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Abstract—Consider a pair of random vectors (X,Y) and
the conditional expectation operator E[X|Y = y]. This work
studies analytic properties of the conditional expectation by
characterizing various derivative identities. The paper consists
of two parts. In the first part of the paper, a general derivative
identity for the conditional expectation is derived. Specifically,
for the Markov chain U < X < Y, a compact expression
for the Jacobian matrix of E[U|Y = y] is derived. In the
second part of the paper, the main identity is specialized to
the exponential family. Moreover, via various choices of the
random vector U, the new identity is used to recover and
generalize several known identities and derive some new ones.
As a first example, a connection between the Jacobian of
E[X|Y = y] and the conditional variance is established. As
a second example, a recursive expression between higher order
conditional expectations is found, which is shown to lead to
a generalization of the Tweedy’s identity. Finally, as a third
example, it is shown that the k-th order derivative of the
conditional expectation is proportional to the (k + 1)-th order
conditional cumulant.

I. INTRODUCTION
Consider a pair of random vectors (X,Y) € R** with
a joint distribution Pxy and the conditional expectation
operator given by

BXIY = y) = [ XdPxvoy. (1)

The conditional expectation operator plays an important role
in a variety of fields that require statistical analysis (e.g., [,
[2]). The goal of this work is to study analytical properties
of the conditional expectation, i.e., y — E[X|Y = y].
Specifically, the focus is on derivative identities.

There exist a number of derivative identities that relate
the conditional expectation to other quantities such as the
score function, the conditional variance and the conditional
cumulants. Perhaps the most well-known such identity is the
Tweedy’s formula (3], [4]: given that Py x belongs to the
exponential family with sufficient statistics T(y) and base
measure h(y), we have that

fY(Y)
h(y)

where J,T(y) is the Jacobian of the sufficient statistics
T(y), and fy(-) is the marginal probability density function
(pdf) of Y. Tweedy’s formula is an instrumental tool in
statistical signal processing. For example, (@) implies that
the conditional expectation depends on the joint distribution
Px v only through the marginal Py, which leads to an
important class of estimators known as empirical Bayes [3]].
For a historic account and impact of Tweedy’s formula the
interested reader is referred to [5]. In information theory,

(JyT(y)) EX|Y =y] = Vy log 2

Tweedy’s formula is used to connect information and es-
timator measures and can be used to prove the I-MMSE
relationship [6], [7]. The formula is also useful in establish-
ing interesting connections between estimation theory and
detection theory [8].

There exist a number of other such identities, which will
be surveyed throughout the paper. However, most of these
identities have been derived under some restricted conditions
(e.g., Pyx is Gaussian). Moreover, most of these identities
are found in an ad-hoc way and there is no unifying approach
for characterizing derivative identities for the conditional
expectation. Recently, in the context of a Gaussian noise
model, the authors of [9] have provided a unifying approach
that is capable of recovering most of the known identities
in the literature from a single meta-identity. In this work, we
extend the results of [9] by providing a new general derivative
identity that holds under a much more general assumption on
the joint distribution Px y.

Outline and Contributions. The contributions and the out-
line of the paper are as follows:

o In Section [l Theorem [ presents a new identity for the
Jacobian of the conditional expectation. Throughout the
paper, this general identity will be used for systematic
proofs of known and novel identities.

« In Section[[Ill Theorem Pl specializes Theorem[Ilto the case
when Py x is an exponential family. Moreover, Theorem 2]
is evaluated for the multivariate Gaussian distribution and
the Wishart distribution.

o Section [[V] further focuses on the exponential family and
studies consequences of the general derivative identity in
Theorem 2} specifically:

— In Section [V-Al Proposition [I] shows that the Jaco-
bian of E[X|Y = y] is related to the conditional
variance. Moreover, as an application of Proposition [T}
Section [[V-Al presents a novel representation of the
minimum mean squared error (MMSE).

— In Section IV-Bl Proposition focuses on the uni-
variate case and provides a recursive identity between
the conditional moments. The recursive identity is used
to derive two new results. First, it is shown that the
recursive identity leads to a new representation of higher-
order conditional expectations (i.e., E[X*|Y]) in terms
of the derivatives of the conditional expectation. Second,
the recursive identity is used to generalize Tweedy’s
identity to higher-order conditional expectations. This
generalization of the Tweedy’s identity maintains the
property that E[X*|Y] depends on the joint distribution
only through the marginal of Y.
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— In Section [V-Q, Theorem [4] and Proposition [3] establish
connections between the derivatives of the conditional
cumulant generating function, the derivatives of the con-
ditional cumulants, and the derivatives of the conditional
expectation. For example, it is shown that the k-th
derivative of the conditional expectation is proportional
to the (k + 1)-th conditional cumulant.

