A Method for Defor ming Polygonal Shapesinto Smooth Spline Surface M odels

Chiew-LanTai, Kia-Fock Lo€', Brian A. Barsky?, and Yim-HungChan
Departmenbf ComputerScience
TheHongKongUniversityof ScienceandTechnology
ClearWaterBay, Kowloon,HongKong

Abstract

Thispaperdescribesa new splineformulationthat sup-
ports deformationof polygonalshapesnto smoothspline
surfacemodels. Oncea polygonalshapewith underlying
rectangulartopolagy is specifiedoy theuser it is deformed
into a smoothsurfacethat interpolatesall the polygonal
vertices. Theusercan thenmodifythe defaultsmoothsur-
facebyincreasingor deceasingheamounof deformation,
eitherglobally or locally. Thisis accomplishedy interac-
tively contmlling the shapeparametes associatedvith the
polygonalvertices. This modelingparadigmis conceptu-
ally simple andallows C? continuoussurfacego beeasily
designedevenby a noviceuser

1. Introduction

Deformationfrom polygonalshapego smoothsurfaces
is an attractve designtool sinceit relievesthe userfrom
the burdenof having to first specify a large setof control
pointsandthenstitchingcomplex patchedogether Thispa-
perpresentg&new interpolatingsplineformulationthatsup-
portssuchamodelingparadigm.t only requiregheuserto
manipulatequadrilateral$o designpolygonalshapesvhich
arethensmoothedr deformedoy controllingthe shapepa-
rametersassociateavith the vertices.Theresultingsurface
is C? continuousand interpolateshe given vertices. The
formulation allows sharpcornersto be easily introduced
without usingmultiple knotsor multiple controlpoints.

Our deformationformulation applies only to polyg-
onal shapesof rectangulartopology Cylindrical or
toroidal topology is also supportedsince they can be
tiled by rectangularpatches. The smoothingof polygo-
nal shapeds achieved by combininga network of singu-
larly repammetrizecdbilinear patcheg12] with a piecevise
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smoothsurfaceto obtaina new surfacethatinterpolatesll
the polygonalvertices.In additionto not needingo solve a
systemof equationgo achiese interpolation this approach
hastheadwantage®f having localtensionshapeparameters
andbeingC? continuous.

2. Related wor k

Barr[2] introduceddeformationoperationdor twisting,
stretching,bendingandtaperingsurfacesarounda central
axis. His work wasfollowedby Sederbeag andParry’s [13]
more generalizeddeformationtechnique,called the Free-
Form Deformation(FFD) method. The FFD methodem-
bedsthe objectto be deformedin a lattice of control ver
ticesthat definesa trivariateBéziervolume. Deformation
is done by altering the lattice and recalculatingthe new
positionsof the points of the embeddedbject basedon
theiruniqueparametevalues.Severalextendedversionsof
FFDshave sincebeenproposedincorporatingd-splineand
NURBS trivariatevolumes[11] andallowing latticesof ar
bitrary shapeandtopology[9]. Othermorerecentdeforma-
tion techniquescanbe foundin the comprehensie surwey
paperof Bechmanri4]. Noneof them,however, addresses
deformationof polygonalshapes$o smoothsplinesurfaces.

In additionto purelygeometricdeformationapproaches,
there are physics-basedleformablemodels. A physics-
basedmodelemploys elasticitytheoryto constructan en-
ergy functional, and calculategshe model’s shapedirectly
by findingaminimumto theenegy functionalor by solving
asetof differentialequationg6, 16]. Physics-basenhodels
canmostclosely mimic the sculptingeffect and their op-
timization algorithmsautomaticallyproducefair surfaces.
However, they typically requireintensive computations.

