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Abstract—We consider a distributed sensor network in which
several observations are communicated to the fusion center using
limited transmission rate. The observation must be separately
encoded so that the target can be estimated with minimum average
distortion. We address the problem from an information theoretic
perspective and establish the inner and outer bound of the ad-
missible rate-distortion region. We derive an upper bound on the
sum-rate distortion function and its corresponding rate allocation
schemes by exploiting the contra-polymatroid structure of the
achievable rate region. The quadratic Gaussian case is analyzed
in detail and the optimal rate allocation schemes in the achievable
rate region are characterized. We show that our upper bound
on the sum-rate distortion function is tight for the quadratic
Gaussian CEO problem in the case of same signal-to-noise ratios
at the sensors.

Index Terms—CEO problem, contra-polymatroid, decentralized
estimation, Gaussian source, multiterminal source coding, mean-
squared error, rate allocation, water-filling.

1. INTRODUCTION

N this paper, we consider the following distributed sensor

network (see Fig. 1). { X (¢)}:2, is the target data sequence
that the fusion center is interested in. This data sequence cannot
be observed directly. L sensors are deployed, which observe
corrupted versions of {X(¢)}$2, separately. The data rate at
which sensor ¢ (¢ = 1,2,...,L) may communicate informa-
tion about its observations to the fusion center is limited to R;
bits per second.! Due to wide geographical separation of the sen-
sors or other reasons, the sensors are not permitted to communi-
cate with each other, i.e., sensor ¢ has to send data based solely
on its own noisy observations {Y;(t)}72;. Finally, the decision
{X (t)}22, is computed from the combined data at fusion center.
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I'The communication channel between sensors and fusion center maybe noisy.
If channel coding is allowed, we can convert the noisy channel into an equiva-
lent noiseless channel with certain capacity which may depends on transmitter
power, allocated bandwidth or other factors. So the restriction on the trans-
mission rate for sensors may result from the restrictions on bandwidth, power,
and/or other resources. The restrictions on transmission rates may also be im-
posed due to the processing limitation of the fusion center.
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Fig. 1. Model of distributed sensor network.

Gel’fand and Pinsker [1] considered a model analogous to
ours for noiseless reproduction of {X(¢)}$2,. Our model has
been studied by Flynn and Gray [2] in the case of two sen-
sors, where they derived an achievable rate-distortion region. A
closely related problem, called CEO problem, was introduced
in [3] for discrete case, and [4] for quadratic Gaussian case. For
CEO problem, we are only interested in the tradeoff between
the estimation distortion and the total rate at which the sensors
may communicate information about their observations to the
fusion center. Oohama [5] derived the sum-rate distortion func-
tion for the quadratic Gaussian CEO problem when there are
infinite sensors and the signal-to-noise ratio (SNRs) at all the
sensors are identical. Viswanath [6] formulated a similar multi-
terminal Gaussian source coding problem and characterized the
sum-rate distortion function for a class of quadratic distortion
metrics.

For simplicity, we also call our problem as CEO problem,
although our discussion is not restricted to the tradeoff between
sum rate and distortion.

A. Note About Notation

1) We usually use capital letters (say, U) to indicate
a random variable. U™ denotes the random vector
[U(1),U(2),...,U(n)] and v™ = [u(l),u(2),...,
u(n)] denotes a realization of U™.

2) The notion A — B — C means that A, B, C form a
Markov chain.

3) We use calligraphic letters to indicate a set (say, .A) and
use |A| to denote the cardinality of A.

4) Iy 2 {1,2,..., K} for any positive integer K.
5) If B = {ir,is,...,i}, then Wg 2 (Wi, Wi,,...,
Wik)T
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B. System Model and Problem Formulation

Let {X(¢t),Y1(t),...,Yr(t)}$2, be a temporally memo-
ryless source with instantaneous joint probability distribution
Pxy,.y, on X x Y; X --- x Y, where L is the number
of sensors, X is the common alphabet of the random variables
X(t) fort = 1,2,...,Y:; (i = 1,2,---,L) is the common
alphabet of the random variables Y;(¢) for t = 1,2,....
Sensor i encodes a block y* = [y;(1),...,yi(n)] of length n
from its observed data using a source code cin = fglz (y™M)

of rate RZ(") > (1/n)log |Ci(n)|. The codewords from the
L sensors ¢;"’,...,c;" are sent to the fusion center. The
task of fusion center is to recover the target data sequence
2™ = [z(1),...,2(n)] with minimal expected distortion de-
fined as d™) = (1/n)E Y7_, d(X (t), X (t)), where d(z, #) is
a given distortion measure and X" is the estimate of random
target sequence X . The fusion center implements a mapping

1()") : Cln) X o X Cl(:") — X™, i.e., the estimate at fusion
center is of the form 2" = fl()n)(cgn)7 . c(Ln)).