Notation. Deterministic scalar quantities are denoted by
lowercase letters, scalar random variables are denoted by
uppercase letters, vectors are denoted by bold lowercase let-
ters, random vectors by bold uppercase letters, and matrices
by bold uppercase sans serif letters (e.g., z, X, x, X, X).
[ny : mo] is the set of integers from ny to ny > ny; (-, )
denotes the inner product; for a matrix A, |A| and tr(A)
denote the determinant and the trace of A, respectively; ® is
the Kronecker product; logarithms are in base e.

For a triplet (U, X,Y) € R™*"*F we define the condi-
tional variance matrix and the conditional cross-covariance
matrix as follows,

Var(X[Y) = E [XXT|Y] - E[X[Y]E [X"[Y], )
Cov(X,UJY) =E [XUT|Y] —EX|Y]E [UT|Y]. 4

The gradient of a function f : R™ — R is denoted by

Vi f(x) = [af(x) 0f(x)

.
of(x n
o) OfGx 91() >} ER™. (5)

Oz,

The Jacobian matrix of a function f : R™ — R"™ is denoted
by Jxf(x) € R"™™ and defined as

Juf(x) = [VXfl(X) VXf2(X) fom(X)} . (6

The vectorization of a matrix A € R"*™ is given by

vec(A)=[a] a] ... a;rn]T € Rt (7

where, for i € [1: m], a; € R"*! is the i-th column of A.
For a symmetric matrix A € R™*", the half-vectorization
operator is defined as the vectorization of the lower triangle
n(n+1)

part of A, i.e., vech(A) e R™ = X1 is defined as

vech(A) = [al[l:n] all2:n] ... alln:n]]", (8

n

where we use the (Matlab-inspired) notation a;[i : n| €
R(=i+1)x1 to denote the i-th column of A where only the
elements from the i-th row to the n-th row are retained.
Finally, the duplication matri)(c Egd the eliminati()(n+r1r)1atrix

n(n n(n ><n2

are denoted by D,, € R™ X5~ and L, € Rm =2 *xn,
respectively, and satisfy

D,vech(A) = vec(A), Lyvec(A)=vech(A). (9)

The space of symmetric positive definite matrices of dimen-
sion n is denoted by S7}.

II. MAIN DERIVATIVE IDENTITY

In order to present the main derivative identity and its
proof, we need the notions of information density, score
function and conditional score function. The information
density for the joint distribution Px y supported on X' x Y
where X C R? and Y C RF is defined as

dPX7Y
LPx v (X; y) = IOg d(

W(X,YL xekX,ye), (10)

where %(x,y) = dpgl‘j’;:"(x,y) is the Radon-

Nikodym derivative with the understanding that if Py x—x
is not absolutely continuous with respect to Py we define
LPx v (X;y) = oco. For a distribution Py with a pdf fy(-),
the score function is defined as

Vy fx(y)
fx(y)

For the conditional distribution Py x with a pdf fY|X(~
we define the conditional score function as

1D
s

py(y) = Vylog fy(y) = Ly €.

pyix(¥[x) = Vylog fyx(ylx), xe X,y €. (12)

The following elementary properties of the above three
quantities are proved for completness in Appendix [Al and
will be useful in the proof of the main identity.

Lemma 1. The information density, score function, and con-

ditional score function satisfy the following properties:

o (Conditional Expectation and Information Density): Sup-
pose that U < X < Y forms a Markov chain, in that
order. Then, fory € Y

E[U]Y =y] =E [Ue‘PxﬂX?y)} . (13)

o (Gradient of the Information Density): Suppose that the
distributions Py and Py|x have pdfs fy(-) and fyx(-|-),
respectively. Then, for (x,y) € X x Y

Vyirx v (XY) = pyix(¥1%) — oy (y)- (14)

e (Score Function vs. Conditional Score Function): Suppose
that B [||Vy fyx (y|X)||] < oo for all y € Y and that
(x,y) = fyx(y|x) is absolutely continuous in y for
every x. Then, fory € Y

/)Y(Y) = E[pY\X(Y|X)|Y = Y]-

By leveraging the properties in Lemma [Il we can now prove
the main derivative identity, which is provided in the next
theorem.