To producecurvedsurfacesrom polygonalshapesatra-
ditional methodis to round sharpcornersand edgesusing
parametrichlendingandfilleting techniqueq7, 8]. Para-
metric blendstypically join the basesurfaceswith only C!
continuity. Another methodis to replaceeachface of a
polyhedrorby analgebraicsurfacepatch.Bajajandlhm[1]
replaceeachfaceof atriangulatecdolyhedrorby alow de-



gree(5 or 7) algebraicsurfacepatch which hasindependent
degreesof freedomthat provide local shapecontrol. More
recently subdvision techniqued5, 10, 14] have emeged
as a popular methodfor obtaining smoothsurfacesfrom
polygonalmeshesthis is largely dueto their elegancein
supportingmeshef arbitrarytopologyandtheir relation-
shipwith multiresolutiontechniquedik e wavelets.

3. Singularly reparametrized line segment

A singularly repaametrized SR) line sggmentis aline
segment that possesseparametricderivative(s) equal to
zeroat eachend. It is obtainedby blendingtwo endpoints
with a singularblendingfunctior{12, 15]. A functions(t),
t€[0, 1], is calledanmth-level singularblendingfunctionif

1. it is monotonicallyincreasingrom s(0)=0 to s(1)=1

2. itsfirstto mth derivativesareequalto zeroatt = 0 and
t=1;ie,s®0)=s®1)=0fork=1,.. m.

Onepossibilityfor anmth-level singularblendingfunction
is s1(t) =1—(1—t™1)™H A lower degreealternatie for
the samelevel canbe developedasa specialcase sa(t), of
the Hermitepolynomial[3]. In addition,for our purposeof
formulatingC? continuoussplineswe notethatthesecond-
level singularblendingfunctionis suficient. In this caseof
m = 2, 51(t) =1—(1-¢) andthe Hermitepolynomialis
s2(t) = 10t3 — 15¢* 4+ 6t5. Comparings; (t) with s (t), the
latter hasa lower degreebut requiresslightly morecompu-
tation. For the remainderof this paper we do not assume
ary specifics(¢) function, it canbe any second-or higher
level singularblendingfunction.

Using a singularblendingfunction s(t), we canblend
two adjacenpointsV; andV 1 to produceanSRline seg-
mentL ;(t); thatis,

L;j(#) = (1= s(®)V; + s(t)Vjn

whichinterpolateghetwo pointsaswell assatisfieghefol-
lowing property

L%(0) = L(1) = LY(0) = LY(1) = 0.

te0,1] (1)

4. Singular blending

Given a C? continuouspiecavise curve (comprisinga
sequencef curve sgments),a sequencef SR line sey-
mentscanbeblendedwith it to createanew piecavisecurve
thatpreseresthe continuity of thegivencurve. The blend-
ing introducesa parametewhich cansimulatethe effect of
tension. Denotingthe given piecavise curve by C(t) and
the sequencef SR line segmentsby L ;(t), j = 1,...,n,
thenthenew piecavisecurve Q(t) is

Q) =(1—-0a)Cj(t) +aL;(t), j=1L.,n (2

where0 < a < 1. If theSRIline sggmentsareverydifferent
from thegivenpiecavisecurve C;(t), thenthe parametet
simply indicatesthe blendingproportionshowever, if they
are a linearizedapproximationof the given C(t), then a
cansimulatethetensioneffect. Sinceboth C(¢) andL ;(¢),
j = 1,...,n, are C? continuousthusthe curve Q(t) must
alsobe C2.

Fig. 1(a)illustratesthe conceptof singularblendingby
blendinga polygon Py, P2, P3, P4 with a smoothingunit
circle C(t). In this case the edgesof the polygonarede-
finedasSRline sggmentsasspecifiedn Eqn.(1)for L ;(t),
j=1,..,4,whereV; = P;,i = 1,...,4, andthesmoothing
circleis definedby

(i — 1+t o —1+1
(j . + ),sm 7(j . + ))

C;(t) = (cos

t € [0,1], j = 1,...,4. By blendingthe polygon with
the circle usingEqgn.(2),we obtaina C? continuousclosed
curve Q(t) which can be interpretedas a deformedor
smoothedrersionof thepolygon.

