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Abstract—In order to satisfy timeliness requirements arising
from environmental sensing applications, age of information
(AoI) was proposed to characterise the freshness of the received
updates. In this paper, we consider a wireless powered relay aided
communication network (WPRCN), in which a relay wirelessly
powered by a hybrid-access point (H-AP) receives environmental
monitoring information update from a sensor and forwards it to
the H-AP. The long-term average AoI is studied since the decision
correctness depends on the update timely uploaded by the relay.
The wireless powered relay adopts either a decode-and-forward
(DF) or an amplify and forward (AF) protocols, respectively,
subject to the energy causality. We also consider the decoding
cost of DF protocol owing to the relay’s limited energy storage.
Since the expression of the average AoI is non-elementary, we
propose a Taylor approximation based algorithm to obtain its
integral. We optimise the transmit power/the equivalent average
power consumption of the relay for the sake of minimising the
average AoI in the whole WPRCN with different forwarding
protocols. Our simulation results demonstrate the accuracy of
the theoretical analysis, while the average AoI of the WPRCN
is optimised by our power allocation scheme at the relay. The
proposed algorithm is verified to achieve great approximation
effect.

Index Terms—Age of information (AoI), wireless power trans-
fer (WPT), two-hop, relay, amplify and forward (AF), decode
and forward (DF), decoding cost.

I. Introduction

Wireless power transfer (WPT) enabled by dedicated radio

frequency (RF) signals is capable of providing flexible, con-

trollable and on-demand energy supply to massively deployed

low-power Internet of Everything (IoE) devices, in order to

support their sensing, computing and communication func-

tions [1]. As a result, it enables so-called wireless powered

communication networks (WPCNs) [2].

So far, tremendous efforts have been invested in the optimal

design of WPCNs with different goals, such as throughput [3]–

[6], energy efficiency [7], coverage probability [8], and diver-

sity gain [9], etc. However, the timeliness issue incurred by the
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intermittent WPT in environment monitoring applications is

ignored. In these special applications, only timely updates can

reflect genuine status of dynamic environments, while outdated

update is meaningless and even misleading. Moreover, in some

time-sensitive applications, such as monitoring of a cyber-

physical system [10], the traditional communication delay

referring to the time elapsed from the update generation

to its reception, which is incurred by processing, queuing,

sending and propagating, is not a sufficient measurement of

timeliness [11]. When a batteryless device cannot upload

timely updates due to insufficient energy supply, the receiver

cannot obtain the current state of the device neither. Therefore,

age of information (AoI) is proposed as a new measurement

to characterise the freshness of uploaded updates [12], [13].

Specifically, AoI is defined as the time elapsed since the

generation of the freshest update.

In order to address timeliness challenges in energy harvest-

ing based communication systems with intermittent energy

supply, AoI has attracted many endeavours invested in it [11],

[14]–[32]. Some recent works maintained update freshness in

one-hop transmission [14]–[22]. Specifically, by considering

a finite battery, the long-term average AoI was minimised

in [14]. Moreover, Bacinoglu et al. [15] attained the lowest

time-average "age penalty", which measured the timeliness of

uploaded updates with a non-decreasing penalty function. The

average peak AoI was obtained by considering a non-linear

penalty function in [16]. Wu et al. [17] further minimised

the average AoI with causal energy constrains by considering

different battery size. Krikidis [18] minimised the average AoI

by optimising the capacity of energy storage unit. Given a fixed

channel power gain, a resource allocation algorithm to min-

imise the average AoI was proposed in an energy harvesting

based wireless sensor network (WSN) [19]. Furthermore, there

are several related works focusing on both access control [20]

[21] and power control [22].

The AoI performance was also investigated in WPCNs [23]–

[26] with multiple devices. There are several works focusing

on AoI minimisation for WPCNs by exploiting either conven-

tional resource allocation [23] or emerging deep reinforcement

learning (DRL) [24]. In [25], the energy outage probability

was minimised, while maintaining the AoI below a certain

level in a data generation control system with the support of

energy harvesting. The proposed optimal policy was capable

of achieving a comparable energy outage probability to the

conventional energy-oriented scheme. Furthermore, Zheng et

al. [26] minimised the AoI in a WPCN with the assistance of

multiple selfish wireless nodes, which requires instantaneous

feedback of the channel state information (CSI).

Moreover, AoI was also investigated in two-way data ex-
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changing systems enabled by WPT [11] [27] and in two-

hop energy harvesting aided communication systems [28]–

[32]. Specifically, Hu et al. [11] analysed and minimised

the average weighted-sum-AoI between downlink and uplink

communications by optimising the power-splitting ratio and

the weighting coefficient. Dong et al. [27] further investigated

the trade-off between the average downlink and uplink AoIs

in a fog computing system with a single wireless powered

mobile device. Moreover, Arafa et al. [28] studied the AoI of

an energy harvesting aided two-hop communication system, in

which a single relay working in a half-duplex (HD) mode was

powered by energy harvested from ambient environment. This

work was further extended to an AoI minimisation problem by

satisfying energy causality and service time constraints [29].

Zhou et al. [30] optimised the freshness of real-time data

for energy harvesting based two-hop systems with multiple

devices subject to energy constraints. Furthermore, the peak

AoI was investigated by analysing the capacity of relay’s

capacitor in a wireless powered cooperative network, where

a relay powered by a power station adopts a decode-and-

forward (DF) and an amplify-and-forward (AF) protocols,

respectively [31]. However, the decoding cost of the relay with

a DF protocol was not be considered in detail. Moreover, the

average AoI in simultaneous wireless information and power

transfer (SWIPT) enabled cooperative communication system

was minimised in case of a fixed information rate [32].

Unfortunately, the existing works [11], [19], [26]–[32] have

the following drawbacks:

• The average AoI performance of a practical update for-

warding protocol, such as an AF and a DF, was not

analysed and evaluated, when an H-AP is invoked for

both downlink WPT and uplink update reception.

• Their quantification of the energy consumption was sim-

ple. For instance, they only assumed that an information

update consumes a single energy packet harvested from

ambient environment.

• They did not consider the energy consumption for the up-

date decoding, which is essential for a wireless powered

relay with scarcity energy storage.

• Numerical calculations on the average AoI were obtained

by block-integral with a high complexity, which contra-

dicts the original purpose of obtaining analytical results

for achieving fast-speed calculations.