15)

Theorem 1. Suppose that the random vectors U € R™, X €
X CR%and Y € Y C R” satisfy the following conditions:
Al1:U & X & Y forms a Markov chain, in that order;
A2 :E (U] [|[Vytrery (XY [Y =y] <00,y € Y RN
A3 E[||Vy fyix(YIX)l] < oo forall'y € Y;
Ad:(x,0,y) = uipy v (x3y) and (x,y) = fyx(¥]x)
are absolutely continuous in'y for every (x,u).

Then, fory € Y

JyE[U]Y =y] = Cov (pyx(Y|X),U|Y =y). (16)
Proof: For i € [1: m], we have that
VyE[Ui]Y =]
@) V,E [UieLPx,Y(XQY)}

2 E [UVyta y (Xiy)e! eox O9)]

©
=2 E[UiVytry v (X y) Y =]

DRV (pyx (YIX) — py (Y)Y = y]

=E[Uipyx(YIX)[Y =y] - E[Ui[Y = ylpy (y)



< Cov (pyx (Y[X),Ui[Y = y), 17

where the labeled equalities follow from: (a) using (13D,
which holds under the assumption Al; (b) interchanging
the gradient and expectation that is permissible by using the
Leibniz integral rule, which requires verifying the conditions
in A2 and A4; (c) using (I3), which holds under Al,
(d) using (I4); and (e) using (3D, which holds under the
assumptions A3 and A4, and the definition of conditional
covariance in ().

The proof of Theorem [0 is concluded by using (I7)
together with the definition of the Jacobian in (). ]

The identity in (I6) has a number of interesting conse-
quences. In the remaining of the paper, we explore these
consequences in the context of an exponential family.

III. EXPONENTIAL FAMILY AND THE MAIN IDENTITY

The class of probability models P = {PY‘X:X, xe X C
R?} supported on Y C R* is an exponential family if the pdf
of it can be written as

Frix(ylx) = h(y)e™TON =) v ey x € X,

where T : Y — RY is the sufficient statistic function; ¢ :
X — R is the log-partition function; and h : ) — [0, 00)
is the base measure. In this work, we assume that ) is an
open set and that the base measure h is absolutely continuous
with respect to the Lebesgue measure. In other words, we
restrict our focus to continuous distributions belonging to the
exponential family (e.g., normal, Wishart). Furthermore, in
the remaining, we assume that the sufficient statistics T(y)
is an analytic function.

Note that there is a number of known derivative identities
for the mean and variance of the exponential distribution.
For example, the mean and the variance can be related to the
log-partition function ¢(-) via the following relationships:

E[Y|X = x]=V¢(x), Var(Y|X =x)=H?¢(x), (19)

(18)

where H? is the Hessian matrix of ¢(-). Note that the
identities in (T9) do not assume any prior distribution on
X. In this work, however, we are interested in a family of
derivative identities that are fundamentally different from the
above identities. Specifically, we are interested in studying
derivative identities for quantities such as E[X|Y = y] in
which there is a prior distribution on X.

The next theorem specializes Theorem [I] to the aforemen-
tioned exponential family.

Theorem 2. Suppose that random vectors U € R™ X €
X CRYand Y € Y C R* are such that fyx(:|) is as
in (8, and satisfy the following conditions,
Al :U « X < Y forms a Markov chain, in that order;
A2 E[|U[|]Y =y] < o0,y €Y CR¥;
A3:E[|U] |X[|[Y =y] < oo,y €Y CR";
Ad:(x,u,y) = uipy v (X3y) and (x,y) = fyix(¥]X)
are absolutely continuous in 'y for every (x,u);
A5 E[|X]|[Y =y] < oo,y € Y CR"

Then, fory € Y C R*, we have that

JyE[U]Y =y] = (JyT(y)) Cov(X,U[Y =y). (20)

Proof: In Appendix[Bl we show how the three conditions
in Theorem [1] specialize to the case of the exponential family
in (I8). Now, we are left to show the identity in (20).
From (16), we obtain

JyE[U[Y =y] = Cov (PY|X(Y|X)7 UlY = .Y)