Whenthe smoothingcurve C(t) doesnotinterpolatethe
verticesof thepolygon,asis thecasen thisexample there-
sultingcurve Q(t) maybeatrlittle resemblance thepolyg-
onalshap€or low valuesof a, which couldbeundesirable.
However, thereis noreasorto restrictthe SRline sgments
to bethepolygonedgesinsteadwe will usethefollowing
moregeneralbpproachWe will determinea new sequence
of SRline segmentd_ ;(t), j = 1, ..., n suchthatwhenthey
are blendedwith the smoothingcurve C(t), the resulting
curve Q(¢) will interpolatethe polygonvertices.

Thisis shavn in Fig. 1(b). Giventhe smoothingcircle
C(t), andthe polygon Py, P, P3, P4, we canfind a new
sequencef SR line sgmentsL ;(t), j = 1,...,n which
whenblendedwith thesmoothingeircle produceghecurve
Q(¢) thatinterpolateghe polygonvertices.

This approaclcanbe extendedto smoothingpolygonal
surfaces.Thesmoothedurfacewill interpolateghepolygon
verticesandis thus guaranteedo resemblethe polygonal
shapes.

This is the centralideaof our approach.The userfirst
sketchesthe polygonal outline of the objectto be mod-
eledin termsof nonplanamuadrilateralsvithout regardto
smoothnes®f the surface. The resultingsmoothsurface
is guaranteedo interpolateall the polygonvertices. This
provides an intuitive modelingapproachfor the user and
shouldbe especiallyappropriatefor novice designersOur
modelingsysteminitializesthe « valueto areasonablele-
fault value,suchas0.5. The usercanthenmodify the de-
fault smoothsurfaceby varying the a value. To provide
further and more precisecontrol over the shape,we also
provide local tensionparameters.This is describedn the
next section.
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Figure 1. Blending a polygon with a smoothing circle.

5. Smoothing closed polygon

In the previous section,we gave an exampleof usinga
unit circle to smootha closedpolygon. For thetechniqudo
beausefulmodelingtool, it mustbeimprovedin two ways.

First, to enablethe userto adjustthe tensionlocally at
eachjoint, we needto generalizethe constanta valuein
Eqgn.(2)to a function of ¢. To provide local deformation
control,we assigralocaltensionparametet; to eachver-
tex P;, j = 1,...,n andtheninterpolatethesetensionpa-
rametersisingthe singularblendingfunction:

a;(t) = (1= s(t))aj + s(t)ajy

By replacingthe constanty valuein Eqn.(2)by thetension
functiona;(t), we obtaina locally deformablecurve Q(t)
asfollows:

Q;(#) = (1—a;()C;(t) +ay()L;(t) j=1,....,n. (4)

Second,we needto generalizethe unit circle to a
smoothingclosedcurve thatis independentf the coordi-
natesystemandresembleshepolygonalshape Wewill use
aB-splineto definethe smoothingcurve sincethe B-spline
hasmary desirableggeometri@andcomputationaproperties.

Let {Py, ..., P,} betheverticesof a givenn-sidedpoly-
gonand{aj,...,ak} bethe setof correspondingension
parametersOurapproacHirst obtainsa closeduniformcu-
bic B-splinecurve C;(t) whichapproximateshegivenver
tices.To producethe closedcurve, threeadditionalvertices
Po, Pp+1, andP, o areintroducedwhere

ji=1,...,n. (3)

Po =P, Pn+1 =P Pn+2 = Ps.

UsingP;, j = 0,...,n + 2 asthe control pointsof the B-
splinecurve, we obtain

C;(t)=No(t)Pj1+N1(t)P;+Na(t)Psa+N3(t)Py2 (5)

wherej = 1,...,n and N;(¢), ¢ = 0,...,3 arethe cubic
uniform B-splinebasisfunctions[3].