In order to overcome the aforementioned drawbacks, our novel

contributions are summarised as below:

• We study a wireless powered relay aided communication

network (WPRCN) by focusing on its long-term average

AoI performance, where either a DF or an AF protocol is

invoked for relaying timely update from the sensor to the

H-AP. The relay operates in a frequency division duplex

(FDD) mode. Therefore, it can simultaneously harvest

energy from the downlink transmission of the H-AP and

receive updates from the uplink transmission of the sensor.

• We consider the energy consumption of the relay for

the update decoding, when the DF protocol is adopted,

owing to the limited energy supply. The WPRCN without

considering the decoding cost is regarded as a benchmark

to demonstrate its impact on the average AoI.

• By considering the energy causality at the relay and

the successful transmission probability at the H-AP, the

average AoI is quantified by conceiving a discrete-time

model and it is obtained in closed-form, which depends

on the transmit power/the equivalent average power

consumption of the relay. The successful transmission

probability is transformed into an elementary function

via an error control based Taylor approximation method,

which can effectively avoid the traditional block integral.

• We propose an offline design to minimise the average

AoI per transmission block by optimising the transmit

power/the equivalent average power consumption of the

relay. Our design does not need any instantaneous feed-

back.

• Our simulation results demonstrate the accuracy of our

theoretical analysis, and the optimality of our average-

AoI-minimisation-oriented design. The proposed error

control based Taylor approximation method is verified

to have a high accuracy. According to the average AoI

analysis, capacitors with optimal capacity B∗ (or those

with a capacity closest to B∗ according to the practical

supply of capacitors) should be selected in the practical

implementation. Moreover, in the case of sufficient energy

supply, the AoI performance of the relay with a practical

DF protocol outperforms that with an AF protocol, while

the latter may have a better performance in the case of

a low outage-threshold.

The rest of this paper is organised as follows: Our system

model is described in Section II, which is followed by the

problem formulation in Section III. The optimisation problems

for the WPRCN adopting the DF and AF protocols are solved

in Section IV and V, respectively, which are demonstrated

by the numerical results in Section VI. This paper is finally

concluded in Section VII.

II. SystemModel

A. Network Model

The model of the WPRCN is illustrated in Fig.1, which

consists of a single hybrid-access point (H-AP), a relay and

a sensor1. In particular, we consider a wireless environment

without a direct link between the H-AP and the sensor. This

is in line with a range of practical scenarios with numerous

blockages, such as forest, mountain areas and etc. The H-AP

equipped with a single transmit and a single receive antenna

has the following pair of functions:

• The H-AP transmits dedicated RF signals in the downlink

for providing wireless power to the batteryless relay.

1We do not consider two-hops WPT in our system. In the path-loss model,
every hop may experience a 30 dB loss at least, which is the value at
the reference distance 1 m [4]. The adverse effect of the serious path-loss
is also demonstrated by our experimental prototype [33]. Therefore, we
have to suffer from 60 dB loss at least in two-hop WPT. Moreover, the
recharging time of both the sensor and the relay greatly increases the AoI,
which may result in the out-of-date or even invalid updates in the scenario
with high requirements for the information timeliness. Hence, the WPT in
more than one-hop transmissions has difficulty to be applied in practical
implementations. Moreover, state of the art battery technique may also support
sensors to work for a relatively long period [34].

Authorized licensed use limited to: Chengdu University of Technology. Downloaded on February 09,2022 at 07:29:35 UTC from IEEE Xplore.  Restrictions apply. 



2327-4662 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/JIOT.2021.3128358, IEEE Internet of
Things Journal

3

Fig. 1. The system model of WPRCNs with (a) an AF protocol and (b) a
DF protocol.

• The H-AP operates in a FDD mode in order to simulta-

neously receive the uploaded updates from the sensor and

to transfer WPT in the donwlink. Note that our system is

also available for full-duplex aided systems with perfect

self-interference cancellation.

The relay equipped with a pair of antennas2 has the follow-

ing functions:

• The relay harvests RF energy from the downlink WPT of

the H-AP via a dedicated antenna.

• The relay also operates in a FDD mode. Therefore, it can

simultaneously carry out the updates uploading and the

energy harvesting.

• The relay is equipped with two capacitors since the

capacitor cannot charge and discharge at the same time.

Each of them has a total energy capacity. Therefore, at

any moment, there is always a capacitor being recharged,

while the other is being discharged for update decoding

and forwarding [35].

• We consider that the relay adopts either the AF or the

DF protocols, respectively. As demonstrated in Fig. 1

(a), the relay with the AF protocol forwards the updates

by directly amplifying the received uplink signal via

its power amplifier, while it decodes and forwards the

received update by adopting the DF protocol, as shown

in Fig. 1 (b). Its update decoding and forwarding are both

powered by the energy harvested from the downlink WPT

of the H-AP. It only forwards the update to the H-AP,

when one of its capacitors is fully charged.

The sensor is equipped with a single antenna for uploading

the fresh update to the relay. A "zero-gap" principle is followed

by the sensor, which means that the sensor immediately

generates a fresh update as the previous one is received by

the relay.

Both the H-AP and the relay adopt an automatic repeat

request (ARQ) mechanism. Specifically, we consider that an

2The relay in the WPRCN can be readily extended to equip multiple
antennas. In this case, the average AoI can be generally formulated similar
to the case of the relay with a pair of antennas. However, the formulation
of the average recharging time and the successful transmission probability
may be changed owing to the distribution of the channel power gain, which
may further have an impact on the solution to the optimisation problem. The
details will be considered in our future work.

update can be successfully transmitted to the H-AP when

the attainable spectral efficiency is higher than a predefined

threshold, namely log(1 + SNR) ≥ r. Otherwise, the update is

retransmitted by the sensor and the relay.

All wireless channels experience uncorrelated block

Rayleigh-fading [36]. A discrete-time model is adopted, where

the k-th transmission block is defined as a period between the

epoch k and the epoch (k + 1). Hence, the normalised fading

coefficient of the downlink channel from the H-AP to the relay

during the k-th transmission block is represented by hdk, while

the normalised fading coefficients of the 1st- and 2nd-hop

uplink channels are denoted as hu1k and hu2k. Their conjugate

transposes are expressed as h
†

dk
, h
†

u1k
and h

†

u2k
, respectively.

Furthermore, the large-scale path-loss in the downlink channel,

and those in the 1st- and 2nd-hop uplink channels are denoted

as Ωd, Ωu1 and Ωu2, respectively.

