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Robust Distributed Model Predictive Control for
Formation Tracking of Nonholonomic Vehicles

Zhigang Luo *, Bing Zhu ™, Jianying Zheng ', and

Zewei Zheng

Dear Editor,

This letter proposes a robust distributed model predictive control
(MPC) strategy for formation tracking of a group of wheeled vehi-
cles subject to constraints and disturbances. Formation control has
attracted significant interest because of its applications in searching
and exploration [1], [2]. The objective of formation tracking is to
achieve the reference formation via interactions among agents. In
formation tracking, MPC can be applied to treat constrains. In [3], by
sharing predictive information with neighbors, each agent uses dis-
tributed MPC strategy to generate the desired trajectory without any
collision. Based on the leader-follower structure, a distributed MPC
is proposed in [4] to mitigate effects caused by replay attacks. In [5],
distributed MPC is applied to optimize energy scheduling.

Nonholonomic systems refer to those with non-integrable con-
straints [6]. For wheeled vehicles, side-slip is un-permitted, and this
constraint is non-integrable. Besides, control constraints and external
disturbance are suggested to be considered in kinematics of non-
holonomic systems. A disturbance observer-based MPC strategy is
designed in [7] to estimate unknown disturbances. A velocity inte-
gral controller incorporated in MPC is proposed in [8] to guarantee
the formation control. Two robust MPC strategies are proposed in [9]
for a unicycle robot to track its reference trajectory, where the forma-
tion with communications is not considered.

Inspired by [9], a robust distributed MPC for formation tracking of
the non-holonomic multi-vehicle systems is proposed in this letter.
Subject to the input constraint and external bounded disturbances,
each vehicle tracks a virtual time-varying trajectory generated by the
virtual structure approach, and exchanges information to achieve the
formation. Main contributions include: 1) A modified robust con-
straint is designed to guarantee feasibility in case of bounded distur-
bances, and a novel positive invariant terminal set and auxiliary con-
trol are designed for individual vehicles to guarantee stability; 2)
Coupling costs in individual optimizations are proposed for forma-
tion tracking.

Problem statement: Consider multi-vehicle systems

2i(1) = [vi() cos 0;(1), vi(D) sin (1), wi()]T + [n] (1),01” )

where z;(r) £ [pi()7T, ;)17 and u;(t) £ [vi(), wi()]T denote the state
and control of individual vehicles; p;(r) £ [xi(), yi(l)]T represents the
position of each vehicle in the inertial frame; v;(f) and w;(f) denote
the linear and angular velocities, respectively; 6;(¢) denotes the orien-
tation of each vehicle.

Since the disturbance is mainly induced by side-slip, position dis-
turbance is considered and the angular velocity disturbance is
neglected in this paper. n;(t) = [nxi(t),ny,-(z)]T is the external distur-
bance and it is bounded by ||n;(#)|| < . The control input constraint
satisfies u;(f) € U; = {u;i(O||[vi(D)] < vmax, |wi(®)| £ Wmax}, Where vmax
and wmay are limits of linear and angular speed, respectively.

A virtual leader is introduced to facilitate the formation tracking.
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Its dynamics can be described by
(1) 2 [cos 0,(1), 0;8in0,(¢), 0; 0, 11[v,(1); wr(0)]
where z,(f) = [pr(t)T,é)r(t)]T denotes its state; the leader position
pr(®) = [x:();y-(D)]; the leader input u,(¢) = [v,(1);w,()] is designed
in prior and known to all followers. Each follower can transmit pre-
dictive trajectories with its neighbors bilaterally and the communica-
tion topology structure is fully connected.
For each follower vehicle, its head state is defined by:

2i(t) = [ 00 (01" = 2i(2) + [[cos 0;(1); sin 6;(1); 0]
where ppi(f) = [xi(2); yi(f)] denotes the head position, and [ is the
distance from the center to the head. For the virtual leader and the
followers, Frenet-Serret frames "O and 'O can be constructed, as
shown in Fig. 1. For each vehicle, there is a virtual structure point
pai = [xai,yai]" in 7O fixed on the leader. The objective is to drive
the head of each vehicle Py; to the desired virtual structure point py;.

y

o x
Fig. 1. Configuration of the virtual leader and followers.