The rest of this paper is divided into four sections. In
Section II, we derive the inner and outer bound of the ad-
missible rate-distortion region. In Section III, we establish
an upper bound on the sum-rate distortion function by ex-
ploiting the contra-polymatroid structure of the achievable
rate region. The rate allocation schemes to achieve this upper
bound are characterized. In Section IV, we consider the case
of correlated memoryless Gaussian observations and squared
distortion measure. The parametric representation of the inner
bound is computed. We derive an explicit formula of the upper
bound on the sum-rate distortion function and characterize
the corresponding rate allocation schemes. We show that the
rate allocation schemes that attain the upper bound possess a
generalized water-filling interpretation. Moreover, our upper
bound is shown to be tight for the quadratic Gaussian CEO
problem in the case of same SNRs at the sensors. In Section V,
we suggest several directions for further research.

For simplicity, in Sections II and III, we assume
max(|X|, |V1],-..,|Ve]) < oo and the distortion measure
d: X X X — [0, dnax] to be bounded, i.e., dmax < 00.

II. INNER AND OUTER BOUNDS FOR
RATES-DISTORTION REGION

Definition I: The rate vector R = (R1, R, ..., Ry) is said
to be D-admissible if Ve > 0, dng such that Vn > ng there exist
encoders

gﬁ VP — CY]’) log ’CY]’) <n(Ry +¢)
g:% DR — C;") log ’Cén) <n(Ry+e¢)

— Cj(:n) log ’Cén)‘ <n(Rr +¢)

NS e

B Y
and a decoder
() 0 o o) o x e

such that (1/n)E[Y1, d(X (t), X (t))] < D +e.

?

Let R(D) denote the set of all D-admissible rate vectors.

A. Inner Bound

Theorem 1: Given the joint distribution of the random vari-
ables (X,Y1,...,Yr) : Pxy,. vy, for D > 0, define W, (D)
as the set of random vectors Wz, = (Wy,...,Wp)7 jointly
distributed with X and Y7, such that the following two proper-
ties are satisfied.

1) m —>YYL — (X7Y{Z-}C7W{,i}c)foralliEIL.

2) There exists a function f : Wy X -+ x Wi, — X such

that Ed(X,X) < D, where X = f(Wy,...,Wy).

Let
R(WIL):{(Rl,...,RL):ZR,L-ZI(WA;YA|WAC)7
i€A
VAQIL}
then R(D) 2 Rin(D) 2 convex hul? of

{Uw _ R(Wz,)}. We call Ry (D) the achiev-
ablg‘ rIaLtee 1r/g:lg;;i(oDn) with respect to distortion D.

The proof of this theorem is standard, which is based on
Cover’s random binning argument [7] and a Markov lemma
[8]-[10] that ensures the joint typicality of the codewords from
different sensors. (It will be made precise in the description of
the encoding scheme.) In the interest of conservation and sim-
plicity, we just describe the encoding and decoding procedures
and omit the details of the proof.

Let (Wy,Ws, ..., Wp) and function f satisfy the conditions
given in Theorem 1. Construct the random codebooks {C(™) =
€™, c$m e} (where ™ denotes the codebook of
sensor ) as follows.

At sensor i, independently generate M; = 27((
codewords of blocklength n, index them Ci(") (4),7 =
1,2,...,M;, and let Ci(") = {C,L»(")(j) ;\il The codewords
are generated by drawing independent identically distributed
(i.i.d.) symbols from the marginal distribution Pyy,. Randomly
assign the codewords to one of 2" bins* using a uniform
distribution over the indices of the bins.

Encoding Scheme: At sensor ¢, given observation y;', if
it is typical, map it onto the Ci(n)( Jj) € Ci(") with the smallest
index j such that (3, C\"(5)) are jointly typical. Let C\™ ()
denotes the C’i(n) onto which y;* is mapped. (Note: By Markov
lemma, P((C\™(Y"), ..., C\™ (Y[")) are jointly typical) — 1
as n — 00.) The index of the bin which contains C’f")(y?) is
sent. Let b;(y!) denote this bin index. If ¥ is not typical or
there does not exist C\™ () € €™ such that (7, C™ (j)) are
jointly typical, then a special error symbol is sent. This special
error symbol does not increase the rate R; in the limit of large
n, so we may safely ignore it.

Decoding Scheme: Given (b, by, ..., br),if there exists a
unique (C{™,C$™ ..., C{™) such that the codeword C™ is

YiiWi)+e)

2It follows directly from a time sharing argument.

3Here, C{™) actually is not the C{™ stated in the Definition 1. As we will
see, we will not send the codewords in CZ(”) directly. Instead, we will send the
index of bin. That is why here we have 2™ %: bins at encoder ¢, while generally
] > 2nn,

4We suppose 2™ is an integer. When # is large enough, this assumption
causes no essential loss.
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in B;(b;) (where B;(b;) denotes the bin with index b; at sensor
i) and (Cfn), Cén), . Cén)) are jointly typical, then decode it
as (C1, ¢ ..., &{™); otherwise, declare an error and incur
the maximum distortion d,,,,. If the received vector contains
special error symbol, also declare an error and incur the max-
imum distortion d,;,x. Assumin% no error, produce the estimate
(k) = f((f’f",c)7 C‘é"k)7 s C’énk) for k = 1,2,...,n. Here,
C (i) is the kth symbol of the codeword C'™.

