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Letter

Adaptive Consensus of Uncertain Multi-Agent Systems
With Unified Prescribed Performance

Kun Li ™, Kai Zhao *, and Yongduan Song ', Fellow, [EEE

Dear Editor,

An adaptive consensus control algorithm for uncertain multi-agent
systems (MAS), capable of guaranteeing unified prescribed perfor-
mance, is presented in this letter. Unlike many existing prescribed
performance related works, the developed control exhibits some fea-
tures. Firstly, a distributed prescribed time observer is introduced so
that not only each follower is able to estimate the leader’s signal
within a predetermined time, but also the control design for each
agent is independent with its neighbors, making the original coupled
relationship between agents removed. Secondly, by constructing
some nonlinear transformations and parameter-oriented asymmetric
barrier function, the problem of ensuring different kinds of pre-
scribed performance behaviors can be converted into the selection of
design parameters, making the control redesign not needed and dif-
ferent mission requirements satisfied under a fixed control frame-
work. According to the Lyapunov method, it is shown that not only
the closed-loop signals are bounded, but also the consensus errors
can be evolved within the prescribed boundaries. Simulations are
provided to verify the effectiveness of the proposed approach.

Distributed control of multi-agent systems has been a hot research
topic at the forefront of the control community in recent decades,
with related studies spanning various interdisciplinary areas such as
consensus [1], [2], distributed optimization [3], formation control [4],
and evolutionary games [5]. Among them, consensus, whose aim is
to achieve state agreement by using local information, is always a
fundamental research topic in control theory and applications [6]-[8].
The existing works can be mainly divided into two categories,
namely leader-following consensus control and leaderless consensus
control, depending on the presence or absence of a (virtual) leader. In
particular, the leader-following consensus control is widely studied
due to its simplicity and high scalability [9].

Guaranteeing the predefined transient and steady-state specifica-
tions is crucial for the distributed consensus control of leader-follow-
ing MAS. In this context, prescribed performance control (PPC)
offers a straightforward and constructive methodology, in which the
transient behavior of the closed-loop system is predetermined
through user-defined performance constraints [10]. Subsequently,
PPC has been utilized for the consensus problem of MAS [11], [12].
Unfortunately, for the most existing PPC-based results, an implicit
condition on the initial tracking error must be satisfied, i.c., there
exists a hard constraint on the initial error. Consequently, the users
have to re-select the initial value of performance boundary and then
judge the constraining condition when the system is interrupted or
restarted, resulting in the controller implementation more complex
and less friendly. Inspired by our previous work in [13], Li et al. [14]
achieved global consensus tracking for parametric MAS so that the
requirement on initial conditions is removed. Nevertheless, the con-
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trol strategy in [14] only ensures the global performance and other
different task-specific performance constraints in real applications
are not involved. If the users would like to guarantee other different
performance behaviors, one has to redesign controller and reanalyze
the stability of the closed-loop system, resulting in the control imple-
mentation more complex and less friendly.

Motivated by the above observations, in this letter, an adaptive uni-
fied consensus performance control scheme is proposed for a class of
uncertain nonlinear MAS. Different from the normally considered
finite-time observer, by utilizing the prescribed time observer bor-
rowed from [15], each follower employs the output of the observer
(rather than the leader signal) as their local reference signal, ele-
gantly circumventing the difficulties associated with the signal cou-
pling in control design and stability analysis. Furthermore, by con-
structing some novel nonlinear transformations, the problem of guar-
anteeing different consensus error performance constraints in a uni-
fied manner can be converted into the selection of design parameters,
making the control redesign and stability reanalysis not required.

Preliminary and problem formulation: Consider a MAS that is
composed of N+ 1 agents with N follower agents and one leader
agent, where N > 1. The set of followers and leaders are represented
by Vy={1,...,N} and V;={0}, respectively. The communication
topology among the followers and the leader is described by a
directed graph G = (V, &), where V =V +V, is the set of vertices
representing N+ 1 agents, and EC VXYV denotes the edge set.
Ni ={j e V|(j,i) € & stands for the set of the neighbors of agent i, in
other words, agent 7 can receive information from agent j. A = [a;;] €
RW+Dx(N+D) s the adjacency matrix, where (j,i) € & & a;; > 0, oth-
erwise, a;j = 0. The degree matrix D is defined by D = diag{D;} €
RWNV+DXN+D with D; =3 jen, aij, and L=D—A represents the
Laplacian matrix of G.

