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ABSTRACT

We formulate a two stage model of dichromatic color per-
ception that consists of a first sensor layer with gain control
followed by an opponent encoding transformation. We pro-
pose a method for estimating the unknown parameters in the
model by utilizing pre-existing data from psychophysical ex-
periments on unilateral dichromats. The model is validated
using this existing data and by using predictions on known
test images for detecting dichromacy. Using the model and
analysis we evaluate the feasibility of cone loss and cone re-
placement hypotheses that have previously been proposed for
modeling dichromatic color vision. Results indicate that the
two stage model offers good agreement with test data. The
cone loss and cone replacement models are shown to have
fundamental limitations in matching psychophysical observa-
tions.

Index Terms— Dichromacy, color vision models, stage
models, unilateral dichromacy, cone loss hypothesis, cone re-
placement hypothesis.

1. INTRODUCTION

Normal color perception is trichromatic, where the color sen-
sations are determined by the responses of three types of pho-
toreceptors in the eye, referred to as the L, M, and S cones,
which are sensitive to the long, medium, and short wavelength
regions of the visual spectrum, respectively. A significant
fraction of the population, however, suffers from a form of
color vision deficiency, referred to as dichromacy, where the
functionality of one of the three cone types is missing. Based
on whether the function of the L, M, or S cones is compro-
mised, dichromats are classified as protanopes deuteranopes,
and tritanopes, respectively. Understanding the color percep-
tion of dichromats is of interest, not only for the purpose of
designing techniques for better presentation of visual infor-
mation to dichromats [1, 2], but also for obtaining a better
understating of how the human visual system works.
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Knowing which type of cone is disabled, allows us to
readily predict colors that are confused by each type of
dichromat, i.e. we can determine which colors, appearing
different to normal trichromats, appear identical to a given
type of dichromat. However, these predictions of confusion
provide only an incomplete characterization of dichromatic
color perception. In particular, based on the aforementioned
characterization alone, it is unclear how one may simulate
dichromatic perception for a trichromatic observer; indeed
the very question whether such a simulation is feasible at all
is left unanswered.

Clues about the relation between the color perceptions of
dichromats and trichromats can be obtained from unilateral
dichromats, who are individuals that experience dichromacy
in a single eye and have normal trichromatic color vision in
the other eye. These individuals can compare the color per-
ceptions of their two eyes and the results of such comparisons
allow us to better understand how a dichromat sees the world,
and also provide important information for modeling dichro-
matic perception. Using results from matching experiments
performed by unilateral dichromats, researchers have previ-
ously developed methods for simulating dichromatic color
perception for color normal observers [3–5] and explored the
viability of alternative physiological hypotheses for dichro-
mat color perception [6]. In particular, two possible cases
are usually considered, depending on whether the entire pop-
ulation of the compromised cones is absent on the retina and
therefore they should not be considered, known as the cone
loss hypothesis, or the pigment in those cones is replaced with
one of the remaining cone types, referred to as the cone re-
placement hypothesis [7].

In this paper, we present a different methodology for ob-
taining a model for dichromatic color vision. We begin with
the commonly accepted two stage architecture for trichro-
matic color perception, consisting of a first sensor stage with
per-channel gain control and a second opponent encoding
stage [8, 9]. We adapt this model to dichromats by dropping
the non-functional cone from the first stage and replacing
the second stage with a transform of suitable dimensional-
ity whose parameters are unknown a priori. We propose a
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Fig. 1. Two stage model for trichromatic color vision, com-
posed by the sensor layer (L,M,S cones) followed by gain
control and opponent encoding transform.

method for estimation of these unknown model parameters
using pre-existing data from matching experiments performed
by unilateral dichromats. The resulting model, which allows
us to relate dichromatic perception to trichromatic perception
and to simulate dichromatic perception for a color normal
trichromat, is validated with existing data and on images
commonly employed for detecting dichromacy.