7 2

B. Outer Bound

Theorem 2: Given the joint distribution of the random vari-
ables (X,Y1,...,YL): Pxy,..y;, for D > 0, define Z,,:(D)
as the set of random vectors Zz, = (Z1,...,Zz)7T jointly dis-
tributed with X and Y7, such that the following two properties
are satisfied:

) Z; =Y — (X,Ye) foralli € 7.

2) There exists function g : Zy X --- X Z, — X such that

Ed(X,X) < D,where X = g(Zy,..., 7).

Let

GRL) Y R > T(Za3Vr, | Zar) s
i€A

R(Zz,) = {(Rl,..
VAgIL}

then

A
R(D) C Row(D)= | J
ZZL €Zout (D)

R(Z1,)-

Proof: See Appendix 1. ]

C. Discussion

1) Our inner bound can be specialized to the results of
Wyner and Ziv [11], Draper and Wornell [12], and
Berger et al. [13].

Specifically, it is easy to show that for any ¢ € 7,

mf{R, : (Rl., AN 7RL> S R(D)}
= 1nf{Rl : (Rl, e ,RL) S RIH(D)}
I(Yi;Vi |Y{i}c)

= inf
Vi€V (D)
where V;(D) is the set of random variables V; jointly
distributed with X and Y7, such that the following two
properties are satisfied.

)y V=Y — (X7Y{i}c).

ii) There exists a function f; : Y1 X -+ X Y; 1 X Vi1 X
- +x Y xV; — X suchthat Bd(X, X) < D where
X=filY1,....Yi_1,Yiqq,..., Y, V).

That is to say, the upper bound [reduced from inner

bound R;,(D)] on the minimum rate required by

sensor ¢ is tight. Note: In order to minimize the rate
required by sensor ¢, a sufficient condition is that the

rate constraints on sensor 1,..., i — Lo+ 1,...,L

are loose enough to guarantee the perfect recovery of

Slepian—Wolf Theorem [14], if
Y Ry 2 H (Ys|Yseiiy), VS CTp\{i}

JjES

then {Yi(t),...,Yi—1(t),Yix1(t),..., YL (£)}$2, can
be recovered losslessly). But this condition is not
necessary because what we need is just a sufficient
statistic for {X(¢)}2,, not the raw data {Yi(¢),...,
Yi—l(t)7 Yi+1(t)7 ] YL(t)}toil'

2) The inner and outer bounds generally do not meet, so the
complete characterization of the admissible rate-distor-
tion region is still an open problem. Furthermore, even
there exists a complete characterization of the admis-
sible region, it is still a formidable, if not impossible, task
to compute the explicit expression of the admissible re-
gion for a specific case since the associated optimization
problem is very complicated in general.

3) Our inner bound and outer bound differ from those of
[9], [8] only in the distortion constraint. But [9] and [8]
focus mainly on the case L = 2. As pointed out in
[15], CEO problem can be converted into Berger—Tung
problem and, thus, is a special case of the latter.

III. OPTIMAL RATE ALLOCATION SCHEMES IN THE
ACHIEVABLE RATE REGION

In this section, we analyze the minimum sum rate in the
achievable rate region with respect to distortion D, i.e.,
L
inf R;. (1)
(R1,R2,...,RL)ERin(D) Z '

i=1

2

RBs~(D)

We show that “inf” in (1) can be replaced by “min.” Further-
more, we characterize the following set:

<R17R27-~~7RL)ERin(D>7ZRi:RZ(D>} (2)

in which every element corresponds to a rate allocation scheme
that minimizes the sum rate in the achievable rate region with
respect to distortion D.

A major step toward the solutions to (1) and (2) is to ex-
ploit the contra-polymatroid structure of the achievable rate
region. The contra-polymatroid theory has been used to study
distributed source coding for years, see [6] and [10]. A similar
combinatorial structure called polymatroid has been applied to
study the capacity region of multiaccess fading channel in [16].

Definition 2: Let f : 27t — R, be a set function. The
polyhedron

g(f) = {(7317' e 7$L) : in > f(S)/VS c IL}
i€S
is a contra-polymatroid if f satisfies
1) f(0) = 0 (normalized).
2) f(S) < f(T)if S C T (nondecreasing).
3) f(S)+ f(T) < f(SUT)+ f(SNT) (supermodular).
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If f satisfies the three properties, f is called a rank function.
Lemma 1: fW; — Y, — (Y{l}c s W{l}c) forall: € I,
under the probability distribution Py, y, w, .. w,, then

R(WIL) é {(Rl,...,RL) : ZRZ ZI(WA;YA|WAC),

i€ A
VACT L}
is a contra-polymatroid.
Proof: Let
A
f(8)=1(Ws;Ys|Ws:), VSCIp.

We only need to show that f satisfies the three properties of
contra-polymatriod.

1) By definition.

2)

HT)

I (Yr; Wy |Wre)

I(Yr;Ws |Wse) + 1 (Yr;Wns | W)
I(YT,WS | Wgc) > I(YS,WS |W5c)
f(S), ifSCT.

v

3) Since
f(8) =1(Ys;Ws|Wse)
= H(Ws|Ws:) —
W o (Ws | Ws.) -
Y H(Wy,) - H(Ws.)