For agent i € Vy, the nonlinear dynamic is indicated as

X = ui + fi(pi> xi) ey
where x; e R™ is the state; u; € R™ is the control input; p; e R"
denotes an unknown parameter vector, and f; € R™ represents the
system uncertainty including modeling error and external distur-
bance, which is not necessarily identical.

The dynamics of the leader is given as Xy = fy(xg) with xg € R™
being the bounded system state and fy(xg) € R™ being bounded and
piecewise continuous w.r.t. . For convenience, here we take m = 1.

Our goal in this letter is to develop a distributed robust adaptive
controller for system (1) so that:

O : All signals in the closed loop systems are bounded; and

O, : Different kinds of prescribed consensus tracking error perfor-
mance can be guaranteed in a unified control framework without
control redesign.

To this end, the following assumptions are imposed.

Assumption 1: The topology among the followers and the leader
contains a directed spanning tree, where the leader acts as the root.

Assumption 2: For the uncertain function f;(p;,x;), there exist an
unknown constant 8; > 0 and a known smooth function ¢;(x;) >0 so
that || fi(pi, x)ll < 0;¢i(x;). If x; is bounded, so are ¢; and f;.

Main results:

Distributed prescribed-time observer: Since only a subset of the
follower agents is able to receive information from the leader, a dis-
tributed prescribed time observer is required to estimate the leader
state xg in finite time. Inspired by [15], our observer design evolves a

% for 7 € [0,T), and p(f) =
1 fort e [T,00), where h > 1, and T > 0 denotes the prescribed con-
vergence time of observer. Let %; be the observation value of xg
given by agent i, the distributed prescribed-time observer is designed

as

time-dependent scaling function: p(¢) =
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for i € V¢, where Xy = xo, and y > 0 is a user-chosen parameter. The
observation error is denoted by %; = &; —xp. Note that ZN_ *01 a;j#0
under Assumption 1, then (2) is well-defined.

Lemma 1 [15]: If Assumption 1 holds, the distributed observer (2)
can estimate the leader’s state and at the same time the estimation
deviation §; for i € V, converges to 0 within a prescribed time 7.
Prescribed performance function: For the ith follower, define the
consensus tracking error as ¢;(f) = x;(t) — Xi(¢). To guarantee the con-
sensus error performance constraint, inspired by our previous work
[13], [16] the performance function is constructed as

w81 = — PO

Ji-go

where 7; > 0, and B;(r) denotes the rate function: B;(¢) = (Bjo —Bif)¥
exp(—ot) +Bif, with 0<Bir<Bip <1, and o;>0. In addition,
according to (3) and the definition of B;(¢), it is not difficult to prove
that ; is strictly monotonic increasing w.r.t. 3;.

Upon utilizing the performance function (3), the objective O, in
terms of consensus error ¢;(f) can be stated mathematically as

Wi(=0,8i(1) < ei(t) < ¥i(0;Bi(1)), i€ Vs Q)
Tig,-ﬁ,- _Tiéiﬂi

\J1-(©8)? ’ V1= (382 ©)

where 0 < 9;, 8; < 1 are user-chosen parameters.

Here, it is shown from (4) and (5) that, by choosing different
design parameters Bjo, ¢;, and ¢;, different performance behaviors
can be ensured in a unified framework.