Main result: For each follower, the tracking error pe; = [x,;, yg,-]T
is defined by deviation between py,;(f) and pg; in 'O:

Pei =S O)(pr = pri) + 5" Oei)pai )
where
N _ | cosf; siné; LA Q.
S(6:) = [— sinéi cos@li]’ Oei = 0r = 0;.
The tracking error dynamics is
. 0 w;(t
pei(h = [ oy D ]pei(t) fug@ @ )
where
Hoi(f) = =vi(0) + (v = yadiwr) €08 Bei(t) — Xgicr SINO,i (1)
“ =lwi(t) + (v = ygiwy) sin6i(t) + xgijwy cosGei(t) |

In case of disturbance, the nominal system is added to facilitate the
distributed MPC design. The superscript “=” is used to denote the
nominal term, and nominal error dynamics can be obtained by

2 ~ ~ 0 (I)(t) ~ ~
Dei(t) = f(Peislhei) = [ —ai(D) 10 ]pei(t) + itei () )
where p,;(t) is the error; ii,;(f) is the virtual nominal error input.

Assumption 1: The nominal tracking error system (4) for each vehi-
cle is Lipschitz in pei, ie., Ilf(Byed) = f(Poniiedl < allpy; = Pl
where a is the Lipschitz constant.

For each vehicle, the cost function to be minimized is formula-

ted by Ji(Peilt). fei(t)) = [ Liper(rl). Bei( 7110} + il peiie+
T|tr)) with terminal cost g;(Pei(tx +T|t)) = %||[~)e,'(lk+T|tk)||2. T is
the control horizon, and the stage cost is L;(Pei( Tltx), tlei( Tl2x)) =
1Bei(T1 8l + aei (18I + X e, 11 (FlIIF;, where Q = diag(qr,
q2), P=diag(p1,p2), and H = diag(h;,hy). The formation error co-
st is constructed by |;(tlollZ, = 1Pei(Tlite) — pej(Tltll7,. where
Dej(Tlt;) denotes the assumed position error trajectory of vehicle .

Definition 1: The terminal set Q; is a region where an auxiliary ter-
minal controller i;(7) = ki(P.i(7)) exists such that, for any p,;(r) € Q;,
it satisfies p,;(7) € Q; and ii;(7) € U; for 7 > ¢.

Lemma 1: For tracking dynamics (4), let A =[1,0; —2yd,»,x(2ﬁ + yﬁi],
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and ui(t) = ki(Pei(tlty)) = [k1Xei + (Vr = Yaiwr) €O Oej — Xgiwy $in O
(ka¥ei + (vy — ygiwy) $iN O, — Xg;wy c0s O,;) /1], with ki,ky > 0. Then the
terminal region is given by

Qi = {(Xei» Yei) lamin < Xei < amax, bmin < Fei < bmax } Q)
where  dmin = (~Vmax — \/Wmin”ur”)/kh Amax = (Vmax — VIIA[IX
max |lu ) /k1, bmin = (~lwmax — \/Wminllurll)/kz and  bpax =
(lwmax — \/WmaXHurll)/kz-

Proof: Choosing the terminal cost g;(Pei(7|#)) = ()Nci.+ ygi)/z as
the Lyapunov function and taking its derivative yield &;(Pei(7|#)) =
KeiXei + VeiYei. With the terminal controller u;(t), it follows that
fiei(T) = [~k %eis—kaFeil and gi(Pei( Tl 1)) = —k1 X2, — ko§2, < 0. Param-
eters k; and kp reflect the rate of decay of g; and can be adjusted as
required. This implies that p.;(7) € Q; for any 7 >t once p,;(t) € Q;.
Since it;(7) € U;, it follows that —vpax < kiXei + (v — ygiw,) cosB,i—
XgiwrSinbp; < Vmax and  —wmax < %(kaei + (Vr = Ygiwy)sinp; —
Xgiwy 08 B,;) < wmax. Using the triangular inequality, it holds that
Amin < Xei < dmax and byin < Jei < bmax. Thus the terminal controller
satisfies the constraints in the terminal region (5). |

