊗ A2 ⊗ · · · ⊗ An+t

and Dn
P,〈Ψ| := B1 ⊗B2 ⊗ · · · ⊗ Bn+t, respectively, where

Aj :=

{

|ψi〉 j = pi ∈ P,

Iq j /∈ P,
Bj :=

{

〈ψi| j = pi ∈ P,

Iq j /∈ p,

for j ∈ [n + t]. Here, Iq denotes a size q identity matrix. Note that the
superscript of these matrices represents the number of Iq’s included as a
factor of the tensor product. When t = 1, we simply denote InP,|Ψ〉 and Dn

P,〈Ψ|

as Inp1,|ψ1〉
and Dn

p1,〈ψ1|
, respectively. It is clear from the definition that

InP,|Ψ〉 = Dn
P,〈Ψ|

†, Dn
P,〈Ψ| = InP,|Ψ〉

†. (1)
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Lemma 3.1. Let n ≥ 0, t ≥ 1 be integers. Suppose that P = {p1, p2, . . . , pt} ⊂
[n + t] with p1 < p2 < · · · < pt and |Ψ〉 = |ψ1ψ2 · · ·ψt〉 ∈ (Cq)

⊗t. Then,

1. InP,|Ψ〉 = In+t−1
pt,|ψt〉

In+t−2
pt−1,|ψt−1〉

· · · In+1
p2,|ψ2〉

Inp1,|ψ1〉
.

2. Dn
P,〈Ψ| = Dn

p1,〈ψ1|
Dn+1
p2,〈ψ2|

· · ·Dn+t−2
pt−1,〈ψt−1|

Dn+t−1
pt,〈ψt|

.

Lemma 3.2. Let n be a non-negative integer, and let p1, p2 ∈ [n + 2] with
p1 ≤ p2 and |ψ1〉, |ψ2〉 ∈ Cq. Then,

1. In+1
p1,|ψ1〉

Inp2,|ψ2〉
= In+1

p2+1,|ψ2〉
Inp1,|ψ1〉

.

2. Dn
p2,〈ψ2|

Dn+1
p1,〈ψ1|

= Dn
p1,〈ψ1|

Dn+1
p2+1,〈ψ2|

.

Lemmas 3.1 and 3.2 can be easily shown by direct calculations as matrices.
For each lemma, after the first equation is shown, the second is easily shown
from Equation (1).

The following Lemmas 3.3 and 3.4 give commutation rules for the inser-
tion Kraus operators I and the deletion Kraus operators D. When I and D
act on different qudits, they can be interchanged. This is clear operationally,
and we prove this algebraically.

Lemma 3.3. Let n be a positive integer, and let p1, p2 ∈ [n+1] and |ψ1〉, |ψ2〉 ∈
Cq. Then,

Dn
p2,〈ψ2|

Inp1,|ψ1〉
=







In−1
p1,|ψ1〉

Dn−1
p2−1,〈ψ2|

p1 < p2,

〈ψ2|ψ1〉Iqn p1 = p2,

In−1
p1−1,|ψ1〉

Dn−1
p2,〈ψ2|

p1 > p2.

Proof. When p1 < p2, simple calculations give

Dn
p2,〈ψ2|

Inp1,|ψ1〉
= (Iqp1−1 ⊗ Iq ⊗ Iqp2−p1−1 ⊗ 〈ψ2| ⊗ Iqn−p2+1)

(Iqp1−1 ⊗ |ψ1〉 ⊗ Iqp2−p1−1 ⊗ Iq ⊗ Iqn−p2+1)

= Iqp1−1 ⊗ |ψ1〉 ⊗ Iqp2−p1−1 ⊗ 〈ψ2| ⊗ Iqn−p2+1 ,

In−1
p1,|ψ1〉

Dn−1
p2−1,〈ψ2|

= (Iqp1−1 ⊗ |ψ1〉 ⊗ Iqp2−p1−1 ⊗ I1 ⊗ Iqn−p2+1)

(Iqp1−1 ⊗ I1 ⊗ Iqp2−p1−1 ⊗ 〈ψ2| ⊗ Iqn−p2+1)

= Iqp1−1 ⊗ |ψ1〉 ⊗ Iqp2−p1−1 ⊗ 〈ψ2| ⊗ Iqn−p2+1 .