Finally, we exploit our framework to evaluate the feasi-
bility of other hypotheses that have been previously postu-
lated for modeling dichromatic color perception. In particu-
lar, we consider the cone loss and cone replacement hypothe-
ses, which form models of dichromacy as reduced models of
color normal vision, and evaluate their ability to predict fea-
tures of dichromatic perception obtained from psychophysical
experiments.

The rest of the paper is developed as follows. In Section 2
we introduce the stage model system for normal and dichro-
matic color vision. We present in Section 3 the method for
estimating the unknown parameters in the model, and we ap-
ply it to define the second stage of our model. In Section 4
we compare our model with the loss and replacement cone
hypotheses, and evaluate their feasibility. We offer a discus-
sion of our results in Section 5, and finally we conclude in
Section 6.

2. STAGE MODELS FOR COLOR VISION

Accepted models for color vision are usually constructed in
stages, based on the physiology of human vision [8–12]. Fig-
ure 1 shows an schematic diagram that represents a two stage
model.

The first stage models the functionality of the L, M, S
cone, which not only sense the light, but change their sensitiv-
ity, adapting their response independently to different view-
ing conditions, a mechanism known as chromatic adaptation.

Following closely the notation in [13], we denote by f(λ), the
power distribution of a stimuli incident on the eye, and s i(λ)
the sensitivity of the i = L, M, S cones, as a functions of
wavelength λ. Then, the responses of the three cones are,

ci =
∫

si(λ)f(λ)dλ, i = L, M, S, (1)

which are collectively denoted as a tristimulus vector c =
[cL, cM , cS ]T . The entries of the adapted cone response vec-
tor, c′ = [c′L, c′M , c′S ]T , can be found as c′i = ci/wi, where
the vector [wL, wM , wS ]T is known as the white point, the
cone response to the most bright stimuli exposed to the eye.

The second stage is represented by a 3 × 3 matrix T,
that transforms the data into an achromatic (light/dark) chan-
nel, A, and two chroma channels, C1 and C2 that represent
opponent encodings of red-green and yellow-blue sensa-
tions. Depending on the model, different transformations,
are used to represent the opponent encoding stage. These
transforms share significant similarities and no single one
is universally accepted. In this paper, we consider the op-
ponent stage proposed for the spatial extension of CIELAB
(S-CIELAB) [14], which is based on psychophysical experi-
ments in [15]. The channels A, C1 and C2 are computed as,[

A C1 C2

]T = Tc′, where

T =

⎡
⎣ 0.999 −0.106 −0.094

−0.669 0.742 −0.027
−0.212 −0.354 0.911

⎤
⎦ . (2)

2.1. Stage Models for Dichromatic Vision
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Fig. 2. Two stage model for protanopic color vision. Models
for other dichromats are obtained in an analogous manner.

A architecture for a two stage model for dichromats can
be intuitively deduced as a reduced version of the the model
presented in Section 2. In particular, the dichromatic oppo-
nent encoding is represented by a 3×2 matrix TD, where we
use D = p, d, t, depending on whether the protanope, deuter-
anope or tritanope case is considered, respectively. Figure 2
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shows an schematic for the dichromatic two stage model for
the specific case of a protanope, where the L cone function-
ality is absent. Note that the gain control stage parameters
are known from the white point, but the opponent encoding
transform is unknown in this model.

3. DICHROMATIC MODEL PARAMETER
ESTIMATION METHODOLOGY

We utilize results from matching experiments in unilateral
dichromats to estimate the unknown parameters in our model.
Results reported from experiments show that for each type
of dichromacy it is possible to find two wavelengths re-
gions of the visual spectrum, where the individuals register
a match in color perception between both eyes for (close
to) monochromatic stimuli [16–18]. Wavelengths with such
characteristics are called isochromes [16]. Isochromes for
protanopes and deuteranopes can be found in stimuli with
wavelengths around 475nm and 575nm, where the perceived
colors are reported as blue and yellow, while for tritanopes,
the isochromes are found in 485nm, perceived as blue-green
and 660nm, which is labeled as red [3]. For unilateral dichro-
mats, in addition to the isochromes, neutral stimuli, i.e. stim-
uli whose chromaticity matches that of the white point, also
appear match between the normal and dichromatic eyes. We
postulate that for the matches observed by unilateral dichro-
mats, the opponent encoded representations match and use
the resulting constraints to estimate our model parameters.
This process is outlined next.