H (Wg | Ys, WSC)
H(Ws|Ys)

- HW;|Y))
€S

(where both (a) and (b) follow from the fact that W; —
Yi — {Yiiye, Wyiye } for all i € Zp), it follows that:

fSE)+AT) - f(SUT) - f(SNT)
= (H (W(Sﬂ’]’)c) — H(WTC))
— (HWs:) — H (Wsur)e))
= H(Wsear | Wre) — H (Wsenr | Wisur)©)
<0.

|

An important property on the characterization of the vertices
of contra-polymatroid is given in [16]. For completeness, we
restate it here.

Lemma 2 ([16, Lemma 3.3]): Let G(f) be a contra-poly-
matroid. If 7 is a permutation on the set 7y, define the vector
v(r) € RE by v (r) = F({r(1)}), and for v (r) =
FUR, o w@}) = F{r (D), w(i = 1)}), i = 2.
Then, the points v() are precisely the vertices of G(f).

Since it has been shown in Lemma 1 that R(Wz,) is
a contra-polymatroid, we can conclude that for each per-
mutation 7© on the set Zp,(Ri(w),...,Rp(mw)) gives a
vertex of R(WIL) (where Rﬂ-(l)( ) = I(W{ﬂ,(l)},Y{ﬂ.(l)} |
Wizye)s, B (m) = I(Wir),.x()); Yir),x(i)} |
Wir@),..x@ye) — IWira),..xi-1y; Yir(),...w(i—1)} |
W{ﬂ(l),___,ﬁ(i_l)}c), i = 2,...,L) and, thus, the contra-poly-
matroid R(W7z, ) has totally L! vertices (Note: These vertices

may not be distinct). It is easy to check that for each of these L!
vertices, the sum rate Zle Rriy(m) = I(Wz,;Y7,). So the
sum-rate constraint I(Wz,;Yz, ) is attainable. Furthermore,
let $(Wp,) be the convex hull of these L! vertices. It is obvious
that we have 9(Wp) C R(Wz,) and every point in ¥(W7,)
attains the sum-rate constraint I (Wz,; Yz, ).

We summarize the above result in the following lemma.

Lemma 3: Let RZ(WIL) 2
Z,L-Lzl R;, then

inf(g,,. R )eRWZ,)

L
R WI = min Rl =1 WI ;YI
Z( L) (Ro.. RL)GR(V{IL); ( L L)
and we have
R~ (D) = inf R i%
Z( Wz, é%\)in(D) Z ( IL)
= inf I(Wz, ;Y7 ).
we 3 o) (Wz,;Yz,)

Now, we proceed to show that “inf” in Lemma 3 can be re-
placed by “min.”

Lemma 4: There is no loss of generality to assume that
IW;| < |Vi| + 2% — 1 forall i € Zr, in Theorem 1.

Proof: By invoking the support lemma [17, pp. 310], W;
must have |);| — 1 letters to preserve the probability distribu-
tion Py, and 2~ more to preserve I(Y ;W4 | W) (for any
nonempty set A C Z1) and D. ]

Lemma 5: Given the joint distribution of the discrete random
variables (X,Y1,...,YL) : Pxv,.v,, ¢ € X,, 4 € Vi €
1), let 7(D) be the set of joint distribution Pxy, .y, w,. . wr;
of (X, Y1,...,YL, Wy, ..., Wr)(w; € Wi, Wi| < |Vi|+2"—
1Vi € Z1,) with the following properties satisfied.

D 2wy, Pxvioyvewe w (8,91, yn, wa, - wr)

= Pxvi.vi(@,91,...,y0), Vo € X, Vy; € )i(i €
Ir).
2y W, =Y, — (X, Y{i}c7 W{L}c) forallz € 7r.
3) There exists a function f : Wi x -+ x Wi, — X such
that Ed(X7 f(W17 ceey WL)) S D
Then, 7(D) is compact.
Remark: Here, we view Pxvy,  y,w,..w, as a point in the

|[X] X (V1] X -+ x | Y| x W1]| x -+ x |Wr|-dimensional
Euclidean space.
Proof: See Appendix II. ]

By Lemma 3, 4, and 5, it is straightforward to get the fol-
lowing theorem.

Theorem 3:
1)
R (D) = i I(Yz, ; W,
Z( ) ,ILI(S}\?“( D) (IL IL)
Z;r(lg;I(YzL,WIL)
2) Let

A * *
o) 2wz, Wz, e WD)

TViWE) = win (W) b
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We have ¢(D) = convex hull5 of {U"VZL enpy YWz,)}
Proof: I(Yz,;Wz,) is a continuous function of
Pxvy,..y,w,..w, and, thus, is able to attain its minimum
value over the compact set 7(D). Here, the Euclidean metric
is assumed implicitly in both the domain and the range of
I (YIL ; Wt . ) |

Remark: Rx (D) is the minimum sum rate in the achievable
region with respect to distortion D and, thus, is an upper bound
of the sum-rate distortion function of the CEO problem. (D)
is the collection of rate vectors in R;, (D) that attain the sum
rate bound Ry (D). We call ¥(D) as the optimal rate alloca-
tion region in the achievable rate region. Every point in region
¥(D) corresponds to a rate allocation scheme (Note: the cor-
responding coding scheme is guaranteed by Theorem 1) that
achieves the sum rate bound Ryx(D).