In the distributed MPC, each vehicle i does not have acess to
neighboring predictive trajectories. Before solving the optimization,
each vehicle transmits the assumed predictive trajectories to neigh-
bors. Define u (7|#), &;(7|#) as the optimal input signal obtained by
calculating the optimization problem and assumed input signal,
respectively. The assumed control signal #;( 7| #;) is formulated by

*
ﬁ,-(rltk)z{u’(jltk_l)’ TE [fg-1,0k-1+T) ©)
ki(Pei(tltg-1)), 7€ ltm1 + T, 15+ T).

By applying the assumed control input trajectory, the assumed
position error trajectory p,;(7|;) for each vehicle can be obtained.

The proposed MPC strategy is to guarantee that tracking errors of
individual vehicles converge to a small neighborhood of the origin.
The optimization for each vehicle is constructed by

min  Ji(Pei(te), feit)), T € [t 15+ T] (7
st Zitelt) = zi(te), (i) € U; (8)
zi(tln) = f Gi(tlg), wi(tltx) 9

t+T -1

1Pei(Tltll < re s Deiltx +T1x) € Qg (10)
where r is a constant satisfying Q, = { Bl ||Peill < r} € Q;, and the ter-
minal region Qg = { Peil||Peill < er}and 0 < e < 1.

Remark 1: Initial assumed predictive trajectories is set to
Pei(Tlt0) = pei(tolto) to avoid centralized computation.

Lemma 2: Consider error dynamics (4). Suppose the optimization
(7)—(10) is feasible at time #;. If Algorithm 1 is implemented, and

r]s(l—s)re_”T/é, min{k;,k}6 > 1In(1/¢g) (11)

then, &;( 7|;41) exists at 134 satisfying the terminal constraint.

Algorithm 1 Robust Distributed MPC Algorithm for Each Vehicle

1: At the initial time #; =19, set Zi(t| ) = zi(tx) and pPe;(T]10) = pei( tolt0),
send p.;(7|tp) to j € N;, and receive pe;(7|tp) from j e N;.

2: Solve the optimization problem of every vehicle in parallel to obtain the
optimal virtual error control sequence ii;,(lt), and calculate the actual con-
trol input &; (7|#) of each vehicle.

3: Apply u(r) = @7 (7]#;) to the real system over 7 € [k, ti+1).

4: Calculate predictive error trajectory p,;(7|#x+1) and send it to j € N; and
get pej(Tlter) from j € N;.

S: Let fy41 = tx +6 and go to Step 2.

Proof: Assume the optimization problem is feasible at #;. A feasi-
ble control sequence i;( 7| #41) for vehicle i at 7, exists

(T t), T€ a1, i+ T
ﬁi(Tltk+1)={ ,(~| © [tkr1. 16+ T) (12)

ki(Pei(Tltg+1))s  TEltk+T,tgr1 +T)
where k;(p.i(T|tr+1)) is the terminal controller defined in Lemma 1.
According to the invariant set theory, #;(7|#x+1) at #x4] satisfies the
control constraint. Errors exist between (1) and the nominal system
due to the disturbance. By using Gronwall-Bellman inequality, the
bound of error at #; satisfies

|Pei(tir1) = Blitier 11| < o€ (13)
where pei(tltr) = pei(tr), and Assumption 1 holds. The feasible error
state over [fx+1,%; + T]is denoted by pei(tlty+1). The bound of differ-
ence between pe;(tlfx+1) and p,(lt;) is then derived by noe™TI),
Substituting 7 + T into 7 yields ||pei(tx + Tlter 1)l < noe?T + 17, e+
Tlt)ll From (10) and (11), it follows that ||pei(ty + Tltrr1) <r.
Taking the derivative of || 1‘76,-(‘r|tk+1)||2 and implementing the
comparison ~ principle  yield  ||Pei(tg+1 + Tl DIl < 1Pei(tr +
TtesD)lledminteikel - According to (11), it follows that ||pei(fxs1+
Ttr+1)ll < er, indicating the terminal constraint is satisfied. |