For each of the three types of dichromacy, we wish to
estimate the 3×2 matrix TD . Denote by MD the 3×2 matrix
whose columns contain, for the dichromatic eye, the adapted
cone responses for the white and the two isochromes, and let
M be the 3 × 2 matrix with the adapted cone responses, for
the trichromat, for the same stimuli, in the same order. Then
the results of the experiments imply that if the model applies,
we must have,

TDMD = TM. (3)

We therefore estimate TD as the matrix that offers the
best approximation in (3) in a least-squares sense. Specifi-
cally, we obtain TD = TM(MD)+, where (MD)+ denotes
the Moore-Penrose pseudo inverse matrix of MD [19]. Using
normalized the Hunt-Pointer-Estevez cone sensitivities [20],
and a white-point obtained from the equi-energy stimuli 1, for
the protanope we obtain,

Tp =

⎡
⎣ 0.9769 −0.1870

0.0102 0.0358
−0.5859 0.9309

⎤
⎦ . (4)

Estimates of Td for deuteranopes and Tt for tritanopes are
obtained similarly.

1In practice, the experimental white-point deviates slightly from the equi-
energy stimuli. Since the exact values are not reported in all cases, we ignore
these deviations pending further investigations.

To test the performance of the model, we first evaluate
the relative error in the predicted matches for the unilateral
dichromats, defined as,

εD =
‖TDMD − TM‖F

‖TM‖F

, (5)

where ‖·‖F denotes the Frobenius norm [19]. For the the
three types of dichromats, we obtain the relative errors
[εp, εd, εt]T = [0.0013, 0.0008, 0.0085]T . It is clear that
the model provides a good fit.

As a second validation step, we use the estimated model
to simulate dichromatic perception for a normal trichromatic
observer and test the plausibility of the simulation using
electronic versions of the Ishihara plates used for detect-
ing dichromacy. Based on our postulate of matching in the
opponent representation, we assume that for any stimulus,
the model-predicted vector [A, C1, C2]

T for the dichromat
defines the matching trichromatic opponent representation,
from which the corresponding colorimetry can be obtained by
inverting the model of Fig. 1. This colorimetry presented to a
normal trichromatic observer, would simulate the dichromat’s
color perception of the stimulus. Figure 3 shows two original
Ishihara-style images2 and simulated dichromatic appearance
of these images for each of the three types of dichromats.
The pattern in the first images is intended to be invisible to
protanopes and deuteranopes whereas the pattern in the sec-
ond image is intended to be invisible to a tritanope. In all
three cases, the simulated images are in good agreement with
the expected results (as judged by the authors and a small a
small number of additional color normal observers).

4. TESTING FOR CONE LOSS AND CONE
REPLACEMENT HYPOTHESES

We compare our model for dichromatic color vision with
other previously proposed hypotheses, by considering their
ability to explain features of dichromatic perception obtained
from psychophysical experiments, in particular, the match-
ings in color perception between trichromats and color normal
observers for the white and the isochrome stimuli.

We consider the cone loss and cone replacement a hy-
potheses that have been used to define dichromatic models
as reduced versions of trichromatic models [4, 6, 23]. Fig-
ures 5 (a) and (b) show the models that result for dichromatic
color perception when the loss and replacement hypotheses,
respectively, are applied within the two stage model of Fig. 1.