Case 1: If 5;, 9;, and Bjo are chosen as Si =9, =pBio =1, it is seen
from (5) that ¥;(5;8j9) = o and Wi(=0;8i0) = —oo, which implies that
there are no upper/lower constraints on initial error and the corre-
sponding control is a global result;

Case 2: If 6; =By =1 and 0<d; <1, one has ¥;(=0,8i0) = —¢; <
0, and ¥;(8;8j9) = o with € bemg a posmve and bounded constant,
then there is a lower constramt and no upper constraint on initial
data, which belongs to an asymmetric result and is applicable to any
scenario with sign(e;(0)) = 1;

Case 3:If 9, =Bjp=1and 0 < 8i <1, one has ¥;(6;8i0) =€ > 0 and
Wi(=9,8i0) = —oo, with €; being a positive and bounded constant, then
there is an upper constraint and no lower constraint on initial data,
which is also an asymmetric result and is applicable to any case with
sign(ei(0)) = —1;

Case 4: If 0<6;Bip<1 and 0< 9,Bip <1, the initial error is
required to satisfy Wi(—0,8i0) = —¢; < €;(0) < ¥;(5;Bi0) = & > 0, then
there exist lower/upper constraints on initial error simultaneously,
which is a semi-global yet asymmetric result.

The developed control offers a novel systematic framework for
MAS to achieve uniform global and asymmetric semi-global pre-
scribed tracking performance. To accomplish the prescribed perfor-
mance control objective for uncertain MAS, we employ a nonlinear
mapping M : (—éi,(_Si) — (—00,00) with M(0) =0,

i€V 3)

Y08 = Yi(=6;8) =

sl = MGy = — S0
(0; + &0 = &)
PV
i\l) = i\l) = 6
G0 g i) ©6)

,/el.z(t)+7i2

with ¢; denoting the modulated error and 7; being the normalized
error. Moreover, the following property can be easily derived from
the aforementioned transformation.

Property 1: If £;(0) satisfies —9; < £;(0) < 6; and &;(7) is t_)ounded for
¥t >0, then there exist some constraints §,; and &y; so that
—=0; <—=0; < &i(H) <61; <6;.
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Controller design: The time derivative of ¢; as defined in (6) is

&= %gl)% =#i[/;—'iéi—g—éni)=giéi+di (M
5.0+ 2 i Bi
whero ;= (§f+2)2(é—4)2’ = eiz+r,2’(e,2+rl?) Hﬁ ‘r and d; = - ﬁlj i
are available for control design.
The derivative of quadratic function V(1) = 5 Zl L& ylelds
N
V= Z |i (0iui = %) + si0i fi(xi) + £idd]. ®)

i=1

By using Young’s inequality, together with Assumption 2, one has
1
&i0ifi(xi) < 928 5 0; ¢ + —, gid; < 8izdl-2 + T
Therefore, the term g;o; fi(x;) + s,-di can be upper bounded by

1
&:10ifi(xi) + £id; < biel i + 3

with b; = max{é)iz, 1} > 0 being an unknown parameter, and ¢; = Qiz¢i2+
dl.2 > 0 denoting a computational function. Then (8) becomes
. 1
Vi< IZ; Ei (Q,'(u,' - )AC,)) + bié‘l-ztpi + 5 . )
Designing the distributed adaptive controller as
1 .
U= - E(Ci +bipei + i (102)
l
bi= &ielpi—kibi, 5i(0)>0 (10b)

where ¢; >0, & >0, and k; >0, b; is the parameter estimate of b;,
and b;(0) is the initial value of parameter estimate. Furthermore, it is
shown that b;(r) > 0 holds for all 7 > 0, with the conditions 5;(0) > 0
and ‘figizéoi >0.

Theorem 1: Under Assumptions 1 and 2, applying the distributed
control law (10) to the uncertain MAS (1) achieves objectives
01-0,.

Proof: Substituting the controller (1 0) into s,-gi(ui — %), we have

81Ql(ul_xl) = _Cl bl‘Pt (11)

Constructing the Lyapunov function candidate as V(1) = Vi(r)+

Zl b b2 where b; = b; — b; is the estimate error. With the aid of (9)
and (11), the derivative of V(¢) is

V<Z

i=1
Substituting the adaptive law as given in (10) into (12), one has

1
A

(12)

1 Y
—cls +b,£ (p,+§—f—bb]

(13)

ki~ »
—cisiz + é?l.bibi +
St

1
As ]i‘:f?il;,- = ]ifi),v(bi—1~9~) < zi(b2 bz), then (13) can be rewritten

N
. ki
V< —m——bz e P A ¢ 14
; i =55t gl Ty 1V+T, (14)
where ') = min{2¢;, k1., 2en,kn} > 0, T2 = XY (3557 +3) > 0.