Let {Vy, ..., V,} denotethe unknavn pointsthatdefine
thesequencef SRline segmentsL ;(t), j = 1,...,n to be
blendedwith the B-splinecurve obtained.The SRline sey-
mentsthat are determinedmust be suchthat the blended
curve Q(t) in Eqgn.(4) interpolatesthe polygon vertices.
Thatis, we imposethefollowing n constraints:

Pj = Qj (0)
Substitutingfor Q; (0) from Eqn(4),
Pj = (1 —;(0))C;(0) + ;(0)L ;(0)

Substitutingfor «;(0) from Eqgn.(3)and for L;(0) from
Eqgn.(1)yields

Pj = (]. - a;)CJ(O) + Oé;Vj

i=1..n.

j=1..,n.

ji=1..,n.

Due to the linearity of the SR line seggments,the points
definingthemareindependentf eachotherandhencecan
be determinedy simplecomputation.Solving Eqn.(5)for
V; yields:
1-—af
Vj = Pj+ ——(P; = C;(0))
J

i1=1..,n.

Notethatthegeometridnterpretatiorof thisequations that
whenaj = 1, thenV; = P;, andasaj decreaseo 0,
V; movesaway from P;. Whena} = 0, V; is atinfinity,
implying no suitableSR line sggmentscan be found. We
thereforerestrictthevalueof o} to bein therange(0, 1].
SinceL ;(t), C;(t), ande; () areall C* continuousthe
resultingcurve in Eqn.(4)is clearly C? continuous Differ-
entiatingEqn.(4),we notethatthe endtangentsarein the
samedirectionsasthosein the B-spline counterpartwith

themagnitudescaledoy 1 — «; thatis,

Qi1 (1) = (1 —a})C}_, (1) andQ(0) = (1 — a})C}(0)



andsinceC}_, (1) = C}(0), wehave Q;_, (1) = Q}(0).

Whenaj] approaches, the correspondingR line seg-
mentsthataredeterminedrecloseto thegivenpolygon.In
addition,sincethe contribution of the SR line segmentsto
thecurveQ(t) is largerasa; approachesnity, theresulting
curve sggmentdncreasinglyresembleghe SRIline sgments
andhencearemoretensed.n thecasewhena; = 1 for all
j, we obtainthe givenpolygon.

Fig. 2 shavstheeffectsof decreasinghetensionparam-
etersgloballyfrom 1to 0.1. It illustratesthe deformatiorof
asquareto rounderclosedcurves.To illustratethelocal ef-
fect of tensionparameterskig. 3 shavs the samesquare
with all verticeshaving a; = 0.5 exceptfor thelower right
onewherethe local tensionparametedecreasefrom 1 to
0.25.

6 Smoothing open polygon

In the previous section,we have assumedhatthe given
vertices{P4, ..., P, } form a closedpolygon. For the case
wheretheseverticesform an openpolygon, the polygon
must be smoothedby an openB-spline curve. Sincethe
polygonhasn — 1 segments,to obtain the samenumber
of sggmentsin the openuniform cubic B-splinecurve, we
introducetwo phantonverticesPg, P, 1 where

Py =2P; — P, and Pn+1 =2P,—P,_;.

The phantomverticesarechosersothatthe B-splinecurve
C;(t), j = 1,...,n — 1 interpolateghe endpointsP; and
P, [3]. Theinterpolationconstraintsmposedon Q(¢) then
become

P; =Q;(0),j=1,.., =Qn_1(1).

Thus, the verticesof the SR line segmentscan be solved
from

n—1 and P,

V=P Vn—P

Vi = Py 4+ 2 (P~ C,(0))

.7

7. Singularly reparametrized bilinear patch

Next, we will generalizethe above idea from curve
to surface design. We first introduce the singularly
reparmametrized SR)bilinear patd, whichis geometrically
equivalentto abilinearsurfacebut hasvanishingendderiva-
tives. Thatis, an SR bilinear patchis definedby four ver-
tices{Vi,j, Vi jt1, Vit1,j, Vig1,j41}:

Lij(u,v) = (1—5(u))(1—s())Vi;+(1—s(u))s(v)Vizn
+5(u)(1—=5(v))Vip,j+5u)s(0)Vip ju  (6)

DifferentiatingL ; j(u,v) in Eqn.(6) and evaluating at
v =0u=1v =0, andv = 1, yields the following
singularproperties:

