
is tantamount to d ¼ 1, so this statement follows
from Proposition 11 of [2].

4) For the study of alignment algorithms for arbitrary

digraphs, it is important to observe that the state-

ment of Lemma 2 that Ball nontrivial eigenvalues

of L have positive real parts[ holds true for any

digraphs [5, Proposition 9], and not only for

strongly connected digraphs or digraphs with

spanning converging trees.
In [1, Sec. II-C], a discrete-time counterpart of the

consensus algorithm (1) is considered

xiðkþ 1Þ ¼ xiðkÞ þ "
Xn

j¼1

aij xjðkÞ � xiðkÞ
� �

;

i ¼ 1; . . . ; n (2)

where " 9 0 is the step size. In the matrix form, (2) is
represented as follows:

xðkþ 1Þ ¼ PxðkÞ (3)

where P ¼ I� "L is referred to in [1] as the Perron matrix
with parameter " of G.

The matrices P ¼ I� "L were studied in [2] and [5]; in

particular, (i) of Lemma 3 in [1] actually coincides with

Proposition 12 of [2].

Finally, let me mention a few additional results [2], [5]

that are applicable to the analysis of consensus algorithms

(1) and (3) and flocking algorithms. In the general case
where the primitivity of a stochastic matrix P is not

guaranteed and the sequence P; P2; P3; . . . may diverge, the

long-run transition matrix P1 ¼ limm!1 m�1
Pm

k¼1 Pk is

considered. P1 always exists and, by the Markov chain tree
theorem [6], [7], it coincides with the normalized matrix J
of maximal in-forests of G. J is the eigenprojector of L; by

Proposition 11 of [2], rankðJÞ ¼ d, where d is the in-forest

dimension of G. The columns of J span the kernel (null
space) of L; as a result, they determine the main

properties of the trajectories of (1) and the flocking

trajectories [8] in the general case. The elements of J
were characterized in graph theoretic terms in Theorems

20 and 3 of [2]; a finite algebraic method for calculating J
was proposed in [5] (see also [4]).

Thus, [2], [4], [5] published before the recent

avalanche of papers on distributed consensus algorithms
([2] and [5] were sent to J. A. Fax in 2001 and a reference

to [4] was sent to R. Olfati-Saber apropos of Lemma 2 in

2003, both on their requests) contained the basic graph

theoretic results needed for the analysis of these

algorithms. A number of related theorems were proved

in [9] and [10]. Some of these results were surveyed

in [11]. h
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Reply to BComments on BConsensus
and Cooperation in Networked
Multi-Agent Systems[[

R. Olfati-Saber, J. A. Fax, and R. M. Murray

There are essentially four points that Dr. Chebotarev’s

raises in [1].
Point 1. Chebotarev claims that Lemma 2 is not correct

as stated and gives a counterexample consisting of a simple

directed tree. This counterexample points out two issues

with the lemma as stated.

• The second portion of Lemma 2, referring to the

case in which there are c components, only applies

to graphs in which there are disjoint components of

the graph (no edges between the components).
This is clear from the proof of this fact (which

simply consists of separating the nodes so that the

Laplacian is block diagonal, implying a disjoint set

of nodes), but is ambiguous in the statement of the

lemma. The conditions that Chebotarev gives are
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equivalent to what was (implicitly) assumed. This
portion of the lemma is not used in the subsequent

results in the paper, but is inaccurate as stated.

• In the original paper that contains Lemma 2

(citation [10] in the PROCEEDINGS OF THE IEEE

paper), we explicitly assumed that there were no

edges between a node and itself (in particular, the

ði; iÞ element of the adjacency matrix was assumed 0).

This assumption was not explicitly stated in the
PROCEEDINGS OF THE IEEE paper and this could lead

to confusion. Chebotarev appears to assume that

nodes are connected to themselves in his counter-

example of a converging tree (giving c ¼ n compo-

nents), although this is not essential to his criticism.

Point 2. Chebotarev goes on to state that there are

some results for which stronger versions are available

in [2]. We agree that these are available and relevant in the
case of graphs that are more intricate than those considered

in this paper.

Point 3. Chebotarev states that Lemma 3 was already

shown in [2]. It appears that Lemma 3 can be derived

from his previous results.

Point 4. The final point that Chebotarev makes is that
[2], [3], and [4] contained a number of results that were

sent to us but that we chose not to cite. We derived the

results in our earlier papers using results from standard

textbooks (cited in the earlier work, which is subsequently

referenced in the PROCEEDINGS OF THE IEEE paper).

While it is possible that we could have relied on

Chebotarev’s results instead, we did not make use of his

work and so we cited the sources that we used. We note
that these lemmas were simply establishing results that

were needed for the main results in the PROCEEDINGS OF

THE IEEE paper. h

RE FERENCES

[1] P. Chebotarev, BComments on FConsensus and cooperation in
networked multi-agent systems_,[ Proc. IEEE, vol. 98, no. 7,
Jul. 2010.

[2] R. P. Agaev and P. Yu. Chebotarev, BThe matrix of maximum out
forests of a diagraph and its applications,[ Autom. Remote Control,
vol. 61, pp. 1424–1450, Sep. 2000.

[3] P. Chebotarev and R. Agaev, BForest matrices around the Laplacian
matrix,[ Linear Algebra Appl., vol. 356, pp. 253–274, 2002.

[4] R. P. Agaev and P. Yu. Chebotarev, BSpanning forests of a diagraph
and their applications,[ Autom. Remote Control, vol. 62, pp. 443–466,
Mar. 2001.

Comments and Replies

Vol. 98, No. 7, July 2010 | Proceedings of the IEEE 1355

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on July 08,2010 at 22:51:44 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