According to (14), V € L, thus & € L, and b; € Loo, which fur-
ther indicates that b; € Leo. According to the Property 1, if -9, <
Li(0) <8y, —1<-6,<-8,;,<Li()<8;<6; <1 holds for Vr>0.
Since {; = Z‘ and 0 < @iy < /3,(1) < Bio < 1, there exist some constants
n, and 7; such that —1< -, <1< ni(t) <7y; <7; < 1. Further-
more, ¢; € Le. This implies that X, f (xi), ¢i, and ¢; are bounded as
well. From (10), it can be observed that u; and b; are also bounded.
Based on the above analysis, as €;(f) is bounded, then ¢;(¢) is guaran-
teed to stay within the prescribed performance region, which implies
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that (4) is satisfied. |

Numerical example: Consider a group of 4 follower agents and
one leader agent, where f; = pilxl.z +sin(pp x;) with p; = [pj1 ,p,-z]T =
[2,0.317 for i=1,2,3, fa = parxs4 sin(X4)+exp(p42x§) with pyg =
[pa1, pa2]T =13,-117, and ig=—1/4cos(t/2) with x¢(0)=1. The
topology among the agents is given in Fig. 1(a), which satisfies
Assumption 1. We select 7=2, h=3, y=0.3, 5i(0)=0, and
[£1(0), £2(0), £3(0), £4(0)]7 =1[0.6,1.2,0.8,1.4]7. The design parame-
ters are ¢; =5, ki = 1, & = 0.001, and 7; = 1. To facilitate the descrip-
tion in simulation, we choose the identical performance function ¥;
for each agent, i.e., ¥i(6;8;)) = ¥(6B) with B(r) = (Bo — B) exp(-21)+
By Witth =0.1

3 4
Time (s)

Time (s)

(a) (®) ©

Fig. 1. The communication topology and trajectories of X;, xo, and u;. (a) The
interactions among the agents; (b) The responses of %; and xp; (c) Evolutions
of control inputs u;.

Firstly, we verify that the algorithm can achieve global perfor-
mance (i.e., Case 1). Choose § =6 =y = 1, thus ¥(-Bp) = —o0 and
W(6By) = +co. The initial states of the 4 followers are given as
x(0) = [x1(0), x2(0), x3(0), x4(0)]T =[1.2,-0.2,1,1.3]7. The trajecto-
ries of observers and control inputs are plotted in Figs. 1(b) and
1(c), from which it is seen that the state estimates and control inputs
remain bounded for all time. Meanwhile, the trajectories of consen-
sus errors are plotted in Fig. 2(a), which shows that the errors are
always within the pregiven regions, regardless of the initial tracking
errors of each agent. Furthermore, in order to show that the devel-
oped algorithm can also achieve other performance behavior with
identical control in Case 1, we consider here Cases 2 and 3 with
respect to the asymmetric prescribed tracking performance. The ini-
tial states of the 4 followers are given as x(0) = [0.8,1.3,2, 1.§]T and
x(0) =[0.2,1,-0.5,0.8]". Choose 6=08, 6=8y=1 and 6=0.8,
0 =po =1 respectively. Figs. 2(b) and 2(c) illustrate the tracking
error responses, which indicates that the tracking errors are always
within the predetermined regions.
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Fig. 2. Prescribed behavior of tracking errors e; in different cases. (a) The
evolutions of ¢; in Case 1; (b) The evolutions of ¢; in Case 2; (c) The evolu-
tions of ¢; in Case 3.

Conclusion: This letter has investigated the unified performance
consensus tracking problem of uncertain MAS. The advantage of this
work lies in its ability to fulfill diverse task-specific performance
requirements only by selecting design parameters, making the con-
trol redesign and stability reanalysis not required.

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 11, NO. 5, MAY 2024

Acknowledgments: This work was supported in part by the
National Key Research and Development Program of China
(2022YFB4701400/4701401), the National Natural Science Founda-
tion of China (61991400, 61991403, 62250710167, 61860206008,
61933012, 62273064), the Chongging Outstanding Young Talents
Support Program (cstc2024ycjh-bgzxm0085), and CAAI-Huawei
MindSpore Open Fund.