Hence, we obtain Dn
p2,〈ψ2|

Inp1,|ψ1〉
= In−1

p1,|ψ1〉
Dn−1
p2−1,〈ψ2|

.
The case p1 > p2 is shown similarly, and the case p1 = p2 trivially holds.
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Lemma 3.4. Let n be a non-negative integer, and let p1, p2 ∈ [n + 1] and
|ψ1〉, |ψ2〉 ∈ Cq. Then,

Inp1,|ψ1〉
Dn
p2,〈ψ2|

=

{

Dn+1
p2+1,〈ψ2|

In+1
p1,|ψ1〉

p1 ≤ p2,

Dn+1
p2,〈ψ2|

In+1
p1+1,|ψ1〉

p1 ≥ p2.

Lemma 3.4 can be derived immediately from Lemma 3.3.

4 Kraus operators for insdel errors

Here, we elucidate properties of the Kraus operators of insdel channels.

Lemma 4.1. For any quantum state ρ ∈ S(Cq⊗N), the state after inserting
a separable state σ ∈ S(Cq⊗t) in the locations labeled by P ⊂ [N + t] can be
expressed as

InsNP,σ(ρ) =
∑

a∈Qt

p(a)INP,U |a〉ρI
N
P,U |a〉

†

with some probability distribution p(a) for a ∈ Qt and unitary matrix U .

Proof. For any n ≥ 1, p ∈ [n+ 1], |ψ〉 ∈ Cq, and x ∈ Qn,

Inp,|ψ〉|x〉 = (Iqp−1 ⊗ |ψ〉 ⊗ Iqn−p+1)(|x1 · · ·xp−1〉 ⊗ I1 ⊗ |xp · · ·xn〉)
= |x1 · · ·xp−1ψxp · · ·xn〉

holds. Let τ =
∑

i∈Q ci|ψi〉〈ψi| be the spectral decomposition of τ ∈ S(Cq),
where ci are probabilities and 〈ψi|ψj〉 = δi,j for i, j ∈ Q. Here, δi,j is the
Kronecker delta function. Note that there exists a unitary matrix U such that
|ψi〉 = U |i〉 for every i ∈ Q. For a quantum state ρ =

∑

x,y∈Qn mx,y|x〉〈y|,

Innp,τ(ρ) =
∑

i∈Q

ci

(
∑

x,y∈Qn mx,y|xi〉〈yi|
)

=
∑

i∈Q

ciI
n
p,|ψi〉

(
∑

x,y∈Qn mx,y|x〉〈y|
)

Inp,|ψi〉
†

=
∑

i∈Q

ciI
n
p,U |i〉ρI

n
p,U |i〉

†

holds, where |xi〉 = |x1 · · ·xp−1ψixp · · ·xn〉 and |yi〉 = |y1 · · · yp−1ψiyp · · · yn〉.
Assume that σ = σ1⊗σ2⊗· · ·⊗σt and σk =

∑

i∈Q c
k
i |ψki 〉〈ψki | and |ψki 〉 = Uk|i〉

7



for k ∈ [t]. By Definition 2.2 and Lemma 3.1, we obtain

InsNP,σ(ρ) = InN+t−1
pt,σt

◦ · · · ◦ InNp1,σ1(ρ)
=

∑

it∈Q

· · ·
∑

i1∈Q

ctit · · · c1i1IN+t−1
pt,Ut|it〉

· · · INp1,U1|i1〉
ρINp1,U1|i1〉

† · · · IN+t−1
pt,Ut|it〉

†

=
∑

a∈Qt

p(a)INP,U |a〉ρI
N
P,U |a〉

†
,

where p(a) = c1a1 · · · ctat and U = U1 ⊗ · · · ⊗ Ut.