0uL:,5(0,0)=0,L;,;(1,v)=0yL ;(u,0)=0,L,;(u, 1)=0,
92L,(0,0)=02L; ;(1,v)= 82 ”( u,0)=0;L; j(u, 1)=0,
92,Li(0,0)=02,L; ;(1,v)=02,L; j(u,0)=02,L; (u,1)=0

8. Smoothing polygonal surfaces

We now apply the idea to the smoothingof polygo-
nal surfaces,in particularquadrilaterals.Let {P; ; : i =
1,....,m; j = 1, .,n} be a network of vertices. Let
{aj;ri=1,..,m; j=1,...,n} bethecorresponding;et
of tenswnparametera;vhereo <aj; <1 The network
canhave arectangularcylindrical, or toroidaltopology

First,we assumehatthenetwork hasacylindrical topol-
ogy, wherei is theindex in the closeddirectionandj is the
index in the open-endedlirection. Thatis, the network of
verticeshasm x (n — 1) quadrilaterals.

To obtaina B-splinesurfaceS; ;(u,v), i = 1,...,m and
j=1,...,n—1, fromthenetwork of vertices wefirstintro-
ducesomeadditionalpointsasin thecaseof curves.Analo-
gousto handlingopencurves,we addtwo rows of phantom

verticesPg ; andP,, 11 ; wherej = 1,..., n; thatis,

Poj =2P1; —P2; and Puy1,j = 2Pmj — Py
j =1,...,n. Analogousto handlingclosedcurves,we add
threerows of verticesto wraparoundthe endvertices

Pio=Pin Piny1i=Pi1 Pipro=P;»
i =0,...,m + 1. TheB-splinesurfaceis then
3 3
=22 Ny Pitp1jtg-1  (7)
p=0 ¢q=0

i=1,...,m;j=1,..,n—1 LetL; (u,v),i=1,..,m

j = 1,...,n — 1 be the unknovn SR bilinear patchesto

be blendedwith the B-splinesurface. The blendedsmooth
surfaceis givenby

Qz’,j(uav) = (1—ai,j(u,v))S;,; (u, v) +a,j(u,v)L 4 5 (u,v)
(8
where
@, (u,v) = (1=s5(u))(1=-5(v))e; ;+(1—5(u))s(v)aj ;1
+s(u)(1=s(v))aiy j+s(u)s(v)azy 41 (9)
i=1,...m;j3=1,...,n—1.

To find the points{V, ; : i = 1,...,m; j = 1,...,n}
thatdefinethe SR bilinear patchesye imposea setof con-
straintson Q(u, v) to interpolatethe polygonalvertices:

Pzg = Qi,j(oao)
Pz n — Qi,nfl((]) ]-)

i1=1,...,m;j=1,....n—1,
i=1,...,m
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Figure 2. Decreasing the tension parameter s globall y from 1, 0.75, 0.5, 0.25to 0.1.

U

Figure 3. Decreasing the tension parameter locally (at the lower right vertex) from 1, 0.75, 0.5 to 0.25.

All the other vertices have a;‘f = 0.5.

Substitutingfor Q; ;(0,0) andQ;,»—1(0,1) from Eqn.(8),
we have

Pij = (1-;;(0,0))S;;(0,0) + ;,;(0,0)L;,;(0,0)
t=1,..,m;j=1,...,n—1,
Pin=(1-ain-1(0,1))S;»-1(0,1)

+ai,nfl(05 1)Li,n71(07 1) i=1,..,m.

Substitutingfor ¢ ;(0,0) and a; ,,—1(0,1) from Eqn.(9)
andfor L; ;(0,0) andL; ,,_1(0, 1) from Eqn.(6),we have

Pi; = (1-05;)S;(0,0) +aj;V;
t=1,...,m;53=1,...,n—1,
Pi,n = (]_ — a;‘,n)S,-,n_l(O, ].) + a;‘,nVi,n

1=1,...,m. (20)

SUbStitUin@i’l(0,0) = Pi,l andS,-,n_l (0, ].) = Pi,ni 1=
1,...,m, andsimplifying yields
1=1,....,m.