References

[1] R. Olfati-Saber and R. M. Murray, “Consensus problems in networks of
agents with switching topology and time-delays,” IEEE Trans. Automa.
Control, vol.49, 0.9, pp. 1520-1533, 2004.

[2] B. Ning, Q.-L. Han, and X. Ge, “Practical bipartite consensus for multi-
agent systems: A barrier function-based adaptive sliding-mode control
approach,” J. Autom. and Intelligence, vol.2, no. 1, pp. 14-19, 2023.

[3] A. Nedi¢ and J. Liu, “Distributed optimization for control,” Annual
Review of Control, Robotics, Autonomous Systems, vol. 1, pp.77-103,
2018.

[4] Z. Lin, L. Wang, Z. Chen, M. Fu, and Z. Han, “Necessary and sufficient
graphical conditions for affine formation control,” /IEEE Trans. Autom.
Control, vol.61, no. 10, pp.2877-2891, 2015.

[5] A. Li, S. P. Cornelius, Y.-Y. Liu, L. Wang, and A.-L. Barabasi, “The
fundamental advantages of temporal networks,” Science, vol.358,
no. 6366, pp. 10421046, 2017.

M. Ye, D. Li, Q.-L. Han, and L. Ding, “Distributed Nash equilibrium
seeking for general networked games with bounded disturbances,”
IEEE/CAA J. Autom. Sinica, vol.99, pp. 1-12, 2022.

[7]1 S. Xiao, X. Ge, Q.-L. Han, and Y. Zhang, “Secure distributed adaptive
platooning control of automated vehicles over vehicular ad-hoc
networks under denial-of-service attacks,” IEEE Trans. Cyber., vol.52,
no. 11, pp. 12003-12015, 2021.

[8] S. Xiao, X. Ge, Q.-L. Han, and Y. Zhang, “Secure and collision-free
multi-platoon control of automated vehicles under data falsification
attacks,” Automatica, vol. 145, p. 110531, 2022.

[9] B. Ning, Q.-L. Han, Z. Zuo, L. Ding, Q. Lu, and X. Ge, “Fixed-time and
prescribed-time consensus control of multiagent systems and its
applications: A survey of recent trends and methodologies,” IEEE
Trans. Industrial Informatics, vol. 19, no.2, pp. 1121-1135, 2022.

[10] C. P. Bechlioulis and G. A. Rovithakis, “Robust adaptive control of
feedback linearizable mimo nonlinear systems with prescribed
performance,” IEEE Trans. Autom. Control, vol.53, no.9, pp.2090—
2099, 2008.

[11] Y. Liu and G.-H. Yang, “Prescribed performance-based consensus of
nonlinear multiagent systems with unknown control directions and
switching networks,” IEEE Trans. Systems, Man, and Cyber.. Systems,
vol.50, no.2, pp.609-616, 2017.

[12] F. Chen and D. V. Dimarogonas, “Consensus control for leader-
follower multi-agent systems under prescribed performance guaran-
tees,” in Proc. IEEE 58th Conf. Decision and Control, 2019, pp.
4785-4790.

[13] K. Zhao, Y. Song, C. P. Chen, and L. Chen, “Adaptive asymptotic
tracking with global performance for nonlinear systems with unknown
control directions,” IEEE Trans. Autom. Control, vol.67, no.3,
pp- 1566-1573, 2021.

[14] Z. Li, Y. Wang, Y. Song, and W. Ao, “Global consensus tracking
control for high-order nonlinear multiagent systems with prescribed
performance,” IEEE Trans. Cyber., vol.53, no. 10, pp.6529-6537, Oct.
2023.

[15] Y. Wang and Y. Song, “Leader-following control of high-order multi-
agent systems under directed graphs: Pre-specified finite time
approach,” Automatica, vol. 87, pp. 113-120, 2018.

[16] K. Zhao, F. L. Lewis, and L. Zhao, “Unifying performance
specifications in tracking control of MIMO nonlinear systems with
actuation faults,” Automatica, vol. 155, p. 111102, 2023.

—
(=)
[}