From Definition 2.2 and Lemma 4.1, we get the Kraus form for insertion
channels, which is represented as

InsNt (ρ) =

∫

U

∑

P,a

µ1(U, P,a)I
N
P,U |a〉ρI

N
P,U |a〉

†
dU, (2)

where µ1 is a probability distribution.

Lemma 4.2. For any quantum state ρ ∈ S(Cq⊗N), the state after deleting
the qudits labeled by P ⊂ [N ] is

EraNP (ρ) =
∑

a∈Qt

DN−t
P,〈a|ρD

N−t
P,〈a|

†
.

Proof. For any n ≥ 2, p ∈ [n], a ∈ Q, and x ∈ Qn, we have

Dn−1
p,〈a||x〉 = (Iqp−1 ⊗ 〈a| ⊗ Iqn−p)(|x1 · · ·xp−1〉 ⊗ |xp〉 ⊗ |xp+1 · · ·xn〉)

= 〈a|xp〉|x1 · · ·xp−1xp+1 · · ·xn〉.

For a quantum state ρ =
∑

x,y∈Qn mx,y|x〉〈y|,

Trnp (ρ) =
∑

x,y∈Qn

mx,yTr(|xp〉〈yp|)|x′〉〈y′|

=
∑

x,y∈Qn

mx,y

(
∑

a∈Q〈a|xp〉〈yp|a〉
)

|x′〉〈y′|

=
∑

a∈Q

∑

x,y∈Qn

mx,y〈a|xp〉|x′〉〈y′|〈yp|a〉

=
∑

a∈Q

Dn−1
p,〈a|

(
∑

x,y∈Qn mx,y|x〉〈y|
)

Dn−1
p,〈a|

†

=
∑

a∈Q

Dn−1
p,〈a|ρD

n−1
p,〈a|

†

8



holds, where |x′〉 = |x1 · · ·xp−1xp+1 · · ·xn〉 and |y′〉 = |y1 · · · yp−1yp+1 · · · yn〉.
Therefore, we have

EraNP (ρ) = TrN−t+1
p1

◦ · · · ◦ TrNpt(ρ)
=

∑

a1∈Q

· · ·
∑

at∈Q

DN−t
p1,〈a1|

· · ·DN−1
pt,〈at|

ρDN−1
pt,〈at|

† · · ·DN−t
p1,〈a1|

†

=
∑

a∈Qt

DN−t
P,〈a|ρD

N−t
P,〈a|

†

by Definition 2.3 and Lemma 3.1.

From Definition 2.3 and Lemma 4.2, we get the Kraus form for deletion
channels, which is represented as

DelNt (ρ) =
∑

P,a

p(P )DN−t
P,〈a|ρD

N−t
P,〈a|

†

=

∫

U

∑

P,a

µ2(U, P,a)D
N−t
P,〈a|U†ρD

N−t
P,〈a|U†

†
dU. (3)

Note that by writing in integral form with a probability distribution µ2 as
in (3), the deletion channel can be regarded as having an infinite number of
Kraus operators, just like the insertion channel.

Lemma 4.3 below describes the intuitive result that deleting an inserted
qudit leaves the original state unchanged. We can see this by directly cal-
culating the Kraus operator. This lemma indicates that the operation of
deleting after insertion is also included in the insdel error described in Defi-
nition 2.4.

Lemma 4.3. Let P = {p} ⊂ [N+1] and σ ∈ S(Cq). Then, for any quantum
state ρ ∈ S(Cq⊗N),

EraN+1
P ◦ InsNP,σ(ρ) = ρ.