In the next section, we apply the results obtained in Sections II
and III to analyze the quadratic Gaussian CEO problem. Al-
though we focus on the finite discrete case with bounded distor-
tion measure in Sections II and III, many of our results hold for
more general cases. For example, Theorem 1 can be extended to
the Gaussian case with squared distortion measure by standard
techniques [18], [19]. Specifically, the Markov lemma which is
fundamental in the proof of Theorem 1 has been generalized by
Oohama [19] to the Gaussian case. Lemma 3 in Section III also
holds for the quadratic Gaussian case.

IV. QUADRATIC GAUSSIAN CEO PROBLEM

In this section, we will evaluate the achievable rate region de-
fined in Theorem 1 for the Gaussian case with squared distortion
measure.

JYL(8)}e2, be iid. Gaussian
vectors such that Yi(t),Ya2(t),...,Yr(¢t) are independent
conditional on X (¢). We let L auxiliary random variables
Wi, Wy, ..., W be joint Gaussian® with X,Y7,Y5,..., Y.

3t follows from a time sharing argument. Note that although ¥(Wz, ) is
convex, {UWI en(p) Y(Wz, )} may not be convex.
L

61t is not clear whether such a restriction will cause any loss of generality, but
it greatly simplifies the computation.

981

Since for any i € Ip,Y; — X — Yy, Wy — Vi —
{Y{iye, Wiiye }, we can get the following two equations’
YIL = (17~-~71)TX +NIL
Wz, =LYz, + 11,

(€)
“

where Nz, (N1, Ns,...,Nz)T are independent Gaussian
noises at the L sensors with variance o}, (i = 1,2,...,L),
respectively; L = diag (I1, s, ..., l1) is a scalar matrix; T, =
(Ty, Ty, ..., Tr)T are mutually independent Gaussian random
variables with variance JF_ZFZ, . Nz, are independent of X and 17,

are independent of Y7, .

A. Distortion

We rewrite (3) in the form
X =a"yy, +V

where al’ = RiT’zLXRS_’zlL
variance 0%, = 0% — 1 Y, Ry, x and independent
of Yz,. Due to the fact that W7, — Y7, — X, T7, and V
are independent. For the Gaussian case with squared distortion
measure, the optimal estimate of X from Wz, ,i.e., E(X |Wz,),
is linear minimum mean-square error (MMSE) estimate. So
we have

and V is a Gaussian r.v. with
L

X (WIL) = R%;/ILXRY_’VIIL Wz, WIL

. 2
E (X -X (WZL)) Ug{ - R%;/ILXRVVIIL Wz, RVVILX' &)
To get the expression for the covariances, we introduce the fol-
lowing lemma first.

Lemma 6: If matrix R(1;c) (where 1 = ({4, ..
(c1,...,cr)T,and I;, ¢; # 0) has the form

)Fie =

.,lL ,C

R(l;¢) = nr + diag(ci,...,cr)

then, we have the equation, shown at the bottom of the page.

Proof: See Appendix III. ]

"We can also let Y7, = kX + Nz, where k = (ky, k2, ..., k)T, but
since all are zero-mean, (3) can always be acquired by scaling. In the case when
ki = 0, wecanlet oy, = oo in (3).

r(;c) =detR(l;¢) =¢1...cp <1 +

T(127"'71L;027"'7CL)

and

2

C1

_lllLC263 ...Cr—1

[
a4

2
A
Ccr,

)

—lllLCQCg ...C—1

o dp_iser, .o enmn)
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Now, we start to evaluate (5)

— 1 2 -1
= RYILXRYI )/ = O-X(:l’.."l)RYIL),ZL

Rw, x = E[LYz, + TIL] Y a+ V] =E[LY7, Y/ a
= LR}’ Y' R;v S/ (1 ..... l)TO'X = GXl

where 1 = (I1,12,...,lL
Using Lemma 6, we directly get

~ 2
E(X =X (W1,)) =% - Bl xR, w,, Bz, x
- 1
oL + - 1 4t

2
5% +

1
0’?\,+

|

=
T
e

where 7 = (17 /oF,) fori =1,2,..., L.
So the distortion constraint £(X — X (Wz,))? < D becomes

1<1+ L + 4 ! (6)
D_crg( —l—% 012\71,—'_;%‘2‘

Clearly, a nontrivial D should be in the range of Dy < D <

0%, where Dy = (1/0% +1/0%, +---+1/0%, )", whichis
the MMSE of X given Y7, .
B. Rates
For joint Gaussian random vectors X, Y, Z, we have
1 detRXdetRy
I(X;Y —logm ————
( ) 2 g detny
1 detRxzdetR
I(X;Y|Z) = - log+ S X2CCINE
2 detnyzdetRz
where log™ # = max(log ., 0).
So
detRyA‘VA, detRWI

T (YA WY | Wye) = 1 .
(Ya; WA | Wae) og*t Jet By ywv,, et By,

By Lemma 6
detRw'I (1+UX Z ) H UT /1/7 UN +1)
1€, 1€Tr
detRVVA,:(l—I-UX Z +1) H UT }1,7(TN +1).
zeAC 1€ A°