B. Downlink WPT

Without loss of generality, the H-AP is assumed to trans-

mit a complex symbol xd for the downlink WPT, satisfying

E[xd x
†

d
] = 1, where x

†

d
is the conjugate value of xd. The

corresponding downlink WPT signal ydk received by the relay

during the k-th downlink transmission block is formulated as

ydk =

√

PtΩ
−1
d

hdkxd + n0, where Pt is the transmit power of

the H-AP and n0 is the Gaussian distributed noise having a

zero mean and a variance of σ2
0
.

The linear energy harvesting model is considered in the

paper since it is sufficient for providing useful lower bounds of

AoI for the WPRCN [18]. Therefore, the total energy harvested

by the relay during the k-th transmission block is formulated

as

Edk = ζPthdkh
†

dk
Ω−1

d Tb, (1)

where ζ (0 < ζ < 1) is energy conversion efficiency and Tb is

the duration of a single transmission block. The noise power

is neglected due to its negligibly small power.

Hence, the total energy Ek stored in the capacitor with a

capacity of B after the k-th transmission block is expressed as

Ek = min{1Ek−1<B · Ek−1 + Edk, B}, (2)

where 1α = 1 if the boolean variable α is true and 1α = 0,

otherwise. Note that the relay can decode and forward a new

update only when the total energy Ek stored in the capacitor

satisfies Ek = B.

C. Two-Hop Uplink Transmission

The uplink update uploading has to be completed via two-

hop transmissions, namely the 1st-hop from the sensor to the

relay and the 2nd-hop from the relay to the H-AP.

In the 1st-hop, the sensor transmits its update with a

power of Ps. The WIT signal received by the relay’s antenna

during the k-th transmission block is obtained as yu1k =√

PsΩ
−1
u1

hu1kxuk + z0, where xuk satisfying E[xukx
†

uk
] = 1 is

the modulated complex signal uploaded by the sensor and z0

represents the Gaussian distributed noise received by relay’s
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antenna, which has a zero mean and a variance of σ2
0
. Hence,

the signal power received by the relay is expressed as

Pu1k = PsΩ
−1
u1 hu1kh

†

u1k
+ σ2

0. (3)

As a result, the received throughput at the relay during the

transmission block k is formulated as

Ru1k = WTb log

(

1 +
PsΩ

−1
u1

hu1kh
†

u1k

σ2
0

︸            ︷︷            ︸

Received SNR S u1k

)

, (4)

where W represents the bandwidth of the channel.

In the 2nd-hop, the relay forwards its received update from

the sensor to the H-AP by exploiting the energy harvested. The

DF and the AF protocols are adopted by the relay, respectively.

The 2nd-hop uplink transmission performance is analysed in

the following three cases.

1) The WPRCN with an ideal DF protocol: With an ideal

DF protocol, the relay does not consume any energy for the

update decoding, which is in line with the most of existing

literature [37], [38].

The signal and the corresponding power received by the

H-AP are expressed as

yidf,k =

√

PrΩ
−1
u2

hu2kxuk + n0, (5)

Pidf,k = PrΩ
−1
u2 hu2kh

†

u2k
+ σ2

0, (6)

where we define Pr , B/Tb. Since the relay consumes all the

energy stored in one of its capacitors for forwarding the update

to the H-AP during a transmission block, Pr is the transmit

power of the relay with an ideal DF protocol. Therefore, the

received SNR at the H-AP is formulated as

S idf,k =
PrΩ

−1
u2

hu2kh
†

u2k

σ2
0

. (7)

2) The WPRCN with a practical DF protocol: With a

practical DF protocol, the relay consumes its energy harvested

for the successful update decoding. The update decoding

power is obtained as

Pdc,k = a(2Ru1k/Tb − 1), (8)

where a is decoding cost factor [39] and Ru1k/Tb is the

information update transmission rate towards the relay during

the transmission block k. Therefore, the total energy consumed

for the update decoding during the k-th transmission block is

expressed as Edc,k = Pdc,kTb. The signal and the corresponding

power received by the H-AP are expressed as

ypdf,k =

√

(Pr − Pdc,k)Ω
−1
u2

hu2kxuk + n0, (9)

Ppdf,k = (Pr − Pdc,k)Ω−1
u2 hu2kh

†

u2k
+ σ2

0, (10)

where (Pr −Pdc,k) is the transmit power of the relay. Note that

Pr denotes the equivalent average power consumption of the

relay with a practical DF protocol. Therefore, the attainable

uplink SNR at the H-AP is formulated as

S pdf,k =
(Pr − Pdc,k)Ω−1

u2
hu2kh

†

u2k

σ2
0

. (11)

Fig. 2. Sample path of the uplink AoI ∆U (k) (the upper envelop in bold).

3) The WPRCN with an AF Protocol: When the AF

protocol is adopted, the signal received by the H-AP is

formulated as ya f ,k =

√

Ω−1
u2

hu2kβyu1k + n0, where β denotes

the amplification factor of the relay. According to Eq. (3), β

can be expressed as

β =

√

Pr

Pu1k

=

√

Pr

Pshu1kh
†

u1k
Ω−1

u1
+ σ2

0

. (12)

Therefore, the signal power received by the H-AP is expressed

as

Pa f ,k = PsΩ
−1
u1Ω

−1
u2 hu1kh

†

u1k
hu2kh

†

u2k
β2 + σ2

0(1 + Ω−1
u2 hu2kh

†

u2k
β2),

= Ω−1
u2 hu2kh

†

u2k
Pr + σ

2
0. (13)

Hence, the received SNR at the H-AP is formulated as

S af,k =
PsΩ

−1
u1
Ω−1

u2
hu1kh

†

u1k
hu2kh

†

u2k
β2

σ2
0
(1 + Ω−1

u2
hu2kh

†

u2k
β2)

,

=
PsΩ

−1
u1
Ω−1

u2
hu1kh

†

u1k
hu2kh

†

u2k
Pr

σ2
0
(Pshu1kh

†

u1k
Ω−1

u1
+ Prhu2kh

†

u2k
Ω−1

u2
+ σ2

0
)
,

≈
PsΩ

−1
u1
Ω−1

u2
hu1kh

†

u1k
hu2kh

†

u2k
Pr

σ2
0
(Pshu1kh

†

u1k
Ω−1

u1
+ Prhu2kh

†

u2k
Ω−1

u2
)
. (14)

Finally, the attainable uplink throughput at the H-AP in the

above three cases during the transmission block k may be

formulated as

Ru2k = WTb log(1 + S k), (15)

where S k = {S idf,k, S pdf,k, S af,k}.