For any quantum state ρ ∈ S(Cq⊗N), the state after insdel error described
in Definition 2.4 can be calculated as

InsDelNt1,t2(ρ) =

∫∫

U,V

∑

P,Q,a,b

µuI
N−t2
P,U |a〉D

N−t2
Q,〈b|V †ρD

N−t2
Q,〈b|V †

†
IN−t2
P,U |a〉

†
dUdV (4)

by Equations (2) and (3), where µu is a non-negative value that depends on
u = (U, V, P,Q,a, b). We can easily calculate the matrix IN−t2

P,U |a〉D
N−t2
Q,〈b|V † such

as in the example below.
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Example 4.4. Let N = 4, t1 = 3, t2 = 2, P = {2, 3, 5}, Q = {1, 3},
U |a〉 = |Ψ〉 = |ψ1ψ2ψ3〉 ∈ (Cq)

⊗3, and V |b〉 = |Φ〉 = |φ1φ2〉 ∈ (Cq)
⊗2. Then,

I2P,U |a〉D
2
Q,〈b|V † is one of the Kraus operators corresponding to the action of

inserting the second, third, and fifth components after deleting the first and
third components as follows:

|x1x2x3x4〉 → |x2x4〉 → |x2ψ1ψ2x4ψ3〉.

The matrices I2P,U |a〉 and D2
Q,〈b|V † can be expressed as

I2P,|Ψ〉 = I2 ⊗ |ψ1〉 ⊗ |ψ2〉 ⊗ I2 ⊗ |ψ3〉,
D2
Q,〈Φ| = 〈φ1| ⊗ I2 ⊗ 〈φ2| ⊗ I2 .

Therefore, we obtain

I2P,|Ψ〉D
2
Q,〈Φ| = 〈φ1| ⊗ I2 ⊗ |ψ1〉 ⊗ |ψ2〉 ⊗ 〈φ2| ⊗ I2 ⊗ |ψ3〉.

Note that xy† = x⊗ y† = y† ⊗ x holds for any vectors x,y.

5 Proof of the main theorem

The aim of this section is to prove the main theorem.
From Equation (4) and Lemma 3.1, the Kraus operator Au for (t1, t2)-

insdel channel can be expressed as a product of (t1 + t2) block matrices

Au =
√
µu I

N−t2
P,U |a〉D

N−t2
Q,〈b|V †

=
√
µu I

N−t2+t1−1
pt1 ,|ψt1

〉 · · · IN−t2
p1,|ψ1〉

DN−t2
q1,〈φ1|

· · ·DN−1
qt2 ,〈φt2 |

, (5)

where U |a〉 = |ψ1 · · ·ψt1〉 ∈ (Cq)
⊗t1 and V |b〉 = |φ1 · · ·φt2〉 ∈ (Cq)

⊗t2 . There-
fore, the KL conditions for the (t1, t2)-insdel channel can be written as for all
i, j ∈ {0, 1, . . . , d−1} and all u = (U, V, P,Q,a, b), v = (U ′, V ′, P ′, Q′,a′, b′),

〈iL|DN−t2
Q,〈b|V †

†
IN−t2
P,U |a〉

†
IN−t2
P ′,U ′|a′〉D

N−t2
Q′,〈b′|V ′† |jL〉 = δi,jgu,v. (6)

The following two lemmas will help us establish the equivalence of inser-
tion and deletions errors under the KL conditions.

Lemma 5.1. For t1 ≥ 1, any (t1, t2)-insdel quantum code is a (t1−1, t2+1)-
insdel quantum code.
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B†
uBv = D† · · ·D†D† I† I† · · · I† I† I† I I I · · · I I D D · · · D

= I · · · I I D D · · · D D D I I I · · · I I D D · · · D
= I · · · I D I D · · · D D D I I I · · · I D I D · · · D
= I · · · I D D I · · · D D D I I I · · · D I I D · · · D
= · · ·
= I · · · I D D D · · · I D D I I D · · · I I I D · · · D
= I · · · I D D D · · · D I D I D I · · · I I I D · · · D
= I · · · I D D D · · · D D I D I I · · · I I I D · · · D
= I · · · I D D D · · · D D D I I I · · · I I I D · · · D
= D† · · ·D† I† I† I† · · · I† I† I† I I I · · · I I I D · · · D.