“ cov (Vylog(h(y)), UlY =y)
+ Cov ((JyT(y)) X, U|Y =y)
© (1, T(y)) Cov (X, UJY = y),

where (a) follows from the fact that Cov(A + B,C) =
Cov(A, C)+Cov(B, C) and the fact that, for the exponential
family in (I8), the conditional score function is given by

pyx(Y[X) = Vylog(h(y)) + Vy (x, T(y))
= Vylog(h(y)) + (JyT(y)) x;

and (b) holds since Cov (Vylog(h(y)),UlY =y) = 0.
This concludes the proof of Theorem [ |

2y

Remark 1. The assumptions A2, A3 and A5 in Theorem
are rather mild. For example, these assumptions hold if both
X and U are integrable, i.e., E[||X|?] < oo, E[||U]|?] < 0.
In the remaining of the paper, we only consider priors on
(U, X) that satisfy the regularity conditions A1 — A5.

We conclude this section by evaluating the result in The-
orem [2| for two continuous distributions that belong to the
exponential family.

Example. Multivariate Normal with (Un)Known Mean and
(Un)Known Covariance. Consider the case where Y|X =
x ~ N(m;X) where N(m;X) is the multivariate normal
distribution with mean m and covariance matrix . The
mapping to the exponential family in (I8) is done as follows,

X = [[Zflmf [vec (—%Zfl)f}i (22a)

h(y) = (2m) "2, (22b)
T T

T(y) = [yT [vec (yy")] } ) (22¢)

P(x) = % (mTZ'm +log(|X|)) . (22d)

The Jacobian of T(y) is then given by

WTy)=[k yoh+hoy'].

T
Now, suppose that X = [Z—lM]T [Uec (7%):—1)]1
where the joint Pps 5 satisfies A1-A5 of Theorem [2I Then,
for y € R¥, from @20) we obtain

LEUY =yl = [, y @l + 1, @y']
T iMm
. Cov ([Uec (_%z—l)} ,U‘Y - y) . (23)

The above can now be specialized in two ways. First,
specializing it to the case where X is known and M is
unknown (i.e., Px is a point mass), we arrive at

J,E[U]Y =y] = = 'Cov (M, U‘Y - y) ,



which recovers the result in [9]. Second, specializing (23]
to the case when M is known and equal to zero but X is
unknown, we arrive at

JEUY =]

1
:—5 [yT®Ik+Ik®yT] Cov (vec( U}Y y)
Example. Wishart distribution. The Wishart distribution
with n degrees of freedom and a parameter matrix V € S,
where n > p, is given by

n— p 1 _tr(v—1a)

Al
2% Fp (5) V[=z
where I',(+) is the multivariate gamma function. The pdf of

the Wishart distribution can be written in the exponential
form in (I8) by using the following mappingsl,

fav n(AV,n) = ,Aest, (24

y = vech(A), (25a)
= 1 13,17 n—p—1 T 25b
X = [75 [vec(V™H)] } ) (25b)
h(y) =1, (250
T(y) = |[vec(A)]T 10g(|A|)] , (25d)
n
6(x) = 5 log(|V|) +logT, (5 ) + = log(2). ~ (25¢)
We also note that the Jacobian of T(y) is given by
JyT(y) = [D; D;Dyy],
where we have used the facts that
Jyvec(A) 2 3, (D, vech(n)) B 4, (D,y) = D],
D} Jueeray (IAI)|
pJvec(A)
Vy log(|A]) = veel®=wy B pTp,y

A

Next, by assuming a prior distribution on the parameter

X = [—% [vec(Vil)]T
Py, the identity in 20) reduces to

that (V, N) ~
LE[UY =y] = [D; D,;D,y]

1 —1
-COVQ E_}ff(v ) ],U‘Yy). (26)
2

We next specialize the above result to the case p = 1, i.e.,
the gamma distribution. In other words, we consider

ut
%} , where it is assumed

ya—le—yb
b)) = >——— b> 0.
fY\A,B(y|a‘7 ) b_al—\(a) ) Y, a,
For this case, the result in (26) reduces to
d —-B
GEUY = =[1 4 COV( M } ,U’Yy) .

IV. CONSEQUENCES OF THE MAIN IDENTITY FOR THE
EXPONENTIAL FAMILY

In this section, we show that several well-known identities
for the exponential family defined in (I8) can be derived
systematically from the Jacobian identity in Theorem
Moreover, we use this new identity to derive several gener-
alizations of previously known identities and discover some
new identities. Specifically, we will evaluate Theorem 2] with
three different choices of U.