III. Problem Formulation

AoI is defined as the time elapsed since the generation of a

fresh update. In a discrete-time model, we assume that the AoI

does not change within a single transmission block. Therefore,

the AoI ∆U(k) is the difference between the current epoch k

and the generation epoch UU(k), which is expressed as

∆U(k) = k − UU(k). (16)

Note that UU(k) is also the epoch when the previous update

is successfully uploaded.
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Fig. 2 depicts a sample path of the AoI ∆U(k) in the two-

hop uplink transmission, where k(i) denotes the epoch that

the sensor generates the i-th update, while k(i)1 represents the

epoch of the i-th update’s 1st-hop transmission at the first time

and k(i)2 is the epoch of the i-th update’s 2nd-hop successful

transmission. Note that when the i-th update is received by

the relay via the 1st-hop transmission, the sensor immediately

generates the next update at k(i+1) owing to the "zero-gap"

principle. Therefore, k(i)1 and k(i+1) coincide with each other,

as shown in Fig. 2. Since the relay receives the i-th update

immediately, when the (i−1)-th update is successfully received

by the H-AP, k(i)1 is equal to k(i−1)2. Therefore, k(i−1)2, k(i)1 and

k(i+1) represent the same epoch.

Moreover, since the ARQ mechanism is adopted by both the

H-AP and the relay, the sensor may keep uploading the update

to the H-AP block by block until the instantaneous spectral

efficiency is higher than a threshold, i.e. Ruik/(WTb) ≥ r for

i = 1, 2, according to Eqs. (4) and (15). Obviously, a higher

threshold r results in an increasing AoI, since it requires more

retransmission attempts before a successful transmission takes

place. Hence, as shown in Fig. 2, Yi = k(i)2 − k(i)1 denotes the

duration, when the i-th update can be successfully transmitted

to the H-AP. Since the relay uploads the update only when

one of its capacitors becomes fully charged, it satisfies Yi =
∑Mi

j=1
Xi j, where Xi j represents the j-th complete recharging

time during the i-th update’s 2nd-hop transmissions, while Mi

is a random number of transmission blocks required for the

relay to successfully deliver the update to the H-AP.

A. Successful Transmission Probability

In the 2nd-hop transmission, by considering hdkh
†

dk
for k =

1, · · · ,K as independent and identically distributed exponential

random variables, the probability mass function (PMF) of the

number of transmission blocks K being required for fully

recharging one of the capacitors at the relay is obtained as

[18]

Π(φ,K) =
1

(K − 1)!
(λφ)K−1exp(−λφ), (17)

where φ = Pr

ζPtΩ
−1
d

. Then the first-order and the second-order

moments for the recharging time X of the relay are given by

[18]

E[X] = 1 + θ, (18)

E[X2] = 1 + 3θ + θ2, (19)

where θ = λPr

ζPtΩ
−1
d

. Similarly, those for a complete uploading

time Y of the relay are obtained as

E[Y] =
1 + θ

π
, (20)

E[Y2] =
1 + 3θ + θ2

π
+

2(1 + θ2)(1 − π)

π2
, (21)

where π is the joint successful transmission probability in both

the 1st- and 2nd-hop. This probability can be formulated as

"π = P
{(

log(1 + S u1k1
) ≥ r

)

∩
(

log(1 + S k2
) ≥ r

)}

, (22)

where S k2
= {S idf,k2

, S pdf,k2
, S af,k2

}. Note that k in S u1k of Eq.

(4) and that in S k of Eq. (15) are substituted by k1 and k2 in

Eq. (22), respectively. Therefore, S u1k1
refers to the SNR of the

received updates at the relay during the 1st-hop transmissions,

while S k2
refers to the SNR of the updates received by the

H-AP during the 2nd-hop transmissions. Since π varies with

different forwarding protocols, it will be formulated for three

cases in Sections IV and V, respectively.

B. AoI Quantification

During the total transmission blocks K → ∞, we suppose

that the H-AP receives N updates. Hence, the uplink transmis-

sion rate v can be expressed as

v = lim
K→∞

N

K
=

1

E[Y]
, (23)

Furthermore, the average uplink AoI ∆U is expressed as

∆U = lim
K→∞

1

K

K∑

k=1

∆U(k),

= lim
K→∞

1

K





N−2∑

i=0

Qi +
1

2
S N(S N + 1)




,

≈ lim
K→∞

N − 1

K
·

1

N − 1

N−2∑

i=0

Qi,

= v · E[Q], (24)

where S N = YN−1 + YN is the service time of the N-th update.

Moreover, we define Qi as the area under the curve ∆U(k) in

Fig. 2, which is formulated as

Qi =
1

2
(S i+1 + Yi+2 + 1)(S i+1 + Yi+2) −

1

2
S i+2(S i+2 + 1),

=
1

2
(Yi + Yi+1 + Yi+2 + 1)(Yi + Yi+1 + Yi+2)

−
1

2
(Yi+1 + Yi+2)(Yi+1 + Yi+2 + 1),

=
1

2
(Y2

i + 2YiYi+1 + 2YiYi+2 + Yi). (25)

Therefore, the first-order moment of Qi can be formulated as

E[Q] =
1

2

(

E[Y2] + 4E2[Y] + E[Y]
)

, (26)

where E[Y] and E[Y2] are obtained by Eqs. (20) and (21),

respectively. As a result, based on Eqs. (23), (24) and (26),

the average uplink AoI can be rewritten as

∆U =
1

2

(

E[Y2]

E[Y]
+ 4E[Y] + 1

)

. (27)

Remark 1 : Observing from Eq. (27), for the case of Pr → ∞

and that of Pr → 0, the average AoI gradually approaches to

∆U → ∞.

C. Average AoI Minimisation

Note that the average AoI in the WPRCN depends on two

factors related to the relay’s transmit power/equivalent average

power consumption Pr, namely the first-order moment E[X]

for the recharging time at the relay and the joint successful
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transmission probability π. Given r, by increasing Pr, E[X]

increases resulting in a higher AoI, while π increases, as well,

resulting in a lower AoI. Hence, there is an optimal P∗r to

minimise the average AoI. The optimisation problem is then

formulated as

(P1): P∗r = arg min
Pr>0
∆U . (28)

To get the solution of (P1), the successful transmission prob-

ability π in Eq. (22) should be further formulated. However, the

formulation of π varies with DF and AF protocols. Moreover, it

is not straightforward to derive a closed-form solution to (P1),

which is then solved numerically. It is detailed in Sections IV

and V, respectively.

