IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 9, NO. 12, DECEMBER 2022

Letter

Stabilization of Asymmetric Underactuated Ships With
Full-State Constraints: From Underactuated to

Nonholonomic Configuration

Zhongcai Zhang, Linran Tian, Heng Su, and Yuqgiang Wu

Dear Editor,

This letter addresses the stabilization control of an asymmetric
underactuated surface ship with full-state constraints. To simplify the
design of controller, the original ship model is transformed into a
nonlinear cascade system with a minimum phase. Then, the stabiliza-
tion of the cascade system is further processed into an equivalent sta-
bilization of a reduced-order nonholonomic-like system. A discontin-
uous stabilization control method is proposed through a combination
of state-scaling and state-dependent function transformations, nonlin-
ear filters, and switching technologies. Stability analysis demon-
strates that under the newly designed stabilization controller, the
closed-loop system states are bounded and the desired state con-
straints are not violated.

Underactuated surface vessel (USV) plays an important role in
marine operations, such as transportation, patrolling, and underwater
detection [1]. Due to the lack of a controller in sway direction, the
control design for USV poses a challenge to control engineering.
Research on USV can be roughly divided into the stabilization and
tracking control for symmetric USV [2] and asymmetric USV
(including USV with stochastic disturbances) [3], [4]. The smooth
time-varying control method [5] and discontinuous control method [6]
are the two most commonly used methods to achieve the stabiliza-
tion of USV. And Lyapunov’s direct method [2], [7] and line-of-
sight-based method [8] are the most effective weapons to handle
tracking issues. Additionally, some simpler control strategies have
also been put forward, such as cascade control methods [3], [5].
Other control issues include fixed-time-based [9] fault diagnosis con-
trol [10], etc.

Since it is difficult to directly develop a controller for USV by
using traditional nonlinear control methods, the main control method
is to change the USV model into a backstepping design form. How-
ever, this form is not strictly upper-triangular, which makes the
design process tedious and difficult. On the other hand, it is well-
known that underactuated systems and nonholonomic systems are
generally studied separately, and the control relationship between
them has never really examined.

This paper studies the stabilization of an asymmetric underactu-
ated ship with full-state constraints. The main model transformation
contribution is that we transform the stabilization problem of the
asymmetric USV into that of an equivalent reduced-order system,
and transform the equivalent reduced-order system into a nonholo-
nomic-like system, and finally realize the transformation from sys-
tem underactuated structure to nonholonomic structure. It is a new
and simper way to study USV control than the existing methods,
such as Lyapunov’s direct approach. The main control design contribu-
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tion is that we have developed a discontinuous stabilization control
algorithm by using o-scaling, state-dependent function (SDF) trans-
formations, Barrier Lyapunov functions (BLFs), and filters, such that
the resulting closed-loop system is ultimately bounded and the
desired state constraints are not violated in the entire control process.

Problem formulation: The dynamic model of the considered
underactuated surface ship is expressed as [1]

i1 =Jy)v 0
My =-C(v)v-Dv+1*

with =y, v=@wv,nT, = (TZ,O,Tj)T, J(y) = [cos(y)
—sin(y) O;sin(y) cos(y) 0;0 011, M= [my; 0 0; 0 my mas; 0 m3
m33], C=[00c13;00c23;—c13 —c230], D=1[dy1 0 0; 0dn da3;
0 d3p ds3], c13 = —mapv—0.5(ma3 +m3p)r, and cp3 = mjju. Please
see [5] for more details about this ship model.

The control objective is described as: design control inputs 7}, and
7y such that limyex(r) =0, limey(®) =0, lim e () =0,
limy—o u(t) =0, limyeov(#) =0, limyo r(f) =0 as far as possible
and |x()] < kx, V(O] <ky, WOl <ky, O] <ky, V@] <ky, [F@O] <ky
where ky, ky, ky, ku, ky, k; are positive constants.