I'Since A belongs to the set of symmetric matrices, it is more convenient
to take the Jacobian in 20) with respect to vech(A) instead of vec(A).

A. Variance Identity

By setting U = X in Theorem[2] we arrive at the following
result.

Proposition 1. For the exponential family defined in (I8)),
we have that

SLEX[Y =y] = (J,T(y)) Var(X[Y =y). 27

The identity in (27) was previously demonstrated for the
case of a Gaussian noise channel with known variance.
Specifically, in [10] this identity was proven for the vector
Gaussian noise with an identity covariance matrix, and then
generalized to an arbitrary covariance matrix [[7]. We refer
the interested reader to [9] for an account of the impact of
this identity in the case of Gaussian noise.

Recall that the MMSE matrix of estimating X from Y is
given by

MMSE(X|Y) =E [(X —EX|Y)(X-E [X|Y])T} .

As an application of Proposition [II we have the following
new representation of the MMSE matrix.

Corollary 1. Suppose that (JyT(y)) is Py-almost surely
invertible. Then,

MMSE(X|Y) = E [(JyT(Y))_l JyE[X|Y]} . (28)
Proof: The proof follows by observing that
MMSE(X|Y) = E[Var(X|Y)] and using 7). |

B. Recursive Identities

We here seek to express the (¢ 4+ 1)-th conditional expec-
tation, with ¢ > 1, as a function of the ¢ = 1-st conditional
expectation. Towards this end, we focus on the univariate
case, and we set U = X* in Theorem 2l By doing this, we
arrive at the following recursive identity.

Proposition 2. Assume that fy|x(:|-) is as in ({A8), and
let E[X‘|Y = y] = Fi(y). Then, the following recursive
expression holds for all £ > 1,

For1(y) = w7~ Fi(y) + Fi(y)Fe(y). (29)

T’( )

A version of the recursive identity in ([29) has appeared
in the past in the context of a Gaussian noise channel [11]].
In [9], always in the context of a Gaussian noise channel, the
authors showed that the identity in (29) has several equivalent
representations.

Next, we show an equivalent version of the identity in
Proposition 2] by solving the recursion in (29). The new
equivalent version establishes an expression for the (¢ + 1)-
th conditional expectation, with £ > 1, as a function of the
¢ = 1-st conditional expectation.

Theorem 3. Assume that fy X([%) is as in (I8), and define
the following operator for { € N,

1 d 1 d 1 d
l(lé) = / .. T 3. . / TR (30)
T'(y)dy T'(y)dy — T"(y) dy
T,(y) dy £ times

2Note that, since we assume that T'(y) is an analytic function, the
derivatives of T'(y) have only isolated zeros. Therefore, the set of y’s for

which the operator Dyf is not well-defined is at most a set of measure zero.



wherd] Dy(,o) = 1. Then, for every a € ), we have that

EXY =y] =
o Y T'(u)]E[X\Y:u]duDl(IZJrl)efay T’(u)]E[X\Y:u]du.

Proof: We start by defining

ge(y) = Fuly)eld T'@F@du, an
from which we get
ghly) =F(y)eld T'F(w)du
+ Fg(y)eff T (u) Fy (u)duT/(y)Fl ). )

Moreover, from the result in Proposition 2l we have that
T'(y)Fey1(y) = Fy(y) + T'(y) F1(y) Fe(y).

By multiplying both sides of (33) by efd T'(WFi(wdu gpq
substituting the expressions in (3I)) and (32), we obtain

(33)

91T (v) = 90 (y) = gea(y) = 3%((?;))

o ger1(y) = D g1 (y).

Substituting the definition of g,(y) in (&I) inside (B4), we
arrive at

(34)

Fg+1 (y)ef;’ T’ (u) Fy (u)du — D:(f)Fl (y)eff T’ (u) F1 (u)du,

and, since E[X*|Y = y] = Fy(y), we obtain
E[ XY = y] =e~ J& T'(WEX|Y=uldu
- DWE[X|Y = yleld T/ (BX|Y=uldu,
Finally, note that
E[X|Y = y]ef;“’ T’ (wE[X|Y =u]du

1 d jup —
= — _efa T (u)]E[X|Y_u]du.
T'(y) dy
This concludes the proof of Theorem [3 [ |

We now conclude this discussion with a couple of remarks
that point out some implications of the result in Theorem [3|

Remark 2. The univariate case considered above can
be extended to the multivariate case by setting U =
(XXT)¥X, ¢ € N in Theorem 2] where for a square matrix
A and ¢ € N we have that A® = A x A x ... x A.