IV. Average AoI in theWPRCN with DF Protocol

A. Average AoI with An Ideal DF Protocol

1) Successful Transmission Probability: Let X1 and X2

represent two independent random variables following an

exponential distribution with a parameter λ. According to Eqs.

(4), (7) and (22), the joint successful transmission probability

in the uplink transmission can be written as follows

π = P
{(

log(1 + S u1k1
) ≥ r

)

∩
(

log(1 + S idf,k2
) ≥ r

)}

=P








X1 ≥
(2r − 1)σ2

0

PsΩ
−1
u1





⋂


X2 ≥
(2r − 1)σ2

0

PrΩ
−1
u2










=

∫ ∞

(2r−1)Ωu1σ
2
0

Ps

λe−λx1 dx1

∫ ∞

(2r−1)Ωu2σ
2
0

Pr

λe−λx2 dx2

=e−λσ
2
0
(2r−1)·

(
Ωu1
Ps
+
Ωu2
Pr

)

. (29)

2) Average AoI Minimisation: The average uplink AoI is

a differentiable function with respect to the relay’s transmit

power Pr within the range of Pr > 0. According to Remark

1 and to the fact that the average AoI is finite when Pr is

any finite positive value, the gradient descent (GD) method

detailed in [40] can be relied upon for solving (P1), where

the search direction is the negative gradient ∂Pr = −
d∆U

dPr
. The

gradient of ∆U is calculated by the following steps:

• Step 1: Get the gradient of π and θ as

π′ =
dπ

dPr

=
λ(2r − 1)Ωu2σ

2
0

P2
r

· e(−
λ(2r−1)Ωu2σ

2
0

Pr
), (30)

θ′ =
dθ

dPr

=
λΩd

ζPt

. (31)

• Step 2: Get the gradient of E[Y] and E[Y2] as

E[Y]′ =
dE[Y]

dPr

=
θ′π − (1 + θ)π′

π2
, (32)

E[Y2]′ =
dE[Y2]

dPr

=
π2γ1 + πγ2 − γ3

π3
, (33)

where we have γ1 = 1+3θ′−2θ′θ, γ2 = (θ2−3θ+1)π′+4θ′θ

and γ3 = 4π′(1 + θ2).

• Step 3: Get the gradient of ∆U as

d∆U

dPr

=
1

2

(

E[Y2]′

E[Y]
−

E[Y2]E[Y]′

E2[Y]
+ 4E[Y]′

)

. (34)
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Fig. 3. Numerical calculation of the function g(Pr) with d1 = d2 = 10 m,
when we have (a) Pt = 1 W and (b) Pt = 10 W.
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Fig. 4. Numerical calculation of the function g(Pr) with Pt = 2 W, when we
have (a) d1 = d2 = 1 m and (b) d1 = d2 = 10 m.
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Fig. 5. Numerical calculation of the function g(Pr) with a total transmission
distance d1 + d2 = 10 m, when we have (a) d1 = 3 m, d2 = 7 m and (b)
d1 = 7 m, d2 = 3 m.

By updating the transmit power of the relay as Pr =

Pr+t∂Pr, where t is the step size, we search for a P∗r satisfying∥
∥
∥
∥

d∆U

dPr

∥
∥
∥
∥ ≤ η, where η is an arbitrarily small and positive

threshold. The corresponding ∆
∗

U is the minimum average AoI.

Discussion on the average AoI ∆U: The average AoI ∆U

firstly reduces to the minimum and it then increases, as we

increase the relay’s transmit power Pr. This is because a

higher Pr can facilitate the successful update transmission in

the 2nd-hop. However, as we continuously increase Pr, the

capacitor of the relay may be quickly drained. Therefore, it

requires more transmission blocks to be fully recharged again.

During the recharging, the relay cannot forward any update to

the H-AP, which may substantially increase the average AoI.

According to this physical truth, we know that the average

AoI ∆U should be a convex function (or should have only one

minimum extremum) with respect to Pr in practice.

From the perspective of algorithm, the GD method can
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guarantee a global optimal solution when the optimisation

problem is convex. Moreover, it can still find the global opti-

mal solution, when the objective function ∆U simultaneously

satisfies the following two conditions: (1) it has no stagnation

point, (2) it only has a single minimum extremum. Specifically,

the derivative of the average AoI ∆U with respect to Pr

can be formulated as Eq. (35) in page 8, where we define

the following four constants η1 ,
λΩd

ζPtTb
, η2 ,

λσ2
0
(2r−1)Ωu1

Ps
,

η3 , e−η2 and η4 , λσ
2
0
(2r−1)Ωu2. By following the parameter

setting in TABLE I of Section VI, we make the following

approximations η3 ≈ 1 and η4 ≈ 0. The derivative
d∆U

dPr
of the

average AoI with respect to Pr is then formulated as Eq. (36)

in the next page. Since
η4

Pr
exits in Eq. (36), d∆U

dPr
is analysed by

comparing Pr to η4 in the following two cases, namely Pr ≥ 1

W and Pr < 1 W.

In the case of Pr ≥ 1 W, we have
η4

Pr
≈ 0. Therefore, Eq.

(36) can be reformulated as

d∆U

dPr

=
10η2

1
Pr + 8η3

1
P2

r + η1Pr + γ
3
1
+ 10η1 + 1

2
(

1 + η1P2
r

) . (37)

Obviously, we have d∆U

dPr
> 0, which indicates that the average

AoI ∆U is a monotonously increasing function with respect to

Pr when we have Pr ≥ 1 W. Therefore, the extreme point of

∆U with
d∆U

dPr
= 0 must exist, when we have Pr ∈ (0, 1) W.

In the case of Pr < 1 W, the ratio
η4

Pr
cannot be approximated

to zero, when Pr is close to η4. Unfortunately,
d∆U

dPr
in Eq.

(36) is a sophisticated transcendental function. We cannot

theoretically find solutions to let
d∆U

dPr
= 0. Therefore, we have

to exploit numerical calculation here. By letting
d∆U

dPr
= 0, Eq.

(36) can be simplified to g(Pr), which is defined in Eq. (38) in

the next page. Given the parameters in TABLE I, we can only

find a single solution P∗r to let g(Pr) = 0, as portrayed in Figs.

