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Letter

Optimal Formation Control for Second-Order Multi-
Agent Systems With Obstacle Avoidance

Jiaxin Zhang, Wei Liu, and Yongming Li, Senior Member, IEEE

Dear Editor,

The optimal formation control design problem is studied for a class
of second-order multi-agent systems (MASs) with obstacle avoid-
ance. Based on the actor-critic framework, an optimized formation
controller is proposed by constructing a novel performance index
function. Furthermore, the stability of MAS is proved by construct-
ing the Lyapunov function. The simulation results are provided to
depict the effectiveness of the proposed strategies.

The MASs can fully and effectively accomplish some relatively
complicated production and living through mutual coordination, and
cooperation between multiple agents. Compared with a single agent,
multi-agent has many advantages, such as high efficiency, energy
saving, high reliability and easy maintenance. Therefore, MASs have
attracted much attention, and these research results have been widely
used in traffic control, multi-robot cooperative rescue, aerospace, and
other fields [1]—[3]. A series of issues such as consensus control and
formation control have become major research hotspots around
MASs [4]-[6].

In [7], the authors investigated time-varying formation problems
for general linear MASs with switched directional interaction topolo-
gies. The authors in [8] studied distributed time-varying formation
control for heterogeneous MASs under the output regulation frame-
work. In addition, [9] analyzed the effect of distance mismatches on
the standard gradient-based rigid formation control for MASs. Nev-
ertheless, it must be stressed that the above-mentioned methods on
the formation control of MASs did not consider the obstacle avoid-
ance problem.

Designing obstacle avoidance strategies among agents and between
agents and environmental obstacles during formation is a prerequi-
site for safe operation of MASs. In order to solve the above-men-
tioned deficiencies, many meaningful formation control methods
with obstacle avoidance for MASs results have emerged, such as
[10]-[12]. Han et al. [10] investigated the formation control problem
for MASs with obstacle avoidance under a directed interconnection
topology. Subsequently, Ngugen et al. [11] developed an approach to
the formation control and obstacle avoidance of multiple rectangular
agents with limited communication ranges. Reference [12] presented
trajectory control for spacecraft formation flying with obstacle avoid-
ance. Unfortunately, the above results only considered the obstacle
avoidance between formation objects and did not consider optimal
control requirements.

In recent years, the research on the optimal control problem for
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MASs have engineering value [13]-[15]. For this problem, the
authors in [13] designed formation controllers for multiple unmanned
aerial vehicles in an obstacle-laden environment. In [14], addressed
optimal formation control problem for general linear first-order
MASs with collision avoidance. Even though the authors in [15]
investigated the problem of adaptive optimized formation control for
a class of second-order MASs, it ignored the need for obstacle avoid-
ance.

To our best knowledge, to date, there is no research on the second-
order MASs adaptive leader-following problem in optimal formation
control with obstacle avoidance. Motivated by above analysis, this
letter first designs an adaptive optimal formation controller for a
class of second-order systems. Besides, the proposed control scheme
can also guarantee that all agents are able to achieve obstacle avoid-
ance while in formation control.

The remainder of this letter is organized as follows. Firstly, the
basic concept and problem statement are given. Secondly, the opti-
mal formation control design and stability analysis are given. Then,
simulations illustrating the effectiveness of the developed control
method. Finally, the conclusion is given.

Basic concept:

Lemma 1 [10]: If L=[l;]€eR¥N, where [;;=1;<0and

li = —Z?/: \ lij as an irreducible matrix, then all the eigenvalues of
h+by Iin
L= are positive, where by,...,by are
In INN +by

nonnegative constants satisfied by +---+ by > 0.

Lemma 2 [16]: The undirected graph G is connected if and only if
its Laplacian matrix is irreducible.

Lemma 3 (Young’s inequality): For any vectors a,b € R", the fol-
lowing Young’s inequality holds: a”b < n?/ p)llallP + (1/ gn?)|b||
where p>0,p>1,g>1land (p—-1)(g—1)=1.

Problem statement: The second-order MAS is considered in the
following:

{).Cl(t)_y’(”’ i=l....n ()
yi(®) = u(1),
where x; and y; represent position states and velocity states, respec-
tively. u; represents the system control input.
The leader’s reference trajectory is defined as follow:

{?.Co(t) - yo(t) )
yo(r) = zo(1)

where xo(f) and yo(f) represent reference trajectories, and zo(?) as
smooth vector-valued function.

In this letter, the authors will study the optimal formation control
problem for second-order MASs with obstacle avoidance, all follow-
ers follow the leader’s reference trajectory to form a formation. At
the same time, the control system can achieve obstacle avoidance
while completing optimal formation task.