Lemma 3: Consider error dynamics (4). Assume the optimization
(7)—(10) is feasible at #;. Then, a feasible control ;( 7|#;.1) exists at
ty+1 such that ||pe;(t] e )l < re* 77 if e — 1 > 1 — ¢ and the con-
dition (11) are satisfied.

Proof: A feasible control sequence of at ;41 is given in (12). For
T € [tgs1,1, + T), according to (11) and Gronwall-Bellman inequality,
it follows [|pei( itk < ||B%(xlti)||+ r—&r. Applying the condi-
tions in Lemma 3 and (10) yield ||pei( 7] tx+1)ll < retT-7 4 r(e‘s— ).
To prove ||pei(7ltgs)I < re1*T=7 construct y(7) = refe1*T-7—
re' =7 _r(¢% = 1). Since y(t; + T) = 0 and y(7) is decreasing with 7, it
holds that y(t) > 0 over [t,1,# + T), implying re/+1+T=7 > pelt+T—T4
r(e® —1). Tt then follows that ||pe;(T]fxe1)l| < re**T=7. For 1 € [+
T,tte1+T), Lemma 2 implies that ||pe;(t|teei)ll < r < refent*T=7,
Consequently, the error constraint is satisfied over [#441,%+1 +7). B

Theorem 1: Assume that the optimization (7)—(10) is feasible for
each vehicle initially. If conditions in Lemmas 2 and 3 are satisfied,
the optimization problem (7)—(10) is feasible for all 7 > #g.

Proof: Suppose the optimization is feasible at 7. A feasible con-
trol sequence (12) exists. From Lemma 2, it holds that #;( 7|#;+1) € U;
and Pei(tr+1 + Tltg+1) € Qg Meanwhile, constraint (10) can be satis-
fied according to Lemma 3. Hence, the optimization is feasible at

tr+1- By induction, the optimization is feasible V7 > . |
Theorem 2: Consider error dynamics (4). If Theorem 1 holds, and

—k1 + gmax +Pmaxk% < 0,—k2 + gmax +Pmaxk% <0 (14)

a1+ayt+aztas—p<—u (15)

where @ >0 is constant, gmax = max{qi,q2}, gmin = min{qi,q2},
Pmax = Mmax{p1,p2}, hmax = max{hi,hy} and the stability parameters
B = gminde>r, a1 = g7 - &29)/2a) + V2qnor(e* " - %)z x
(reT=0 - r)% la, ary = née®Tr, a3 = 2 jeN; Fhmax ((8r +4n8) (2T —0—
eT+6) + (3626 + g)(r]deT — n&eT_‘s +red —r+ oer)), a4 = ZjeN,- r25(1+
&) hmax, then tracking errors converges to Q = {pe|llpe|l < n6e® +r}.

Proof: Select the Lyapunov candidate for vehicle i by V;(f) =
ming;g Ji(Pei(ti), Uei(f)). For k=1, AVi = Viltge1) — Vilty) <
JilPei(tltis 1), Hei(Tlter1)) — Ji(@o(tlte), &,(7ltk)) = AVip + AV +
AV,'_?, + AV,‘,'] + AV,‘ i+ AV,' i3, where

te+T B
AV =f,k " UpeiCrie I~ |

~ 2
Pi(tlo) ar
tk+]+T _ —
Vi = [ 7 (pei(r e I +lieiCr e I )
1 _ 2 1 ~% 2
* 5 WPeitier + Tltee ) I = 3|55+ Tl
Ti+1
avis == [

AV = [ petelnen) - pesteindl
JEN; *

5 (rloo| [

Pt +]

—||pil) = pejali)||3d
1 +T
AVip :,ZN o ettt = pestre | de

AV[jg, = Z _ft:m

JEN;
For AVj}, according to holder inequality, it holds that

% A 2
Pltlt) = pej(r It dr.

t+T _ - _
AV < Lk 1 qnoe™ ™2 ||pr (x| + noe™T)dr < ay.