Figure 1: Calculation of B†
uBv

Proof. From Equation (5), we denote any two Kraus operators Bu, Bv for
the (t1 − 1, t2 + 1)-insdel channel as

Bu = I
N−(t2+1)
P,U |a〉 D

N−(t2+1)

Q,〈b|V †

= IN−t2+t1−3
pt1−1,|ψt1−1〉

· · · IN−t2−1
p1,|ψ1〉

︸ ︷︷ ︸

(t1−1) matrices

DN−t2−1
q1,〈φ1|

· · ·DN−1
qt2+1,〈φt2+1|

︸ ︷︷ ︸

(t2+1) matrices

,

Bv = I
N−(t2+1)
P ′,U ′|a′〉 D

N−(t2+1)

Q′,〈b′|V ′†

= IN−t2+t1−3
p′t1−1

,|ψ′
t1−1

〉 · · · IN−t2−1
p′
1
,|ψ′

1
〉

︸ ︷︷ ︸

(t1−1) matrices

DN−t2−1
q′
1
,〈φ′

1
| · · ·DN−1

q′t2+1
,〈φ′t2+1

|
︸ ︷︷ ︸

(t2+1) matrices

,

where U ′|a′〉 = |ψ′
1 · · ·ψ′

t1−1〉 and V ′|b′〉 = |φ′
1 · · ·φ′

t2+1〉. Note that when
considering the KL condition, we can ignore the constant multiple of the
Kraus operator. By noting Equation (1) and using Lemma 3.4 repeatedly,
we can calculate B†

uBv using Fig 1. Here, superscripts and subscripts are
omitted to avoid confusion. However, if we consider the superscripts, we can
use Lemma 3.4 in each matrix operation. Thus, B†

uBv can be expressed as

B†
uBv = D† · · · D†

︸ ︷︷ ︸
t2+1

I† · · · I†
︸ ︷︷ ︸

t1−1

I · · · I
︸ ︷︷ ︸
t1−1

D · · · D
︸ ︷︷ ︸
t2+1

= D† · · · D†

︸ ︷︷ ︸
t2

I† · · · I†
︸ ︷︷ ︸

t1

I · · · I
︸ ︷︷ ︸

t1

D · · · D
︸ ︷︷ ︸

t2

.

Furthermore, repeatedly applying Lemma 3.2 gives B†
uBv = A†

u′Av′ for some
Kraus operators Au′, Av′ of the (t1, t2)-insdel channel. From Equation (6),
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we get 〈iL|B†
uBv|jL〉 = δi,jgu′,v′ for all i, j ∈ {0, 1, . . . , d − 1} and all u′, v′.

Since the pair (u′, v′) is uniquely determined by (u, v), the KL conditions
for the (t1 − 1, t2 + 1)-insdel code hold for every u, v. Fact 2.1 implies that
C is a (t1 − 1, t2 + 1)-insdel code.

Lemma 5.2. For t2 ≥ 1, any (t1, t2)-insdel quantum code is a (t1+1, t2−1)-
insdel quantum code.

Proof. As in the proof of Lemma 5.1, denote any two Kraus operators Cu, Cv

for the (t1 + 1, t2 − 1)-insdel channel as

Cu = I
N−(t2−1)
P,U |a〉 D

N−(t2−1)

Q,〈b|V †

= IN−t2+t1+1
pt1+1,|ψt1+1〉

· · · IN−t2+1
p1,|ψ1〉

︸ ︷︷ ︸

(t1+1) matrices

DN−t2+1
q1,〈φ1|

· · ·DN−1
qt2−1,〈φt2−1|

︸ ︷︷ ︸

(t2−1) matrices

,

Cv = I
N−(t2−1)
P ′,U ′|a′〉 D

N−(t2−1)

Q′,〈b′|V ′†

= IN−t2+t1+1
p′t1+1

,|ψ′
t1+1

〉 · · · IN−t2+1
p′
1
,|ψ′

1
〉

︸ ︷︷ ︸

(t1+1) matrices

DN−t2+1
q′
1
,〈φ′

1
| · · ·DN−1

q′t2−1
,〈φ′t2−1

|
︸ ︷︷ ︸

(t2−1) matrices

.