Optimal formation control design and stability analysis: Define
a coordinate transformation of the following form:

exi = Xi — X0 =i, _
fe 5 =1 3)
where 7; as a constant matrix.
Then, we can obtain that

; ey(1)
e(t) = Y 4
@ [ u—-z0H 1y )
where e(t) = [ef,eyT]T with e, = [ezl,...,ezn]T and e, = [ez-],...,

eVTn]T, u= [ulT, .. .,uZ]T, ® represents Kronecker product. To achieve
the formation for MASs with zero steady-state tracking errors, i.e.,
limtg)oo €y = llmtﬁoo €y = 0.

For agent i and obstacle k, define z;(f) = x; —ox, k = 1,...,q as rela-
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tive position variate. A repulsive potential function ®(|lzix(1I]) is a
nonnegative and differentiable function satisfying: When ||z;|| < di,
the valid repulsion potential is triggered, and when ||zj|| — di,
D (llzikl) = +oco, where dj and dj, are distance threshold and mini-
mal separation distance respecti%ly, and dj > di. When |jzi]l > di,
O (||zir (D|]) is weakened. The repulsive force q/ikﬁ) is generated from
the negative gradient of D[z (DI as yy(1) = =V, Or(llzicl).

Further, the formation errors of the position and velocity are
defined as follows:

Xai(0) = ) a0 =mi=x;+ 1) + bi(xi = 0~ 1) (5)
JEN;

Xyi(t) = Z a;ij(vi—y;) +bi(yi—yo) (6)
JEN;

where N; represents neighbor label set of agents. Next, the derivative
of (5) and (6) with respect to time yields

Xai(®) = ciyi=biyo®) = ) aijy; ™
JEN;

Xyi(t) = ciuj = bizo(t) — Z ajuj (®)
JEN;

where ¢; = 3 jey; aij+bi. In order to achieve the control objective,
define the optimal performance index for overall multi-agent is con-
structed by

Ji= min

weP(Q)
=L riQxis Xyis U; > U3)dT ©)
where Q is a compact set containing origin, the cost function

7i (Y xis Xyis Uis Uj) = sz)(xl +)( Xyi +uiTu,~ + 2 jeN; uruj. Further, in acc-
ordance with the error dynamlc equation (5) and (6), the following
differential form can be obtained:

f rl(sz’XysttsM])dT

dJt Jr
_t = L . ._b. 1) — JRYIN
i Ay [Czyl iyo(?) JZN: au)’]]
d]*
+ _d ciuj —bizp(t) — Z ajjuj|. (10)
Ayi JeNi

To achieve optimal control, we define the Hamilton-Jacobi-Bell-
man equation as follow:
de‘ dJ*
H[(Xxiv\/yi, i j d_ _) ”th||2 H/\/yt” +”u || +

)

dJ’
+_l Ci ._bA 0— aiyi
dXxi[ iYi —0iy jgN’, ij)
E a,-juj]

JEN;
=0. Y]
By solving for (9H,-()(xi,,\(y,-,u* u*. de‘/d,\,/xi, Jf‘/de,')/au’f =0, the
optimal controller u} = —7d— In addition, to achieve optimal con-
trol, consider defining dJ; I /dyxyi as follow:

d]*
del

+ d‘,;()(xiy)(yi)

dei [ iU i20

P [Z.Blkll/lk(zzk) + NxiX xi T NyiXyi T J (tha/\,/yl)] (12)
A

where J? =-Y1_ Biwu(zix) = naixxi — Myixyi + (ci/2) (T [dyyi (),
N;i® ={jlcondition (1)}, Bix >0, 1y >2, ny; >3/2 are design con-
stants.

The optimal controller can be generated as

q
- (Zﬁikvlik(Zik) + X xi + yiXyi + I} (Xxthi)] . (13)

k=1
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Note that J? in (13) are unknown but continuous function, thus,
neural networks are employed to approximate them in the sense that
J? = 97T ) @i (XX,-, Xy,-) +&; (Xxia )(yi), where 67 (7) as the ideal weights,
i (X xis Xyi) as the radial basis functions, &; (Xxis Xyi) as the approxi-
mation error which satisfies ||g;]| <§; with the unknown constant
0; > 0.

In order to estimate the unknown term 9* (1) in optimal controller
(13), the estimated variable ; is 1ntr0duced then (12) is given as

dJ, (th,/\/yt) 2

14
o (14)

Zﬁlszk(zlk) + NxiX xityiXyi T 06,901

Similarly, we use 04 = dlag[ i ls -
troller is constructed as

. Ga,;m] to estimate 6. The con-

q
uj=— Zﬁik‘/’ik(zik) — i xi = TyiXyi — OLs6pi. (15)
=

To achieve the control objective, the adaptive laws are designed as

0ei (1) = ~peisei (YoxioXyi ) 1 Oei (1) (16)
éai ®= —Qi (Xxi,/\/yi)()a;r [ ai (9ai - éci) +/~lciéci] (17)
where (. >0, (g >0 are designed parameters and satisfy

Hci > Haif/2 > 1.