In order to convert the studied ship model into a cascade form, we
first introduce the following input transformations [3]:

1 m
= —ThtA, = 2)
mi m2ms33 —mja3ms32

where A; = 1/(my1) [r(mpv+0.5(mp3 +m3y)r) —dyju] and Ay =(1/

Tj+A2

2
(maam3z —mozm32))[(my1map —myy)uv + (maadap — mopda)v + (m3pX

dy3 —mpods3)r+ (myym3sy — 0.5mpy(mp3 + m3p))ur]. Under which, one
can get that

. —% . —%
n=1t, =7
1 3)
V= —(—m23‘?i —ny 1ur—d22\/—d23r).
maa

Next, motivated by [11], we introduce the state transformations as
x1 =[x+ &"(cos(y) — 1) cos(y) + (y + £* sin(y)) sin(y)

X3 =—[x+&"(cos(y) — 1)]sin(y) + %(v+a*r) - gx//

. C))
+(y + £" sin(w)) cos(y)
a *
X3 =y, x4=—Eu—x1, Xs=v+evr, XxXe=r
and input transformations as
a 1
wp=— =T, + é()cl +X4) — X2Xg + = X5X6 — ZX3X6
B @ B B
a
=— T+ ®)
Bmii
Wy =T, = M'T5 + Ay
: * _ M3 _mn _dn _domy  dy k__ mp
with &* = myn Y7 mye B= my’ LT n, my’ T mpam3z—mp3ms;

and E= —%A] + é(xl +X4)+x6(éx5 —xz—%)@). Then, the ship

model (1) can be rewritten into the following cascade form:

) N 1 LY
X] = —=X] — = X4 +X2Xg — =X5X6 + = X3Xg

I 1 1% B B (6)
Xs = =Bxs +Bxe(x] +X4) +yxe

Xy iy = X4Xe, X3 =Xg, Xg=wp, JXe=wa. (7N

Lemma 1 [S]: State transformations in (4) are invertible which
implies that the stabilization problem of system (1) is successfully
converted into the stabilization problem of the cascade system (6)
and (7).

Lemma 2 [5]: Zi-subsystem is stable (or asymptotic stable) as long
as Xp-subsystem is stable (or asymptotic stable).

Subsequently, to explore the control relationship between the con-
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sidered underactuated ship and nonholonomic system in chained-
form, the necessary state transformations are constructed as

Z0 = X4 Z0 =W

Z]1 = X2 — X3X. 1 =zpw

1 2 3X4 = .1 2W1 (8)
) =—x3 Zy =123

z3 = —Xg 3 =—=w)

from which, it concludes that the X,-subsystem has been further
transformed into a nonholonomic-like form (8). It is well-known that
due to the triangular structure of (8), the control design is usually
developed in two separate stages. Let the initial time 7y = 0. The case
20(0) # 0 is first considered and then the case zg(0) = 0 is addressed.

Controller design under zo(0) # 0.

Assume that zp(0) #0, we consider the candidate BLF as
Vo =(1/2) ln[b% / (b% - é)] for zp-subsystem, where by > 0. Here, the
control signal wy(zp) is designed as

w] = —Zok =] Z()d(), k> 0. (9)
Under which, it yields that
Vo = —kz3 /(b - 22) < =2k Vy (10)

where inequality —z(z) / (b(2) - 2(2)) <- ln[b(z) / (b(2) - zé)] has been used.

Proposition 1: For the closed-loop zg—subsystem with control law
(9), if the initial condition —bg < zo(0) < by holds, then state zy(#) is
bounded and lim;—,o, z9(#) = 0. At the same time, auxiliary state con-
straint —bq < zo(t) < bg holds for all ¢ € [0, c0).

Proof: The proof of Proposition 1 can be referred to [12]. |

Since zp(0) # 0 has been assumed previously, consequently, wy
specified by (9) can ensure that zg does not cross zero for any . Since
lim;—00 zg(#) = 0 as well as lim;eo w1 () =0, z = (21,22,23)—subsys-
tem is uncontrollable in the limit wy(¢) = 0. This obstacle can be
remedied with the following discontinuous state scaling transforma-
tions:

Y1=z1/20, Yy2=22,y3=23. (11
Applying control law (9) and state scaling (11) to system (8), z-
subsystem can be converted into
y1=doy2—doy1, Y2=y3, y3=-w (12)
Furthermore, in order to handle state constraints, inspired by [13],
the following SDF transformations are introduced as:

si=yil@; =y, 6i>0, i=123 (13)
which can dexterously convert the original state-constrained system
(12) into an unconstrained new system, namely,

= pi(dohasy —doy1),  $2=poh3ss,  $3=-uzwy (14)
where hj =067 —y? (2<i<3), ui=(67+yH/©67-yH? (1<i<3).
Please refer to [13] for the properties of transformations in (13).