Vi1 =P, Vin=Pin

TheremainingV; ; canbesolvedfrom Eqgn.(10)asfollows:

*
1 —ai;

o (Pij = S(0,0))

Z7j

Vij=Pij+

i =1,...,m; j = 2,...,n — 1. Note that the equations
for computingV; ; arevery simple. The computatiorthat
is neededs muchsimplerthanmary surfaceinterpolation
approachesvhich requiresolving a systemof linearequa-
tions.

We have assumedh cylindrical topology; the caseof a
rectangulatopologycanbehandledn asimilarway. Since
boththew andv parametriairectionsareopen-endedye
addtwo rows of phantomverticesin both directions. The
pointsdefiningthe (m — 1) x (n — 1) SRbilinearpatches
are

Vi1 =P, Vin=Pin i=
Vi =Py Vi =Pm,j

—a¥.
Vz"j = Pi,j + o b (Pi’j — Sl’J(O,O))

i,5

1,...,m,

j=1..,n,

i=2,..m—1;j=2.,n—1.
9. Reaults

To illustrate the proposedmodeling paradigm,we will
now shav how a vasecanbe modeledusingour prototype
system.Theuserfirst specifiesa polygonalshapeasshavn
in Fig. 4(a). Our systemthenusesheseverticesto definea
smoothB-splinesurface,whichis shavn in Fig. 4(b). This
B-spline surface only approximateghe polygonal shape.
Next, the systemassumes globaltensionvalueof a = 0.5,
anddetermines setof SR bilinear patcheqFig. 4(c)) to
beblendedwith the B-splinesurfaceto producethesmooth
vaseshawvnin Fig. 4(d). Thissmoothsurfaceis C? continu-
ousandinterpolatesll thegivenverticeg(theblacksquares
shavnin thefigure).

Fig. 5 and6 shav somepossiblewaysof modifying the
default shape(a = 0.5) generatedy the system.The left-
mostvasein all thesefiguresis the default shape.Fig. 5
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Figure 4. A user-input polygonal shape (a), then the B-spline surface (b) and the SR bilinear patches
(c) are blended together using a = 0.5 to generate vase (d). The black squares in (d) indicate the

polygonal vertices in (a).

shaws the effectsof changingthe tensionparameterglob-
ally; the vasecan be madeto have sharpercorners(Fig.
5(a)) or berounder(Fig. 5(b)). The usercanalsomodify
the vaselocally. Fig. 6 shaws the effects of varying the
tensionparametersf thoseverticesin thethird row.

10. Conclusion

We have presented@ new splineformulationfor deform-
ing polygonalshapeso smoothsurfaces.lt is conceptually
simpleandeasyto useevenfor noviceusers.Theusemeeds
only to specifya polygonalshapeand thenthe modeling
systemwill generatea default smoothsurfaceinterpolating
all thepolygonalvertices.Theusercanthenmodify thede-
faultsmoothsurface eitherglobally or locally, by changing
the local tensionparameters.The methodis computation-
ally simple,andguarantee€? continuity The usefulness
of this new modelingparadigmhasbeendemonstratedy
severalmodelingexamples.
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(a) Increasinghetensionparameteglobally from 0.5 (left), 0.75(center)o 1 (right).

(b) Decreasinghetensionparameteglobally from 0.5 (left), 0.35(center)to 0.25(right).

Figure 5. Starting from the default shape (o = 0.5), the vase can be modified to become either more
tensed (a) or rounder (b).

(a) Thetensionparametersf thethird row of verticesareincreasedrom 0.5 (left), 0.75(center)}to 1 (right).

(b) Thetensionparameteof thethird row of verticesaredecreaseétom 0.5 (left), 0.35(center)to 0.25(right).

Figure 6. Starting from the default shape (o = 0.5), the lower part of the vase can be modified to
become either more tensed (a) or rounder (b).