Also, notice that
detRyAﬂ/ZL = detRYAWAc detRTA
we get the rate constraints

SR > T(Ya; WalWa)
icA

1
=3 log™ [H (/%2(712\72- + 1)

i€A

2

1 N—l
X +Zl€IL W N+1

Loy
o'i( i€ A° H?o’f\ri-{-l

VA CI;. )

By (6) and (7), we get the achievable rate region

U Rm(p’)

neEA(D)
where
A 1
A(D):{ﬂ':(lllval@) 5
< L + L + + L
= 0% o3 + uif 0%, + é
A
Rin(”’): (R17"'7RL) :ZRL
i€A
> 1logJr H po
=9 1Y N;
€A
1 [}
=t Ziel Py F1
X X e N; VA - IL

1 %
oL + D ica w703+l

Oohama [20] derived an expression different than ours and
claimed it to be the rate-distortion region. But his result seems
not very correct. Since one can let r; = 0 for all + and show
that the resulting rate region contains unachievable points. The
reason is probably the lack of proper constraints between r; (i €
Zr) and distortion D in his result.

Now, we proceed to derive the minimum sum-rate distortion
function Ry (D) and optimal rate allocation region (D) in the
achievable rate region Ri,(D).

By Lemma 3 in Section III,
1(Yz, ; Wz, ) is attainable. We have

the sum-rate constraint

Rz(D) = 1nf I(YI,,WI,)
nEA(D)
1 wio L
= inf —log*|(1 o 1
ner(p) 22 < +ZuzoN +1) il;[l(umzv +1)|.

Note that both 1/0% + 1, (1/(0%, + 1/43))and (1 +

L L
S (1203 /(na%, + D)ILL, (u3o%, + 1) are monotone
1ncreas1ng functions of p?(Vi € Zp,). So in order to minimize

(1 + Sy (Wiok/(uiok, + D)Ly (nfoR, + 1), the
distortion constraint should be tight

Rx(D)
L L
= inf =log*t <1+ Z #) H (/L%UJZVZ. + 1)
peA(D) 2 = W; O’Ni—l—l el
b=t li111f+---+ 1
7X ”fvlJrE ”NLJrg

So we can apply Lagrange multiplier to find the op-
timal i = (fi1,...,/4r) that minimizes (1/2)log™ (0% /D)
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-, (nioX, +1). Moreover, it is easy to see that minimizing

(1/2)log™ (0% /D) [T, (130%, + 1) is equivalent to mini-

(2

mizing ]_L-LZI(M%UJQV1 + 1). Define

L
G(p) = ] (wiok, +1) o2

i=1
L 2 2
Hi 9x
Al 2 - — = | .
+ <+UXZN2UJZ\Q+1 D)

i=1 "

AW

7 -

O
S aA NN

o o

N
\\\\“‘}}} NN
ettt

N S
‘_f‘,‘»‘%‘:‘""‘

Without~loss of generality, assume oy, < --- < oy, . Find the
largest L such that

L (# i)>0
012\7; Do(L) D)~
_|_

where Do(L) = (1/0% +1/0%, +--+1/0% )" Then, we to
get Fig. 2. Achievable rate region for the quadratic Gaussian CEO problem.
b~ (a5 -3)
(2= N, Do(L) P . i=1,....L also see that generally the optimal rate allocation scheme in the
o3 (D 1@) — %) achievable rate region is not unique unless some further con-
= N straints are imposed.
pi=0, i=L+1,..,L ®) For the quadratic Gaussian CEO problem studied in [4] and
and i [5], the SNRs at different sensors are identical,i.e.,on, =+ =
1 2 L I on, = op. In this case, we have
Rs(D) = zlog" { ZXT] . :
2 D 1 0—2( 1~_L) L (1 _1
=1 N; Do (L) D Y Y S a?\r Do D
) po=il=rr ==y 1
7 (5~ )
The optimal rate allocation region (D) in R;i,(D) is the and
convex hull of the L! vertices {(R;(7), ..., Rr(7))}r, where , L
7 is a permutation on the set Z;. The coordinates of vertices Rs(D) = 110 + ) 9% H L
: . . DX = g
(Ry(m), ..., Rr(m)) are determined, as shown in the equation 2 D =4 0% (DL — %)
at the bottom of the page. P .
The 3-D case is illustrated in Fig. 2, where F corresponds to — Zloat o 12\, DUE(L
9(D). 2% 1D \DoZL-0%0% +D0%) [
From the above analysis, it is clear that the number of sen- (10)
sors we use depends on the amount of available sum-rate and
we always choose the sensors with small noise variances first. Actually, equation (10) is exactly the sum-rate distortion

We call this phenomenon as “Generalized Waterfilling.” We can  function, not just an upper bound. The direct coding theorem is

By (1) = I (Ve Wir) [ Wir)ye) lu=p

L
2

Nr(1)

|- Do) D
_ 111 1
! D[J?\rw(l) L (DO(L) D)]

Ry (m) = I (Yin(1),.om(in}s Wim(0),im@} | Wim(),m(iye) =g
— I (Yirq),.., 7_r(i—1)}§W{w(l),...,w(i—l)} | Wir),...mi—1)}e) lu=i

L

02
_ M) (1 _ i-1 1 _ 1 1 _ 1
Bo(f) D <1 D2jm [U_N y <D°(L) D)]> . =

7(4)

1ot (- #)

(4)
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provided by Theorem 1. For the converse we apply Oohama’s
bounding technique [5, Sec. 3] with the single difference that
we do not let L — oo at the end of this proof.