Clearly, the models in Figs. 5 (a) and (b), correspond-
ing to the loss and replacement hypotheses are specific in-
stances of our more general two-stage dichromatic model of
Section 2.1, where, the loss and replacement opponent en-
coding transforms Tl

D, Tr
D , are given by, Tl

D = TΓl
D, and

Tr
D = TΓr

D , respectively, where the matrices Γl
D and Γr

D

represent the cone entries to the opponent coding stage, and

2The original images are obtained from [21] and [22].
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Original Protanope Deuteranope Tritanope

Fig. 3. Simulation of dichromat perception based on the proposed two stage model. The four columns from left to right present
the original image and simulations of the original image for protanopes, deuteranopes, and tritanopes. Top: a Ishihara image
containing the a patterned digit “6”, expected to be invisible to protanopes and deuteranopes. Bottom: an analogous image used
for evaluation of tritanopia.

are defined as,

Γl
p =

⎡
⎣ 0 0

1 0
0 1

⎤
⎦ , Γr

p =

⎡
⎣ 1 0

1 0
0 1

⎤
⎦ , (6)

for the protanope, and similarly for the deuteranope and tri-
tanope.

Next we test whether the parameter estimates Tp,Td,
and Tt for the opponent encoding matrices for the dichro-
matic observers obtained via the method of Section 3, sup-
port the loss or replacement hypotheses. Based on the pre-
ceding observation, for each of the three dichromat types, we
express the dichromatic opponent transform TD , in terms of
the trichromat transformation T. Specifically, we find a 3× 2
matrix ΓD such that, TD = TΓD, i.e. ΓD = T−1TD , to
obtain for the three cases

Γp =

⎡
⎣ 1.0939 −0.0939

1.0000 0.0000
0.0000 1.0000

⎤
⎦ ,

Γd =

⎡
⎣ 1.0000 0.0000

0.9140 0.0860
0.0000 1.0000

⎤
⎦ ,

Γt =

⎡
⎣ 1.0000 0.0000

0.0000 1.0000
−2.5250 3.5250

⎤
⎦ .

(7)

At first glance Γp and Γd appear very similar to the matrices
for the replacement hypothesis (see (6), for instance), while

Γt is clearly distinct from either the loss or replacement hy-
potheses, although taking the difference of the L response
from the M response can be appreciated as a reasonable way
to obtain a correlate for the missing S response. Additional
analysis, which we describe in the sequel, however, illustrates
that the replacement hypothesis is inadequate in explaining
the psychophysical observations.

To consider the ability of the replacement model to ex-
plain the observed data, we consider the Euclidean distance
ΔEA,C1,C2 in the A, C1, C2 space 3, between the predicted
color perceptions of monochromatic stimuli for a trichromat
and a protanope4, where for the protanope the loss hypoth-
esis induced model of Fig. 5 (a) is utilized. Figure 4 in-
cludes a plot of this Euclidean distance as a function of the
wavelength of the monochromatic stimulus, which is iden-
tified in the figure legend (red dash-dot plot). The plot in-
dicates that under the replacement hypothesis, only a single
isochrome is predicted (at the wavelength where the differ-
ence ΔEA,C1,C2 = 0 for the replacement hypothesis plot in
Fig. 4) instead of the two isochromes observed in the psy-
chophysical experiments. The process outlined above for the
protanope color perception model under the replacement hy-
pothesis was repeated for two additional models: 1) our pro-
posed model for the protanope with the parameter matrix T p

given in (4) and 2) for the loss hypothesis induced model of
Fig. 5 (b). The plots of the color difference ΔEA,C1,C2 as

3Because we use the distance in A, C1, C2 space to infer only matches
or mismatches, the lack of perceptual uniformity is not a serious limitation.

4Results for deuteranope and tritanope are similar.
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Fig. 4. Difference between the color perception of a trichro-
mat and a protanope, quantified as the Euclidean distance
ΔEA,C1,C2 in the A, C1, C2 space for monochromatic stim-
uli, assuming: the loss model (dashed line), the replacement
model (dashed-dot line) the proposed model with the esti-
mated opponent transform Tp (solid line).

a function of the wavelength of the monochromatic stimulus
for these two cases are also included in Fig. 4 and identified
in the figure legend. In these plots, we see that the proposed
model clearly predicts two isochrome matches at the correct
wavelengths whereas the loss model predicts no isochromes.
In fact, with a little algebra, one can analytically establish
that under the loss hypothesis, perceptual matchings between
a color normal trichromat and dichromat happen only when
the stimulus of light that produces, in the trichromat, a cone
response c′i = ci = 0, depending on which i = L, M, S
cone is missing. This implies that only trivial isochromes,
i.e. wavelengths for which the compromised cone produce no
response, are predicted by this model.