3, 4 and 5. Moreover, we have g(Pr) < 0 when Pr ∈ (0, P∗r )

and g(Pr) > 0 when Pr ∈ (P∗r ,∞). As a result, GD method

can obtain the global optimal solution to (P1), since ∆U has

no stagnation point and it only has a single minimum, when

the parameter setting follows TABLE I.

B. The WPRCN with A Practical DF Protocol

1) Successful Transmission Probability: The following

Theorem 1 is proposed to formulate the successful transmis-

sion probability π.

Theorem 1: By exploiting the Taylor approximation, the suc-

cessful transmission probability with a practical DF protocol

is expressed as Eq. (39) in the next page, where S pdf,k is given

by Eq. (11) and we have ml = (γl+1 + γl)/2, α1 = PsΩ
−1
u1

,

α2 = σ
4
0
Ωu2(2r − 1)/a as well as α3 = Prσ

2
0
/a. We define

f (x1) as the original integrand, as shown in Eq. (48). When

N = 4, the different-order derivatives of f (x1) with respect to

x1 at the point ml is expressed as Eqs. (40)-(43) in the next

page.

Proof: Please refer to Appendix A for the detailed proof.

Discussion on Theorem 1: We utilise the Taylor expansion to

approximate the original integrand of the successful transmis-

sion probability, as shown in Eq. (48). However, the accuracy

Algorithm 1 Error control based approximation algorithm

Input: Transmit power of sensor Ps, decoding cost factor a, approximation
error ǫ, integral interval threshold ε and other parameters.

Output: Center point of each integral segment m; Integral interval Γ

1: Initialise δstart ← 0, δend ← 0, intstart ←
(2r−1)σ2

0
α1

and intend ←
α3
α1

;

2: Initialise vectors Γ ← [γi ← 0]1×M , m ← [mi ← 0]1×M (M is a large

enough number), γ1 ←
(2r−1)σ2

0
α1

and L← 0 as well as i← 2;

3: if
α3
α1
− intstart > ε then

4: Let x0 ←
intstart+intend

2
;

5: Obtain δstart ← | f (intstart ) − T (intstart )| and δend ← | f (intend ) −
T (intend)|;

6: if δstart ≥ ǫ || δend ≥ ǫ then

7: Update intend ← x0;
8: Repeat
9: else

10: Update γi ← intend , mi−1 ← x0;
11: Update i← i + 1, intstart ← intend and intend ←

α3
α1

;

12: Repeat

13: end if

14: end if
15: Update γi ←

α3
α1

, mi−1 ←
intstart+intend

2
and L← i − 1;

16: Update Γ← [γi]1×(L+1), m← [mi]1×L;
17: return m and Γ.

of the approximation may be reduced if the integral interval

is increased. Therefore, we split the integral interval into L

sections for improving the approximation accuracy. Note that

the l-th section is centered at the bisection point ml of the

integral interval [γl, γl+1].

Furthermore, an error control based algorithm is proposed in

order to determine the integral intervals Γ = [γi]1×(L+1) and the

corresponding bisection points m = [mi]1×L, which is detailed

in the pseudo code of Algorithm 1. The main steps of this

algorithm is summarised as below:

• Step 1: Define intstart and intend as the start and the end

points of the integral interval, respectively. Initialise the

differences between the original function f (x1) in Eq.

(48) and the approximation T (x1), δstart and δend. Define

vectors Γ and m for recording the searched integral in-

tervals and the corresponding bisection points separately,

as shown in Lines 1 and 2 of Algorithm 1.

• Step 2: Initialise the bisection point x0 of the integral

interval. Obtain δstart and δend. If either of them does

not satisfy the approximation error ǫ, update δend to x0

and go to Step 3. Otherwise, the corresponding entries

γi and mi−1 are updated to intend and x0, respectively.

Then, update the integral interval [intstart, intend]. This

step is characterised in Lines 4-13 of Algorithm 1. We

approximate the remaining intervals by going to Step 3.

• Step 3: If the difference of the integral upper bound

between the original function f (x1) and the approximation

T (x1) is higher than a pre-defined threshold ε, repeat Step

2, as shown in Line 3 of Algorithm 1. Otherwise, update

γi and mi−1 as well as the number of the integral intervals

L and update the dimensions of Γ and m to (L+1) and L,

respectively, as shown in Lines 15 and 16 of Algorithm

1.

By discretizing the integral interval into n points, we

have n/2 searches and the complexity of i-th search is

O(log2(n − 2i + 2)). Therefore, the complexity of Algorithm

1 is O(Σ
n/2

i=1
log2(n − 2i + 2)).
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d∆U

dPr

=
[(

(1 + 3η1)η2
3η1 − 5η2

1η
2
3

)

Pr − 2η3
1η

2
3P2

r + η
2
3 + 4η1η

2
3 + η

3
1η

2
3

] 1

2η2
3
(1 + η1Pr)2

+

[
(

12η2
1η3 − 6η3

1η4

)

Pr + 10η3
1η3P2

r −
6η4

P2
r

−
14η1η4

Pr

+ 6η1η3 − 14η2
1η4

]

1

2η2
3
(1 + η1Pr)2e−

η4
Pr

−

(

4η4

P2
r

+
4η1η4

Pr

+ 4η3
1η4Pr + 4η2

1η4

)

1

2η2
3
(1 + η1Pr)2e−2

η4
Pr

, (35)

d∆U

dPr

=
[

(1 − 2η1)η1Pr − 2η3
1P2

r + η
3
1 + 4η1 + 1

] 1

2(1 + η1Pr)2
−

(

4η4

P2
r

+
4η1η4

Pr

)

1

2e−2
η4
Pr (1 + η1Pr)2

+

[

12η2
1Pr + 10η3

1P2
r −

6η4

P2
r

−
14η1η4

Pr

+ 6η1

]

1

2e−
η4
Pr (1 + η1Pr)2

. (36)

g(Pr) ,
[

(1 − 2η1)η1Pr − 2η3
1P2

r + η
3
1 + 4η1 + 1

]

e−2
η4
Pr

+

[

12η2
1Pr + 10η3

1P2
r −

6η4

P2
r

−
14η1η4

Pr

+ 6η1

]

e−
η4
Pr −

(

4η4

P2
r

+
4η1η4

Pr

)

= 0. (38)

π = P{log(1 + S u1k1
) ≥ r ∩ log(1 + S pdf,k2

) ≥ r} ≈

L∑

l=1



 f (ml)(γl+1 − γl) +

N∑

n=1

f (n)(ml)

(n + 1)!