Let a; and a3 be the virtual controllers in (14). In the sequel, the
standard backstepping design is used to develop controller. The

designed virtual control signals and the necessary inequalities in con-
trol design are summarized in Table 1, where N; >0 (i =2,3), ¢; >0

(i1=1,2,3), ;= %th G G=23), 4 = ga‘u1+%el+g(;‘y1 and
an = ng,u]+gzzp2+6aze1+gg’ez+ga2 a2f+ hz
The entire candidate Lyapunov function can be chosen as
Lo 1, 1, 1
Vi =§el+§e2+2e3 2)(2 X3 (15)
Then, it can be deduced the following result:
3 3 3
Vi<=) =Y Nid+ > B (16)
Jj=1 Jj=2 Jj=2

Proposition 2: If the initial conditions —¢; < y;(0) <d; (1 <i<3)
hold, the following control goals can can be achieved: 1)
—6; <yi(t) < 6; (1 <i<3) for any 7 > 0, 2) all closed-loop signals are
bounded for ¢ > 0.

Proof: The proof of Proposition 2 can refer to the proof of Proposi-
tion 2 in our previous work [12], and hence is omitted here. |
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Table 1. Virtual Control Errors, First-Order Filters, Virtual Controllers,
Actual Controller and Inequalities in Control Design

Virtual control errors

ey =51, e =si—aj, i=23.

First-order filters

Nidiy = -1 /hi—aif, i=2,3

Xi=Qif —j- [hi, i =2,3.

Virtual controllers and actual controller
1

mdy (el

@ = i(—czez — ey} +dny —eypidohy)

@ = —erdgui +pidoyr)
wy = ,%3(0363 — &3y + exhspin).
Inequalities in control design
eypidohoys < dipted + 1he3
ez#zhx)m <ey3+ 133

+X,l, < (— - —)X +l i=23
Th? -4, i=23.

XiXi =

s 1
NiSﬁ

Switching control when zy(0) =

Next, the control design of wy and wy will be discussed in the case
of zp(0) =0 since transformation (11) can not be carried out if
20(0) = 0. When z((0) = 0, the actual control wj is chosen as

w1 = —kozo +wic b(z)—z(z) (17)

where constants kg > 0 and wj. > 0. Considering the same BLF Vj
presented above, one has

Vo < —(ko—1/2)23/ (b3 (18)

where positive constants ko and w1, are chosen to satisfy ko > 3 L and
wie/ V2ko — 1 < 1. According to (18), Vo € L. Meanwhile, it can be
seen that V is negative once |zo(f)| > (wibo)/ V2ko — 1. Hence, as
long as |zg(0)| < by, zo(¢) is bounded, thus, |z(?)| < by for any ¢ > 0.
Under (17), the zp-subsystem is described as

2o = —zoko +wie b(z)—Z(Z). (19)

Therefore, it can be concluded that for any given finite time #; such
that wi(r) >0 (0<t<ty), state zo(t) keeps positive and does not
escape. On time interval [0,77], under wy defined by (17) instead of
(9), we can apply the backstepping to design feedback control
w;(zo,zl,zz,zy which can ensure the desired state constraints. Since
70(tf) # 0, state scaling transformation (11) can be used, therefore,
input wy can be switched into (9) at time ¢ = ¢.

Proposition 3: Consider z = (zg,z1,22,23)—system specified in (8), if
the following switching control scheme is actuated to it in such a way:
1) when zo(0) #0, wi =(9)and wyp = (1/u3)(c3e3 —a3f +exh3uo);
2) when zp(0)=0, wy =(17) > w; = (9=, and wy = wZ(zo,zl,zz,
z3) = wa = (1/u3)(c3e3 — 37 + e2h32) =1, Then, system (8) is bound-
ed while the full-state constraints |zo(?)| < by, |z1(¢)| < 01bg, |z2(0)] <
02, and |z3(?)| < 03 are not violated by choosing appropriate initial
conditions.

The original state constrains analysis and main results.