£ times

Remark 3. By using the Tweedy’s formula in @), for £ € N
and y € ), inside the right-hand side of the expression in
Theorem [3] we obtain

E[XTY =y

fy (u) . fy (u)
o Y 0s B du py (e41) S g o 2 a
Yy

_ fy () fy (a) fyw _ fy (a)
— e 198 0y g T Dé“l)elog nw) 108 T
fy () fy ()
:eilOg h{(y) Dy(erl)elOg h{(y)
_ h(y) (z+1)fY(y)
fry) Y hy)

3Note that, when the sufficient statistics is a linear function (e.g., Gaussian
noise), the operator Dl(,e) becomes an ¢-th derivative.

C. Identity for Cumulants

We here establish fundamental connections between condi-
tional cumulants and conditional moments for the exponential
family defined in (I8). In particular, for ease of explanation,
we focus on the univariate case. Consider the conditional
cumulant-generating function,

Kx(t]Y =y)=log (E["*[Y =y]) ,y€YCR,t € R. (35)

The ¢-th conditional cumulant is given by

4

d
mxiv=y(0) = GEEx(Y =y)| . CeN.

The next theorem, the proof of which can be found in
Appendix [C provides a relationship that we will leverage in
Proposition 3] to establish a fundamental connection between
conditional cumulants and conditional moments.

Theorem 4. Assume that fy|x (:|-) is as in (I8), and let Dy(f)
be defined as in BQ) with Dy(,o) = 1. Then, for y € Y and
t € R, we have that

dé

X (Y = y) =D Kx(t]Y =)

(36)

-1 _
+ DY VE[X[Y = y).

Proposition 3. Assume that fy|x(:|-) is as in (I8). For £ €
N and y € Y, we have that

Kx|y—y(£) = DSTVE[X|Y = y). (37

Proof: The proof follows by leveraging the result in The-
orem [ and demonstrating that Dy)KX(ﬂY = y)|t=0 = 0.
Towards this end, recall the following power series represen-
tation of the cumulant-generating function around ¢ = 0,

Kx(t]Y =vy)

fiX\Y:y@)t2 HX|Y:y(3)t3
2! 3!

Consequently, since the operator Déé_l) acts only with
respect to y, we have that DZ(,E)KX(HY = y)|t=0 = 0. This
concludes the proof of Proposition 3 ]
The identity in (37) has been previously shown in the context
of Gaussian noise for y = 0 [12] and for all y € R [9]. The
work in [9] also contains vector generalizations of (37).

The following concluding remark points out to some
interesting consequences of Proposition 31

:Hx‘yzy(l)t+ +

Remark 4. The result in Proposition [3] establishes a novel
relationship between conditional cumulants for the exponen-
tial family, namely for / € N and y € ), we have that

1 d
Ex|y=y(l+1) = Wd—yﬂxw:y(ﬁ)-

Moreover, by using the Tweedy’s formula in @), for £ € N
and y € ), we obtain

hxiy—y(f) = DY log (_f;(;y))) |

In other words, the conditional cumulants depend on the joint
distribution Px y only through the marginal Py .

The result in (37) can also be used to find a power series
representation of the conditional expectation. The polynomial
approximation of the conditional expectation has received
some recent attention and the interested reader is referred
to [13] and [14].



APPENDIX A
PROOF OF LEMMAT]

The proof of (I3) follows by using the Markov chain U <>
X <+ Y and the definition of information density in (I0Q),

= / U dPyx e"xx ) apy
— E |:U€LPX'Y (XQY):| .