It is easy to check that if we let L — oo in (10)

llog"' Ug‘ + —UJZV J;Q\' - '
2 D 202 ¥ LD
which coincides with the result in [5]. Here

o’ + o3
{% — 1] = max <3X — 1,0) .

As to the corresponding optimal rate allocation region, it is
convex hull of the L! vertices {(Ry(7), ..., Rp(m))}~ with

RZ(D) —

1 10%1
- + Do D
Rﬁ(1)—210g 1_D[1 _l(L_Lﬂ
o3 L \ Dg D
Lo+
Rw(i)=§10g
NE GG Cat)))
o[-t (- 0]
=2 L.

where 7 is a permutation on the set Z7y,.
A surprising consequence of the above rate allocation result
is that:

Even when the SNRs are identical at different sensors,
there exists a (actually uncountably infinite) rate allocation
scheme that assigns different rates to different sensors but
is still able to minimize the sum rate.

This is fundamentally different from the classic water-filling
results. The main reason is that the observed processes at dif-
ferent sensors are correlated. So it is possible to compensate
the performance loss due to the decreasing of the rate allocated
at one sensor by an increasing of same amount of rate at an-
other sensor. Furthermore, the classic water-filling method tries
to equalize the marginal utility of different components. For our
model, different components are not independent, so marginal
utility is not a correct measure. Instead, we shall consider “con-
ditional marginal utility.”

V. CONCLUSION

In this paper, we studied the rate distortion region for the CEO
problem with emphasis on the sum-rate distortion function and
the optimal rate allocation schemes in the achievable rate re-
gion. It will be extremely nice if one can find a complete char-
acterization of the rate distortion region for the CEO problem
or even just for the quadratic Gaussian case. It is very clear that
the CEO problem is close related with many other distributed
source coding problems, say Berger—Tung problem. One can ex-
pect that a complete solution to one of them will automatically
lead to complete solutions to all the others.

For real applications, simple, robust, and universal distributed
coding schemes are preferred, but the existing literature [21],
[22] in this direction is very limited. Much more work should
be done in the near future. The final goal is to obtain a com-
prehensive understanding of distributed source coding systems,
which involves the fundamental tradeoffs among system com-
plexity, compression efficiency and performance robustness.
A parallel tradeoff between diversity (i.e., performance ro-
bustness) and multiplexing (i.e., transmission efficiency) in
multiple-input—multiple-output (MIMO) systems has already
been established by Zheng and Tse in [23].

APPENDIX |
PROOF OF THEOREM 2
Proof:
n Z R;
icA
=Y log ‘c}’” >3 w (e
icA icA
> H (c)) > 1 (| )
=1(v,:0| %)
= (vz| o)) -1 (vz | o)

=S [ (o
—Z
ZZI(YIL(t) Za

Vi) 1 (Vo) v )]
(Y, (0] Zac (1)) = H (Y, (1)| Zz, (1))

()] Zac (1))

where Z;(t) 2
1) Since

(c™M, vih.

I(Z:(t); X (8)Y oy ()] Yi(0))
(X (Yo (8 Zi(OYi(0) = 1 (X (O (0): Yi0))
(XY@ v i)

}
< I (X (Vi (0 VYY)

it implies that Z;(t) and (X (#), Yy;3-(t)) are condition-
ally independent given Y;(¢).

2) X(t) is the tth coordinate of fD(Cfn),...,Cén)) S0
that we can write X () as a deterministic function of
(Z1(t), ..., ZL(t)). Let X(t) = gi(Z1(t),. .., Zr(1))
and Dy = Fd(X(t), X(1)).

From 1) and 2), we can see that (Zi(t),...,ZL(t)) €
Zout(Dt)-
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Let D = (1/n) >, D;. Theorem 2 follows from Lemma 7
which we shall prove below.

Lemma 7: Let (Z1(t),...,Zp(t))
(1/n) >4, Dy, then there exists (Z1,...,2L1) € Zouw(D)
such that I(Yz,;Z4|Zac) = (1/n)> ) I(Y7,(¢);
ZA(t) | ZAc (t)), for all A CIr.

Proof: Let> ' ;A =1,A>0,t=1,...,n.
Let v be a random variable such that

S Zout(Dt) and D =

with « independent of (X (t),Y1(t),...,YL(t),Z1(¢),...,
Zp(t),t = 1,...,n. Let X = X(¢),Y; = Yi(t),Z; =
(Zi(t),t) if v = ¢, fori = 1,..., L. We should note that
Vi € Iy, if Z; is given, then +y is determined; while X and Y;
are independent of +.

It is easy to check the following.

1) Z; —=Y; — (X,Y[e) forall i € Iy, since

NE

Yi) = SONT (Zit): X(8)Y iy (8) | Yi(1)

1

[
=T

2) There exists function g : Z; X --- X Zr, — X such that
Ed(X,X) < D where X = g(Z1,..., 7). This is be-
cause the decoder can use the function g, corresponding
to (Z1(¢),..., ZL(t)),t =1,...,n.