From state transformations in (8), Propositions 1-3, the following
state constraints can be summarized as:

—z(z))-i—w%c/Z

lzo()] < bo [x2(D)] = |21 + x3x4] < bp(01 +62)

lz1 (D] < 61bg [x3(D)] < 62 20)
lz2()] < 62 lx4()] < b

lz3(0)] < 63 |x6(D)] < 63.

Next, to analyze the constraints on the original system states x(¢),
(1), w(@), u(t), v(t), and r(t), we first select the candidate Lyapunov
function for Zi-subsystem in (6) as V, = (1/2)ﬁ2x% +(1/2)x§. Com-
puting its time derivative results in
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B, B

2=
L

2
= BX5 + Bx4x5x6 +yX5Xg.

: 2
Vy = X1x4 + B X1 x2X6 + Py X1 X3X6

T
(21
Define oy =2min{'%3,ﬁ}/max{ﬁz, 1}and o (¢) = \/E1 [max{l%,Z X

2
max {5 s (0] + BLxa )56 (0)] + Yes D60 Blxa (056D + Y16 (0.
Due to (20), the upper bound of o can be defined as

o) <o = V2 max{[%,Z}max {ﬁ(é:zbo +706203

+B(81 +62)bo3), bod3 + 3. (22)

With inequality |a|+|b| < v2(a% +b?%) (a,b € R) in mind, (21) can
be rewritten as

Vi< -0 Va+ () Va < o1 Va + GV (23)

By defining W= +/V,, from (23) it can be deduced that

W< —‘TT‘W+ %a". Hence, it can be computed that W < W(0) + %
Reviewing the definition of V,, we can claim that

[x1(H)] < By, |x5()| < By (24)

where By = %(W(O) + %) and B = \/E(W(O)+ UL’]) Therefore,
under (20) and state transformation (4), the state constraints on the
original system states x(¢), y(t), w(t), u(t), v(t), and r(f), can be

described as
[x(0)| € /X2 +y? = xcos(w) +ysin(y)

=x; —&"(1 —cos(y)) < |x1] < By

V(O] £ +Jx% +y2 = xcos(y) +ysin(y)

=x1 —&" (1 —cos(y)) < |x1] < By
lw(Ol = |x3] < 62, 1r(®)| = |x6| < 63

()] = |é(xl +xg)l < E(Bo +bo)
a a

V(0| = x5 — "] < xs5| +1€7r| < By +£763. (25)

Therefore, in view of (25), to realize the desired state constraints
XD < ky, YO <ky, O] <ky, O] <ky, VO] <ky, [F(O] <k, the
introduced control parameters bgand d; (1 <i<3) should comply
with the following relationships:

Bo <ky, Bp< ky, 07 < k,/,, g(BO +bg) < ky,

By +&"63 <ky, 03<ky. (26)

Theorem 1: Consider the underactuated surface ship (1), if the sta-
bilization controllers are applied in the following way: 1) when
20(0) #0, wy =(9)and wy = (1/u3)(c3e3 — a3y +exh3uy); 2) when
z0(0)=0, wi=017) > w1 =O)=,and  wy =w;(20,21,22,23) =
wy = (1/u3)(czes —aap +exhaptn)i=,, and the auxiliary control par-
ameters by and ¢; (1 <i<3) are chosen to satisfy the relationship
(26), then the resulting closed-loop system is bounded and the pre-
specified state constraints are not violated.

Simulation results: The simulation ship is the Cybership II in [5].
A difference is that the non-diagonal and nonzero-constant terms in
M and D are replaced with 0.001 and —0.001, respectively. To com-
ply with the relationship (26), the designed the control parameters are
chosen as k=10, ¢; =10, ¢ =10, ¢3=30, 6§, =032, 6 =1,
03 = 0.3, N = 11, and N3 = 10. The desired constraint boundaries are
picked as ky=3.45, ky,=3.45, k,=1, k,=0.39, k,=0.3, and
kr =0.3. In simulation, system initial conditions are configured as
x(0) =2.32 m, y(0) = 1.49 m, w(0) = 0.57 rad, u(0) =0 m/s, v(0) =0
m/s, r(0) =0 rad/s and filter initial states are chosen as a(0) =0
and a37(0) = 0. According to the Fig. 1, all system states are bounded
and quickly converge to zero, and satisfy the given state constraints.
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Fig. 1. The responses of the system states.
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