(

(γl+1 − ml)
n+1 − (γl − ml)

n+1
)


 (39)

f (1)(ml) = −λ
2e
−λ(ml+

α2
α3−α1ml

)

(

1 +
α1α2

(α3 − α1ml)2

)

(40)

f (2)(ml) = λe
−λ(ml+

α2
α3−α1ml

)



λ
2

(

1 +
α1α2

(α3 − α1ml)2

)2

−
2α2

1
α2λ

(α3 − α1ml)3



 (41)

f (3)(ml) = e
−λ(ml+

α2
α3−α1ml

)



−λ
4

(

1 +
α1α2

(α3 − α1ml)2

)3

+
6α2

1
α2λ

3

(α3 − α1ml)3

(

1 +
α1α2

(α3 − α1ml)2

)

−
6α3

1
α2λ

2

(α3 − α1ml)4



 (42)

f (4)(ml) = λe
−λ(ml+

α2
α3−α1ml

)



λ
4

(

1 +
α1α2

(α3 − α1ml)2

)4

−
12α2

1
α2λ

3

(α3 − α1ml)3

(

1 +
α1α2

(α3 − α1ml)2

)2

+
24α3

1
α2λ

2

(α3 − α1ml)4





− λe
−λ(ml+

α2
α3−α1ml

)





24α4
1
α2λ

(α3 − α1ml)5
−

36α4
1
α2

2
λ2

(α3 − α1ml)6



 (43)

2) Average AoI Minimisation: Since π is a function of Pr,

the problem (P1) can be solved by a one dimensional search,

such as a golden-section method [41].

V. Average AoI in theWPRCN with AF Protocol

According to S af,k in Eq. (14), the spectral efficiency con-

straint in the 2nd-hop can be derived as

log(1 + S af,k) ≥ r

⇒PsPrΩ
−1
u1Ω

−1
u2 |hu1|

2|hu2|
2 ≥

(2r − 1)σ2
0(Ps|hu1|

2Ω−1
u1 + Pr |hu2|

2Ω−1
u2 )

⇒
PsΩ

−1
u1

|hu2|2
+

PrΩ
−1
u2

|hu1|2
≤

PsPrΩ
−1
u1
Ω−1

u2

(2r − 1)σ2
0

. (44)

Let X1 and X2 denote exponentially distributed independent

random variables with the same parameter λ. The successful

transmission probability π in the 2nd-hop can be calculated as

π = P{log(1 + S af,k) ≥ r},

= P






(

X1 ≥
µ1

µ3

)
⋂



X2 ≥
µ2

µ3 −
µ1

X1









,

=

∫ ∞

µ1
µ3

λe−λx1

∫ ∞

µ2 x1
µ3 x1−µ1

λe−λx2dx2dx1,

= lim
t→
µ1
µ3

∫ ∞

t

λe
−λ(x1+

µ2 x1
µ3 x1−µ1

)
dx1,

= lim
t1→0

lim
t2→

µ3
µ1

∫ t2

t1

λ

y2
e
−λ( 1

y
+

µ2
µ3−µ1 y

)
dy, (45)
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TABLE I
Parameter Setting

Parameter Denotation Value

Transmit power of H-AP Pt 4 W

Transmit power of sensor Ps 5 ∗ 10−4 W

Distance from the sensor to the relay d1 5 m

Noise power σ2
0

-50 dBm

Distance from the relay to the H-AP d2 5 m

Spectral efficiency threshold r 0.2 BPCU

Path-loss reference distance d0 1 m

Path-loss exponent α 2

Path-loss at reference distance Ω0 30 dB

Decoding cost factor a 10−8

Rate parameter λ 1

Energy conversion efficiency ζ 0.8

where we have y = 1
x1

, µ1 = PrΩ
−1
u2

, µ2 = PsΩ
−1
u1

and µ3 =
PsPrΩ

−1
u1
Ω−1

u2

(2r−1)σ2
0

.

A similar method to Algorithm 1 can be relied upon for

obtaining π with a fixed Pr. Then, the problem (P1) can be

solved by a one-dimensional search.

VI. Numerical Results

Apart from the uncorrelated block Rayleigh-fading [36],

the path-loss Ωu1 in the 1st-hop channel and Ωu2 in the

2nd-hop channel can be formulated as Ωui = Ω0 ·
(

di

d0

)α
for

∀i = 1, 2. Similarly, the path-loss Ωd during downlink WPT

is formulated as Ωd = Ω0 ·
(

d2

d0

)α
. We set the bandwidth and

the length of a transmission block to be normalised as W = 1

Hz and Tb = 1 s. Simulation parameters in both physical and

MAC layers are in line with TABLE I, unless some parameter

changes are particularly mentioned.

A. Performance of Taylor Approximation

In order to verify the performance of Algorithm 1 based

on Taylor approximation, we plot the original functions and

their approximation in Fig. 6, where the original functions are

f (x) = λe
−λ(x+

α2
α3−α1 x

)
and f (y) = λ

y2 e
−λ( 1

y
+

µ2
µ3−µ1 y

)
, respectively,

according to Eqs. (47) and (45). Observe from both Fig. 6 (a)

and (b) that the two curves almost coincide with each other,

which confirms the approximation accuracy of Algorithm 1.

B. Average AoI Analysis

We plot the transmit power/equivalent average power con-

sumption Pr of the relay against the average AoI per trans-

mission block in Fig. 7. By setting Tb to 1 s, we have

Pr = B. Observe from Fig. 7 (a) and (b) that as B increases,

the average AoI firstly reduces to the minimum and it then

increases. This is because, a higher B facilitates the 2nd-

hop transmission owing to more available energy. However,

as we continuously increase B, it requires more transmission

blocks to recharge the relay, which dominantly degrades the

average AoI performance. Therefore, an appropriate capacitor,

which can store sufficient energy for update transmission and

does not need a long time to be fully recharged, should be

selected before being implemented to the batteryless relay

by considering a specific wireless environment. Moreover,

x
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Fig. 6. Taylor approximation in the WPRCN (a) with a practical DF protocol
and (b) with an AF protocol.

observe from Fig. 7 (a) and (b) that the relay close to the H-AP

is also capable of reducing the average AoI. This is because the

resultant path-loss can be reduced and the WPT performance

from the H-AP to the relay can be substantially improved.