So (Z1,...,2Z1) € Zout(D).

We can check the following.

I (Ve 740 Zac) = ST (Ve (0): Za(8)| 7 ()

Now, Lemma 7 follows by setting A; = (1/n). ]

APPENDIX II
PROOF OF LEMMA 5

Proof: The boundedness of 7(D) is obvious. So, we only
need to show that 7(D) is closed.

Consider a Cauchy sequence {P%y. vy, w, w, fne1 iN
7(D). Let P%y. y,w,..w, be the limiting distribution. It is
obvious that P%y. 5, 1y, .y, satisfies Property (i).

Without loss of generality, suppose Py, (y1) > 0 Vy; € V5.
Note that Pgy. v, w, . .w, — PXv, v, w,..w, implies

n *
PXYQ...YLWH LW Y - PXYQ...YI,Wl...VVL | Y1

n ES
PXYZ...YLVVZ...LVL vy — PXYQ...YLWQ...WL ReE

and
n *
PW1 Y1 - P‘/Vl [ Y1~
Since
n

PXYQ---YLWI...WL | vy (37:?/27 cee YL, W, .., WY |y1)

_ n

= PXY2...YLW2...WL | Y, (37721/2: ce YL, w2, ..., WL |y1)

X PW1 | Y, (wl |y1)

985
we have
*
Ply, v, w,..w, v (2,92, -y YL, W15 ..., wL | Y1)
— 3 n
= lim Pgy, -’LW’l---‘/’VL|Y1(xay2:-~-:yval> S wr Y1)
n—00
= lim P% , - (z, JWa, ...
n—oo A\YQ...YLWQ___WLHI( y Y2, yYL, W2, ’
wL|?/1)
n
PW1|Y1(wl|y1)
= lim P% - s (T, Y2, . YL, W, ., w
o TX Y --§LW2...WL|11( » Y2, y YL, W2, rly)
M n
lim Py, | V3 (w1 |y1)
n—oo
— *
_PXYQ...YLVVQ...W’L|Y1($>y2a--~7yL>w27"'7wL|y1)
E3
PW1|Y1(w1|y1)7 V377?/17"'7yL77'U17"'7'wL~

Hence, under Pty vy, w,,» We have Wi — Y, —
(X, Y{13e, Wigpe). Similarly, we can show that under
Py, yvywow, Wi — Y — (X, Y{i}c7W{i}5)7i =
2,...,L.So Py, y,w,. w, satisfies Property (ii).

Let f, be the function associated with Pyy. v w, w,
such that EP;YI---YLVV W, d(X, fn(Wl; e WL)> < D.
Since max(|X], [Wi],...,|WL]) < oo, there are only finite
number of functions from W; x --- x Wy to X. So there
exists a function f* that appears infinite times in { f,,}52,. Let
{ni}32, be a subsequence of {n}7%, such that f,, = f*. We
have

EP;(Yl...YLWl...WL d(X, f*(Wh ey WL))
S SR )
<D.

So Py, yv,w,.w, also satisfies Property (iii). Hence
P%y. v, w,.w, € T(D) and we can conclude that 7(D) is
compact. |

APPENDIX III
PROOF OF LEMMA 6

Proof: First, we consider the following special case. If
matrix R(cy,ca,...,cr) of the form

lde - 1
R(eq,co,...,c1) =
1 - l4er
we get
r(c1,co,...,cr) = detR(ey,co,. .. cL)
14¢ 1 -+ 1
—¢; e - 0
= det
_cl 0 ... CL

=(1+ec1)ea...cp+ereg...cp+ - Fcica ...

1 1
:cl...cL<1+—+---+_>_
C1 cr

CrL—1
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Since
1
R 1 C1,C2, ,CL) =
( ) 70(017027" 7CL)
My — My (-1 M,y
—Mjis Moo (=1)2FE My,
X
(=) My (—1)PH My Mrr
where M;; is a minor of R(c1,ca, ..., cr), obtained by taking
the determinant of remainder of R(cy,ca,...,cr) with row 4
and column j “crossed out” and
M;; =7(c1y. .. Cim1, Cig1s .- -5 CL)
itsi_1Cl1...CL
M;; = (—1)itim1 L
5= (P
So
(2...4)
L...,D)R Yer,e0,...,c1) = Qe
( JE (e, 2 I+ 4.+ 2L
1 crL
1 1
_ + “es + —_
(1,...,)R (e1, e, en)(1,...,1)T=—2 °L

L4+

Back to R(L;c). Since R(l;¢) = 117 + diag(cy, . .
detR(;e) = 12...12detR(c1/13,..
above results

) CL)7
.yer/12). Apply the

13 2
r(lic) =detR(l;c)=c1---ep ([ 1+ —+ -+ =] .

C1 Cr,
Similarly
Mii = ’I“(ll7 .. 7li,17li+17 c. ,lL;Cl, sy Ci—1Ci41y - - ,CL)
I C1...Cp,
M;j = (—1)i+i=t 2
CiCj
and

(.
)
FR*@@1:1:@+ s
= -
|
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