For 7€ [ty + T,tx+1 + T), it holds that ||p,;(T|tz+1) is in the termi-
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Fig. 2. Trajectories of three non-holonomic agents in formation tracking with the proposed robust distributed MPC (left); Norms of tracking errors (right).
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Fig. 3. Linear velocities (left) and angular velocities (right)

nal region Q Construct a function s(7) = 2 dT [|1Pei (T |tk+1 )|| +
||Pel(T|lk+1)||Q+||uet(7|tk+1)”p With feasible control #;(7|#1) and
(14), it holds s() < 0. Integrating s(t) over [tx + T,tx4+1 +T) and tak-
ing it into AVj, yield

Pt + T |ty )“2 <.

1
AVip < Slpeitc+ Tl )I?
» (7l tk)“ > gr over [ty tr+1). It holds that
/9%
AVis == [ el dr < 5.

For AVij, AVip and AV, since ||pei(tltisDll <7
lpej(tltis DIl < 7 over [t + T, tx41 +T), it holds that
AVij < (3626 + 8)(77(56T - néeT_5 +re®—r+ oer))

+ D Pl (Br + 4n6)(e?" = ") < a3

For AV;3, assume Hﬁ

and

JEN;
fer1 + _

AVip s > o [ IpeiCelie DIP+

JEN;

<ay
k+1

AVig= > f —|lPLeli) = pe sl dr <.

JEN;

Consequently, it follows from (15) that AV, <) +az+a3+aa—
B < —u, indicating that pJ (7t ) enters Qg in finite time. In case that
p* (tty) is in Q, at 1y, since €, is invariant for the nominal system,
p (Tt ) stays in the Q, and the actual tracking error pe;(fx+1) stays
in Q= {pelllpell < noe +er). u

Numerical example: An example of three followers with fixed
formation is given to verify the effectiveness of the MPC algorithm.

The trajectory of the virtual leader is a circle with v, =2 m/s and
wy=0.5rad/s. The initial leader state z-(0)=[0m,—4 m,0rad]”.
The control constraint is {|v;(¥)] <3 m/s,|w;(#)| < 1.5rad/s} for
i=1,2,3. The disturbance is assumed to satisfy {n,;(¢) <0.001;
ny;(t) < 0.001}. The desired positions fixed on the virtual leader are
pd, =[0.5;0.11m, pg, =[-0.5;0.5]m and pg, =[-0.5;-0.5] m.
[=05 m. T=05 s, and 6§=0.05s. Set r=10, £=0.001,
Q = H =diag(1,1), P = diag(0.1,0.1).

It is shown in Fig. 2 that three followers reach the desired posi-
tions and keep a fixed configuration. Norms of tracking errors are
shown in Fig. 2, where tracking errors converge to the neighborhood
of the origin. Control inputs are displayed in Fig. 3. It can be judged
that, with the proposed robust distributed MPC, formation tracking is

»

3

£ — o

3 @,
_C()3
Tt wmax
-- - Wiy

0 2 4 6 8 10
Time (s)

achieved with satisfactory performance, and no constraints are vio-
lated in presence of bounded disturbance. Admittedly, the theoretical
bound of tolerated disturbance is small due to conservative calcula-
tion.

Conclusion: A distributed robust MPC is designed for formation
tracking of nonholonomic systems with input constraints and
bounded disturbances. A robust constraint is presented to resist the
external disturbances. Coupling costs are constructed to keep agents
in formation. Theoretical proof and simulation example show that the
recursive feasibility is ensured, and tracking errors are stabilized
within a robust invariant region.
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