This time using Lemma 3.3 repeatedly, we can calculate C†
uCv as Fig 2.

Note that, by Lemma 3.3, DI = 〈ψ2|ψ1〉Iqn may occur in the middle of
the calculation. Thus, using cu,v ∈ C depending on (u, v), C†

uCv can be
expressed as

C†
uCv = D† · · · D†

︸ ︷︷ ︸
t2−1

I† · · · I†
︸ ︷︷ ︸

t1+1

I · · · I
︸ ︷︷ ︸
t1+1

D · · · D
︸ ︷︷ ︸
t2−1

=







cu,vD
† · · ·D†

︸ ︷︷ ︸
t2−1

I† · · · I†
︸ ︷︷ ︸

t1

I · · · I
︸ ︷︷ ︸

t1

D · · · D
︸ ︷︷ ︸

t2−1

,

cu,vD
† · · ·D†

︸ ︷︷ ︸
t2−1

I† · · · I†
︸ ︷︷ ︸

t1−1

I · · · I
︸ ︷︷ ︸

t1

D · · · D
︸ ︷︷ ︸

t2

,

D† · · ·D†
︸ ︷︷ ︸

t2

I† · · · I†
︸ ︷︷ ︸

t1

I · · · I
︸ ︷︷ ︸

t1

D · · · D
︸ ︷︷ ︸

t2

.

By repeatedly applying Lemma 3.2, we obtain C†
uCv = cu,vA

†
u′Av′ for some

Kraus operators Au′ , Av′ of the (t1, t2)-insdel channel. Note that for any non-
negative integers s1 ≤ t1 and s2 ≤ t2, the (t1, t2)-insdel code is an (s1, s2)-
insdel code. From Equation (6), we get 〈iL|C†

uCv|jL〉 = δi,jcu,vgu′,v′ for
all i, j ∈ {0, 1, . . . , d − 1} and all u′, v′. Since the pair (u′, v′) is uniquely
determined by (u, v), the KL conditions for the (t1 + 1, t2 − 1)-insdel code
hold for every u, v. From Fact 2.1, it is shown that C is a (t1+1, t2−1)-insdel
code.
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C†
uCv = D† · · ·D† I† I† I† · · · I† I† I† I I I · · · I I I D · · · D

= I · · · I D D D · · · D D D I I I · · · I I I D · · · D
= I · · · I D D D · · · D D I D I I · · · I I I D · · · D
= I · · · I D D D · · · D D I I D I · · · I I I D · · · D
= I · · · I D D D · · · D D I I I D · · · I I I D · · · D
= · · ·
= I · · · I D D D · · · D D I I I I · · · D I I D · · · D
= I · · · I D D D · · · D D I I I I · · · I D I D · · · D
= I · · · I D D D · · · D D I I I I · · · I I D D · · · D
= I · · · I D D D · · · D I D I I I · · · I I D D · · · D
= I · · · I D D D · · · I D D I I I · · · I I D D · · · D
= · · ·
= I · · · I D D I · · · D D D I I I · · · I I D D · · · D
= I · · · I D I D · · · D D D I I I · · · I I D D · · · D
= I · · · I I D D · · · D D D I I I · · · I I D D · · · D
= D† · · ·D†D† I† I† · · · I† I† I† I I I · · · I I D D · · · D.

Figure 2: Calculation of C†
uCv

By Lemmas 5.1 and 5.2, we have completed the proof of our main theorem,
Theorem 2.5.

6 Conclusion

This paper provides proof of the equivalence of error-correction capability
for quantum deletion and separable insertion errors. Together construc-
tions on permutation-invariant quantum codes [14, 15], this implies the ex-
istence of quantum codes that correct separable insertions. Broad range of
permutation-invariant quantum codes [14, 18, 19] could be advantageous to
use both in quantum storage [17] and quantum metrology [20] when both
insertions and deletions occur.
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