Moreover, the optimal value of Pr matches with the optimal

solution obtained by solving (P1). Finally, we further verify

the approximation performance of Algorithm 1 by comparing

it to the Monte Carlo simulation. Observe from Fig. 7 (a)

and (b) that these two methods achieve similar average AoI

performance.

C. Transmit Power of H-AP

Fig. 8 depicts the average AoI minimisation versus the H-

AP’s transmit power Pt, where the factor of the decoding

cost is set to a = 5 × 10−5 [39] and the spectral efficiency

threshold is set to r = 0.5 BPCU. Observe from Fig. 8

that the average AoI of the WPRCN with different relaying

protocols are substantially decreased as we increase Pt. This

is because a higher transmit power of the H-AP substantially

improves the downlink WPT performance towards the relay.

Therefore, the capacitor of the relay can be rapidly recharged.
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Fig. 7. Average AoI analysis of the WPRCNs with (a) a practical DF protocol
and (b) an AF protocol.
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Fig. 8. Impact of the transmit power of the H-AP on average AoI per
transmission block.

Furthermore, the WPRCNs with an ideal DF and an AF

protocols outperform that with a practical DF protocol, when

the relay is far from the H-AP. As the relay gets closer to

the H-AP, the performance gap between the practical DF

protocol and the AF counterpart is reduced, while the DF

protocol may achieve an even better performance than the

AF with Pt > 1.7 W when we have [d1, d2] = [7m, 3m].

Furthermore, the performance gap between the WPRCN with
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Fig. 9. Average AoI minimisation versus spectral efficiency threshold.

an ideal DF protocol and that with a practical DF protocol

reduces. This is because the path-loss can be reduced and

the WPT performance from the H-AP to the relay can be

substantially improved so as to shorten the fully charging

duration. Moreover, as Pt increases, these two WPRCNs have

similar performance, since more energy supply reduces the

adverse impact of the decoding cost.

D. Spectral Efficiency Constraint

Fig. 9 plots the minimum average AoI versus the outage

threshold r. The decoding cost a is set to 5 × 10−5. Observe

from Fig. 9 that when r increases, the average AoI of all the

WPRCNs substantially increases. Furthermore, as r increases,

the performance gap between the practical DF protocol and

the AF is enlarged. However, when the relay and the H-AP

get further apart and r reduces, the AoI performance of the

WPRCNs with an AF protocol may become better than that

with a practical DF protocol. This is because a shorter distance

in the 1st-hop reduces the path-loss, which can considerably

reduce the adverse impact of the 1st-hop noise amplified by

the AF protocol aided relay.

E. Transmission Distance in The 1st- And 2nd-Hops

Fig. 10 plots the minimum average AoI versus distances d1

and d2 in the 1st- and 2nd-hops. An increasing d2 degrades

the attainable average AoI performance of the both relaying

protocols. This is because the increasing path-loss reduces the

WPT performance. Observe from Fig. 10 (a), for a given d2,

the average AoI with a practical DF protocol considerably

increases when we increase d1. This is because an increasing

d1 worsens the uplink transmission in the 1st-hop, which

reduces the successful transmission probability. Similarly, the

average AoI with an AF protocol increases with an increasing

d1, as shown in Fig. 10 (b). This is because the path-loss in

the 1st-hop is increased and the corresponding amplified noise

is enlarged. Therefore, the successful transmission probability

is degraded.

VII. Conclusion

We studied the timeliness of a WPRCN with an H-AP, a

wireless powered relay and a sensor by considering the long-

term average AoI. Two different relaying protocols, i.e., AF
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Fig. 10. Impact of 1st-hop and 2nd-hop transmission distance of the WPRCNs
with (a) a practical DF protocol and (b) an AF protocol on average AoI per
transmission block.

and DF, are considered in this paper, subject to the energy

causality, while the impact of the decoding cost on the AoI

performance with a practical DF protocol is investigated. A

Taylor approximation based algorithm is proposed for enhanc-

ing approximation accuracy to a non-elementary function. The

transmit power/the equivalent average power consumption of

the relay is analysed and optimised to minimise the average

AoI per transmission block in the WPRCN with different

forwarding protocols. Our simulation results demonstrate the

accuracy of the theoretical analysis, while the proposed al-

gorithm is verified to achieve great approximation effect.

Furthermore, we also find that in the case of sufficient energy

supply, the AoI performance of the relay with a practical DF

protocol outperforms that with an AF protocol, while the latter

may have a better performance in the case of a low outage-

threshold.

Appendix A

Proof of Theorem 1

A successful update transmission event in the 2nd-hop can

be expressed as

log(1 + S pdf,k) ≥ r

⇒
|hu2k|

2(Pr − Pdc,k)

σ2
0
Ωu2

≥ 2r − 1

⇒ PsΩ
−1
u1 |hu1k|

2 +
σ4

0
Ωu2(2r − 1)

a|hu2k|2
≤

Prσ
2
0

a
. (46)

Let X1 and X2 represent two independent random variables

following an exponential distribution with a parameter. The

successful transmission probability in the 1st- and 2nd-hop

can be formulated as

P
{

log(1 + S u1k1
) ≥ r ∩ log(1 + S pdf,k2

) ≥ r
}

= P










(2r − 1)σ2
0

α1

≤ X1 ≤
α3

α1





⋂
(

X2 ≥
α2

α3 − α1X1

)




=

∫ α3
α1

(2r−1)σ2
0

α1

λe−λx1

∫ ∞

α2
α3−α1 x1

λe−λx2dx2dx1

= lim
t→
α3
α1 −

∫ t

(2r−1)σ2
0

α1

λe
−λ(x1+

α2
α3−α1 x1

)
dx1. (47)

Since the integration in Eq. (47) cannot be transformed

to an elementary function, Taylor expansion is exploited for

reasonable approximation. Therefore, the original integrand

f (x1) can be reformulated as

f (x1) = λe
−λ(x1+

α2
α3−α1 x1

)

≈ f (x0) +

N∑

n=1

f (n)(x0)

n!
(x1 − x0)n

, T (x1), (48)

where the Taylor expansion with a limited number of terms

is denoted as T (x1) centering at the point x0. However, the

approximation accuracy is reduced when the integral interval

increases. We then divide the original function f (x1) into L

segments with different lengths, and integrate them segment-

by-segment after the Taylor approximation. Hence, Eq. (47)

can be reformulated as Eq. (49). When N = 4, different-order

derivative functions of f (x1) can be expressed as Eqs. (40)-

(43). Theorem 1 is proved.
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