Define the Hamiltonian’s approximation error as E =H; i xisXyis
u,,u.,,dJ Jdx xi,dJ; /dxyi). According to the above analysis, the opti-
mized solution u; is expected to satisfy E — 0. Since equation
H;=0 is satisfied, then 9H;/00,; =0. Then, define D = Tr{[f,—
01 [0ai — 01} > 0, D() =0 is equivalent to above equation. Since
D (1) /804 (1) = 2(0,4i(1) — 0.i(1)), one has D(7) < 0. In summary, it can
be seen that NN update laws (16) and (17) designed can make it hold,
so that the approximate HJB equation converges to zero.

Choose the following Lyapunov function:

. NTITF T
ot [ L

L
1 n
+§;Tr {00} + (18)

Z Tr {07 8ai)

where e = [e],....el ", L = L+ B, Bai = 00i = 6}, 0ci = Dei — 6.
Calculating the time derivative of V (r) and according to Young’s
inequality, (18) can be given as

n n n
. 1
Vi< - Z MiX iXoxi = Z MyidyiXyi + 3 Z elieyi
i=1 i=1 i=1
n 3 & n
T T T T
- Z (Xxi +Xyi)‘{l + D) ZXxiXxi + ZXinyi
i=1 i=1 i=1

n n
+ Z Tr 0 ‘p,goTHT Z Tr{éziﬂci‘)oi@féci}

i=1

n
- Z Tr{é;j‘pi‘pir [ ai (éai -

éci)"’/-tciéci]} (19)
i=1
- - q
where y = Ley, yy = Leyand zo = 0. ¥ = kzlﬁikz//ik(zik).
Define M as the minimal eigenvalue of
(-2 L"L 0 N .
h 1
[ 0 ( _3 /2) 52 b and Ay, as the maxima
eigenvalue of ( +ny’)L L L , AMN s the minimal eigen-
T : Y /lgin
value  of ¢ (sz, )(yt) ; (Xxi, Xyi), yields V< — X

max

cLcl

(77 +n;)L L L hy T 5T h;
e ([ xi L)l i ® I, e—z:': Tr{e 9} l'f:lfx

Tr{é;éai}+zy:15||\1’||2 where 7 = minj_ {ﬂc,»a;ni“}, =2/
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2maxi=1,. {2k Ba)-

After several simple manipulations, the inequality can be rewritten
as V() <—AV(O)+EYTY, where 4= min{A¥, /AN, 5i/2,0;/2). IF
w;(t) =0, the inequality can be rewritten as V(f) < —AV(¢). In line
with the above analysis, it is clear that V' is bounded. By Barbalat’s
Lemma, V can converge to zero as t — oo and it is uniformly contin-
uous. In addition, V (¢) is unbounded only if y; is unbounded. How-
ever, we have analyzed the boundedness of Zzzlﬁkl//ik(zik)’ there-
fore, y; becomes unbounded cannot occur.

Simulation: In this section, the authors will verify the effective-
ness for proposed leader-following optimal formation control algo-
rithm through numerical simulations.

The simulation results are displayed in Figs. 1 and 2. The refer-
ence trajectory and the four agents’ trajectories without obstacle
avoidance are plotted in Fig. 1. It is obvious that formation control
has been realized but this control scheme cannot achieve formation
obstacle avoidance. Fig. 2 shows the trajectories of reference trajec-
tory and agents with obstacle avoidance. Compared with Fig. 1,
Fig. 2 shows that the control method realizes obstacle avoidance in
formation process. Clearly, all tracking errors in the system are
bounded and the optimal formation control with obstacle avoidance
is achieved.

30 Agent 1
gen
. 3(5) — Agent 2
\:’-; Agent 3
=) 15 Agent 4
= 10 Reference
5
0
1510 200
T 05T 50 0 T

Fig. 1. Trajectories of the leader and agents without obstacle avoidance.
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Time (s)

200

Fig. 2. Trajectories of the leader and agents with obstacle avoidance.

From these simulation results, it can be determined that required
formation pattern, obstacle avoidance among the followers can be
ensured to accomplish desired control objectives.

Conclusion: This letter has explored the adaptive optimal forma-
tion control design problem for a class of second-order MASs with
obstacle avoidance. By using the Lyapunov function, it has been
proved that the control systems are stable. The simulation results
have been given to illustrate the effectiveness of the proposed con-
trol methods. In the future, we will study the connectivity mainte-
nance problem under the premise of obstacle avoidance.
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