To show (I4), observe the following sequence of steps,

fyix (ylx)
fx(y)
= /)Y\x(.Y|X) - py(y)-
To show (13}, note that

vy[’Px,Y (X; Y) = Vy 1Og

(a) vny|x(y|X)
Elpvx (VXY =y | P By
(b) Vy fyix (y1X) tPx v (X5¥)
- { fY\X(Y|X) e, ]
(c) E [vny|X(Y|X)]
B fy(y)
@ VyE [fyx(y[X)]
- fx(y)
_ Vny(Y)

fx(y)
= py(¥),

where the labeled equalities follow from: (a) applying (12);
(b) using (@3); (c) applying (I0); and (d) interchanging
the gradient and the expectation that is permissible by us-
ing the Leibniz integral rule, which requires verifying that
E [[|Vy fyix (y|X)||] < oo and that fy|x (y|x) is absolutely
continuous in y. This concludes the proof of Lemma [1l

APPENDIX B
PROOF OF A1-A5 IN THEOREM 2]

Clearly, A1 and A4 in Theorem [1l and Theorem [2] are the
same. For A2 in Theorem [I] we have that

E [||U]l||[Vytrer (X Y)Y =]

CE (Ul [l oyix (v1%) — px ()| Y =]

Y g (U] |Vy log(h(y)+ (3, T(y)) X — py ()] [Y =y]
QR0 lgly) + Uy T(x) X[|[Y = ]

< EUI )Y = Y+ E U] (3 T) XI Y =)

(e)
< lgMIEUNY =yl + [y T)ILE[UIIXIY =y],
where the labeled (in)equalities follow from: (a) using (14);
(b) the fact that, for the exponential family in (I8), the
conditional score function is given by
pyx(Y[X) = Vylog(h(y)) + Vy (x, T(y))
= Vylog(h(y)) + (JyT(y)) x;

() letting g(y) = Vy log(h(y)) — py(y); (d) applying the
triangle inequality; and (e) denoting with |J,T(y)|, the

(38)

operator norm of J,T(y). Thus, a sufficient condition to
have A2 in Theorem [I] satisfied, is to have A2 and A3 in
Theorem [2] satisfied.

Finally, for A3 in Theorem [Il we have that

E [||Vny|x(Y|X)H]
W g [ (vy log(h(y)) + 3y T(y) X) fyix(yX)]]

E [ (Vy log(h()) Frix(yX)]]

+E [ (JyTy) X) frix(yX)l]
Yg [fyix(y|X)] [IVy log(h(y))]|

+E [frx (X)) 3y T(y)) X]]

CE [fyix(yX)] [Vy log(h®))]
1 Gy TE)) E [fyix 1K) 1K

2 e )IIVy loghy)) +E[IXIY = y] fy(y),

where the labeled (in)equalities follow from: (a) applying
the gradient to fyx(-|-) in (I8); (b) the triangle inequality;
(c) the fact that the pdf is non-negative; (d) denoting with
[|[JyT(y)|l, the operator norm of J,T(y); and (e) applying
Bayes’ theorem. Thus, since fy (y)||Vy log(h(y))| is almost
surely bounded, a sufficient condition to have A3 in Theo-
rem [I] satisfied, is to have A5 in Theorem [2] satisfied.

APPENDIX C
PROOF OF THEOREM [

Let U = et*. Then, the derivative of the cumulant-
generating function can be expressed as,

d

LRty =

ay X(| y)

(a) 1 d X
EeXy =gl agc ¥ =Y

() T'(y) Cov(X, e XY = y)

B[ [Y =)

© T'(y) (BIXeX|Y = y] — BIX|Y = yJBeX]Y = ]
- B[]y =y

@ T'(y) (SE]Y = y] — BIX|Y = yJBeX|Y = )
- E[X]Y =]

D 1(3) (3 o (BI¥1¥ = o)) ~ BLXIY =)

© 11(y) SKx i1y = 9) — T'WEX]Y =y,

where the labeled equalities follow from: (a) using the
expression in (33); (b) applying Theorem 2] with T"(y) =
4 7T(y); (c) using the definition of conditional cross-
y

covariance in @); (d) the fact that

d
= —_FEletX|y =

GBIy =],
where the last equality follows by interchanging the derivative
and the expectation, which is permissible by using the Leib-
niz integral rule under the regularity conditions in Theorem 2}
(e) the fact that

LE[EX|Y =y _d

a7 g (BletX|Y =)
Bk ly =y ar o8 BTV =)

E[Xe™|Y =y =E [%etXD/ = y]



and (f) using the expression in (33). Consequently, we obtain

d
dt

d

1
—Kx(t]Y =y) = —d—ny(tlY =y) +EX]Y =y].

1'(y)

The proof of Theorem [ is concluded by applying induction.
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