The clear differences of the models in their ability to ex-
plain the psychophysical data in all the forms of dichromacy,
suggest that the differences, in particular the small nonzero
entries in Γp and Γd in (7), play an important role and the
pure loss or replacement hypotheses appear inadequate.

5. DISCUSSION

The methodologywe have utilized for obtaining our two stage
model, relies on data from matches perceived by unilateral
dichromats and relies on the assumption that unilateral per-
ception does represent the perception in the dichromat popu-
lation. This assumption is hard to justify rigorously due to the
difficulty of comparing the perceptions of different individu-
als. For the same reasons, however, the assumption represents
one of the few workable methods for modeling dichromatic
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Fig. 5. Protanopic color perception models resulting from (a)
Cone loss and (b) Cone replacement, in the model of Fig. 1.

color perception and is also extensively utilized in other work
on modeling dichromatic color perception. It should be rec-
ognized that the assumption neglects neural adaptations that
unilateral dichromats may develop in order to overcome the
dissimilarity between the information provided by the two
eyes. Also dichromacy may be encountered as the result of
different underlying causes, which may manifest themselves
in different ways and our analysis and modeling may there-
fore not be universal.

We made the, also reasonable, assumption that the both
eyes have cone sensitivities with the same characteristics,
with the clear exception of the compromised cone, and even
more, we used a standard observer. Using genetics analysis,
it is possible nowadays to determine precisely for an individ-
ual the family of cone responses the observer exhibits, and
the color visual deficiency it may posses [24]. Moreover,
it is possible to estimate the cone mosaic without invasive
methods and determine physiologically the predominance
of one cone model hypothesis over the other [25]. Such
tools were not available by the time the psychophysical ex-
periments on unilateral individuals considered here were
performed, and certainly that information would enrich the
model. On the contrary the information we have about the
unilateral dichromats may not be completely accurate. The
classification of individuals for that experiments were based
on classical procedures like pseudo-isochromatic plates or
Farnsworth-Munsell test [26], that although highly precise,
do not exclude the possibility errors in the classification of
the individuals, specially between dichromats and anomalous
trichromats.

Despite these limitations, the model we introduce in this
paper has various advantages. In addition to the benefits
we have already outlined, the proposed model also offers the
philosophical advantage that it does not a priori assume either
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the cone loss or cone replacement hypothesis. Until recently,
these two hypotheses were considered mutually exclusive op-
tions but are now believed to be both physiologically feasible
in the human eye. Estimations of the cone mosaic in [27, 28],
support the replacement, while [25] shows evidence that
functional photoreceptor loss is possible in individuals of
certain genotypes. In addition, the replacement hypothesis is
normally discarded for tritanopia because of the significant
differences between the genes that define the pigments of the
S cone and the genes for the L and M cones [7].

6. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a methodology for modeling color
perception of dichromats by formulating a two-stage model
and estimating the model parameters using known match con-
ditions for unilateral dichromats. The models obtained with
the proposed methodology offer agreement with the percep-
tual data and also offer plausible predictions for images used
for testing for dichromacy. Furthermore, we also introduced
a framework to evaluate dichromatic models of color percep-
tion, and showed that the models induced by the cone replace-
ment and loss hypothesis appear to have fundamental limita-
tions.

Promising as our results are, they would be significantly
strengthened by psychophysical validation, which we have
not attempted in this initial phase of our work because of the
lack of a suitable and readily accessible pool of dichromatic
observers. We plan to address this validation in a continuation
of our work.
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